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Büşra Söylemez and Fati̇h Nuray

Wijsman convergence of set sequences

in asymmetric metric spaces

Abstract. In this study, we will give some convergence definitions for
set sequences in an asymmetric metric space. Later, we will prove the
theorems expressing the inclusion relations between these concepts.

Keywords. Asymmetric metric space, forward statistical convergence,
backward statistical convergence, Cesàro mean, approximate metric ax-
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1 - Introduction and Background

For a function d : R × R → R+ ∪ {0}, if only the symmetry condition of
metric conditions is not valid then d is called asymmetric metric.

For example, let the function d be defined by

d(u, v) =

{
v − u if v ≥ u

1 if v < u.

Then d is an asymmetric metric on R. This asymmetric metric is called
Sorgenfrey asymmetric metric. Asymmetric metric spaces are investigated
in [16], [21], [23], [29]. In addition, asymmetric metric spaces have many ap-
plications in different fields of science (see e.g. [7], [20]). Unlike the metric case,
there are actually two concepts corresponding to each concept, namely forward
and backward concepts that arise for two natural topologies in the same space.
Especially in [7], the concepts of convergence and Cauchy sequence in asym-
metric metric space are examined. Recently, using the concept of ideal in [9],

Received: March 10, 2022; accepted in revised form: August 23, 2022.
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the definitions of convergence and Cauchy sequence in asymmetric metric space
have been generalized. It was observed that some known classical results were
not provided in the absence of symmetry.

Recall the following fundamental concepts of an asymmetric metric space
from [7], [23], [29].

A function d : U × U → [0,∞) is an asymmetric metric and (U, d) is an
asymmetric metric space if

(i) For every u, v ∈ U , d(u, v) ≥ 0 and d(u, v) = 0 if and only if u = v.

(ii) For every u, v, w ∈ U , we have d(u,w) ≤ d(u, v) + d(v, w).

A sequence (un) is called to be forward convergent to u ∈ U , if limn→∞ d(u, un)

= 0 and is denoted by un
F−→ u. For this case we write F − limn→∞ un = u.

Similarly, a sequence (un) is called to be backward convergent to u ∈ U ,

if limn→∞ d(un, u) = 0 and is denoted by un
B−→ u. For this case we write

B − limn→∞ un = u.
A sequence (un) is convergent to the number u if and only if the sequence

is both forward convergent and backward convergent to the number u.
For example, fix a ∈ R and let un = a

(
1 + 1

n

)
. Then the sequence (un)

is forward convergent to a but not backward convergent to a with respect
to Sorgenfrey asymmetric metric. Similarly, let’s take the sequence (vn) as
vn = a

(
1− 1

n

)
then, the sequence (vn) is backward convergent to a but not

forward convergent to a with respect to Sorgenfrey asymmetric metric.
Convergence of number sequences was generalized by many authors to set

sequences. One such generalization that we take into consideration in this pa-
per is the Wijsman convergence. The authors of [22] defined the concept of
Wijsman statistical convergence for set sequences and proved some fundamen-
tal theorems. In this article, we will introduce the concepts of forward and
backward Cesàro convergence, strong Cesàro convergence, statistical conver-
gence, almost convergence, and strong almost convergence for sequences of sets
in asymmetric metric spaces, and we will give some of their properties and
some inclusion relations. Although the concept of set convergence was given by
Painleve, it has a very long mathematical history. The concept was popularized
by Kuratowski by his famous book Topologie [17] and therefore often referred
to as Kuratowski convergence. In the last fifty years, it has regarded as an
important implement for dealing with approximations in optimization, systems
of equations and related subjects.

For asymmetric metric space (U, �), non-empty subset B of U and u ∈ U ,
define the distance from u to B by

d(u,B) = inf
b∈B

�(u, b)
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and the distance from B to u by

d(B, u) = inf
b∈B

�(b, u).

2 - Wijsman Convergence

CL(U) will denote the set of nonempty closed subsets of U .

D e f i n i t i o n 2.1. Let (U, �) be an asymmetric metric space. For Ak ∈
CL(U), if supk d(u,Ak) < ∞ for each u ∈ U then we say that the sequence
(An) is forward bounded.

Similarly, if supk d(Ak, u) < ∞ for each u ∈ U then we say that the sequence
(An) is backward bounded.

De f i n i t i o n 2.2. Let (U, �) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (Ak) is forward Wijsman convergent to A if

lim
k→∞

d(u,Ak) = d(u,A)

for each u ∈ U . In this case we write FW − limAk = A. Similarly, we say that
the sequence (Ak) is backward Wijsman convergent to A if

lim
k→∞

d(Ak, u) = d(A, u)

for each u ∈ U . For this case we write BW − limAk = A.

A sequence (An) is Wijsman convergent to the set A if and only if the se-
quence is both forward Wijsman convergent and backward Wijsman convergent
to the number A.

D e f i n i t i o n 2.3. Let (U, �) be an asymmetric metric space. For Ak ∈
CL(U), we say that the sequence (Ak) is forward Wijsman Cauchy if for ε > 0
and for each u ∈ U , there is a positive integer �1 such that for all m,n > �1,

|d(u,An)− d(u,Am)| < ε.

Similarly, we say that the sequence (An) is backward Wijsman Cauchy if
for ε > 0 and for each u ∈ U , there is a positive integer �2 such that for all
m,n > �2,

|d(An, u)− d(Am, u)| < ε.

A sequence (An) is Wijsman Cauchy sequence if and only if the sequence
is both forward Wijsman Cauchy sequence and backward Wijsman Cauchy
sequence.
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D e f i n i t i o n 2.4. (U, �) be an asymmetric metric space. For A,An ∈
CL(U) the sequence (An) is called forward Wijsman Cesàro summable to the
set A if

lim
n→∞

1

n

n∑
k=1

d(u,Ak) = d(u,A)

for each u ∈ U . For this case we write FW (C, 1)− limn→∞An = A.
Similarly, a sequence (An) is called to be backwardWijsman Cesàro summable

to the set A if

lim
n→∞

1

n

n∑
k=1

d(Ak, u) = d(A, u)

for each u ∈ U For this case we write BW (C, 1)− limn→∞An = A.

A sequence (An) is Wijsman Cesàro summable to the set A if and only if the
sequence is both forward Wijsman Cesàro summable and backward Wijsman
Cesàro summable to the number A.

D e f i n i t i o n 2.5. (U, �) be an asymmetric metric space. For A,An ∈
CL(U), the sequence (An) is called to be forward Wijsman strongly Cesàro
summable to the setA if

lim
n→∞

1

n

n∑
k=1

|d(u,Ak)− d(u,A)| = 0

for each u ∈ U . For this case we write FW [C, 1]− limn→∞An = A.
Similarly, a sequence (An) is called to be backward Wijsman strongly Cesàro

summable to the set A if

lim
n→∞

1

n

n∑
k=1

|d(Ak, u)− d(A, u)| = 0

for each u ∈ U . For this case we write BW [C, 1)]− limn→∞An = A.
A sequence (An) is Wijsman strongly Cesàro summable to the set A if and

only if the sequence is both forward Wijsman strongly Cesàro summable and
backward Wijsman strongly Cesàro summable to the number A.

Definition of statistical convergence of number sequences was given by Fast
[10]. In [24] Schoenberg obtained some fundamental properties of statistical
convergence and also examined the concept as a summability method.

If for every ε > 0,

lim
n→∞

1

n
|{k ≤ n : |uk − u| ≥ ε}| = 0,
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then we say that (un) is statistically convergent to u, here |K| denotes the
cardinality of the set K. For this case we write st − limun = u. limun = u
implies st−limun = u, therefore statistical convergence is a regular summability
method.

Statistical convergence of set sequences was introduced and some properties
was examined in [22].

D e f i n i t i o n 2.6. Let (U, �) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (Ak) is forward Wijsman statistically conver-
gent to A if for each ε > 0 and for each u ∈ U ,

lim
n→∞

1

n
|{k ≤ n : |d(u,Ak)− d(u,A)| ≥ ε}| = 0.

For this case we write st− limFW Ak = A.

Similarly, we say that the sequence (Ak) is backward Wijsman statistically
convergent to A if for each ε > 0 and for each u ∈ U ,

lim
n→∞

1

n
|{k ≤ n : |d(Ak, u)− d(A, u)| ≥ ε}| = 0.

In this case we write st− limBW Ak = A.

It is clear that FW − limAk = A implies st − limFW Ak = A and BW −
limAk = A implies st− limBW Ak = A

Th e o r em 2.7. Let (X, �) be a asymmetric metric space. Then, for A,Ak ∈
CL(U)

(a) (An) is forward Wijsman statistically convergent to A if it is forward Wi-
jsman strongly Cesàro summable to A,

(b) If (An) is forward Wijsman statistically convergent to A and forward bound-
ed then it is forward Wijsman strongly Cesàro convergent to A.

P r o o f. (a) For any (An), fix an ε > 0. Then

n∑
k=1

|d(u,Ak)− d(u,A)| ≥ ε|{k ≤ n : |d(u,Ak)− d(x,A)|u ≥ ε}|,

and it follows that if (An) is forward Wijsman strongly Cesàro summable to A
then (An) is forward Wijsman statistically convergent to A.

(b) Let (An) be forward bounded and forward Wijsman statistically con-
vergent to A. Since (An) is forward bounded, set supk |d(u,Ak)|+ d(u,A) = λ.
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Let ε > 0 be given. Since the sequence (An) is forward Wijsman statistically
convergent to A, we can select Nε such that

1

n
|{k ≤ n : |d(u,Ak)− d(u,A)| ≥ ε

2
}| < ε

2λ

for all n > Nε. Let’s denote the set {k ≤ n : |d(u,Ak)− d(u,A)| ≥ ε
2} by Ln.

1

n

n∑
k=1

|d(u,Ak)− d(u,A)|

=
1

n


∑

k∈Ln

|d(u,Ak)− d(u,A)|+
∑

k≤n;k/∈Ln

|d(u,Ak)− d(u,A)|




<
1

n

nε

2λ
λ+

1

n

nε

2

=
ε

2
+

ε

2
= ε.

Hence, (An) is forward Wijsman strongly Cesàro summable to A. �

3 - Almost Convergence

Definition of almost convergence of a sequence was first given by G. G.
Lorentz [18]. Almost convergence is an issue with Banach limits.

Let �∞ be denote the space of real bounded sequences. If

1. φ(un) ≥ 0 when the sequence (un) has un ≥ 0 for all n,

2. φ(e) = 1 where e = (1, 1, 1, ...) and

3. φ(un+1) = φ(un) for all (un) ∈ l∞.

then we say that the continuous linear functional φ on �∞ is a Banach limit.
If all Banach limits of (un) ∈ l∞ is equal to u then (un) is almost convergent

to u. It is easy to verify that if (un) is a convergent sequence, then φ(un) =
limn→∞ un for any Banach limits φ. In other words, φ(un) takes the same value
for any Banach limits φ.

Lorentz [18] gave the following characterization of the almost convergence.
A sequence (un) is said to be almost convergent to u if and only if

lim
n→∞

1

n

n∑
k=1

um+k = u
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uniformly in m.

D e f i n i t i o n 3.1. Let (U, ρ) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (An) is forward Wijsman almost convergent
to the set A if

lim
n→∞

1

n

n∑
k=1

d(u,Ak+m) = d(u,A)

uniformly in m.
Similarly, we say that the sequence (An) is backward Wijsman almost con-

vergent to the set A if

lim
n→∞

1

n

n∑
k=1

d(Ak+m, u) = d(A, u)

uniformly in m.

These will be denoted FWĉ-limn→∞An = A and BWĉ-limn→∞An = A or

An
FWĉ−−−→ A and An

BWĉ−−−→ A respectively.
A sequence (An) is Wijsman almost convergent to the set A if and only if the

sequence is both forward Wijsman almost convergent and backward Wijsman
almost convergent to the set A.

D e f i n i t i o n 3.2. Let (U, �) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (An) is forward Wijsman strongly almost
convergent to the set A if

lim
n→∞

1

n

n∑
k=1

|d(u,Ak+m)− d(u,A)| = 0

uniformly in m.
Similarly, we say that the sequence (An) is backward Wijsman strongly al-

most convergent to the set A if

lim
n→∞

1

n

n∑
k=1

|d(Ak+m, u)− d(A, u)| = 0

uniformly in m.

These will be denoted FW[ĉ]-limn→∞An = A and BW[ĉ]-limn→∞An = A

or An
FW[ĉ]−−−−→ A and An

BW[ĉ]−−−−→ A respectively.

A sequence (An) is Wijsman strongly almost convergent to the set A if
and only if the sequence is both forward Wijsman strongly almost convergent
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and backward Wijsman strongly almost convergent to the set A.Now we give
a property of an asymmetric metric space which plays a very important role in
the next part of the paper [7].

An asymmetric metric space (U, d) is said to satisfy approximate metric
axiom if there exists a function c : U × U → R such that for any u, v ∈ U,
d(v, u) ≤ c(u, v)d(u, v) where the function c is such that for any u ∈ U , there is a
δx > 0 with the property that v ∈ B+(u, δx) ⇒ c(u, v) ≤ C(u), where C(u) > 0
depends only on u and B+(u, ε) = {v ∈ U : d(u, v) < ε for u ∈ U, ε > 0}.

If (U, d) is a metric space then clearly it satisfies approximate metric axiom
with the function c defined by c(u, v) = 1 for all u, v ∈ U . However the
condition approximate metric axiom is strictly weaker than the requirement of
an asymmetric metric space to be a metric space.

For example, let β > 0 and the function d : R× R → [0,∞) be defined by

d(a, b) =

{
b− a if b ≥ a

β(a− b) if b < a.

It is clear that d is an asymmetric metric on R. This d satisfies approximate
metric axiom with C = max{β, 1

β}.
The Sorgenfrey asymmetric metric, was defined above, does not satisfy the

approximate metric axiom.

Th e o r em 3.3. Let (U, �) be an asymmetric metric space and Ak ∈ CL(U).
If (An) forward almost convergent to A and backward almost convergent to B
then A = B.

P r o o f. Fix ε > 0. Let (An) be forward almost convergent to A ∈ CL(U),
then there exists n1 ∈ N such that

sup
u∈U,m

∣∣∣∣∣
1

n

n∑
k=1

d(u,Ak+m)− d(u,A)

∣∣∣∣∣ <
ε

2

for n > n1. Also, let (An) be backward almost convergent to B ∈ CL(U), then
there exists n2 ∈ N such that

sup
u∈U,m

∣∣∣∣∣
1

n

n∑
k=1

d(Ak+m, u)− d(B, u)

∣∣∣∣∣ <
ε

2

for n > n2. Therefore, for all m ∈ N and n ≥ max{n1, n2}, by using Haus-
dorff forward and backward distances d(A,B) = supu∈U |d(u,A)− d(u,B)| and
d(B,A) = supu∈U |d(A, u)− d(B, u)|, we can write

d(A,B) ≤ d(A,Ak+m) + d(Ak+m, B)

= sup
u∈U,m

|d(u,A)− d(u,Ak+m)|+ sup
u∈U,m

|d(Ak+m, u)− d(B, u)|.
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1

n

n∑
k=1

d(A,B) ≤ sup
u∈U,m

∣∣∣∣∣
1

n

n∑
k=1

d(u,Ak+m)− d(u,A)

∣∣∣∣∣

+ sup
u∈U,m

∣∣∣∣∣
1

n

n∑
k=1

d(Ak+m, u)− d(B, u)

∣∣∣∣∣ .

d(A,B) <
ε

2
+

ε

2
= ε.

Since ε was arbitrary, we deduce that d(u,A) = d(u,B) holds for every
u ∈ U . It is implies the equality A = B because of A,B ∈ CL(U). �

Co r o l l a r y 3.4. If forward Wijsman almost convergence of a sequence im-
plies backward Wijsman almost convergence, then the forward Wijsman almost
limit is unique.

Th e o r em 3.5. If (U, �) is an asymmetric metric space satisfying the ap-
proximate metric axiom property, then FWĉ-limn→∞An = A implies BWĉ-
limn→∞An = A for any closed set sequence (An) ∈ U and limits are unique.

P r o o f. Since FWĉ-limn→∞An = A,

lim
n→∞

1

n

n∑
k=1

d(u,Ak+m) = d(u,A)

uniformly in m. From the approximate metric axiom property, we can write

d(Ak+m, u) ≤ c(u,Ak+m)d(u,Ak+m) ≤ C(u)d(u,Ak+m)

and

d(A, u) ≤ c(u,A)d(u,A) ≤ C(u)d(u,A)

hence we have

d(Ak+m, u)− d(A, u) ≤ C(u)[d(u,Ak+m)− d(u,A)]

for all k,m ∈ N. Then

1

n

n∑
k=1

d(Ak+m, u)− d(A, u) ≤ 1

n

n∑
k=1

C(u)[d(u,Ak+m)− d(u,A)]

= C(u)
1

n

n∑
k=1

[d(u,Ak+m)− d(u,A)].



54 büşra söylemez and fati̇h nuray [10]

Hence we have,

lim
n→∞

1

n

n∑
k=1

d(Ak+m, u) = d(A, u)

uniformly in m, that is, BWĉ-limn→∞An = A.
By the Corollary 1 limits are unique. �

In [7] it was proved that if (U, �) is forward sequentially compact then

un
B−→ u implies un

F−→ u. It is not clear whether this result remains valid if
convergence is replaced by almost convergence.

D e f i n i t i o n 3.6. A set K ⊂ U is forward almost sequentially compact if
every sequence in K has a forward almost convergent subsequence with limit
in K.

Similarly, A set K ⊂ U is backward almost sequentially compact if every
sequence in K has a backward almost convergent subsequence with limit in K.

T h e o r em 3.7. Let (U, �) be an asymmetric metric space. If (U, �) is

forward almost sequentially compact and An
BWĉ−−−→ A then An

FWĉ−−−→ A.

P r o o f. Consider a sequence (An) such that An
BWĉ−−−→ A for some A ∈ U .

By forward almost sequential compactness, every subsequence (Ank
)k∈N of (An)

has a forward almost convergent subsequence in U . Say Ankj

FWĉ−−−→ B ∈ U as

j → ∞. Then A = B by Theorem 3.3.

Suppose An
FWĉ−−−→ A. Then there exists ε0 > 0 and a subsequence (Ank

)k∈N
with

1

n

n∑
k=1

d(u,Ank+m)− d(u,A) ≥ ε0

for all n and m. But this subsequence has a subsequence (Ankj
) forward almost

converging to A, so there exists J ∈ N such that for j ≥ J , one has

1

n

n∑
j=1

d(u,Ankj
+m)− d(u,A) < ε0

for all m. This is a contradiction, so An
FWĉ−−−→ A. �

De f i n i t i o n 3.8. Let (U, �) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (An) is forward Wijsman almost statistically
convergent to A if for each ε > 0 and for each u ∈ U ,

lim
n→∞

1

n
|{k ≤ n : |d(u,Ak+m)− d(u,A)| ≥ ε}| = 0
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uniformly in m. For this case, we write st− limF̂WAk = A.
Similarly, we say that the sequence (An) is backward Wijsman almost sta-

tistically convergent to A if for each ε > 0 and for each u ∈ U ,

lim
n→∞

1

n
|{k ≤ n : |d(Ak+m, u)− d(A, u)| ≥ ε}| = 0

uniformly in m. For this case we write st− limB̂WAk = A.

The relationships between forward Wijsman strongly Cesàro and forward
Wijsman statistical convergence also exist between forward Wijsman strongly
almost and forward Wijsman almost statistically convergent sequences. To
avoid repetition, these relationships are not given here.

4 - I and I*-Convergence

A non-empty subset of I of P (N) is called an ideal on N if

(i) B ∈ I whenever B ⊆ A for some A ∈ I,

(ii) A ∪B ∈ I whenever A,B ∈ I.

An ideal I is called proper if N /∈ I. An ideal I is called admissible if it is
proper and contains all finite subsets. For any ideal I there is a filter F (I)
corresponding with I, given by F (I) = {K ⊆ N : N \K ∈ I}.

Let I ⊂ P (N) be a proper ideal in N. The sequence (un) is said to be
I-convergent to u, if for ε > 0 the set

{n : |un − u| ≥ ε}

belongs to I. If (un) is I-convergent to u then we write I − limun = u.
A sequence (un) is said to be I∗-convergent to the number u if there exists

a set M = {m1 < m2 < ...} ∈ F (I) such that limn→∞ umn = u. In this case we
write I∗ − limun = u (see [15]).

D e f i n i t i o n 4.1. Let (U, 
) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (Ak) is forward Wijsman I-convergent to A
if for each ε > 0 and for each u ∈ U ,

{k : |d(u,Ak)− d(u,A)| ≥ ε} ∈ I.

For this case we write I − limFW Ak = A.
Similarly, we say that the sequence (Ak) is backward Wijsman I-convergent

to A if for each ε > 0 and for each u ∈ U ,

{k : |d(Ak, u)− d(A, u)| ≥ ε} ∈ I.

In this case we write I − limBW Ak = A.
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D e f i n i t i o n 4.2. Let (U, �) be an asymmetric metric space. For A,Ak ∈
CL(U), we say that the sequence (Ak) is forward Wijsman I∗-convergent to A
if and only if there exists a set M ∈ F(I) i.e., N \M ∈ I, M = {m1 < m2 <
m3 < ... < mk < ...} such that limk→∞d(Amk

, u) = d(A, u) for each u ∈ U .
For this case we write I∗ − limFW Ak = A.

Similarly, we say that the sequence (Ak) is backward Wijsman I∗-convergent
to A if and only if there exists a set M ∈ F(I) i.e., N \ M ∈ I, M = {m1 <
m2 < m3 < ... < mk < ...} such that limk→∞ d(u,Amk

) = d(u,A). For this
case we write I∗ − limBW Ak = A.

T h e o r em 4.3. If a sequence (Ak) in an asymmetric metric space (U, �)
is forward Wijsman I-convergent to A and backward Wijsman I-convergent to
B then A=B.

P r o o f. For each ε > 0,

{
k : |d(Ak, u)− d(A, u)| < ε

2

}
and

{
k : |d(u,Ak)− d(u,B)| < ε

2

}
∈ F(I).

Since
{
k : |d(Ak, u)− d(A, u)| < ε

2

}
∩
{
k : |d(u,Ak)− d(u,B)| < ε

2

}

belongs to F(I) and ∅ /∈ F(I), then

sup
k,u

|d(Ak, u)− d(A, u)| < ε

2

and

sup
k,u

|d(u,Ak)− d(u,B)| < ε

2

which implies

d(A,B) ≤ d(A,Ak) + d(Ak, B)

= sup
k,u

|d(A, u)− d(Ak, u)|+ sup
k,u

|d(u,Ak)− d(u,B)| < ε.

Since ε > 0 is arbitrary, we have A = B. �

Th e o r em 4.4. Let(U, �) be an asymmetric metric space satisfying the
property approximate metric axiom. Then forward Wijsman I-convergence of
(Ak) implies the backward Wijsman I-convergence and the limits are same.
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P r o o f. Let (Ak) be forward Wijsman I-convergence to A. Then by the
aproximate metric axiom, we can write

|d(Ak, u)− d(A, u)| ≤ |C(u)[d(u,Ak)− d(u,A)]|.

Let ε > 0 be given.

{k : |d(Ak, u)− d(A, u)| ≥ ε} ⊂ {k : |C(u)[d(u,Ak)− d(u,A)]| ≥ ε}

= {k : |d(u,A)− d(u,Ak)| ≥
ε

|C(u)|
} ∈ I.

Hence we have I − limBW Ak = A. �
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Analysis 8 (1988), 47–63.

[9] P. Das, S. Ghosal and S. K. Pal, Extending asymmetric convergence and
Cauchy condition using ideals, Math. Slovaca 63 (2013), no. 3, 545–562.

[10] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951), 241–244.

[11] J. Ferrera, Convergence of polynomial level sets, Trans. Amer. Math. Soc.
350 (1998), no. 12, 4757–4773.

[12] J. A. Fridy, On statistical convergence, Analysis 5 (1985), no. 4, 301–313.
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