Riv. Mat. Univ. Parma, Vol. 14 (2023), 87-95

EDOARDO BALLICO

Typical labels of real forms

Abstract. Let X(C) C P"(C) be an integral projective variety defined
over R. Let o denote the complex conjugation. A point ¢ € P"(R)
is said to have (a,b) € N? as a label if there is S C X(C) such that
o(S) = S, S spans ¢, #S = 2a + b and #(S N X(R)) = b. We say
that (a,b) has weight 2a + b. A label-weight ¢ is typical for the k-
secant variety o (X (C)) of X (C) if there is a non-empty euclidean open
subset V' of o (X (C))(R) such that all ¢ € V have a label of weight
t and no label of weight < t. The integer k is always the minimal
label-weight of o (X(C))(R) if 0x,_1(X(C)) # P"(C). In this paper
X(C) = X,,4(C) is the order d Veronese embedding of P*(C). We
prove that k and k£ + 1 are the typical label-weights of o (X (C))(R) if
(n,d, k) € {(2,6,9),(3,4,8),(5,3,9),(2,4,5),(4,3,7)}. These examples
are important, because the first 3 are the ones in which generic unique-
ness for proper secant varieties fails for the k-secant variety (a theo-
rem by Chiantini, Ottaviani and Vannieuwenhoven), the fourth is in the
Mukai list (fano 3-fold Vag) and the last one appears in the Alexander-
Hirschowitz list of exceptional secant varieties of Veronese embeddings.
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1 - Introduction

Let X(C) C P"(C) be an integral and non-degenerate projective variety.
For any q € P"(C) the X (C)-rank rx)(q) of ¢ is the minimal cardinality of a
set S C P"(C) whose linear span contains q. Now assume that both X (C) and
the embedding of X (C) in P"(C) are defined over R and that X (R) is Zariski
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dense in X (C). In this case the set X (R) spans P"(R). For each ¢ € P"(R) the
X (R)-rank rx (w)(q) of ¢ is the minimal cardinality of a subset of X (IR) spanning
q. Obviously rxc)(q) < rx(w)(q) for all ¢ € P*(R). There is a Zariski dense
subset U of P"(C) such that all ¢ € U have the same X (C)-rank, called the
generic X (C)-rank. Note that P"(R) minus a hypersurface may have several
connected components for the euclidean topology. Thus there may be several
integers, each of them the X (R)-rank of a non-empty euclidean open of P"(RR)
([4,5,9,10,11,12,17,18]). These integers are called the typical ranks of X (R).
The minimal typical rank is the generic rank. The set of all typical ranks of
X (R) is connected, i.e. if a < b are typical ranks of X (R), then all integers
between a and b are typical ( [9, Theorem 1.1]). Typical ranks may be quite
large. For instance, if X(R) and X (C) are the rational normal curve of the
r-dimensional space, then the generic rank is |(r + 2)/2|, while all integers
between |(r + 2)/2] and r are typical ([10]).

A different definition of ranks for points in P"(R) was studied in [6, 7, 8].
On any variety Y (C) defined over R let o : Y(C) — Y (C) denote the complex
conjugation. Note that o : Y(C) — Y(C) is an anti-holomorphic involution
with Y(R) as the set of its fixed point. A finite set S C X(C) is said to have a
label if 0(S) = S. We say that (a,b) is the label of S if b = #(S N X (R)) and
#S = b+ 2a. The integer 2a + b is the weight of (a,b). For any ¢ € P" we say
that the admissible rank {x )(q) of ¢ is the minimal weight of a set S C X (C)
with a label and spanning ¢ ( [8, Definition 2.2]). Obviously

rx() (@) < x) (@) < rxmw)(q)

for all ¢ € P"(R). The pair (a,b) is a typical label if there is a non-empty
euclidean open subset V' of P"(R) such that all ¢ € V have (a,b) as a label
and no label of lower weight. The typical weights or typical label-weights of
P"(R) with respect to X (C) are the weights of all typical labels. The set of all
typical weights of X (C) is connected (see [8, Corollaries 3.9 and 3.11] for more
general results.) Under a weak assumption (not always satisfied) we prove that
no integer > k+2 is a typical label-weight (Lemma 2.2). There is an important
(but very particular) example in which k£ + 1 is not a typical label-weight, the
rational normal curve ([8, Corollary 4.2]) and the smooth space curves of degree
d and genus g with (d — 1)(d —2)/2 — g odd ( [8, Theorem 3.5]). There is an
example in which k& + 1 is a typical label-weight, the linearly normal elliptic
curve ( [8, Theorem 3.4]).

Let 0;(X(C)) C P"(C) denote the k-th secant variety of X(C), i.e. the
closure of the union of all linear subspaces of P"(C) spanned by k points of
X(C). Let 0 (X(C))(R) := o (X (C))NP"(R) denote the real part of o1,(X(C)).
A label (a,d) is typical for o;(X(C))(R) if there is a non-empty euclidean open
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subset V' of 03 (X(C))(R) such that all ¢ € V" have (a, b) as a label and no label
of weight < 2a + b.

In this note we study the typical labels associated to the Veronese order d
embeddings vy : P*(C) — P"(C), r = (”:d) — 1. Set X,, g := v4(X). We prove
that the typical label-weight for o (X, 4(C))(R) are k and k+1 in the following
cases:

(1) n=2,d=6,k=09;

Nn=3d=4k=8;

3)n=5d=3k=09;

4 n=2,d=4,k=25;

)
(2)
(3)
(4)
5) n=4,d=3,k=T.

We looked at cases (1), (2) and (3) (Theorem 2.5), because L. Chiantini,
G. Ottaviani proved that they are the only cases (with d > 3) of generic non-
uniqueness for subgeneric secant varieties of Veronese varieties ([13]). Case (4)
is the last proper secant variety for one case in the Alexander-Hirschowitz list
of defective secant varieties of Veronese varieties ([2,3]). Case (5) is the cubic
case in the Alexander-Hirschowitz list of defective secant varieties of Veronese
varieties, i.e. 07(Xy3) is a hypersurface of P35 ([2,3]).

To prove case (4) (Theorem 2.6) we use the following concepts for va-
rieties defined over an arbitrary algebraically closed field. Fix ¢ € P"(C).
Let S(X(C),q) denote the set of all S C X(C) such that #S = rx()(q)
and ¢ is contained in the linear span (S)c of S. For any ¢ € P"(C) set
E(X(C),q) = Uses(x(),g)S € X(C) and let F(X(C),q) be the closure of
E(X(C),q) in X(C). Since S(X(C),q) is a constructible subset of X(C), a
theorem of Chevalley gives that E(X(C),q) is a constructible subset of X (C)
for the Zariski topology ([16, Ex.I1.3.18 and Ex.11.3.19]). Thus the closure of
E(X(C),q) in X(C) is the same if we take the closure for the Zariski topology
or the euclidean topology and F(X(C),q) is a projective variety, possibly re-
ducible. Seldom the algebraic set F'(X(C), q) uniquely determines ¢, but in the
proof of Theorem 2.6 the set F'(X(C), q) is a smooth conic and we were able to
see all ¢’ € P"(C) such that F(X(C),q') = F(X(C),q).

We thanks a referee for several crucial observations.

2 - The proofs

On any variety Y (C) defined over R let 0 : Y(C) — Y(C) denote the
complex conjugation.
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For any S C P"(C) let (S)c denote the linear span of S. If o(S) = S, then
(S)c NPT(R) is an R-projective subspace of P"(R) of dimension dimg(S)c.

Remark 2.1. Fix ¢ € P"(R) and set = := rx()(g) Since o(q) = ¢, o
acts on the constructible set S(X(C),¢). The point ¢ has a label of weight x
if and only if this action of o has at least one fixed point. Let X(C) C P"
be a smooth curve defined over R and take r odd. Set k := (r + 1)/2. Set
d := deg(X(C)) and g := pa(X(C)). Thus k is the generic complex rank of
X(C) ([1, Remark 1.6]). Fix a general ¢ € P?**1. Since S(X(C),q) is a finite
set, this action of o has a fixed point if #S(X(C),q) is odd. Now assume
d > 2g + 2k + 1 and that X(C) is a general linear projection of a linearly
normal degree d embedding of X(C). Under these assumptions the integer
#S(X(C),q) is the integer deg(Xy) given in [15, part (1) of Prop. 5.10]. For
instance if g = 0 we get #S(X(C),q) = (Z;’f) If k = 2 we get that #S(X (C), q)
is odd if and only if d =5 (mod 4).

The proof of the following lemma mimics the proof of [6, Theorem 1.4].

Lemma 2.2. Fiz an integer k > 2 such that o1,(X (C)) # P"(C) and generic
uniqueness holds for o,_1(X(C)). Then k + 2 is not a label-weight of X .

Proof. Setn :=dim X (C). Since generic uniqueness holds for o1 (X (C)),
the variety o;_1(X(C)) has the expected dimension (n+ 1)(k — 1) — 1. Let U
be the set of all ¢ € P"(C) with rank & — 1 and such that #S(X(C),q) = 1.
By a theorem of Chevalley the set U is constructible ([16, Ex. 11.3.18 and Ex.
I1.3.19]). By assumption the constructible set ¢ contains a non-empty Zariski
open subset of o;_1(X(C)) and hence dimoy_1(X(C)\U < (n+1)(k—1)—2.
Since the embedding of X (C) is defined over R, o(U/) = U, i.e. U is defined
over R. If g e UNP"(R) and S € S(X(C), q), then o(S) = 5, because o(q) = ¢
and S(X(C),q) = {S}. Set V := U NP"(R). Since U is constructible, the
semialgebraic set 031 (X (C))(R)\V has real dimension < (n+1)(k—1)—2. A
Zariski dense constructible subset I" of o (X (C)) is obtained taking the union
of all complex lines ({z,y})c with z € V and y € X(C) \ X(R) ([6, Claims 1
and 2 of Remark 2.2]). Since I is constructible and Zariski dense in o (X (C)),
it contains a non-empty Zariski open subset of o3, (X(C)). Thus we get a Zariski
dense open subset of 01 (X(C))(R) taking the intersection with o (X (C))(R)
of the union of all planes ({z,y,0(y))c with z € V and y € X(C) \ X(R). The
complex plane ({x,y,o(y))c is defined over R and hence ({z,y,0(y))c NP"(R)
is a real plane. Any ¢ € ({z,y,0(y))c NP"(R) has a label of weight £k + 1. [

Remark 2.3. Take n =2 and d = 7. A general ¢ € 012(X2,7(C)) satisfies
#S5(X27(C),q) = 5 ([14], [20, Theorem 3.1]). Since 5 is odd, we get that
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X5,7(C) has only typical labels of weight 12 and obviously all (a, b) with 2a+b =
12 are typical labels ([8, Proposition 3.2]).

Remark 2.4. Fix n > 2, d > 3 such that (n,d) is not in the Alexander-
Hirschowitz list and take a positive integer k such that k(n + 1) < (”:d).
Set r := (") — 1 and X(C) := X,,4(C). Uniqueness holds for a general
q € o(X(C)) unless (n,d, k) is in this list:

(1) n=2,d=6,k=09;
(2) n=3,d=4,k=38;
(3) n=5d=3,k=0.

In each of these 3 exceptional cases #S (X (C), ¢) = 2 for a general g € 0;,(X(C))
([13, Theorem 1.1]).

Theorem 2.5. Take (n,d, k) as in one of the 3 cases of Remark 2.4. Set
X(C) := X,,,4(C). The typical weights of o1,(X(C))(R) are k and k + 1.

Proof. The integer k is always the minimal typical weight for a k-secant
variety. Since uniqueness holds for a general element of o1 (X (C)), no typical
label has weight > k+2 (Lemma 2.2). Thus it is sufficient to prove that we also
need some weight k + 1 label. We adapt the proof of [8, Theorem 3.4]. There
is a non-empty Zariski open subset V' of 01 (X(C)) such that #S(X(C),q) =2
for all ¢ € V and (since o} (X(C)(R)) has the expected dimension k(n+1) —1)
(A)c N (B)c = {q}, for all ¢ € V, where {4, B} = S(X(C),q). Since P"(R)
is Zariski dense in P"(C), there exists ¢ € V N P"(R) and the set of all such
q is Zariski dense in P"(C). Write S(X(C),q) = {A,B}. Since o(q) = ¢,
o(S(X(C),q)) = S(X(C),q). Thus either 0(A) = A or 0(A) = B. Take ¢
such that 0(A) = B and hence o(B) = A. Therefore ¢ has no label of weight
k. Therefore it is sufficient to prove that the set of all ¢ such that o(A) = B
contains a non-empty euclidean open subset of P"(R). A general S C X(C)
with cardinality k satisfies o(S) NS = 0.

Claim 1: For a general S the linear space (S)c N (o(S))c is a single
point, qg.

Proof of Claim 1: Claim 1 is equivalent to (S U o(S))c = P"(C).
For a general p € X(C) we have o(p) # p and hence ({p,o(p))c is a line.
Assume (S U o(5))c # P"(C) and call s the maximal integer < k such that
dim(S’ U a(S"))c = 25 — 1 for a general S’ C X(C) with #S5’ = s. Since X (C)
spans P"(C), a general p € X(C) is not contained in the complex linear space
W = (8"Uo(S))c. The complex linear space W is defined over R. By the
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definition of s for a general p € X(C) the line ({p,o(p)})c meets W. Thus
the rational map uy from X (C) to P"=25(C) satisfies uy (p) = uw (o (p)) for
a general p € X(C). Set Uy (C) := X(C)\ X(C)nW. Since X(C) is non-
degenerate, Uy (C) is a non-empty Zariski open subset of X (C) defined over
R. The rational map upy induces a morphism on Uy . Let Xy (C) denote
the closure of uy (U (C)) in P"=2%(C). Since X (C) is non-degenerate, Xy (C)
spans P"2%. Since r > 2s, dim Xy (C) > 0. Since uy (p) = uw (o(p)) for a
general p € X(C), we have Xy (R) = X (C), absurd.

Note that gs € P"(R) and that by Claim 1 and the fact that #S(X(C), ¢s)
= 2 for a general S ([13, Theorem 1.1]) we have S(X(C),q) = {S,0(S)}. O

Theorem 2.6. Take n =2, d=4 and k =5.
(i) The typical label-weights of o5(X24(C))(R) are 5 and 6.
(ii) All labels of weight 5 are typical for o5(X24(C))(R).
(iii) (3,0) is a typical label of weight 6 for o5(X24(C))(R).

Proof. We have r = 14.

Part (ii) is true for all varieties X (C) [8, Proposition 3.2].

We first check the existence of a non-empty euclidean open subset of P"(R)
with no label of weight 5. Fix a general S C X (C) such that #S = 5 and take
any ¢ € P"(C) such that S € S(X(C),q). Then S is contained in a unique
conic, Cg, and this conic is smooth. A referee observed (with a full proof) that
Claim 1 has a 2-line proof using the Apolarity Lemma.

Claim 1: The curve Cg is the one-dimensional part of F(X(C),q).

Proof of Claim 1: We know that dimS(X(C),q) = 1 and that its
closure is isomorphic to P1. Take any A € S(X(C),q) such that A # S. To
prove Claim 1 it is sufficient to prove that A C C'g. Assume for the moment that
no 3 of the points of A are collinear. Thus A is contained in a unique smooth
conic C. Since A,S € S(X(C),q) and A # S, h'(Zaus(4)) > 0. Assume
C # Cg. Consider the residual exact sequence of C

(1) 0 = Zg\ons(2) = Zaus(4) = Zonaus),c(4) = 0.

By assumption #(C N (AU S)) < 9. Since C is a smooth conic, h!(C,
Zonaus),c(4)) = 0. Thus (1) gives SN C = 0 and h'(Zaus(4)) = 1, iec.
q is the only point of (v4(A))c N (v4(S))c. Recall that 7x(c)(q) = 5 . Take
E € |Op2(3)| containing A and at least 2 points of S and set G := EN(AUYS)
and G’ := AU S\ G. Since #G’ < 3 and no 3 of the point of S are collinear,
hY(Zg:(1)) = 0. Thus the residual exact sequence of E gives h'(E,Zg g(4)) = 1
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and hence h'(Zg(4)) > 0. Since rx(c)(¢) = 5 , no proper subset of v4(A) or
vq4(S) spans ¢. Thus G = AU S. Fix A’ C A such that #A’" = 3. Since
SNC = and A’ is not collinear, no 5 of the points of A’ U S are collinear and
S U A’ is not contained in a conic. Thus h'(Zays(3)) = 0. Thus G # AU S,
a contradiction. At this point we have proved that F/(X(C),q) is the union of
Cgs and all A € §(X,q) containing at least 3 collinear points, concluding the
proof of Claim 1.

Observation 1: If ¢ is real, then F(X(C),q) is defined over R. Thus
Claim 1 implies that if ¢ is real, then Cg is real even if o(S) # S.

Now we prove that (3,0) is a typical label. It is sufficient to find a non-
empty euclidean open subset of o5(X(C)) with no label (x,y) with y > 0 and
(3,0) as one of its labels. Let £ be the set of all real smooth conics C' such
that C(R) = ). It is a non-empty open subset of |Op2(2)|(R). Fix C € £ and
take a general S C C(C) such that #S = 5. We have SN o (S) = () and hence
#(SUo(S)) = 10. Since C(C) has genus 0, hl(C((C),ISUU(CLC(C) (4)) = 1. Since
conics are projectively normal, h!(P*(C), Zguy(c)(4)) = 1. Since SN a(S) =0,
the Grassmann’s formula gives that (v4(S5))c N (va(c(S)))c is a single point, g.
Since {q} = (va(S))c N (va(ca(9)))c, we get ¢ € o5(X(C))(R). Claim 1 gives
that C is uniquely determined by ¢. Varying C' € £ and S we get a subset
of 05(X(C))(R) of real dimension 14 with no label (z,y) with y > 0, because
C(R) = (). Taking o-invariant subsets of C'(C) with cardinality 6 we get that
(3,0) is a typical label.

To conclude the proof of part (i) it is sufficient to prove that no label of
weight > 7 is typical for o5(X(C)). Since generic uniqueness holds for o4 (X (C))
([13, Theorem 1.1]), it is sufficient to quote [6, Theorem 1.7]. O

For n =2, d =4 and k = 6 (the generic rank) the closures of S(X(C), q) for
a general q € P(C) are exactly the Fano 3-folds Vay discovered by S. Mukai
([19,20)).

Theorem 2.7. Take n =4 and d = 3 and hence r = 34. Let 09(X43(C))
C P34 be the set all of rank 7 forms. Its typical label-weights are 7 and 8.

Proof. All labels with weight 7 are typical ( [8, Proposition 3.2]). Since
generic uniqueness holds for o6(X4,3(C)) ([13]), no integer > 9 is a label-weight
(Lemma 2.2)). Thus it is sufficient to prove that 8 is a label weight. Take only
complex forms f which are sums of 7 linear forms which are in linear general
position. These are the form f such that Ty := {f = 0} is the secant variety
of a rational normal curve Cy. Note that Cy is the singular locus of T'y. Thus
is f is real, then Cy is defined over R. Since 4 is even, over R there are up to
real isomorphism 2 real rational normal curves C, the one with C(R) # ) (and
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hence with C(R) topologically a circle) and the ones with C'(R) = (). Since 7 is

odd, no Ty with Cy(R) = () has a o-invariant solution. O
References
[1] B. ApLANDSVIK, Joins and higher secant varieties, Math. Scand. 61 (1987),
213-222.
[2] J. ALEXANDER and A. HIRSCHOWITZ, La méthode d’Horace éclatée: applica-
tion & linterpolation en degrée quatre, Invent. Math. 107 (1992), 585-602.
[3] J. ALEXANDER and A. HIRSCHOWITZ, Polynomial interpolation in several vari-
ables, J. Algebraic Geom. 4 (1995), 201-222.
[4] E. ANGELINI, On complex and real identifiability of tensors, Riv. Math. Univ.
Parma (N.S.) 8 (2017), 367-377.
[6] E. ANGELINI, C. Bocct and L. CHIANTINI, Real identifiability vs. complex
identifiability, Linear Multilinear Algebra 66 (2018), 1257-1267.
[6] E. BALLICO, Partially complex ranks for real projective varieties, Riv. Math.
Univ. Parma (N.S.) 11 (2020), 207-216.
[7] E. BaLLico and A. BERNARDI, Typical and admissible ranks over fields, Rend.
Circ. Mat. Palermo (2) 67 (2018), 115-128.
[8] E. BaLrLIicO and E. VENTURA, Labels of real projective varieties, Boll. Unione
Mat. Ttal. 13 (2020), no. 2, 257-273.
[9] A. BERNARDI, G. BLEKHERMAN and G. OTTAVIANI, On real typical ranks,
Boll. Unione Mat. Ital. 11 (2018), no. 3, 293-307.
10 G. BLEKHERMAN, Typical real ranks of binary forms, Found. Comput. Math.
Y. Y
15 (2015), 793-798.
[11] G. BLEKHERMAN and R. SINN, Real rank with respect to varieties, Linear
Algebra Appl. 505 (2016), 344-360.
[12] G. BLEKHERMAN and Z. TEITLER, On mazimum, typical and generic ranks,
Math. Ann. 362 (2015), 1021-1031.
[13] L. CHIANTINI, G. OTTAVIANI and N. VANNIEUWENHOVEN, On generic iden-
tifiability of symmetric tensors of subgeneric rank, Trans. Amer. Math. Soc.
369 (2017), no. 6, 4021-4042.
[14] A. C. DixoNand T. STUART, On the reduction of the ternary quintic and sep-
timic to their canonical forms, Proc. London Math. Soc. (2) 4 (1907), 160-168.
[15] L. EmN, W. N and J. PARK, Singularities and syzygies of secant varieties
of monsingular projective curves, Invent. Math. 222 (2020), no. 2, 615-665.
[16] R. HARTSHORNE, Algebraic geometry, Grad. Texts in Math., 52, Springer-

Verlag, Heidelberg—New York, 1977.



TYPICAL LABELS OF REAL FORMS 95

M. MicHALEK and H. MOON, Spaces of sums of powers and real rank bound-
aries, Beitr. Algebra Geom. 59 (2018), 645-663.

M. MICHALEK, H. MOON, B. STURMFELS and E. VENTURA, Real rank geom-
etry of ternary forms, Ann. Mat. Pura Appl. (4) 196 (2017), no. 3, 1025-1054.

S. MuUKkA1, Fano 3-folds, Complex projective geometry (Trieste, 1989/Bergen,
1989), London Math. Soc. Lecture Note Ser., 179, Cambridge University Press,
Cambridge, 1992, 255-263.

K. RANESTAD and F.—O. SCHREYER, Varieties of sums of powers, J. Reine
Angew. Math. 525 (2000), 147-181.

EDOARDO BALLICO

Dept. of Mathematics
University of Trento

38123 Povo (TN), Italy

e-mail: edoardo.ballico@unitn.it





