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Harmonic (1,1)-forms on compact almost Hermitian 4-manifolds

Abstract. We recall the most recent results concerning the spaces of
Dolbeault and Bott-Chern harmonic (1,1)-forms on a compact almost
Hermitian 4-manifold and compute the dimension of the space of Dol-
beault harmonic (1,1)-forms in some explicit examples.
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1 - Introduction

Let (M,J) be an almost complex manifold of real dimension 2n. Given,
on (M, J), an almost Hermitian metric g, with fundamental form w, the triple
(M, J,w) will be called an almost Hermitian manifold. The exterior derivative
decomposes into

d=pu+0+0+T7.

By the map % : AP? - A" 9"P we denote the C-linear extension of the real
Hodge » operator. We set 0" := - 0% and 0 := — % Ox, which are the formal
adjoint operators respectively of 9 and 9. Recall that

Ag = %* + 5*5

is the Dolbeault Laplacian, which is a formally self adjoint elliptic operator of
order 2. We can also define the Bott-Chern Laplacian, as

Apc =009 0" +0 900+ 0799 0+ 99" 0+9"9+8 0,
which is a formally self adjoint elliptic operator of order 4. We set

HE = ker Ay AP9, - HL = ker Apo n AP
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to be the spaces of Dolbeault and Bott-Chern harmonic (p, ¢)-forms. If M is
compact, it is well known that the dimensions

p.q ._ 3 p.q p,q ._ 3 p,q
h5 = dim¢ 7-[5 , hgé o= dime Hi 4

are finite. Note that, a priori, 9*,9 , Ay, ’H%’q, h%’q depend both on the almost
complex structure J and on the almost Hermitian metric w.

If (M, J) is a compact complex manifold, then by Hodge theory we know
that the space of Dolbeault harmonic forms is isomorphic to the Dolbeault
cohomology, and the space of Bott-Chern harmonic forms is isomorphic to the
Bott-Chern cohomology,

D o rypig . Kerdn AP pa o g . Kerdn AP

Mo 2y g Mot e T e

Since the Dolbeault and Bott-Chern cohomologies are complex invariants, the
numbers h%’q and 3%, do not depend on the choice of the metric in the inte-
grable case.

Conversely, in the almost complex setting, Kodaira and Spencer asked the
following question, which appeared as Problem 20 in Hirzebruch’s 1954 problem
list [9]: given a compact almost Hermitian manifold (M, J,w), do the numbers
hg’q depend on the choice of the almost Hermitian metric w? Recently in [12]
Holt and Zhang solved this problem, proving that the numbers h2? indeed
depend on the choice of the metric. They provided an explicit example, building
a family of almost Hermitian structures on the Kodaira-Thurston manifold,
which has real dimension 4. They also proved that on every 4-dimensional
compact almost Hermitian manifold (M, J,w), if the metric w is almost Kéhler,
i.e., dw =0, then h%’l =b~ + 1. Here b~ is the dimension of the space of anti self
dual harmonic forms, which is a topological invariant (see, e.g., [6]).

This paper is devoted to the study of the spaces of Dolbeault and Bott-
Chern harmonic (1,1)-forms, and in particular of their dimensions h%’l and

hjlg’lc, on a given compact almost Hermitian 4-manifold.
After Holt and Zhang, the study of the number h%’l on compact almost

Hermitian 4-manifolds (M, .J,w) has been continued by Tardini and Tomassini
n [18]. We say that w is strictly locally conformally almost Kdhler if

dw=0nw,

and 6 € A' is d-closed but non d-exact. Conversely, we say that w is globally
conformally almost Kahler, if
dw=0Aw,
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and 0 € Al is d-exact. Indeed, if 6 = dh, then the metric e "w is almost Kéhler.
Also note that, for any given almost Hermitian metric w, the 1-form # such
that dw = 6 A w is uniquely determined by the Lefschetz isomorphism. We will
also say that w is locally conformally almost Kdahler if it is either strictly locally
conformally almost K&hler or globally conformally almost Kéhler.

Tardini and Tomassini proved that L1~ b on every compact almost com-
plex 4-manifold with a strictly locally conformally almost Kéhler metric. They

also noted that hg’l is a conformal invariant on almost Hermitian 4-manifolds,

which implies that ALY =5 +1 on every compact almost complex 4-manifold
with a globally conformally almost Kéahler metric, by the previous result by
Holt and Zhang in [12]. Moreover, very recently, in [10, Theorem 3.1] Holt
proved that R = b~ + 1 and hE! = b are the only two possible options on a
compact almost Hermitian 4-manifold.

Note that, in the integrable case, it is well known that a compact complex
surface (M,.J) admits a Kihler metric if and only if b' is even, and b' is
even if and only if h%’l = b~ +1, see e.g., [1]. However, in the non integrable

case, it might happen that h%’l = b +1 when the almost Hermitian metric is
not globally conformally almost K&hler. Indeed, in [17], Tomassini and the
author of the present paper proved that R =b +1ona explicit example of
a 4-dimensional compact almost complex manifold endowed with a non locally
conformally almost Ké&hler metric.

In [16] Tomassini and the author studied Bott-Chern harmonic forms on
compact almost Hermitian manifolds. They showed that Dolbeault and Bott-
Chern harmonic forms do not coincide when the metric is almost Kéhler, differ-
ently from what happens in the integrable case. They also proved that either
h}élc =b or hglc =b" +1 holds on a compact almost Hermitian 4-manifold, and

if the metric is almost Kéahler then h}élc =b" +1. This result has been improved
by Holt in [10], who proved that it always holds hglc =b" +1.

All the results mentioned before which concern the numbers hAb! and hjlg’lc
are, indeed, generalizations of what is already known in the integrable case,
i.e., in the case of compact complex surfaces. In particular, e.g., the fact that
hL1 s either b~ or b~ + 1 and that h}élc is always b~ + 1 turns out not to depend
on the integrability of a given almost complex structure.

See [2,11,15] for recent papers studying the relation between the primitive
decomposition of forms and Dolbeault/Bott-Chern harmonic forms in higher
dimension. See [13,14,19, 21| for other interesting new results concerning
Dolbeault harmonic forms on compact almost Hermitian manifolds. See also
[3,4,5] for some proposals of cohomologies in the almost complex setting, which
do not have harmonic counterparts.
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This paper is divided in two main parts. The first part, consisting in sec-
tions 3, 4 and 5, is a systematic and self-contained collection of the previously
mentioned results, which have already appeared in [10,12,16, 18], concerning
Dolbeault and Bott-Chern harmonic (1, 1)-forms on compact almost Hermitian
4-manifolds. Some of these results were presented at the conference Cohomol-
ogy of Complex Manifolds and Special Structures, II in July 2021. The second
part, consisting in section 6, includes new examples of computations of Dol-
beault harmonic (1, 1)-forms on compact almost Hermitian 4-manifolds. These
examples have been the object of further studies in [14].

2 - Preliminaries

Throughout this paper, we will only consider connected manifolds without
boundary. Let (M, J) be an almost complex manifold of dimension 2n, i.e., a
2n-differentiable manifold endowed with an almost complex structure J, that is
J € End(TM) and J? = —id. The complexified tangent bundle TcM = TM ® C
decomposes into the two eigenspaces of J associated to the eigenvalues ¢, —1i,
which we denote respectively by T5°M and T%!' M, giving

TeM =TM & T M.

Denoting by AYYM and A%'M the dual vector bundles of TVYM and T%!' M,
respectively, we set

p q
APIN = ANAYOM A AT M

to be the vector bundle of (p,q)-forms, and let AP? = T'(M,AP“M) be the
space of smooth sections of APYM. We denote by A* = I'(M, A*M) the space
of k-forms. Note that A*M & C = Dpg=r APIM.

Let f € C*(M,C) be a smooth function on M with complex values. Its
differential df is contained in A' ® C = A0 ® A%, On complex 1-forms, the
exterior derivative acts as

d:A'®@C - A9 C=A*" o AV 0 A"2
Therefore, it turns out that the exterior derivative operates on (p, q)-forms as
d: AP o5 APt2a-1 g pgptla g gP.at] @Ap—l,q+27
where we denote the four components of d by

d=p+0+0+T7.
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From the relation d? = 0, we derive

p1* =0,
uo +0u =0,
O+ pd+0u=0,

00 + 00 + pfi + i = 0,
3 +T0+ O =0,
710+ 0 = 0,

7’ = 0.

We also define the operator d° := J~'d.J. It is a straightforward computation
to show that _
d°=i(p—-0+0-n).

Let (M, J) be an almost complex manifold. If the almost complex struc-
ture J is induced from a complex manifold structure on M, then J is called
integrable. Recall that J being integrable is equivalent to the decomposition of
the exterior derivative as d = 9 + 0.

A Riemannian metric on M for which J is an isometry is called almost
Hermitian. Let g be an almost Hermitian metric, the 2-form w such that

w(u,v) = g(Ju,v) Yu,vel'(TM)

is called the fundamental form of g. We will call (M, J,w) an almost Hermitian
manifold. We denote by h the Hermitian extension of g on the complexified
tangent bundle TcM, and by the same symbol g the C-bilinear symmetric
extension of g on TcM. Also denote by the same symbol w the C-bilinear
extension of the fundamental form w of g on Te M. Thanks to the elementary
properties of the two extensions h and g, we may want to consider h as a
Hermitian operator TVYM xT1OM — C and g as a C-bilinear operator 710 M x
T M — C. Recall that it holds h(u,v) = g(u, ) for all u,v e T'(THOM).

Let (M, J,w) be an almost Hermitian manifold of real dimension 2n. Extend
h on (p,q)-forms and denote the Hermitian inner product by (-,-). Let * :
AP — A"9"P the C-linear extension of the standard Hodge * operator on
Riemannian manifolds with respect to the volume form Vol = ‘;’1—?
defined by the relation

, l.e., * is
anf=(af)Vol Va,pBe AP
Then the operators

d*z—*dﬂ-, M*:—*ﬁ*, 6*=—*5>&, 0 =—%0%, [ =—%[*,
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are the formal adjoint operators respectively of d, i, 9,9, 7. Recall that
Ag=dd* +d*d
is the Hodge Laplacian, and, as in the integrable case, set
Ny =00"+9°0, N5=00 +9 0,
respectively as the 9 and 9 Laplacians. Again, as in the integrable case, set
Apc =000 0" +0 000 +0700 0+0 900 +8"0+0 0,
and —— o om o i S
Ay =000 0" +0 0700+ 90 D" + 00" 00 +9I* + I ,
to be respectively the Bott-Chern and the Aeppli Laplacians. Note that

*Apc=As* Apcr=+Ay4.

If M is compact, then we easily deduce the following relations

Ag=0 — d=0, d+=0,

Ap=0 — 0=0, 0%=0,

(1) Az=0 — 0=0, 0% =0,
Apc=0 <= 0=0, 9=0, 00 =0,
As=0 — O+ =0, 9 =0, 90 =0,

which characterize the spaces of harmonic forms
k Pyq D,q D,q D,q
Hd’ Ha ) Hg 9 HBC’ HA 9

defined as the spaces of forms which are in the kernel of the associated Lapla-
cians. All these Laplacians are elliptic operators on the almost Hermitian man-
ifold (M, J,w) (cf. [9], [16]), implying that all the spaces of harmonic forms
are finite dimensional when the manifold is compact. Denote by HZ’q the space
(7—[5”’ ® (C) n AP and by

k D,q Psq D,q .9 P,q
b%, hgt, hyt, hg, Wge, Wy
respectively the real dimension of Hfl and the complex dimensions of HS’Q, HEA,
Hpvq Hpvq Hpvq
5 0 "tBCy TtA -
Let (M, J,w) be a 2n-dimensional almost Hermitian manifold. We denote
with
L:A*M > AF2M, amwhaa
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the Lefschetz operator and with
A:ARM - AR 200, A=x"1Lx

its dual. A differential k-form «y on M, for k < n, is said to be primitive
if Aay, = 0, or equivalently L™ **'a;, = 0. Then, the following vector bundle
decomposition holds (see e.g., [20, p. 26, Théoreme 3))

(2) A= @ L(PY M),

r>max(k—-n,0)
where we denoted by
P*M :=ker (A: AM — A*2M)

the bundle of primitive s-forms. Furthermore, the decomposition above is
compatible with the bidegree decomposition on the bundle of complex k-forms
A(IEM induced by J, that is

PiMeC= @ PPIM,
p+q=k

where

PPN = (PFM ® C) n APIM.

Let us set P° :=T'(M, P°M) and PP?:=T(M, PPYM). We recall that the map
LM e AFM — AF*2P M is injective for h+k < n and is surjective for h+k > n. For
h + k =n, the map is called the Lefschetz isomorphism.

3 - Fundamental lemmas

In this section, we prove some preliminary lemmas which will be used sys-
tematically in the next sections.
Let (M,g) be a compact oriented Riemannian manifold of real dimension
4, and set
A" ={aeA’M : xa=-a}

to be the bundle of anti self dual 2-forms. Denote by A~ = T'(M, A™) the space
of smooth anti self dual 2-forms, and by

H ={aecA : Aya=0},

the subspace of harmonic anti self dual 2-forms. Set b~ = dimg H~. Note that
b~ is metric independent: see [6, Chapter 1] for its topological meaning.
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Let (M, J,w) be an almost Hermitian manifold of real dimension 4. Note
that the space of anti self dual complex valued 2-forms A~ ® C is indeed a
subspace of AL, which will be denoted by Ag. Furthermore, the space H™ ® C
is indeed a subspace of ’Hil’l, and will be denoted by H.

Let (M, J,w) be an almost Hermitian manifold of real dimension 4. The
primitive decomposition of 2-forms is, by (2),

A’M = L(P°M) ® P> M,

where POM = A°M. Passing to the decomposition of complex (1,1)-forms, we
derive

AMM = L(C) ® PH M.

Now, choose a local coframe of (1,0)-forms ¢!, ¢?, such that the metric is
locally given by B -
w = z'(npn + 3022)-

We can locally write a form o e AV M as
o= Acpﬁ + Bcp1§ + C’gpﬁ + Dgaﬁ.

Note that La = wA«a =0 is equivalent to A+ D = 0. In the same way, *a = —« is
equivalent to A + D = 0. Therefore, we can characterize the space of primitive
(1,1)-forms as

PYIM ={ae A M| xa=-a}.

The above discussion implies that the decomposition of the bundle of (1,1)-
forms is given by
AYV'M=C<w> EB(A’ ® (C),

and, passing to the space of smooth sections, we have just proved the following

Lemma 3.1. Let (M, J,w) be an almost Hermitian 4-manifold. Then
AV = {fw|feC®(M,C)} @ Ag.

Thanks to Lemma 3.1, we will often run into (1, 1)-forms of the type fw+-,
with f e C*(M,C) and *y = —v. In many cases, we will use the next result to
prove that indeed the function f is a complex constant. Recall that, on a given
almost Hermitian manifold (M, .J,w) of dimension 2n, the almost Hermitian
metric is called Gauduchon if 99w™ ™! = 0 or, equivalently, if dd°w™ ' = 0.

Lemma 3.2 ([18, Proposition 3.4, cf. [16, Theorem 4.3]). Let (M, J,w)
be a compact almost Hermitian 4-manifold and let f € C*°(M,C) be a complex
valued smooth function. If w is Gauduchon and 85(]%)) =0, then f is a complex
constant.
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Proof. Since w is Gauduchon, then
0=00(fw)=00f Aw—-0f AOw+If AOw.
Now, the differential operator P :C*(M,C) - C*(M,C) defined by
P:fw—ix(00f Aw—0f Adw+df AOw)
is strongly elliptic, since its principal part is given by
—i % (00f Aw),

and real, i.e., P(f) = P(f). By the maximum principle applied to Re(f) € ker P
and Im(f) € ker P, it follows that f is a complex constant. See [16, Theorem
4.3] or [18, Proposition 3.4] for further technical details. O

To apply Lemma 3.2, we will need to work with Gauduchon metrics. Let
us recall the following fundamental result by Gauduchon, in [7]: given a com-
pact almost Hermitian 2n-manifold (M, J,&), there always exists a Gauduchon
metric w = e!@ in the conformal class of @, with ¢ € C® (M), which is unique
up to homothety for n > 1. The following lemma tells us that the dimensions
of the spaces of harmonic (p, q)-forms is a conformal invariant in some special
bidegrees.

Lemma 3.3 ([18, Lemma 3.1]). Let (M, J) be a compact almost complex
2n-manifold. The numbers hs’q, hg’q, h%’q, h%‘é and hi’q are conformal invari-
ants of almost Hermitian metrics for p+q =n.

Proof. Let @, w=e'®, with t e C*(M), be two conformal almost Hermi-
tian metrics. The two Hodge star operators behave, on the space AP4, as

%, = et P=a)

Therefore, when p + g = n, the spaces of harmonic (p,q)-forms are conformal
invariants of almost Hermitian metrics, thanks to their characterizations (1).
In particular, when p+q = n, also their dimensions are conformal invariants. [J

Thanks to Lemma 3.3, we will often be able to assume that our Hermitian

metric is Gauduchon, with the purpose of computing the numbers h?, h%”q,

X
5o
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4 - Dolbeault harmonic (1, 1)-forms

In this section, given a compact almost Hermitian 4-manifold (M, J,w),
we study the space of Dolbeault harmonic (1, 1)-forms 7—%’1 and its dimension

hL! under different assumptions on the almost Hermitian metric w. Thanks
to Lemma 3.3 and to the existence of Gauduchon metrics in the conformal
class of any given almost Hermitian metric, we can assume that the metric is
Gauduchon if we want to compute h%’l. We begin by proving the following

characterization of 7-%’1 .

Theorem 4.1 ([18, Theorem 3.6], cf. [10, Eq. (2)]). Let (M, J,w) be a
compact almost Hermitian 4-manifold. If w is Gauduchon, then

’H%’l:{fw+”yeA1’1|f€C, xy = —, fdw =id°y}.

Proof. The inclusion 2 is a simple computation. By Lemma 3.1, we can
write

Y= fw+y,
where f e C*®(M,C) and #vy = —v. Then, 1/)67-%’1 iff Oy =9 *1p =0, iff
O(fw) +0v=0, O(fw)-0y=0.

Therefore, if 1) € Hgl, then

09(fw) = =00y = 09 = 09(fw) = ~90(fw),
that is, 99(fw) = 0. By Lemma 3.2, we get f € C, which implies
fOow+0y=0, fow-0v=0,
that is fdw = id°y. This proves the other inclusion c. O

Recall that, given a compact complex surface (M, J), it admits a Kéhler
metric if and only if }%’1 = b~ + 1. The following result generalizes to the non

integrable case the property that if (M, J,w) is Kéhler, then h%’l =b +1.

Corollary 4.2 ([12, Proposition 6.1], cf. [18, Proposition 3.3]). Let
(M, J,w) be a compact almost Hermitian 4-manifold. If w is globally confor-
mally almost Kahler, then hg’l =b" +1. In particular, if w is almost Kdhler,
then

’H%’l =C<w>oHc.
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Proof. Assume that w is almost Kahler. Then w is in particular Gaudu-
chon and by Theorem 4.1 we have the characterization

’H%’l={fw+fy€A1’1|fe(C, *y = =y, d°y = 0}.

Note that 0 = d°y = i(0 — 9)7 is equivalent to 0 = dy = (9 + d)7y. Moreover,
dv =0 and *7v = —v is equivalent to dy = d*y = 0 and *vy = —v, which again is
equivalent to Agy =0 and *vy = —v. This proves

Hy'=C<w> oM

and h%’l =b" +1.

If w is globally conformally almost Kéhler, then h%’l =b"+1 by Lemma 3.3 and
by the previous case where w is almost Kahler. Ol

Thanks to Corollary 4.2, on a compact almost Hermitian 4-manifold
(M, J,w), if w is globally conformally almost Kéhler, then hg’l =b" + 1. Other-

wise, Theorem 4.1 yields a characterization of H! when the metric is Gaudu-
chon. If we further assume that the metric is strictly locally conformally almost
Kahler, then it turns out that h%’l =b".

Theorem 4.3 ([18, Theorem 3.6]). Let (M, J,w) be a compact almost
Hermitian 4-manifold. If w is strictly locally conformally almost Kdhler, then
h%’l =b". If w is also Gauduchon, then

Mol = He.

Proof. Since w is strictly locally conformally almost Kéhler, write dw =
0 A w, where 0 is d-closed but non d-exact. Assume that w is also Gauduchon.
Let ¢ € ’Hg’l. By Theorem 4.1, we have 9 = fw + v, where f € C, v = —v, and

fOw+0y=0, fow-0dvy=0.

Decompose 0 as A + A, where X € A0, Tt follows that
fAAw=-0v, fArw=0y,

and, since \, A are primitive, applying the Hodge * operator we find
fx=—ixdy, fA=—-ix0ny.

This means
fO=—ixdy=ixd*~vy=-id".
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Since d-closed and d*-exact forms are L?-orthogonal, and f@ is both d-closed
and d*-exact, we conclude that ff = 0. Since 6 is non d-exact, it follows that
0 + 0 and so f = 0. Finally, we derive that 1) =+ is harmonic, proving 7-%’1 =He.

If w is strictly locally conformally almost Kahler but it is not Gauduchon,
then there exists a conformal Gauduchon metric, which is still strictly locally
conformally almost Kéhler, such that l%’l =b". We conclude by Lemma 3.3. [

Thanks to Corollary 4.2 and Theorem 4.3, on a compact almost Hermitian
4-manifold (M, J,w), we know that if w is globally conformally almost Kéhler,
then hg’l =b" +1, and if w is strictly locally conformally almost Kéahler, then

h%’l =b~. Moreover, as noted in [18, Proposition 3.8], by (1) it is easy to derive
L1 -
Ho 2 He.

It immediately follows that hg’l > b~. The following Theorem tells us that

h}il =b" or h}il =0b" + 1 are the two only possible options on a given compact
almost Hermitian 4-manifold.

Theorem 4.4 ([10, Theorem 3.1]). Let (M, J,w) be a compact almost
Hermitian 4-manifold. Then either hgl =b" or h%’l =b +1.

Proof. By Lemma 3.3 we can assume, without loss of generality, that w
is Gauduchon. We know that

HecH'.

When the inclusion is an equality, then h%’l = b”. Suppose instead that there

exists an element fow + 7o € 7-%’1 such that
foeC~{0},  *v0=-, fodw =id*y.
Recall that
7—%’1 ={fwu+ye AV | feC, »y=—y, fdw=idv}.
by Theorem 4.1. We claim that

M2t = {f(fow+0) +y e AV

fE(C7 Y ==, d’Y:O}v

which yields h%’l =b" + 1. The inclusion 2 is immediate. Indeed, for any f € C
and v € A! such that +y = —y and dv = 0, consider

f(fow+90) +7 = ffow+ (fyo+7)
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and note that
[ fodw = fid®yo = id°(fyo +7),

since dy =0 iff dy =0, and *(fy0 +7) = —=(fy0 + ). This implies
ffow+ (fro+7) € 7%’1-

To prove the converse inclusion ¢, let fiw +~1 € ”H%’l, ie., f1eC, *y =-m
and fidw =id°y;. We compute

fiw+y = ﬁ(fow +70) +71 - ﬂ% = f(fow +70) +,
fo fo

where we set f = % and v =71 — %"}/0. Note that

FeC, vz, id07=f1w—%f0dw=0,

and d°y =0 iff dy = 0, proving the claim. O

Note that in the integrable case, i.e., on compact complex surfaces, it is
always true that hLlis b~ or b + 1. Theorem 4.4 is a generalization, to the
non integrable case, of the just mentioned fact. From Theorems 4.1 and 4.4,
we derive as a corollary the following equivalent condition of h%’l =b" +1, when
the almost Hermitian metric is Gauduchon.

Corollary 4.5 ([10, Corollary 3.2]). Let (M, J,w) be a compact almost
Hermitian 4-manifold. Assume that w is Gauduchon. Then, h%’l =b"+1 if and

only if there exists an anti self dual (1,1)-form v satisfying
idy = dw.
In this case
Ho'=C<w+ry>oHe.
Otherwise, h%’l =b" and

Hol = He.

Proof. Assume that such a form v exists. Therefore w + v € 7-%’1 by
Theorem 4.1. By the proof of Theorem 4.4 we derive that hg’l =b +1.

Conversely, if h%’l = b + 1, then there must be some form in 7—%’1 other
than those contained in H. By Theorem 4.1, it means that there exists a form
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fow + 0 € AV with fo e C~\ {0}, *y9 = =0 and fodw = id°yy. Thus v = %’m
gives us the solution of id®y = dw.
Finally, if such v exists, by the proof of Theorem 4.4 we derive

7-%’1 =C<w+v>0Hc.
Otherwise, ’H%’l = Hg and h%’l =b". O

The following result asserts that the number h(li’l, on a given compact almost
Hermitian 4-manifold (M, J,w), depends only on the fact that the metric is
either globally conformally almost Kéhler or not.

Theorem 4.6 ([16, Corollary 4.5], cf. [10, Theorem 3.4], [12, Proposition
6.1]). Let (M, J,w) be a compact almost Hermitian 4-manifold. If w is globally
conformally almost Kdhler, then hcll’1 = b + 1. In particular, if w is almost
Kdhler, then

Hy' = C<w> oHg.

Otherwise, if w is not globally conformally almost Kdhler, then h(ll’1 =b". In
particular, if w is Gauduchon but non almost Kdhler, then

H =M.

Proof. Assume that w is almost Kéahler. Note that the inclusion 2 of the
characterization of ’H(li’l is trivial. Let ¢ € AV, By Lemma 3.1, we can write

Y= fw+7,
where f e C®(M,C) and #v = —v. It follows that ¢ e?—[}i’l iff dip =d =1 =0, iff
df N\ w+dy=0, df Aw-dy=0.

Thus, if ¢ € Hcll’l, then df Aw =0, which implies that f is a complex constant by
the Lefschetz isomorphism, and dry = 0, which implies that v € H. This proves
the other inclusion 2, and hcll’1 =b" +1.

If w is globally conformally almost Kéahler, then h(li’1 =b~+1 by Lemma 3.3.

Otherwise, assume that w is Gauduchon but non almost Kéhler. Let v €
Ab By Lemma 3.1, we can write

Y =fut,
where f € C®(M,C) and v = —y. Then, 1 € Hy' iff dip = d + < = 0, iff

d(fw)+d7=0, d(fW)—d’}/:O,
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iff d(fw) = dy = 0. Therefore, if ¢ € Hcll’l, then d(fw) = 0, which implies
90(fw) =0 and so f € C by Lemma 3.2. Tt follows that

fdw =0,

and since dw # 0, then f =0. This implies ’Hcll’l =Hc and h(li’1 =b".
If w is not globally conformally almost Kéhler, then there exists a confor-
mal Gauduchon metric, which is still not globally conformally almost Kahler,

and in particular not almost Kahler, such that h%’l = b". We conclude by
Lemma 3.3. ]

5 - Bott-Chern harmonic (1,1)-forms

In this section, given a compact almost Hermitian 4-manifold (M, J,w), we
study the space of Bott-Chern harmonic (1, 1)-forms ’H}B}J and its dimension
1,1
hg e
Assuming that the metric is Gauduchon, we find the following characteri-
zation of the space 7_[}1910

Theorem 5.1 ([16, Theorem 4.3]). Let (M, J,w) be a compact almost
Hermitian 4-manifold. If w is Gauduchon, then

Hpe = {fwtrye AV feC, vy ==y, d(fw+7) =0}
Proof. Let ¢ e AM'. By Lemma 3.1, we can write
¥ =fut,
where f € C®(M,C) and #y = —. Then, ¢ € Hy, iff 9p = O = 99 » ¢ = 0, iff
(3) I(fw)+0y=0, O(fw)+0v=0, 99(fw)-0ddy=0.
Thus, if 1 € H 3, then
90(fw) = 90y = -90(fw),

that is 99( fw) = 0, which implies f € C by Lemma 3.2. It follows that v € H 3,
iff

d(fw+7) =0,

since the third condition of (3) is implied by the first two, given that f ¢ C and
w is Gauduchon. This proves the theorem. O
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As a consequence of Theorem 5.1, it is possible to deduce that either h]lg’lc =
b~ or hgé = b~ + 1 holds, see [16, Theorem 4.3]. Moreover, if the metric is

globally conformally almost Kéhler, then h}élc =b" +1, see [16, Corollary 4.4].
However, these results can be actually improved by the following argument.

Theorem 5.2 ([10, Theorem 4.3]). Let (M, J,w) be a compact almost

Hermitian 4-manifold. Then hglc =b"+1.

Proof. By Lemma 3.3, we can assume, without loss of generality, that w
is Gauduchon. The Hodge decomposition for w is

w=da+h+d B,
for some ave A', h e 7—[3, (e A3. Define
Yo=d*pB+d" B,
which satisfies
0= #d* B+ xd B =—d"B-#xd*f=—.

Note that
dw = dd* 3 = dny,

which means that, for the value fy = —1, we have fow+g € 7{]1310 by Theorem 5.1.

We have just proved that there exists an element fow + g € Hg’é such that
foe C~ {0}, *v0=-v, d(fow+70)=0.
Recall that

Hpp ={fw+ye A

feC,xy ==y, d(fw+7)=0}.
We claim that
Hpe = {f(fow+70) +7e AV |feC, %y =y, dy=0},
which yields Ay, = b + 1.
The inclusion 2 is immediate. Indeed, for any f € C and v e A%! such that

*v = —vy and dvy = 0, consider

f(fow +70) +7 = ffow+ (fro+7)
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and note that
d(f fow + (fr0 +7)) = fd(fow +70) +dvy =0,
and *(fvo +7v) =—(fv +7). This implies
ffow+ (f0+7) € Hpe

To prove the converse inclusion ¢, let fiw + 71 € H}_a’lc, ie., f1eC, *y1 = -7
and d(fiw + 1) =0. We compute

fiw+m = ﬁ(fow +70) + 71 - ﬁ% = f(fow +70) +7,
Jo fo

where we set f = % and vy =y — %’yo. Note that

fE(C7 V==, dﬂy:_fldw'i'%fodw:oa
0

proving the claim. O

Note that in the integrable case, i.e., on compact complex surfaces, it is
always true that h}élo = b +1. Theorem 5.2 is a generalization, to the non
integrable case, of the just mentioned fact.

6 - Examples

This section is devoted to the study of the number hLt on explicit examples
of almost Hermitian 4-manifolds. In particular, we focus on the following two
compact solvmanifolds: the Secondary Kodaira surface and the Inoue surface
of type Sys.

6.1 - Secondary Kodaira surface

Let M =T\G be a secondary Kodaira surface. Here G is a solvable Lie group
and I is a cocompact lattice. We refer to [8, pp. 756, 760] for the construction
of M and for the structure equations of the global coframe {el, e, e3, 64}, i.e.,

de! = 624, de? = —e't, ded=e'?, det=0.

3

The coframe {e!,e?,e3, e} is induced from a left invariant one on G.



688 RICCARDO PIOVANI [18]

We endow M with the almost complex structure J given by

2 4

cpl =el+ie3, <p2 =e” +1ie
being a global coframe of the vector bundle of (1,0) forms T1°M. The associ-
ated structure equations are

dot = i(¢12+¢1§_(pﬁ+2¢2§+¢1 )7

d¢2=i(9012—801§‘@ﬁ—90ﬁ)7

therefore the almost complex structure J is non integrable.
We endow (M, J) with the diagonal almost Hermitian metric
w=i(¢1i+w2§) :2(el3+€24 ,
and consider the volume form 2. The metric w is not locally conformally

2
almost Kahler, since
dw = -2e*3* =9 A w,

where 0 = €3 is not d-closed. The de Rham cohomology of M is

Hiyp(M)=R<1>0R<e*>0R<e®>oR<e!? >,

Note that b% = 0, therefore in particular b~ = 0.
Let us compute h%’l. Let ne AY! be of the form
0= AT 4 B2 4 0T 4 D7

with A, B,C, D € C. Assume that 7 is Dolbeault harmonic, i.e., 9y = * 1 = 0.
Note that B B B B
w0 =D -~ B2 - 0% 4 AGZ.

From the structure equations we derive

4i5<pﬁ _ 2¢2ﬁ’ 4i890ﬁ _ 290125’
42.5@12 _ _¢112 4 902127 42-&012 _ _@121 _ @122’
45! = _¢112 B 802127 4i8g021 _ _@121 . @1227
4i0p% = 0, 4i9p* = 0.

Therefore
4ion = (-B - C)p' + (24 + B - C)p*12,
4i9+n=(B+C)p" 2+ (2D + B - C)p*,
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and so
B=-C,
A=0C,
D=C.

Thus h%’l > 1, and h%’l =1=0"+1 by Theorem 4.4. The space of Dolbeault
harmonic (1, 1)-forms is

H%’I:(C«pﬁ—apliﬂpﬂﬂpﬁ%

6.2 - Inoue surface Sy

Let M =T\G be a Inoue surface of type Sy;. Here G is a solvable Lie group
and I' is a cocompact lattice. We refer to [8, pp. 755, 760] for its construction
and for the structure equations of the global coframe {e!,e?, e, e}, i.e., for any
a,feR, a=+0,

de' = et + Be®t,  de® = —Be't + ae®t,  de® = —2a€e®t, de* = 0.
The coframe {e!,e?,e3, e} is induced from a left invariant one on G.

We endow M with the almost complex structure J given by

3

cplzel+ie, @2=62

+iet

being a global coframe of the vector bundle of (1,0) forms T1°M. The associ-
ated structure equations are

i 5 T 13 1 95
! :az((pm_@m +3<'021 +3¢12) +5§<P22,
d902 _ 5%(@12 _ s015 B 9021 _ @ﬁ) N a%gp2§,

therefore the almost complex structure J is non integrable.
We endow (M, J) with the diagonal almost Hermitian metric

w=i(e +p7) = 2(e" + ),
and consider the volume form “’72 The de Rham cohomology of M is
Hyp(M)=R<1>0R<e'>oR<e!® >R <!>

Note that b% = 0, therefore in particular b~ = 0. The exterior derivative of w is

dw = 203 - 256234 =0 Aw,
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where 0 = e® + ae*. Note that €3 is not d-closed, and e* is closed but non
d-exact, therefore w is strictly locally conformally almost Kéahler for 5 =0, and
thus h' =5~ =0 by Theorem 4.3, while it is not locally conformally almost
Kahler for g + 0.

Let 7 € AY! be of the form

0= AT 4 B2 4 0T 4 D7

with A, B,C, D € C. Assume that 7 is Dolbeault harmonic, i.e., 97 =9 * 1 = 0.
Note that

) = D@lT—Bcpﬂ—C@ﬁJrAgaﬁ.

From the structure equations we derive

1i0p™ = ~200"12 + 28712, 1i0p™ = ~200'%! + 280122,
42.59015 _ —5<Plﬁ _ 30¢<p2ﬁ, 42‘8@15 _ —59012T n oaplﬁ,
4i5g02T _ _B(plﬁ " agp2§, 4i8<pﬁ _ _590121 _ 30@1257
40?2 = 0, 4i9p* = 0.

Therefore

4i0n = (20 A - BB - BC)p'2 + (28A - 3aB + aC) 12,
4i9 * n = (-2aD + BB + BC) "% + (28D - aB + 3aC) p*12.

Since the determinant of

-2a - -4 0
0 I3 8 2«
28 -3a « 0
0 -a 3a 208

is —320%(a? + 3?), which is surely different from 0, we get A= B =C =D =0.
Recall that if g = 0, then h%’l =b" =0 by Theorem 4.3, while for 5 # 0 this

computation is not sufficient to compute h%’l.
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