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On a kinetic description of Lotka-Volterra dynamics

Abstract. Owing to the analogies between the problem of wealth re-
distribution with taxation in a multi-agent society, we introduce and
discuss a kinetic model describing the statistical distributions in time
of the sizes of groups of biological systems with prey-predator dynamic.
While the evolution of the mean values is shown to be driven by a clas-
sical Lotka-Volterra system of differential equations, it is shown that the
time evolution of the probability distributions of the size of groups of
the two interacting species is heavily dependent both on a kinetic redis-
tribution operator and the degree of randomness present in the system.
Numerical experiments are given to clarify the time-behavior of the dis-
tributions of groups of the species.
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1 - Introduction

In one of the scientific collaborations between one of the present authors
with Professor Giampiero Spiga in the area of kinetic theory of multi-agent sys-
tems, the problem of taxation and consequent redistribution of taxed resources
in a western society had been studied [1]. The purpose of the work was the
possibility of understanding how, in the case of a fixed mean wealth, redistribu-
tion operators can affect the tails of the equilibrium density of a kinetic model
for wealth exchanges.

In this area, there have been several attempts to model simple economies
in which a wealth exchange process produces in time a steady profile of wealth
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distribution similar to that observed in real economies. While the most popular
approach relies on methods borrowed from statistical mechanics for interact-
ing particle systems [4, 5, 6, 8, 9, 13, 14, 15, 20, 21, 23, 30, 31] (cf. also the
books [7,27]), other modelling settings that might be considered to constitute
a mesoscopic approach are based on generalized Lotka-Volterra models [22,32].
These dynamical systems, also known as the predator-prey equations, are fre-
quently used to describe the evolution of biological systems in which two species
interact, one as a predator and the other as prey [25]. In particular, denot-
ing by x(t) ≥ 0 and y(t) ≥ 0 the size of the populations at time t ≥ 0, their
time evolution is supposed to be influenced by predation, growth and death
processes. Therefore, these dynamics are classically described by the following
set of ordinary differential equations

(1.1)

d x(t)

dt
= αx(t)− β x(t)y(t),

d y(t)

dt
= −δ y(t) + γ x(t)y(t),

where the preys’ population is characterized by the rate of Malthusian growth
α ≥ 0 and by a predation rate β ≥ 0. Furthermore, the predators’ population
is subject to losses due to death with rate δ ≥ 0 and on the growth due to
predation defined by the parameter γ ≥ 0.

While less popular, the approach proposed in [22,32] is capable to estab-
lish an interesting parallel between prey-predator dynamics and economic mod-
elling. This analogy, as documented by [18], goes back to the Italian economist
Giuseppe Palomba, who first had used Lotka-Volterra equations (1.1) in the
1939 book [26], and to Goodwin, who considered applications of Lotka-Volterra
system to economy in the 1967 book [19].

In this paper, we provide a kinetic interpretation of the introduced dynamics
by means of a system of Boltzmann-type equations. The interacting species are
characterized from a statistical perspective according to their size. Hence, the
temporal evolution of the statistical distributions of two species, classically
denoted as prey and predators, is subject to variation due to birth and death
as well as to interactions between the two families (predation). The building
blocks of the model are given by the redistribution operator introduced in [1],
which allows for a general representation of the birth and death process of
the involved species, and a kinetic bilinear operator of Boltzmann type which
quantifies the interaction between species. Interestingly, the structure of the
interaction is similar to that recently introduced by the authors in connection
with the study of kinetic models suitable for describing several patterns in
compartmental epidemiology connected with the transition between susceptible
and infected individuals [11,12].
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The linear operator introduced in [1] is sufficiently flexible to redistribute
to agents a constant amount of wealth independently of the wealth itself, or to
redistribute proportionally (or inversely proportionally) to their wealth. Hence,
in the new application to a biological system, it allows the number of births
to be quantified in various ways and in terms of the size of the groups of the
species.

In more details, the paper is organized as follows: in Section 2 we introduce
a kinetic model describing the evolution of the sizes of groups of biological sys-
tems obeying a prey-predator dynamic. The transitions depend on elementary
interactions determining the evolution in time of probability densities described
by a system of non-Maxwellian Boltzmann-like equations. A redistribution op-
erator depending only on the first two moments of the distribution is then
considered. In Section 3 we recall basic results on the grazing limit in kinetic
theory and we provide a Fokker-Planck description of the dynamics. Finally,
in Section 4 we provide several numerical tests to verify the consistency of the
approach with the classical Lotka-Volterra model and we observe the emer-
gence of fat-tailed distributions, in the group of preys, for suitable choices of
the redistribution operator.

2 - The model

Following the general approach of [27] we consider a multiagent system
composed by two species, identified as preys and predators, that are charac-
terized by their number of individuals x ≥ 0 (respectively y ≥ 0). We denote
by f(x, t) (respectively g(y, t)) be the statistical distributions at a certain time
t ≥ 0 of the group of preys (respectively predators), classified in terms of their
sizes x, y ∈ R+. Therefore, f(x, t)dx indicates the fraction of the population
preys with size in [x, x+dx] at time t ≥ 0. Similarly, g(y, t)dy is the fraction of
the populations of predators characterized by a size in [y, y+ dy] at time t ≥ 0.
Moreover, without loss of generality we fix the initial masses of the distributions
f and g equal to one. Therefore, the mean sizes of the populations are given
by

mf (t) =

∫
R+

xf(x, t)dx, mg(t) =

∫
R+

yg(y, t)dy.

The goal is to characterize the time evolution of the pair of probability densities
f(x, t), g(y, t) subject to changes including births and deaths events, and obey-
ing to objective mechanical and behavioral principles when interacting each
other.

Let us first characterize the interaction rules between the two species. To
achieve this, let us fix a certain time t = t0, considered as the initial time
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of the observations, and let x0, y0 be the numbers of preys and predators in
two groups at time t0. Then, we evaluate the statistical distribution of the
size of the groups at regular time intervals tn+1, with n nonnegative integer,
n ∈ N+, consequent to the elementary variations xn → xn+1 and yn → yn+1

of the groups in each time interval. Since a prey-predator interaction leads to
a decrease in the number of preys, and, in the presence of a sufficiently high
number of preys, to an increase of the number of predators, this change can be
modeled as follows

(2.1)
xn+1 = xn − Φε(yn)xn + ηε(yn)xn.

yn+1 = yn +Ψε(xn)yn + η̃ε(xn)yn.

Thus, at each time step, the number of preys and predators is modified by two
different mechanisms, expressed in mathematical terms by two multiplicative
terms, both parameterized by a small positive parameter ε � 1, measuring the
intensities of the single variations.

To clarify the approach, the function Φε(·) in the first equation of (2.1)
quantifies the predation rate, and is consistently assumed to be increasing with
respect to the size of the predator population. Likewise, the function Ψε(·) in
the second equation of (2.1) quantifies the growth of the predators, increas-
ing with respect to the prey population at least when the number of preys is
sufficiently consistent. In reason of the previous remarks, in what follows we
fix

(2.2) Φε(y) = εβ
y

1 + y
; Ψε(x) = εγ

x− μ

1 + x
.

In (2.2), β, γ and μ are positive constants. The constants β and γ measure
the maximal predation rate, and, respectively, the maximal growth rate of
predators. Last, the constant μ ≥ 1 measures the lowest size of the group
of preys which is compatible with a growth of the group of predators. These
constants are required to satisfy the bounds

(2.3) εβ < 1; εγμ < 1.

These conditions ensure that the predation rate is always smaller than one, and
that even in absence of preys, the number of predators does not collapse to zero
in a single interaction.

In (2.1), random fluctuations of the groups due to unknown factors in the
environment, like immigration, natural events, epidemics, etc. are expressed
by the independent random variables ηε(y), η̃ε(x), of zero mean and bounded
variance, given by

(2.4) 〈η2ε (y)〉 = εσ
y

1 + y
; 〈η̃2ε (x)〉 = εσ̃

x

1 + x
.
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Note that, consistently with the deterministic variations, the variance of the
random fluctuations of one class is an increasing function of the size of the
other class.

Starting from the elementary interactions (2.1) we can easily write the ki-
netic equations describing the evolution in time of the pair of population den-
sities. In a suitable scaling, the evolution of the densities is quantitatively
described by a system of non-Maxwellian Boltzmann-like equations [24]

∂f

∂t
= Q1(f, g),

∂g

∂t
= Q2(g, f),

(2.5)

where the bilinear operators on the right-hand side of both equations quantify
the variations of the population densities due to the elementary interactions of
type (2.1) where the instantaneous microscopic transitions x → x′ and y → y′

are defined as follows

x′ = x− Φε(y)x+ xηε(y)

y′ = y +Ψε(x)y + yη̃ε(x).

The homogeneous Boltzmann equations (2.5) can be fruitfully written in weak
form. It corresponds to say that the solution to (2.5) satisfies, for all smooth
functions ϕ the integro-differential equations

(2.6)

d

dt

∫
R+

ϕ(x)f(x, t) dx =

∫
R2
+

κε1(x, y)
〈
ϕ(x′)− ϕ(x)

〉
f(x, t)g(y, t) dx dy,

d

dt

∫
R+

ϕ(y)g(y, t) dy =

∫
R2
+

κε2(x, y)
〈
ϕ(y′)− ϕ(y)

〉
f(x, t)g(y, t) dx dy.

In (2.6) the expression 〈·〉 denotes mathematical expectation with respect to the
random variables ηε, η̃ε, and the functions κεi(x, y), i = 1, 2 are the interaction
frequencies. In what follows, to maintain the connection between the kinetic
model and the Lotka–Volterra system, we fix these frequencies in the form

(2.7) κε1(x, y) = κε(y) =
1 + y

ε
; κε2(x, y) = κε(x) =

1 + x

ε
.

Within this choice, the frequency of interactions in the first equation grows with
the number of predators, while in the second equation grows with the number
of preys.

By choosing ϕ(x) = 1 in (2.6) we can easily observe that f(x, t) and g(y, t)
remain probability densities for any time t ≥ 0, if they are so initially

(2.8)

∫
R+

f(x, t) dx =

∫
R+

g(y, t) dy = 1.
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Then, by choosing ϕ(x) = x in both equations (2.6) one easily obtains that
the evolution of the mean values is defined by the coupled system

dmf (t)

dt
= −β mf (t)mg(t);

dmg(t)

dt
= −γμmg(t) + γ mf (t)mg(t).

(2.9)

Thus, if the functions Φε and Ψε in (2.1) are given by (2.2), and the collision
frequencies in (2.6) are equal to (2.7), the mean values of the densities satisfy
the Lotka–Volterra system (1.1) in which the rate of birth α of the preys is set
equal to zero.

R ema r k 2.1. The closed evolution of the mean values, in the form of the
Lotka–Volterra like system (2.9) is closely dependent from the expression of the
interaction coefficients and the random variations in (2.1), as well as from the
interaction frequencies, as given by (2.2), (2.4) and (2.7). A different choice,
while possible, will not lead in general to a closed expression of the evolution of
the mean values, and the relationship with the Lotka–Volterra system is lost.

We may obtain a kinetic interpretation of the birth rate by complementing
the kinetic system (2.5) with an additional operator which accounts for the
variation of densities due to births of individuals in the groups. As already
discussed in the introduction, we will resort to the redistribution operator in-
troduced in [1]. In this paper, wealth redistribution mimics the action of a
government that use the proceeds of taxation to improve the financial situation
of agents based on their income.

According to [1], for a given probability density function h(x, t), with mean
m(t), we assume the birth operator of the form

(2.10) Rα
χ(h)(x, t) = α

∂

∂x
[(χx− (χ+ 1)m(t))h(x, t)] .

The weight factor multiplying the distribution function inside the square brack-
ets in (2.10) involves in the mechanism the moments of order zero and one.
Such a weight function adds one real parameter χ to the dynamics. This new
parameter characterizes the type of redistribution. The parameter α > 0 is
determined by the constraint that, while the redistribution operator preserves
the total mass, the mean number of individuals increases by a factor α. In fact,
for each value of the constant χ ∈ R, we have

(2.11)

∫
R+

xRα
χ(h)(x, t) dx = αm(t),
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and, provided h(x, t) satisfies in addition the condition h(0, t) = 0, we also get

(2.12)

∫
R+

Rα
χ(h)(x, t) dx = 0.

We can observe that the condition h(0, t) = 0 is not necessary in the special
case χ = −1, which reproduces an anti-drift operator introduced by Slanina
in [31] to mimic wealth redistribution effects.

As shown in [1], the effects of the operator Rα
χ on the birth process on a

group described by the density function f are closely related to the values of the
parameter χ. The case in which the percentage of births is equally distributed
independently of the size of the group is achieved with the special option χ = 0.
In all other cases the births are selective, and may correspond to some partition
strategy. In the present case, as far as the preys are concerned, it is suitable
to take into account positive values of the parameter χ, which correspond to
impose that the percentage of births is inversely proportional to the size of the
group. On the contrary, we assume χ = 0 for the predators group.

Taking into account the previous discussion, the full system is obtained by
adding to equations (2.6) the birth operators defined in (2.10). Therefore, we
have

(2.13)

d

dt

∫
R+

ϕ(x)f(x, t) dx =

∫
R+

ϕ(x)Rα
χ(f)(x, t) dx

+

∫
R2
+

κε1(x, y)
〈
ϕ(x′)− ϕ(x)

〉
f(x, t)g(y, t) dx dy,

d

dt

∫
R+

ϕ(y)g(y, t) dy =

∫
R+

ϕ(y)Rν
0(g)(y, t) dy

+

∫
R2
+

κε2(x, y)
〈
ϕ(y′)− ϕ(y)

〉
f(x, t)g(y, t) dx dy.

In (2.13), the constant ν which defines the percentage of the mean number of
births of the group of predators, is assumed to satisfy the bound ν < γμ. In
this case, resorting to property (2.11), it is immediate to conclude that the
evolution of the mean numbers mf (t) and mg(t) satisfies the Lotka-Volterra
system (1.1), where now δ = γμ− ν > 0.

2.1 - Evolution of the moments

System (2.13) allows the calculation of the evolution in time of observable
quantities. Among them, the evolution of the principal moments, which is
achieved in correspondence to the test functions ϕ(r) = rn, 0 ≤ n ∈ N. In
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particular, by choosing ϕ(x) = 1, we see that the total mass is preserved in
time. The choice ϕ(x) = x leads to the evolution of the mean values, which
satisfy the Lotka-Volterra system (1.1), i.e.

d

dt
mf (t) = αmf (t)− βmf (t)mg(t),

d

dt
mg(t) = −δmg(t) + γmf (t)mg(t).

(2.14)

Then, the evolution of the variances

(2.15) vf (t) =

∫
R

(x−mf (t))
2f(x, t) dx, vg(t) =

∫
R

(y −mg(t))
2g(y, t) dy,

is obtained by considering ϕ(x) = (x −mf (t))
2 in the first equation of (2.13)

and ϕ(y) = (y − mg(t))
2 in the second equation. For the preys equation we

have

d

dt

∫
R+

(x−mf )
2f(x, t)dx =

∫
R+

(x−mf )R
α
χ(f)dx

+

∫
R2
+

1 + y

ε

〈
(x′ −mf )

2 − (x−mf )
2
〉
f(x, t)g(y, t)dx dy(2.16)

= (σmg − 2αχ− 2βmg)vf +m2
fσmg + εβ2

∫
R2
+

x2y2

1 + y
f(x, t)g(y, t)dx dy.

Likewise, for the predators we obtain

d

dt

∫
R+

(y −mg)
2g(y, t)dy =

∫
R+

(y −mg)R
ν
0(g)dx

+

∫
R2
+

1 + x

ε

〈
(y′ −mg)

2 − (y −mg)
2
〉
f(x, t)g(y, t)dx dy(2.17)

= (σ̃ + 2γ(mf − μ))vg + σ̃mfm
2
g + εγ2

∫
R2
+

(x− μ)2y2

1 + x
f(x, t)g(y, t)dx dy.

It is important to remark that equations (2.16)-(2.17) contain terms which are
not principal moments. In the first equation, for example, this term is given by∫

R+

y2

1 + y
g(y, t) dy.

While it can be easily bounded in terms of the moments of order zero and
one, it is not explicitly expressed in terms of them. Thus, at variance with the
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evolution of the mean values, as given by system (2.14), the evolution of higher
moments can not be put in closed form. This characteristic is typical of kinetic
equations which contain variable interaction frequencies, and it is reminiscent
of the analogous situation encountered in classical kinetic theory of rarefied
gases, where Maxwellian–type molecules are used to avoid this problem [3].

3 - The limit of grazing predation rate

We investigate now the situation in which most of the interactions between
species correspond to a very small variation of the sizes of the groups, but at the
same time it is possible to keep trace at the macroscopic level of all phenomena
affecting predation rules. This kind of asymptotic analysis is referred to as
quasi-invariant limit, and it allows to prove that under proper assumptions on
the interaction parameters, the kinetic Boltzmann system may be approximated
by a system of Fokker-Planck equations, allowing in various cases an analytical
investigation of the shape of the solution. This limit corresponds to consider in
(2.6) a Taylor expansion up to the second order of the differences

ϕ(x′)− ϕ(x), ϕ(y′)− ϕ(y),

and subsequently to consider ε → 0, see [27, 29] for further details. It can
be proven that, in this asymptotic regime, the kinetic system (2.6) is well-
approximated by the following system of Fokker-Planck equations

(3.1)

∂f(x, t)

∂t
=

∂

∂x

{
σmg(t)

2

∂(x2f(x, t))

∂x

+ [(βmg(t) + αχ)x− α(χ+ 1)mf (t)] f(x, t)

}
∂g(y, t)

∂t
=

∂

∂y

{
σ̃mf (t)

2

∂(y2g(y, t))

∂y

+ [γ(μ−mf (t))y − νmg(t)] g(y, t)

}
.

complemented by no-flux boundary conditions [16]. We can observe that the
evolution of the mean values of (3.1) is consistent with the one obtained at
the Boltzmann level in (2.6), so that the mean values mf (t), mg(t) satisfy the
Lotka–Volterra system (2.14).

Moreover, the structure of the Fokker–Planck system (3.1) allows the com-
putation in closed form of the evolution of higher moments of its solutions. For
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Fig. 1. Evolution of the coupled system (2.14)-(3.2) for the mean and variance
obtained from the Fokker-Plank model (3.1). We considered mf (0) = 4, mg(0) = 3,
vf (0) = vg(0) = 0.05. We fixed the parameter as in Table 1.

example, the evolution of the variances vf (t) and vg(t) defined in (2.15) is given
by the system

d

dt
vf (t) = [(σ − 2β)mg(t)− 2αχ]vf (t) + σmg(t)m

2
f (t),

d

dt
vg(t) = [(σ̃ + 2γ)mf (t)− 2γμ]vg(t) + σ̃mf (t)m

2
g(t),

(3.2)

that coincide with equations (2.16)-(2.17) in the limit ε → 0+. It is interest-
ing to remark that, unlike the case of the mean values, the evolution of the
variances depends on the diffusion coefficients σ and σ̃ characterizing the ran-
domness of the evolution, and from the parameter χ characterizing the birth
operator (2.10). In Figure 1 we report the numerical evolution of coupled sys-
tem for mean and variance defined by the equations (2.14) and (3.2). We can
observe how a kinetic version of the Lotka-Volterra model allows to obtain
more information about the dynamics of the system of agents in the form of
the evolution of higher order moments.

4 - Numerical tests

In this section we provide several numerical tests to show the consistency
of the proposed approach with the classical Lotka-Volterra dynamical system.
Furthermore, we will show numerically how the kinetic approach allows addi-
tional information to be obtained on the large time behaviour of the densities
of preys and predators in dependence of the parameters in the birth operators
Rα

χ(·), Rν
0(·). For the approximation of the system of Fokker-Planck equations
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in (3.1) we will adopt the structure preserving numerical strategy developed
in [28]. These methods are capable to reproduce large time statistical proper-
ties of the solution density with arbitrary accuracy together with the preser-
vation of its main physical properties, like its positivity. We complement the
model (3.1) with no-flux boundary conditions.

In all the following tests we will fix the parameter as reported in Table 1.

Parameter Value Meaning

α 1.00 Growth rate preys

β 0.50 Predation rate preys

μ 10.00 Lowest size preys

γ 0.15 Growth rate predators

ν 1.00 Birth rate predators

δ γμ− ν > 0 Death rate predators

σ2 10−3 Diffusion coefficient preys

σ̃2 10−3 Diffusion coefficient predators

Table 1. Parameters chosen in the numerical tests.

4.1 - Test 1. Evolution of the mean values

We consider the Fokker-Planck model (3.1) with initial distribution

f(x, 0) =

⎧⎪⎨⎪⎩Cf exp

(
−
(x−m0

f )
2

2κf

)
x ≥ 0

0 x < 0

g(y, 0) =

⎧⎪⎨⎪⎩Cg exp

(
−
(y −m0

g)
2

2κg

)
y ≥ 0

0 y < 0,

(4.1)

with Cf , Cg > 0 normalization constants and with mf = 4, mg = 3 and κf =
κg = 1

10 .
In Figure 2 we show the evolution of the mean values mf , mg of (3.1) over

the time horizon [0, 15] for an increasing number of gridpoints N = 201, 401, 801
for the discretization of the interval [0, L], L = 10. The choice of parameters
has been defined in Table 1 and we further considered χ = 0. We highlight in
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red the numerical solution of the Lotka-Volterra model obtained in the same
regime of parameters. We can observe how, consistently with the analytical
considerations in Section 3, we can obtain numerically a good approximation
of the original dynamical system in terms of the mean values of the distributions
of preys f(x, t) and predators g(y, t).

Fig. 2. Test 1. Comparison of the evolution of the mean values for the populations
of preys f(x, t) and predators g(y, t) with the Lotka-Volterra dynamical system (1.1).
The Fokker-Planck system has been approximated by means of a 4th order SP methods
with RK4 time integration and an increasing number of gridpoints N = 201, 401, 801
over the domain [0, 10]. We considered Δt = Δx2 = Δy2.

4.2 - Test 2. Emergence of fat-tailed distributions

In this test we show the evolution of the approximated distributions f(x, t)
and g(y, t) solution to (3.1) for varying values of the parameters χ ∈ R. All the
other parameters have been chosen in agreement with Table 1. We consider the
initial distributions defined in (4.1) and we solve the system of Fokker-Planck
equations (3.1) with N = 801 gridpoints in the interval [0, 10], and time frame
[0, 15] with Δt = Δx2.

In Figure 3 we provide the total evolution of the distribution functions in
the cases χ = −1 (top row) and χ = 1 (bottom row). As specified in Section 2
the two choices are coherent with two different redistribution policies. Indeed,
for all χ > 0 the number of new births is distributed in small values of x ≥ 0,
whereas for χ < 0 the new births are concentrated in high values of x ≥ 0.
Coherently with [1], we may observe how the preys population may exhibit a
rather different behaviour for large times. Indeed, fat-tail-type distributions
appears in the case χ = −1.

To clarify this behaviour, we present in Figure 4 a plot of the distributions
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Fig. 3. Test 2. Evolution of the distributions f(x, t) and g(y, t) over the time
interval [0, 15] and for x, y ∈ [0, 10]. Approximation of the system of Fokker-Planck
equations obtained with 4th order SP scheme with RK4 time integration, N = 801
gridpoints and Δt = Δx2 = Δy2. We considered χ = −1 (top row) or χ = 1 (bottom
row) in (3.1).

of preys and predators at three fixed times t = 0, 1, 8. We can observe how for
χ = −1 the distribution of preys develops fat tails in finite time. This behaviour
is further observable in loglog scale, see Figure 5.

5 - Conclusions

Motivated by the similarities between the problem of wealth redistribution
with taxation in a multi-agent society, we introduced in this paper a kinetic
description of the statistical distributions in time of the sizes of groups of bio-
logical systems obeying a prey-predator dynamic. The kinetic system is built
in such a way that the evolution of the mean values is driven by a classical
Lotka-Volterra system of differential equations. Among other characteristics,
it is shown that the time evolution of the probability distributions of the size
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Fig. 4. Test 2. Distributions of preys f(x, t) (left) and predators g(y, t) (right) at
three different time steps t = 0, 1, 8, x, y ∈ [0, 10]. We considered χ = −1 (top row) or
χ = 1 (bottom row) in (3.1).

Fig. 5. Test 2. Distributions of preys f(x, t) and predators g(y, t) at time T = 15
in the cases χ = −1 (left) or χ = 1 (right).
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of groups of the two interacting species is heavily dependent on the kinetic
redistribution operator quantifying the births. Numerical experiments clarify
the time-behavior of the distributions of groups of the species, and highlight
the possibility that the distribution of the sizes of preys could exhibit fat tails.
The system of Fokker–Planck equations (3.1) deserves a further analysis, which
will be developed elsewhere. In particular, it would be of great interest to un-
derstand the role of the quasi-stationary solutions of the system, corresponding
to the distributions annihilating the flux of (3.1), and their relationship with
stability issues.
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