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Mixed anisotropic and nonlocal Dirichlet
(p, q)-eigenvalue problem

Abstract. In this article, we consider an anisotropic and a combination
of anisotropic and nonlocal Dirichlet (p,q)-eigenvalue problems. We
establish existence and regularity of eigenfunctions in a bounded domain
Q C RY under the assumption that 1 < p < oo and 1 < ¢ < p* where
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1 - Introduction

In this article, we study the following (p, q)-eigenvalue problems
(1.1) —Hpyu+ a(—Ap)’u = >\Hu||i;gg)]u|q_2u in Q,

where & = 0 or 1 and Q € RY is a bounded domain. For o = 0, it will be
understood that (1.1) holds under the Dirichlet boundary condition v = 0 on
09 and for a = 1, the boundary condition u = 0 in RV \ © holds. Throughout
the rest of the paper, we assume that 0 < s < 1,1 <p < o0, 1 < ¢ < p*, where
p* = NN—Q) if 1 < p< N and p* = oo if p > N unless otherwise stated. For
0<s<,

u() — u(y)[P~*(u(z) — u(y))
|$ _ y|N+P5

(—=A,)°u=P.V.
RN

dy,
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is the fractional p-Laplace operator, where P.V. denotes the principal value, see
[13] for more details. Further Hyu = div(H (Vu)P~1VH(Vu)) is the anisotropic
p-Laplace operator, where H : RN — [0, 00) is a Finsler-Minkowski norm, that
is H is nonnegative in RY, which is C'(R™ \ {0}) and strictly convex such that
H(x)=0iff z =0 and

(1.2) alz) < H(z) < eolz|, Vo e RY,

for some positive constants ci,co and H is even, positively homogeneous of
degree 1, so that

(1.3) H(tz) = |t|H(x), for every z € RY and t € R.
From the proof of [27, Lemma 5.9], it follows that
(1.4) (H(2)P"'VH(z) — H(y)''VH(y),x —y) >0,

for every z,y € RY such that x # y.
The dual Hy : RY — [0,00) of H is defined by

N R
(15) Hol) = xGRNI\){O} H(z)

A typical example of H includes the ["-norm defined by

(16) 1O = () e
=1

where ¢ = (¢1,(2,...,(n). When H is the {"-norm as in (1.6), we have

8xz<(2’8xk ) - Ox; T_Qggz)'

For r =2 in (1.7), H, becomes the usual p-Laplace operator A,. Moreover, for
r = p in (1.7), the operator H, reduces to the pseudo p-Laplace operator.
Therefore, equation (1.1) covers a wide range of mixed local and nonlocal
problems and in particular, extends the following mixed eigenvalue problem

(1.7) Hyu =

(1.8) N
625 <<k§:: ’&ck

-2 Ju
63;,-

)

> +a(=Ap)%u = ul/7; ]u\q 20 in Q.
i=1
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In the local case (o = 0), the p-Laplace eigenvalue problem
—Apu = /\Hqugﬂ)lu\q_Qu in, wu=0ono0dQ,

has been studied widely. In this concern, for p = ¢, we refer to the works

in [25,32,34| and the references therein. When p # ¢, we again refer to 25|

including [15,16,17,18,19,28,30,31,37,38,39| and the references therein.
The pseudo Laplace (p, q)-eigenvalue problem

N

0 [ Ou
(1.9) B ZZI 8.1‘1 (8.7}1

P—2 OJu
8:5,-

> = )\Hu||i;(qm\u|q_2u in 2, w=0on o9

is studied for p = ¢ in [3]. For p # g, refer to [36] and the references therein.
Further equation (1.9) is extended to the anisotropic (p, ¢)-eigenvalue problem

(1.10) —Hyu = )\HuH’;gg)Mq*ZU inQ, u=0onodN

in |21] for ¢ = 2. For p = q, see [1,2,11,12| and the references therein.
In the nonlocal case, following fractional p-Laplace eigenvalue problem
(—Ap)°u = )\Hu||};(qm\u|q_2u inQ, w=0inRY\Q
is studied for p = ¢ in [5,9, 20, 33| and the references therein. For p # ¢,
see [18].
When H(z) = |z|, in the mixed local and nonlocal case, the following
eigenvalue problem

A= [ T y)lute) - )P uly) - ulw)dy = Mo~ uin €
RN

u=0inRY\Q,

has been studied by [10,26], where J : RV — R¥ is a nonsingular, radially
symmetric, nonnegative and compactly supported kernel. Further, [6,8] studied
the limiting problem for mixed local and nonlocal problems. Recently, the mixed
local and nonlocal (p, ¢)-eigenvalue problem
(1.11) —Apu+ (—Ap)°u = /\Hu\|igézﬂ)]u|q72u inQ, w=0inRY\Q
has been studied in [24].

In the work [14] the authors considered mixed local and nonlocal linear

eigenvalue problems with Neumann boundary condition. For regularity results
in the mixed case, see [4] and the references therein.
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To the best of our knowledge, mixed anisotropic and nonlocal p-Laplace
equation is very less understood. We refer to the recent works [22,23|.
far as we are aware, for such general class of the Finsler-Minkowski norm H
considered in this paper, mixed anisotropic and nonlocal p-Laplace eigenvalue
problem (1.1) is not studied before even for p = 2. Our main purpose in this
article is to investigate the existence and regularity of the eigenvalue problem
(1.1) by considering both the purely anisotropic case (a = 0) and mixed case
(e =1)in (1.1). To this end, we follow the approach introduced in Ercole [18].
Further, we employ the recent regularity results from [22].

The organization of the paper is as follows: In Section 2, we present the
functional setting, state some auxiliary results and the main results of this
article. In Section 3, some preliminary results are proved. Finally, in Section 4,
we prove the main results.

2 - Basic definitions and main results

In this section, we present some known results for the Sobolev spaces, see [13]
for more details. Let © ¢ RV, N > 2 be a bounded domain. The fractional
Sobolev space W*P(2), 0 < s < 1 < p < o0, is defined by

WeP(Q) = {u e LP(Q) - W e LP(Q % Q)}
r—y|r

and endowed with the norm

el (/ [ul= |pdx+/ Q|I|Li~z |N(+p)s|pd$dy>;

The Sobolev space W'P(2), 1 < p < oo, is defined as the Banach space of
locally integrable weakly differentiable functions u : @ — R equipped with the
norm

lullwir@) = [lullpr@) + VUl Le(o)

The Sobolev space Xy := I/VO1 P(Q) is defined as the closure of C2°(2) with
respect to the norm ||ul| = ||H (Vu)||1r(q)
To study the mixed problem, we consider the space X7 defined as

X; = {ue WYPRY) :ulg € Xg,u=0a.e in RV \Q}
under the norm

Mg(y)

lull = [[H(Vu)| ey +
jz—yl 7

LP(RN xRN)
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Next, we have the following result from [6, Lemma 2.1].

Lemma 2.1. There erists a constant ¢ = ¢(N,p, s,) such that

()P /
2.1 drdy < YulPd
(2.1) /R/RN b dvdy < c [ 1Vul da

for every u € X;.
For the following result, see [40].

Lemma 2.2. Let « =0 and 1. Then the spaces X, are real separable and
uniformly convexr Banach space.

From [29, Lemma 2.1] we have the following result.

Lemma 2.3. Let 1 < p < oo and H : RN — [0,00) be a Finsler-Minkowski
norm. If

(22) H(z)” + (p— 1)H(y)” — p{x, H(y)""'VH(y)) = 0,
for some x,y € RN,y £ 0 and H(z) = H(y). Then x =y.
Moreover, for the following properties, refer to [29, Pages 539-540].

Lemma 24. Let 1 < p < oo and H : RN — [0,00) be a Finsler-Minkowski
norm. Then

(a) Ho(VH(x)) =1 for every x € RV \ {0}.

(b) For every x,& € RN, we have

where the equality in (2.3) holds iff

(2.4) x=H(§)VH() or, equivalently, Hyo(¢) = H(x).

Next, we state the following result, which follows from [7, Theorem 9.14].

Theorem 2.5. Let V be a real separable reflexive Banach space and V* be
the dual of V.. Assume that A .V — V* is a bounded, continuous, coercive and
monotone operator. Then A is surjective, i.e., given any f € V*, there exists
u €V such that A(u) = f. If A is strictly monotone, then A is also injective.

The next result follows from [35, Corollary 1.57].
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Lemma 2.6. Let Q C RN be such that |2 < oo and 1 <p<oo, 1 <7<
p*. Then for every u € Wol’p(ﬂ), there exists a positive constant C = C(r,p, N)
such that

(2.5) </ |u|%zgc>1 <ol vt </ |vu|de> g

Next we define the notion of solution of the problem (1.1).

Definition 2.7. Let a = 0 or 1. We say that (A,u) € R x X, \ {0} is an
eigenpair of (1.1) if for every ¢ € X,, we have

(2.6) /H (Vu)P~'VH(Vu)Ve dx

u(y) [P (u(@) — u(y))(e(z) — d(y))
+oz/RN /]RN dxdy

|SU _ y|N+ps

= Al [ fult~2uoda.

We observe that Lemma 2.1 ensures the above Definition in (2.6) is well
stated. We refer to A\ as an eigenvalue and u as an eigenfunction of (1.1)
corresponding to the eigenvalue .

2.1 - Main results

Our main results in this article reads as follows:

Theorem 2.8. Let a = 0 or 1. Suppose 0 < s < 1,1 < p < oo and
1 < g < p*. Then the following properties hold:

(a) There erists a sequence {wn}nen C Xo N LI(Y) such that [wy|| L) =1
and for every v € Xy, we have

(2.7) /Q H(Vw,)P'VH(Vw,)Vov dx

|wn (@) — wa(y)[P~2 (wn(z) — wa(y)) (v(z) — v(y))
—i—a/RN /]RN dxdy

|z — y| NP

:,un/ |wn]q_2wnvdm,
Q
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fn = A= inf {/ H(Vu)P dx
{u€XanLI(Q), |lullLae)=1}

u(y)[P
dedy b .
+a/RN /]RN \x—y\N+pS Y

(b) Moreover, the sequences {jin}nen and {|lwny1ll }nen given by (2.7) are
nonincreasing and converge to the same limit p, which is bounded below
by A. Further, there evists a subsequence {n;} en such that both {wn;}jen
and {wn;_, }jen converges in X, to the same limit w € Xo N LY(Q) with
lw|lpay =1 and (p, w) is an eigenpair of (1.1).

Theorem 2.9. Let « = 0 or 1. Assume that 0 < s < 1, 1 < p < o©
and 1 < q < p*. Suppose {un}nen C Xo N LY(Q) such that ||uy|pa) =1 and
limy, o0 flunl, = A

Then there exists a subsequence {un; }jen which converges weakly in X, to
u € Xo N LYQ) with ||ullpa) =1 such that

(y)[P
H(Vu)Pd dzdy.
/ V) x+a/]RN/]RN Iw—leﬂ” Y

Moreover, (A, u) is an eigenpair of (1.1) and any associated eigenfunction of A
are precisely the scalar multiple of those vectors at which X\ is reached.

Our final main result concerns the following qualitative properties of the
eigenfunctions of (1.1).

Theorem 2.10. Let « = 0 or 1. Assume that 0 < s < 1, 1 < p < o©
and 1 < q < p*. Suppose X > 0 is an eigenvalue of the problem (1.1) and
u € Xo \ {0} is a corresponding eigenfunction. Then (a) u € L*(Q). (b)
Moreover, if u is nonnegative in 2, then w > 0 in Q. Further, for every w € €2
there exists a positive constant ¢ depending on w such that u > ¢ > 0 in w.

3 - Coercive operators
In this section, we establish some preliminary results that are crucial to
prove our main results. To this end, Let a = 0 or 1. For v € X, we define the

operators A, : X0 — X* by

(3.1) (A (v), w) = /Q H(V0)" 2V H (Vo) Va da
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Y)[P2(v(z) — v(y)) (w(z) —w(y))
—l—a/RN/RN dxdy, Yw € X,

‘$ _ y’Ners

and B : L1(Q) — (L4(02))* by
(3.2) (B(v),w>:/ﬂ|v\q_2vwdx, Vw € X,.

The symbols X,* and (L?(€2))* denotes the dual of X, and L7(2) respectively.
First, we have the following result.

Lemma 3.1. Let « =0 or 1. Then (i) The operators Ay defined by (3.1)
and B defined by (3.2) are continuous. (ii) Moreover, A is bounded, coercive
and monotone.

Proof. (i) Continuity: Suppose v, € X, such that v,, — v in the norm
of Xo. Thus, up to a subsequence Vo, (z) — Vu(z) for almost every z € .
We observe that

(3-3) IIH(Wn)”_IVH(Wn)IIL,,%(Q) < ¢ H(Voa)lI7

HLP(Q) <c

)

for some constant ¢ > 0, which is independent of n. Thus, up to a subsequence,
we have

(3.4) H(Vv,) P 'VH(Vu,) — H(Vo)P"'VH(Vv) weakly in LP (),

where p’ = -+ Moreover, for @ = 1, by Lemma 2.1, up to a subsequence, we
P
have

(3.5) [un(z) — U”@)’H&’;gw) —un(y) | |v(z) - v(y)!p’i(viigf) —v(y))
|z —y| ¥ |z —y| ¥

weakly in LP (R?N). Since, the weak limit is independent of the choice of the
subsequence, as a consequence of (3.4) and (3.5), we have

lim (Aq(vy), w) = (Aqv, w)

n—oo

for every w € X,. Thus A, is continuous. Similarly, we obtain B is continuous.

(77) Boundedness: First using Cauchy-Schwartz inequality, for every v, w €
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X, we obtain

(Ag(v),w) = / H(Vv)p*1VH(W)dex

)P (v(@) —v(y)) (w(z) —w(y))
+a/RN /RN dxdy

|:1j _ y|N+Ps

/H (Vo)P~ 1HO(VH(W)) (Vw) dx

y) [P w(x) —w(y)|
dzdy.
+a/RN/RN \af—y\Nﬂ” e

Now using Holder’s inequality with exponents =7

7 and p we have

(3. Aq(v), w)

36) (An(v
. )P~ Hw(z) —w(y)|
g/QH(vu) H(Vw)dx—l—a/R /RN

!w — y|Nrs ey

/ H(W)de B / H(Vw)de);
e /RN/RN = |N+p8 /RN/RN | pr=

1
p
o |N+p8 da:dy)

H P P ‘ r
( / (Voydz) " +a /R ) /R ) yx—er+ps dudy) ]nwm
)P 5
H( p P
/ Vo) dx+a/RN/RN e |N+ps drdy) 7 fullx,

= oI5 wllx.d.

where in the second and third step above, we have used Lemma 2.4
Therefore, we have

x; = sup [{Av,w)| <l
ol xq <1

[ Aa(v)]

Cwllx. < ol
Thus, A, is bounded.
Coercivity: We observe that

/|Vv|pdﬂc+a/RN/RN Ty |N+ps’ drdy = ||v|%, -

Since p > 1, we have A, is coercive.
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Monotonicity: For u € X, let us denote by

Alule ) = u(o) = u()P2(ule) = o). dp =

Using the inequality (1.4), for every v, w € X,, we have
(Aa(v) — Aa(w),v — w)

= / (H(Vo)P~'VH(Vv) — H(Vw)P'VH(Vw), V(v — w)) dx
Q

i “/RN /RN (Alv(a.9) = Alw(@. ) (0@) = w(z)) = (o) = w(y) d
> 0.
Thus, A, is monotone. O

Lemma 3.2. Let « =0 or 1. Then the operators A, defined by (3.1) and
B defined by (3.2) satisfy the following properties:

(Hy) An(tv) = [tP~2A,(v) VtER and Vv € X,.
(Hs) B(tv) =|t|9%tB(v) Vt€R and Vv € LI(Q).

(H3) (An(v),w) < Hv||§;al”w||xa for all v,w € X, where the equality holds if
and only if v =10 orw =0 orv=tw for somet > 0.

(Hy) (B(v),w) < H’UH%;(IQ)HU)HLq(Q) for all v,w € LY(RY), where the equality
holds if and only if v =10 or w =0 or v =tw for some t > 0.

(Hs) For every w € L1(Q) \ {0} there exists u € X4 \ {0} such that

(Aa(u),v) = (B(w),v) ¥V wve X,.

Proof. (H;) Follows by the definition of A,.
(H) Follows by the definition of B.
(Hs) First, we note that from (3.6) the inequality (A, (v), w) < ”UH&:}”WHXQ
holds for all v, w € X,. Let the equality
—1
(3.7) (Aa(v),w) = [0l llwl x,

holds for every v,w € X,. We claim that either v =0 or w = 0 or v = tw for
some constant ¢ > 0. Indeed, if v = 0 or w = 0, this is trivial. Therefore, we
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assume v # 0 and w # 0 and prove that v = fw for some constant ¢t > 0. By
the estimate (3.6) if the equality (3.7) holds, then we have

(3.9) (A (0), w) = / H(Vv)p_lH(Vw) do
)P Huw(z) — w(y)l
+a/RN/RN \:z:—y]Nﬂ’S dxdy,
which gives us
g(z,y) dxdy
(3.9) /f d:c—i—a/RN/RN o —y ‘N—i—ps_o’
where

f(z) = H(Vo)P! ' H(Vw) — H(Vo)P" Y (VH(Vv), Vw)
and
g(x,y) = |v(@) —v() P~ w(z) —w(y)|~|v(@) = o)~ (0(2) —v(y))w@) —w(y).
By Cauchy-Schwartz inequality and Lemma 2.4, we have f > 0in Q2 and g > 0
in RY x RY. Hence using these facts in (3.9), we have f = 0 in 2, which reduces
to
(3.10) H(Vv)P ' H(Vw) = H(Vv)P"Y(VH(Vv), Vw) in Q.

On the other hand, if the equality (3.7) holds, then by the estimate (3.6) we
have

(3.11) fi— fo=algs — g1),

where

fi —/QH(Vv)le(Vw) de, fo= (/ H(Vv)pdx)p”l</QH(vw)pd$);7
n= [ [ PO = ey

and

WP, N\
= (Lo L B ) 7 ([, L Rt aen)

If a =0, then from (3.11) we get fi = fa. If @ = 1, then by Holder’s inequality,
we know that f; — fo < 0 and g2 — g1 > 0. Therefore, we obtain from (3.11)
that

fi = fz and g1 = go.
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Since f1 = f2, the equality in Holder’s inequality holds, which gives
(3.12) H(Vv) = H(tVw) in £,
for some constant ¢ > 0. Using (3.12), we observe that

Ly = H{tVw)? + (p— 1)H(Vv)?

(3.13)
= H(Vo) + (p — 1) H(Vv)? = pH(Vo)P.

By (3.10) and (3.12), we obtain

Ly = p(tVw, H(Vo)' 'V, H(Vv))
3.14
(319 = pH (V)P H(tVw) = pH(Vv)P.

Thus, from (3.13) and (3.14), we have
(3.15) L=1L—Ly=0.

Noting (3.12) and (3.15), by Lemma 2.3 to obtain Vv = tVw in 2. Therefore,
v = tw in £ for some constant ¢ > 0. Hence, the property (H3) is verified.

(H4) This property can be verified similarly as in (Hs).

(Hs) Note that by Lemma 2.2, it follows that X, is a separable and reflexive
Banach space. By Lemma 3.1, the operator A, : X, — X} is bounded,
continuous, coercive and monotone.

By the Sobolev embedding theorem, we have X, is continuously embedded
in L9(2). Therefore, B(w) € X} for every w € L1(2) \ {0}.

Hence, by Theorem 2.5, for every w € L2(€2)\ {0}, there exists u € X, \ {0}
such that

(Ag(u),v) = (B(w),v) Yv e X,.

Hence the property (Hs) holds. This completes the proof. O
4 - Proof of the main results:

Proof of Theorem 2.8:

(a) First we recall the definition of the operators A, : X, — X from (3.1)
and B : L) — (L4(92))* from (3.2) respectively. Then, taking into account
the property (Hs) from Lemma 3.2 and proceeding along the lines of the proof
in [18, page 579 and pages 584 — 585], the result follows.
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(b) Note that by Lemma 2.2, X,, is uniformly convex Banach space and by the
Sobolev embedding theorem, X is compactly embedded in L?(2). Next, using
Lemma 3.1-(7), the operators A, : X, — X} and B : L9(Q2) — (L9(2))* are
continuous and by Lemma 3.2, the properties (H;) — (Hs) holds. Taking into
account these facts, the result follows from |18, page 579, Theorem 1]. O

Proof of Theorem 2.9: The proof follows due to the same reasoning
as in the proof of Theorem 2.8-(b) except that here we apply [18, page 583,
Proposition 2| in place of [18, page 579, Theorem 1].

Proof of Theorem 2.10:

(a) Due to the homogeneity of the equation (1.1), without loss of generality,
we assume that [|ul[ze) = 1. Let k > 1 and set L(k) := {z € Q : u(z) > k}.

Choosing v = (u — k)T as a test function in (2.6), we obtain using (1.2) that
(4.1)
- p—2 — —
Cl/ Vol dz + a/ / Ju(z) — u(y)["~*(u(=) Nf(y))(v(w) °0) gray
L(k) RN JRN |z — y|N+ps

< )\/ ulu — k) dr < )\/ wltu — k) dz.
L(k) L(k)

Now proceeding along the lines of the proof of [24, Theorem 2.8|, the result
follows.

(b) By [27, Theorem 3.59] (for v = 0) and by [22, Theorem 3.10] (for o = 1),
the result follows. O
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