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On the cuspidal locus in the dual varieties
of Segre quartic surfaces

Abstract. Motivated by a kind of Penrose correspondence, we inves-
tigate the space of hyperplane sections of Segre quartic surfaces which
have an ordinary cusp. We show that the space of such hyperplane sec-
tions is empty for two kinds of Segre surfaces, and it is a connected
surface for all other kinds of Segre surfaces. We also show that when it
is non-empty, the closure of the space is either birational to the surface
itself or birational to a double covering of the surface, whose branch di-
visor consists of some specific lines on the surface.
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1 - Introduction

The so-called Penrose correspondence gives a relationship between confor-
mal differential geometry and complex geometry, and typically it means that
the parameter space of smooth rational curves on a complex manifold (i.e.a
twistor space) is equipped with a special geometric structure, if the normal
bundles of the rational curves are of a particular form. The most famous one
would be the case where the rational curve is in a complex 3-manifold with the
normal bundle being isomorphic to ¢’(1)%2, and under this situation the space
of rational curves is a 4-dimensional manifold, equipped with a self-dual confor-
mal structure [1,8]. Another interesting instance is established by Hitchin [4],
in which case the rational curve is in a complex surface with normal bundle
0 (2). The space of rational curves is a 3-dimensional manifold equipped with
an Einstein-Weyl structure, which may be regarded as a conformal version
of Einstein metrics. The complex surface in which the rational curves move
is called the minitwistor space, and the rational curves are called minitwistor
lines.

In the article [6], we showed that the same result about the presence of
Einstein-Weyl structure still holds even when the rational curves on a complex
surface have ordinary nodes, as long as the complete family of such nodal ra-
tional curves on the surface is 3-dimensional. These nodal rational curves are
still called minitwistor lines, and the number of nodes is called the genus of a
minitwistor space. In [7], we showed that, under a natural minimality condi-
tion, compact minitwistor spaces with genus one are exactly a special kind of
algebraic surfaces, classically called Segre surfaces. In modern language, these
surfaces are nothing but the anti-canonical models of weak del-Pezzo surfaces
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of degree four, and all of them are complete intersections of two quadrics in
CP4. The nodal rational curves in a Segre surface are sections by hyperplanes
which are tangent to the surface at one smooth point. This means that the
space of minitwistor lines, namely the Einstein-Weyl space associated to the
minitwistor space, is a Zariski-open subset of the projectively dual variety of
the Segre surface. Here, an interesting point is that the Zariski-open subset can
never be the entire dual variety, because nodal curves can always be deformed
in the surface, into a reducible curve or a curve with an ordinary cusp. This
means that, the Einstein-Weyl space is always non-compact and admits a nat-
ural compactification as a projective variety. As in [7], we call 2-dimensional
components of the added locus in the compactification as divisors at infinity
of the Einstein-Weyl space. Note that degeneration into a cuspidal curve can
happen only when the genus of a minitwistor space is positive.

In the article [7], for any Segre surface, we studied divisors at infinity which
parameterize reducible hyperplane sections of the surface. In particular we de-
termined all components of such divisors, and showed that they are isomorphic
to either a projective plane or a smooth quadratic surface. Also, we showed
that the dual variety of a Segre surface intersects itself along these components
in such a way that the dual variety has ordinary nodes along generic points of
these components.

A purpose of the present article is to investigate the space of hyperplane
sections of any Segre surface, which have an ordinary cusp at a smooth point
of the surface. The closure of this space constitutes a subvariety in the dual
variety of the Segre surface, and we call it the cuspidal locus in the dual variety
of the surface. The details on the cuspidal locus will be discussed in Section
2.1 for general surfaces embedded in projective spaces. In Section 2.2, by using
deformation theory of curves with singularities, we show that the cuspidal locus
in the dual variety of any Segre surface is reduced and 2-dimensional if it is
non-empty (Theorem 2.2), and that the dual variety has ordinary cusps along
the cuspidal locus (Theorem 2.3). Thus, the cuspidal locus always constitutes
a divisor at infinity of the Einstein-Weyl space.

In Section 3.1, we prove some basic properties on Segre surfaces that will
be needed in the rest of this article. In Section 3.2, we determine the structure
of certain divisor in the incidence variety of the Segre surface, which is closely
related to the cuspidal locus. In Section 3.3, we identify hyperplanes which
cut out cuspidal curves from Segre surfaces, by using the incidence variety.
Consequently, we find that the cuspidal locus can have three kinds of structures,
depending on the number of such pencils on the Segre surfaces. Subsequently
in Section 3.4, we express the number of pencils of double conics in terms of
Segre symbols for Segre surfaces. As a result, it turns out that the cuspidal
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locus for two kinds of Segre surfaces are empty (Corollary 3.19). Also we see
that among sixteen kinds of Segre surfaces, the cuspidal locus for seven kinds
of Segre surfaces are naturally birational to the surfaces themselves (Corollary
3.20).

For the remaining seven kinds of Segre surfaces, the cuspidal locus turns
out to be birational to a double covering over the surfaces whose branch divisor
consist of some lines on the surfaces. In Section 4.1, we show that every line on
a Segre surface which does not pass any singularities of the surface is a simple
branch divisor of the double covering (Proposition 4.3). In Sections 4.2 and
4.3, we obtain similar results for any other lines on Segre surfaces.

In Section 5.1, by using the results in Section 4.1, we show that the cuspidal
locus in the dual variety of any Segre surface is an irreducible surface if it is not
empty (Corollary 5.2). This is the main result in this article. Next we determine
which lines on Segre surfaces are really branch divisors of the above structure
of double covering (Proposition 5.3). By using these results, we construct a
surface which is birational to the cuspidal locus in the dual variety of a smooth
Segre surface, and find that the cuspidal locus is a surface of general type
(Proposition 5.4). In Section 5.2, we investigate singularities of the cuspidal
locus in the dual varieties of Segre surfaces, which arise from the above double
covering structure, and show that the cuspidal locus always has ordinary cusps
along some conic in the dual variety (Proposition 5.9).

In the Appendix, we investigate structure of the cuspidal locus for some
Segre surfaces, by using explicit equations of the surfaces. As a result, we
can precisely identify some divisor in the incidence variety which is studied in
Section 3.2. Also, we identify all lines on Segre surfaces which are not branch
divisor of the above double covering. This completes identification of the branch
divisor of the above double covering which was postponed in Section 5.1.

In general, the singular locus of the dual variety of a projective variety
is known to be highly singular, but they are far from being well-understood.
See [11, Section 10] for information about this topic. Because Segre surfaces
are varieties of low degree and are of small codimension, they seem to be a
nice class of varieties to investigate the singular locus of the dual variety in
detail. Indeed, the fact that Segre surfaces are of degree four is essential in
our investigation in many places. Combined with the results in [7], the present
results would give a fairly complete understanding of the singular locus of the
dual varieties of Segre surfaces.
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2 - Cuspidal locus
2.1 - Some generalities on the cuspidal locus in the dual variety

First we briefly recall basic facts on projectively dual varieties. For more
details, see Tevelev’s book [11] for example. Let X C CP,, be a non-degenerate
irreducible projective variety, and write X,¢, for the locus of smooth points of
X. We say that a hyperplane H C CP, is tangent to X if H includes the
tangent space T, X at some point p € X,. This condition implies that the
hyperplane section H|x has a singularity at the point p. The dual variety of X,
which is denoted by X*, is defined as the closure of the set of hyperplanes in
CP,, which are tangent to X, where the closure is taken in the dual projective
space CP}. The dual variety X* is a subvariety in CP}, and it is a hypersurface
if the variety X is not ruled, namely when there is some point of X which is
not passed by a line in X [11, Theorem 1.18]. If X is not ruled, for a generic
hyperplane H € X*, the section H|x has exactly one ordinary node as its all
singularity [12, Section 2.1.1].

It is also useful to introduce the incidence variety I(X) C CP, x CP;. This
is by definition the closure of the locus in CP,, x CP} formed by a pair (p, H)
of a point p € X,¢s and a hyperplane H containing 7}, X. This is a subvariety
in CP,, x CP;,. Then the dual variety is nothing but the image of I(X) under
the projection to CP;,, and there is a diagram

(2.1) I(X)

where 7 and 7y are restrictions to I(X) of the projections from CP,, x CP}
to the two factors respectively. Over the smooth locus X, the projection
is a projective space bundle. The other projection 7o is birational as long as
dim X* =n—1.

Next, in order to define the cuspidal locus for a non-degenerate irreducible

projective variety X C CP,,, we consider the following locally closed subset of
I(X):

{(p.H) € I(X) | p € Xieg,

and the singularity of H|x at p is not an ordinary node}.

Taking the closure in I(X) of this subset, we obtain a subvariety in I(X).
In [11, §10.2.4], the image of this subvariety under the projection m to X* is
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denoted by X, when X is smooth (in that case one does not need to take the
closure), and for the moment we use this notation. From the definition, for any
hyperplane H € X{,, the section H |x has a non-nodal singularity at a smooth
point of X, or perhaps a singularity at a singular point of X. The variety X¢q,
is not necessarily irreducible. Moreover, even when dim X = 2, a generic point
of an irreducible component of X, can correspond to a hyperplane section
whose singularity is not an ordinary cusp. So in this article, when dim X = 2,
we call the cuspidal locus in the dual variety X™* the union of all components of
the subvariety X¢,, whose generic point corresponds to a hyperplane section
which has an ordinary cusp at a smooth point of X. So under this definition, the
cuspidal locus really parameterizes hyperplane sections which have an ordinary
cusp.

Next, we give a description of the cuspidal locus in terms of local coordinates
when X is a surface in CP4. It will be used to investigate the structure of
the cuspidal locus of Segre surfaces. We remark that it is not difficult to
generalize the following description to the case where no constraint is supposed
on dimension and codimension of the subvariety X.

Let S € CP4 be a non-degenerate irreducible projective surface, and pick
any p € Sreg. By choosing suitable non-homogeneous coordinates (z,y, z,w),
we may suppose that, in a neighborhood of the point p, the pair (z,y) works
as holomorphic coordinates on S in a neighborhood of p, and that there exist
two holomorphic functions

F=F(zx,y) and G=G(z,y),

defined in a neighborhood of p, such that, around p, the surface S is defined by
the equations

z=F(z,y), w=G(x,y).

Under these choices, for a point ¢ = (a,b) € Sieg in the neighborhood, any
hyperplane which contains the tangent plane 7S is of the form

(2.2) Mz—F(q) — Fao(q)(x —a) — Fy(q)(y — b)}
+p{w — G(q) — Gz(q)(x —a) — Gy(q)(y —b)} =0

for some (\, ) € C*\{(0,0)}. The pair (\, u) can be regarded as homogeneous
coordinates on the fiber of the projection m : I(S) — S, which is a projective
line CP;. Substituting the equations z = F(x,y) and w = G(x,y) into (2.2),
we obtain a defining function of the intersection of the hyperplane (2.2) with
S. This intersection has a non-nodal singularity at the point ¢ iff the Hessian
(i.e. the determinant of the Hessian matrix) of the defining function vanishes at
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g. It is immediate to see from (2.2) that this Hessian is equal to the Hessian
H := Hess (A\F + uG).

Thus, to each (A, i) € C?\{(0,0)}, the section of S by the hyperplane (2.2) has
a non-nodal singularity at q € Sqeg if and only if H(gq) = 0.

Since the Hessian matrix is of size 2 X 2, as a homogeneous equation in
(A, ), the function H is quadratic in A and pu. More explicitly, we easily have

(2.3)  H =Hess (F)\> + (FooGyy + GoaFyy — 2F,yGoy) A\ + Hess (G

The condition H = 0 is independent of a choice of the coordinates (z,y, z, w).
Therefore, the equation H = 0 defines a locally closed subset in the incidence
variety I(S). Throughout this paper, we denote the closure of it by the bold
letter D. This is a divisor in I(S). If the equations

(2.4) Hess (F) = Hess (G) = FpuGyy + GpoFyy — 2F 3y Gyy =0

hold at some point g € Sieg, then whole the fiber 7 L(q) = CP; is included in
the divisor D. So, if there exists a curve on S along which (2.4) holds, then the
fibers over the curve constitute a component of the divisor D. This component
can have a multiplicity greater than one in general. Throughout this article, we
denote D for the sum of all these components. These components are mapped
to curves by the projection 7; : I(S) — S. Of course, D; might be the zero
divisor. We write Dg := D — D1, so that

D =D, + Dg

holds. We always have Dg # 0, and since the equation (2.3) is quadratic in
A and p, the restriction of the projection m : I(S) — S to Dg is of degree
two. But this restriction is still not necessarily a finite morphism, because
there might exist an isolated point ¢ € Syeg such that the degeneracy condition
(2.4) holds, and also because Dg might include a curve in a fiber over some
singular point of S. Thus, what we can say in general is that the projection
m1|pg : Ds — S is a generically finite double covering over S. The divisor Dg
can be reducible, and in that case, each of the two components is birational to S
by the projection 7;. Regardless of whether Dy is irreducible or not, we think
Dg as a double covering over S. If Di = 0, then the branch divisor of Dg — S
is the zero divisor of the discriminant of the quadratic polynomial (2.3). If
D, # 0, in order to obtain the equation of the branch divisor of Dg — S, we
have to divide the quadratic polynomial (2.3) by a defining equation of D,
before taking the discriminant.
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Mapping the divisor D = D; + Dg in I(S) to the dual variety S* by the
projection my : I(S) — S*, we obtain a subvariety in S*. This is nothing but
Seusp i the notation of [11] we have mentioned above. This subvariety can be
reducible in general, and the cuspidal locus in S* under our current definition is
some component of this subvariety when it is non-empty. A component of the
image o (D) is not necessarily a component of the cuspidal locus in S* because
a generic point of the component can correspond to a non-cuspidal hyperplane
section.

We end this subsection by showing that a straight-line on a surface S in
CPy is always a candidate of a branch divisor of the generically finite double

covering Dg — S:

Proposition 2.1. If a non-degenerate irreducible surface S C CP4 con-
tains a straight-line [ which is not contained in the singular locus of S, then the
discriminant of the quadratic polynomial (2.3) vanishes along l.

Proof. The discriminant of the polynomial H in (2.3) can be easily calcu-
lated, and it can be written as

2
(2.5) (FraGyy — GaaFyy)” + 4(FraGay — FuyGag) (FyyGay — FuyGlyy).
If [ is a line as in the proposition and p € [ N S;eq, then we can always take the

non-homogeneous linear coordinates (z,y, z,w) in such a way that 7,5 = {z =
w =0} and [ = {y = 2 = w = 0} hold. These imply F|; = G|; = 0, which mean

OF oG
W(Z,O,O,O) = W(x,O,O,O) =0 forany k> 0.
From these, the discriminant (2.5) vanishes along the line [. O

From the above relationship between the branch divisor of the generically
finite double covering Dg — S and the discriminant of the quadratic polynomial
(2.3), a line | C S is a branch divisor of Dg — S, provided that some of the
three coefficient functions of (2.3) do not vanish identically on the line /. If all
the three functions vanish along the line [, and m (> 0) is the minimal vanishing
order of these functions along I, then m; *(1) is included in the divisor D with
multiplicity precisely m. Then the line [ is really a branch divisor of Dg — S if
and only if the discriminant of the quadratic polynomial H/y"™ vanishes along
[ in the coordinates of the previous proof. In Sections 4 and 6, we will use these
to determine whether lines on Segre surfaces are really branch divisors of the
covering Dg — S.
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2.2 - Cuspidal locus in the dual variety of a Segre surface

A non-degenerate irreducible 2-dimensional subvariety S C CPy is called a
Segre quartic surface or simply a Segre surface if it is of degree four in CP,4, and
is not a cone over a quartic curve in CP3 nor a projection of a quartic surface
in CPP5. All of them are complete intersections of two quadrics. The normal
forms of a pair of quadratic equations on CP,4 are known, and by using them,
Segre surfaces can be classified into 16 types. Any Segre surface has at most a
finite number of singularities, and all of them are rational double points. Any
Segre surface has a finite number of straight-lines on it. For more details on
Segre surfaces, see [5, Chapter XIII, Section 10] and [3, Section 8.6]. For a brief
account, see [7].

In this subsection, we prove two basic properties on the cuspidal locus in
the dual varieties of Segre surfaces. The first one concerns smoothness and
dimension:

Theorem 2.2. Let S C CPy be any Segre surface, and H a hyperplane not
passing any singularity of S. If H belongs to the cuspidal locus in S* and H|g
indeed has a single ordinary cusp as its all singularity, then H|g is a rational
curve and the cuspidal locus in S* is smooth and 2-dimensional at the point
He 5"

Note that the existence of a hyperplane section as in the theorem is not
obvious at all. Indeed, we will see in Section 3.4 that some Segre surfaces do
not have such a hyperplane H.

The second property is about singularity the dual variety has along the
cuspidal locus. By Theorem 2.2, the cuspidal locus itself is smooth at points
formed by hyperplane sections H|g as in the theorem. (We note that this
does not mean that S* is smooth along this locus.) The next result is about
singularities of S* along this smooth locus of the cuspidal locus.

Theorem 2.3. The dual variety S* of any Segre surface S has ordinary
cusps along smooth locus in the cuspidal locus formed by hyperplanes appearing
i Theorem 2.2.

This is similar to the property that the dual variety S* of a Segre surface S has
ordinary nodes along the locus whose points correspond to hyperplane sections
of S which have two ordinary nodes [7, Proposition 3.15].

Proof of Theorem 2.2. Let H be as in the theorem and put C' = H|g.
By Lefshetz theorem, the curve C is connected. Let p € C be the ordinary
cusp of C'. By assumption, the curve C' is smooth except p, and hence C
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is irreducible. Since the arithmetic genus of C' is easily seen to be one, the
presence of a single cusp means that C' is a rational curve.

We denote Qg and Q¢ for the sheaves of Kahler differentials on S and C
respectively, and .7 for the ideal sheaf of C'in &g. Associated to the embedding
C C S, there is a standard exact sequence

(2.6) 0 — fo/fgv — QS‘C — QC — 0.

By applying #omg, (-, Oc) to this sequence, noting that &xt!(Qs|c, Oc) =0
since the surface S is supposed to be smooth at points on C and it implies that
Qg|c is locally free, we obtain an exact sequence

0—>@C—)@S|C—>N0—)Tcl~—>0,

where O is the tangent sheaf #omg (2, 0), No means the normal sheaf [C]|c of
Cin S, and Té = &t (Qc, O¢). Then the equi-singular normal sheaf N{ of C
in S is defined as the kernel sheaf of the surjective homomorphism No — T, é
in this exact sequence. In particular, we have a short exact sequence

(2.7) 0 — N, — Ng — T — 0.

In the following, for simplicity, we write N and N’ for N¢ and N{, respec-
tively. By [13] (see also [9, Proposition 1.1.9] and [10, Section 1]), equi-singular
displacements of C'in S are governed by the cohomology groups of the sheaf N’.
More precisely, the Zariski tangent space at the point C of the space of such
displacements is identified with H°(N’), and an obstruction for smoothness of
the last space at the point C' is in H'(N'). In particular, if H(N') = 0, the
space of such displacements is smooth at the point C, with the dimension being
equal to h°(N').

Let # be the ideal sheaf on S which is locally generated by the derivatives
Of/0x and Of/dy, where (x,y) are local coordinates on S and f = f(z,y) is
a local defining function of the cuspidal curve C'. Note that we are assuming
C N Sing S = (. Further, we put Zc = 7 Qg Oc. These are called the
Jacobian ideal sheaves of the singular curve C'. Asin [10, p. 111] and [9, §4.7.1],
the equi-singular normal sheaf satisfies

(2.8) N ~N Qon jc.

The way for calculating cohomology groups H?(N') using (2.8) as well as the
normalization of C' is briefly described in [9, §4.7.1] for plane curves with or-
dinary nodes or cusps, but we write it here with some detail since in Section
3.3 we will need to calculate HI(N') for a curve which has an As-singularity
(tacnode).
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To be explicit, let p: S’ — S be the blowup of S at the cusp p of C. Then
the restriction of y to the strict transform C' of C' gives the normalization v :
C — C. As seen above, C ~ CP;. Take coordinates (xz,y) in a nelghborhood
of the cusp p such that C is locally defined by the equation y? — 22 = 0.
Putting y = ux for a new coordinate u on the _exceptional curve of u, the map
w is locally given by (z,u) — (z,uz), while C is defined by 2 = u*. We also
have _#, = (2?,y) for the germ at p of the Jacobian ideal sheaf, and therefore
(w2 = (2%, ux) for the germ at the point p := v~ !(p). Restricting p*_# to
C means a substitution of z = u2, so we obtain

(v Fc); = ((u ) @0y Op )ﬁ ~ (uh ) = ().
This means

(2.9) V' Jo = Op(—3p).
Therefore, from (2.8) and C? = 4, we obtain

(2.10) V'N'~ V"N @g, V" Jc
~ VN @4, Oa(—3p)
(2.11) ~ Ox(1).

Taking the direct image of the isomorphism (2.10), from projection formula
(which is available since the sheaf N is invertible), we obtain v, v*N' ~ N ®
vyv* _Zc. On the other hand, since the cusp has a single branch at p, we have
vuv* Zo ~ Zc. From these, we obtain v N’ ~ N ® Jo ~ N'’. By Leray
spectral sequence, since we have RIv,(v*N') = 0 for any ¢ > 0 as v*N’ is
invertible, it holds H(C,v*N') ~ H4(C,v,v*N') for any ¢ > 0. Thus we
obtain H4(C,v*N') ~ HY(C, N') for any ¢ > 0. Hence from (2.11), we obtain
HY(C,N") ~ HY(C,0(1)) for any ¢ > 0. This implies H'(C,N’) = 0 and
h%(C,N’) = 2. These mean that equi-singular displacements of the cuspidal
curve C'in S are parameterized by a smooth complex surface, and this is what
we need to show. (]

For the proof Theorem 2.3, we recall basic results about deformations of
Ap-singularity of a curve. As is well-known, the versal family of A,,-singularity
is smooth, n-dimensional, and if we express the singularity by the equation
y? = 2" in C?, the versal family is concretely given by

(2.12) V=" s s b sy, S1,...,8n € C.
If C denotes the singular curve y? = 2! for the moment, the tangent space

of the parameter space C™ of this family at the origin (s1,...,s,) = (0,...,0)
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is naturally identified with the space H(T}). If we take a Galois cover of the

parameter space C" by introducing new parameters t1,...,t,4+1 by putting
(2.13) s = Z titj, s2= Z titit, ..., Sp=tily -t
1<i<j<n+1 1<i<j<k<n41

and imposing the condition t; 4 --- + t,4+1 = 0, then as a base change of the
family (2.12), we obtain another n-dimensional family

(214) v’ =(z—t))(@ —t2) -+ (T —tns1), (t1,... tns1) € C"FTL Z ti =0.
1<i<n+1

If k is an integer satisfying 0 < k < n, the locus of points whose fibers have an
Ag-singularity as their all singularity is concretely given by the conditions that
exactly k among 1,...,%,4+1 are equal and that the remaining parameters are
not equal. In particular, when n = 2, the fiber over the point (¢1,t2,t3) with
t1 4 t2 +t3 = 0 of the family (2.14) has an Aj-singularity iff (¢1,t2,t3) is of the
form (t,t,—2t), (t,—2t,t) or (—2t,t,t) for some t # 0. Hence, from (2.13), the
fiber over the point (s1,s2) of the versal family (2.12) has an Aj;-singularity iff
(s1,82) = (—3t2,—2t3) for some t # 0. We denote the locus formed by these
points in C? by 7. Then 7 is locally closed, smooth, 1-dimensional, and its
closure in C? has an As-singularity at the origin. With these preliminaries, we
provide:

Proof of Theorem 2.3. We keep notations in the proof of Theorem 2.2.
We first show H'(N) = 0 and H°(N) ~ C*. Let C be any hyperplane section of
the Segre surface S which has a single ordinary cusp at a smooth point of S as
its all singularity. By using that the surface S C CP4 is a complete intersection
of two quadrics, we readily obtain that C belongs to the anti-canonical class
on S. This means that there is an exact sequence

(2.15) 0 — O0s — Kg' — N — 0.

This time we mean by x : S — S the minimal resolution of all singularities
of S. Since all the singularities of S are rational double points ( [3, Theorem
8.1.11]), we have Kg ~ pu*Kg. Further, Kg_l is nef and big ( [3, p.355]).
Furthermore, by Leray spectral sequence, for any invertible sheaf . on S,
we have HY(S, *) ~ HY(S,Z) for any ¢ > 0. From these and Kodaira-
Ramanujan vanishing theorem, it readily follows that H(Kg') = H(0g) = 0
for any ¢ > 0. Hence from the cohomology exact sequence of (2.15), we obtain
H(N) = 0. Also, as showed in the proof of [7, Lemma 3.8], the restriction
homomorphism

(2.16) H(CPy, 0(1)) — H°(Kg")
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is isomorphic, and hence hO(Kgl) = 5. So again from the cohomology exact
sequence of (2.15), we obtain h°(N) = 4.

The fact H'(N) = 0 means that any first order displacement of C in the
surface S (without any constraint for displacements this time) is unobstructed,
and the tangent space at the point C of the parameter space of the versal family
of displacements of C' in S is identified with H°(N) ~ C*.

From the short exact sequence (2.7), since H!(N’) = 0 as we have shown
in the proof of Theorem 2.2, we obtain an exact sequence

(2.17) 0 — H°(N') — H°(N) — H°(T}) — 0.

Let H C CP4 be the hyperplane which satisfies H|g = C, and B a neighborhood
of the point H in the dual space CPj. To each point of B, we can naturally
associate a hyperplane section of S, so B can be regarded as a parameter
space of displacements of C' in S. As above, we have a natural isomorphism
Ty B ~ HY(N). By versality, after shrinking B if necessary, there is an induced
holomorphic map f : B — C? from B to the parameter space of the versal
family of an As-singularity, while the differential df : Ty B — ToC? is identified
with the map HY(N) — H°(T}) in (2.17). Writing @4 C C? for the locus
formed by points whose fibers have Ai-singularity as presented right before the
present proof, because a generic point of the dual variety S* corresponds to a
hyperplane section which has an A;-singularity, we have

S*NB=f"(eh U{H}).

Since the map H° (N) — HY (Té) in (2.17) is surjective, again shrinking the
neighborhood B if necessary, there are coordinates (21, 22, 23, z4) on B such that
f takes the form (z1, 22, 23,24) — (21,22). As seen right before the present
proof, the locus &/ U{ H} is 1-dimensional and has an ordinary cusp at the point
H as its only singularity. These imply that the dual variety S* has ordinary
cusps along the smooth surface f~1(0,0) = {21 = 29 = 0} in B, formed by
hyperplane sections which have ordinary cusp as its all singularity. U

3 - The structure of the cuspidal locus
3.1 - Some general properties of Segre surfaces
In this subsection, we prove a few basic properties of Segre surfaces that

will be used throughout the rest of this article. We begin with an easy but
useful property about curves with low degree on Segre surfaces.
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Proposition 3.1. Let S € CPy be a Segre surface, and jn: S — S the
minimal resolution of all singularities of S. The self-intersection number in
S of the strict transform of a line, an irreducible conic, or a rational normal
curve of degree three, lying on S, is (—1), 0 and 1 respectively.

Of course, when the curve (a line, a conic, or a rational normal curve of
degree three) does not pass any singularity of S, this implies that the self-
intersection number of the curve in S is (—1), 0 and 1 respectively.

Remark 3.2. From Proposition 3.1, we obtain that an irreducible conic
on any Segre surface S is always a member of a pencil of conics on S, and the
pencil can have a base point only at a singularity of .S.

Proof of Proposition 3.1. We write C' for the curve in S and C for
the strict transform of C' into S. As remarked in the proof of Theorem 2.3. if H
is the hyperplane class on CPy4, we have H|g = Kgl and Kg ~ u*Kg. Noting
that the restriction p|s gives an isomorphism C ~ (' as C is smooth, we have

K~ Kglea ® Neyg
~ (W Ks)le @ Neyg
~ " (Ksle) ® Ng g
~ (ulg)" (= Hlc) ® Ng -

Hence, since C is a smooth rational curve in the present situation, comparing
the degrees of both sides, we obtain

—2=_H.C+C~

From this we readily obtain the assertions of the proposition. O

We also have

Proposition 3.3. Any Segre surface S does not have a reduced cubic
curve which is contained in a 2-plane in CPy.

Proof. Let C C S be such a cubic curve, and P the 2-plane containing
C'. Then for any hyperplane H containing P, we have H|g = C' + [ for a line
l. Since we have an isomorphism (2.16), the line [ moves as H moves. This
contradicts finiteness of lines on S. Hence, such a curve C' does not exist. [

In the following, by a tangent space of a Segre surface at a smooth point,
we always mean a closed linear subspace in the projective space CPP4. So it is
a projective 2-plane, not just a vector space. In general, if [ is a line lying on a
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subvariety, then clearly the tangent space at any smooth point belonging to [
contains [. The next lemma says that for any Segre surface S, lines on S are all
the curves on S which are contained in a tangent plane at some smooth point
of S.

Lemma 3.4. Let S C CP4 be a Segre surface, p a smooth point of S, and
T,S the tangent plane in the above sense. If the intersection S NT,S contains
a curve, then any of its irreducible component is a line through the point p.

For the proof of this lemma, it is convenient to introduce the following
notations. They will be used throughout the rest of this article.

Definition 3.5. For a smooth point p of a Segre surface S C CPy, we
denote (7),S)* for the pencil of hyperplanes in CP4 which contain the tangent
plane T,,S. Also, we write (7,,5)*|s for the pencil on S whose members are of
the form H|g for some H € (T,5)*.

Proof of Lemma 3.4. Since degS = 4, the intersection S N 7T,S can
contain a curve whose degree is at most four. If SN7,S contains an irreducible
quartic curve C, then by the same reason, any hyperplane H € (7,,5)* satisfies
SN H = C. In particular, the intersection S N H is independent of a choice of
such a hyperplane H. This contradicts the basic isomorphism (2.16). Hence,
SNT,S does not contain an irreducible quartic curve. Next, if SNT,S contains
an irreducible cubic curve C, for any hyperplane H containing 7,5, we have
SN H = C+1 for some line [. Again from the isomorphism (2.16), if we move
H in the pencil (7},5)*, the line [ also really moves. This contradicts finiteness
of the number of lines on any Segre surfaces. Hence S N T,S does not contain
an irreducible cubic curve.

Next, suppose that S M 7T,S contains an irreducible conic C'. Then for any
H € (1,5)*, H|g is of the form C + D for some conic D which is possibly
reducible or non-reduced. Again from the isomorphism (2.16), this conic D has
to move as H moves in (7),5)*. Hence, again from the finiteness of lines, the
conic D has to be irreducible for a generic H € (7),S)*. But then D would also
be smooth, and therefore D has to pass the point p since the curve C + D is
singular at p as H € (1,,5)*. This means that there is a pencil of conics on S
which has a base point belonging to Sreg. This contradicts Remark 3.2. Thus,
the intersection S N 7,5 does not contain an irreducible conic.

Therefore, any curve in S N7,S is a line. Let [ be such a line and suppose
that p ¢ . If H € (1),5)*, then H|s = [+ D for some cubic D which is possibly
reducible or non-reduced. Since p € [, the curve D has to have at least a double
point at p. We show that the pencil

(TpS)*|s =1 ={H|s — [ H € (T,5)"}
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formed by the residual cubic curves has no fixed component. Suppose not and
let F' be the fixed component. Then F' is a curve on the 2-plane 7,5, so it
has to be a line as above. Moreover, F' goes through p, since otherwise the
movable part of the pencil (7),5)*|s — [ — F' consists of conics whose general
members are irreducible, and this contradicts that any member of the pencil
(T,S)*|s is singular at p. Thus, under the assumption on the presence of the
fixed component F', a generic member of (7),5)*|s can be written as [+ F + C,
where F'is a line through p and C' is an irreducible conic through p. This again
contradicts Remark 3.2, and we obtain that the residual pencil (7,,5)*|s —{ has
no fixed component. From the finiteness of lines on .S, this means that a generic
member D of this pencil is an irreducible cubic curve. Because we are supposing
p € [, the cubic curve D itself is singular at p. Since D is an irreducible cubic
curve, this implies that D lies on some 2-plane P since otherwise D would be
a rational normal curve, which is smooth. This contradicts Proposition 3.3.
Therefore, the point p belongs to [, as desired. O

By using this lemma, we next show that there is no point p € S such that
any member of the pencil (7,,5)*|s has a triple point at p.

Lemma 3.6. Let S C CPy be a Segre surface and p a smooth point of S.
Then the multiplicity in p of a generic member of the pencil (T,,S)*|s is precisely
two.

Proof. First we show that if all members of the pencil (7,,5)*|s have a
triple point at p, then there has to exist a line on S through p. Let p: S" — S
be a blowup at p, and E the exceptional curve. If the hyperplane section H|g
would have a triple point at p for any H € (7),S)*, then the linear system
|w*H — 3E| on S is also a pencil. Then since (u*H —3E)? =4 -9 = —5 <0,
the pencil |p*H — 3E| would have a fixed component. If E would be a fixed
component, then the system |u*H — 4F| is a pencil, and again from the self-
intersection number, this has to have a fixed component. This process cannot
continue infinitely many times. So there exists some m > 2 such that the
system |p*H — mE)| is a pencil and has a fixed component other than E. If we
take the image of this component to S by u, we obtain a curve on S, and it has
to be contained in the 2-plane 7,5 since it has to be a base curve of the pencil
(T»S)*|s. By Lemma 3.4, the last curve is a line through p.

Hence, if any member of the pencil (7),5)*|s has a triple point at p, a generic
member of the pencil is of the form [ + D for some line [ through p and a cubic
curve D which may be reducible or non-reduced. The curve D has to be singular
at p since [ + D is assumed to have a triple point at p. If a generic member of
the residual pencil (7},5)*|s —1 of cubic curves would be reducible, by finiteness
of lines on S, the pencil has to have another line I’ as a fixed component. If
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p & U', then any member of the pencil (7),5)*|s — 1 — I’ of conics has to have a
double point at p, and this cannot happen by finiteness of lines on S. Hence
p € '. But still the pencil (7),5)*|s — 1 — I’ of conics has p as a base point,
which again contradicts Remark 3.2. Hence a generic member of the pencil
(T»S)*|s — [ is irreducible. So there exists an irreducible cubic curve D on S
which is singular at p. The curve D has to lie on a 2-plane, and this contradicts
Proposition 3.3. Therefore, a generic member of the pencil (7,,5)*|s does not
have a triple point at p. O

3.2 - Structure of the divisor Dy

As before, let S C CP4 be a Segre surface. In this subsection, by using the
results in the previous subsection, we describe the structure of the divisor D1
in the incidence variety I(S). (See Section 2.1 for the definition of the divisor
D,.)

Let p be a smooth point of S, p : S — S a blowup at p, and E the
exceptional curve. Then there is the following natural isomorphism between
pencils:

(3.1) (T,S)"]s = |u*H — 2E].

If the point p is on a line | C S, then the strict transform I’ of [ into S’ is
obviously a fixed component of the pencil |u*H—2E|. The following proposition
can be thought of as a kind of its converse.

Lemma 3.7. Let S C CPy be a Segre surface and p a smooth point of S.
If the pencil |p*H — 2E| on the blowup has a base point, then there exists a line
lying on S which passes the point p.

Proof. It is enough to show that the pencil |u*H — 2FE| has a fixed com-
ponent which is different from F, since the image of such a component to .S by
e is a fixed component of the pencil (7),5)*|g, and therefore it is contained in
the tangent plane 7,5, which has to be a line through p by Lemma 3.4.

First, by Lemma 3.6, the exceptional curve F of p cannot be a base curve of
the pencil |p*H — 2E| because if so, any member of the pencil (7,5)*|s would
have a triple point at p. So assume that the pencil |p*H — 2E| has no fixed
component and derive a contradiction. Since we are supposing Bs |u*H —2FE| #
(), this assumption means that the pencil |u*H —2F| has an isolated fixed point.
Suppose that some (and hence a generic) member of the pencil |u*H — 2F)| is
irreducible. Since the arithmetic genus of the line bundle p*H — 2F is readily
seen to be zero, this implies that the irreducible member of |p*H — 2F| is
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smooth and rational. We also obtain that the self-intersection number of the
rational curve is zero. These mean that Bs|u*H —2FE| = (). Hence any member
of the pencil |u*H — 2F| is reducible. Therefore, any member of the pencil
(T,S)*|s is also reducible. Hence, from the finiteness of lines on S, the only
possibility for the form of a generic member of the pencil (7,,5)*|s is C1 + Cq,
where C; and Cy are irreducible conics. Since C and (5 are then smooth, both
of them must pass the point p. Therefore at least one of the conics C1 and Cy
moves on S while passing the smooth point p of S. But this again contradicts
Remark 3.2. O

From this, it is not difficult to obtain the following

Lemma 3.8. Let S C CPy4 be a Segre surface and p a smooth point of S.
If there exists no line on S through p, then the pencil |u*H — 2E| has ezactly
two members whose restrictions to E are double point.

Proof. It is elementary to prove that, under a suitable choice of homo-
geneous coordinates (u,v) on CPyj, any 1-dimensional subsystem of the linear
system |0(2)| on CP; is generated by either u? and v2, or u? and uv. These
are distinguished by presence of a base point of the subsystem. By Lemma 3.7,
under the present assumption on the point p, the pencil |p*H — 2FE] is base
point free. So it does not have a base point also on E. This means that the
restriction homomorphism

(3.2) rp: H'(W"H — 2E) — H°(0R(2))

has a 2-dimensional image, and that the image is generated by u? and v? for
suitable homogeneous coordinates (u,v) on E. Obviously, the two members
of the pencil (7,,5)*|s which correspond to these generators are the members
which satisfy the property in the lemma. O

From this lemma, we obtain the following result about the defining function
H of the divisor D in I(S). (See Section 2.1 for the definition of H and D.)

Proposition 3.9. Let § C CPP4 be a Segre surface and p € Syeg a point
which does not belong to any line on S. Then we have H(p) # 0 in the sense
that the quadratic polynomial H(p) in A, p is not identically zero. Further, the
quadratic equation H(p) = 0 does not have a double root.

Proof. As in the previous proof, under the assumption on the point p, the
restriction map g as in (3.2) has a two-dimensional image. So not all elements
of Image(rg) can have a double root on E. Because zeroes of H(p) correspond
to hyperplanes whose sections have non-nodal singularity at p, this means that
a generic member of the pencil (7},5)*|s has an ordinary node at p. This implies
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H(p) # 0. Since each solution of the equation H(p) = 0 about (A, u) € CP;
corresponds to a hyperplane H € (7,5)* such that the singularity of H|s at p
is non-nodal, the equation H(p) = 0 has a double root iff such a hyperplane is
unique. On the other hand, via the blowup p at p, such a hyperplane gives an
element of the pencil |Image(rg)| on E which is a double point. By Lemma
3.8, when p is not on a line on S, the last pencil has exactly two such members.
These mean that the equation H(p) = 0 does not have a double root. ]

As an immediate consequence, we can identify any component of the divisor
D, in I(5) as follows.

Corollary 3.10. For any Segre surface S C CPy4, any irreducible compo-
nent of the divisor D1 is of the form 7T1_1(l), where 1 is a line lying on S.

Remark 3.11. This corollary does not assert that 7 L(1) is a component
of the divisor D; for any line [ on S. Indeed, we will see that this is not correct
in general.

From the corollary, we obtain the following information about the cuspidal
locus in the dual varieties of Segre surfaces.

Proposition 3.12. Let S C CPy be any Segre surface. Then the cuspidal
locus in the dual variety S* is contained in the image mo(Dg), where m :
I(S) — S* is the projection introduced in Section 2.1.

Proof. From our definition of the cuspidal locus given in Section 2.1, any
component of the cuspidal locus has a point H such that H|g has an ordinary
cusp at some point p € Syee. Then the point (p, H) € I(S) belongs to either Dy
or Dg. If (p, H) € Dy, then from Corollary 3.10, the smooth point p belongs
to a line [ on S, and the hyperplane H includes [. This means that the section
H|g contains [ as a component. Therefore, H|g does not have an ordinary cusp
at p, which contradicts our choice of H. This implies (p, H) € Dg. So the
hyperplane H belongs to the image ma(Dg). O

3.3 - Hyperplane sections from the divisor Dg

From Proposition 3.12, for any Segre surface S, the investigation of the
cuspidal locus in the dual variety S* is reduced to that of the divisor Dg in
I1(S) and its image to S* by the projection my : I(S) — S*. In this subsection,
we first investigate the structure of hyperplane sections of a Segre surface which
are obtained from generic points of the divisor Dg. Next, by using it, we show
that there are three possibilities for the concrete forms of hyperplane sections
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which are obtained from generic points of Dg, and then derive some conclusions
about irreducibility of the cuspidal locus in the dual varieties of Segre surfaces.

Take any point p € Sieg Which does not belong to any line on S. By Propo-
sition 3.9, there exist precisely two hyperplanes belonging to the pencil (7,5)*
whose intersections with S have non-nodal singularity at p. We denote H; and
H, for these hyperplanes. We then have (p, H;) € Dg and (p, Hs) € Ds.

Proposition 3.13. Let C be any one of the two hyperplane sections Hy|g
and Hsls. If C is irreducible, then C has an ordinary cusp at p as its all
singularity. If C is reducible, then exactly one of the following holds:

e (' is an irreducible conic with multiplicity two,

e C consists of two irreducible conics which are not co-planer and which
are tangent to each other at p with order two.

Proof. Since p,(C) = 1 for the arithmetic genus of C, when C is irre-
ducible, it is a rational curve which has an ordinary node or an ordinary cusp
at p as its all singularity. But since the singularity is non-nodal as above, it
has to be an ordinary cusp.

Next assume that C' is reducible and has some line [ as a component. Write
C = [+4+D, where D is a cubic curve. Since [ cannot go through p from the choice
of p, the cubic D has to have a non-nodal singularity at p. From absence of
lines through p, this means that the cubic D is irreducible and p is an ordinary
cusp of D. Therefore, D is contained in a 2-plane. This contradicts Proposition
3.3. Hence, the curve C' does not contain any line. So we have C' = C + Cs,
where both C7 and Cy are irreducible conics. Since both are smooth, they pass
the point p. If C} = Cy, then C'is a double irreducible conic as in the first item
in the proposition.

Suppose Cy # Cy. They do not intersect transversely at the point p as C
is non-nodal at p. Because of the isomorphism (2.16), they cannot lie on the
same 2-plane. Since C7 and C9 are tangent at p, this means C; N Cy = {p}.
Because p is a smooth point of .S and Cy + Cs is a hyperplane section of S, this
implies that the smooth curves C; and C5 do not pass any singularity of S.
From Proposition 3.1, this means C7 = C3 = 0. We also have

4=(C1+Cy)? =C} +C2+20,0,.

So we obtain C1Cy = 2. Thus, the curve C = C; + (5 is tangent to each other
at p with order two. U

By using the double covering structure on some Segre surfaces over a quadric
surface or a quadric cone in CP3 given in [7], it is possible to see that the
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situation as in the two items of Proposition 3.13 really happen. For the situation
in the first item, the conic with multiplicity two, which we simply call a double
conic, satisfies the following property.

Proposition 3.14. Irreducible double conics on a Segre surface always
form a pencil on the surface. Further, any double conic passes a singular point
of the surface.

Proof. Write the double conic as 2C. Let p : S — S be the minimal
resolution of all singularities of S and C the strict transform of C' into S. Then
by Proposition 3.1, we have C? = 0. Hence we have dim \é[ = 1. Mapping
twice of members of the pencil |C’ | by 1, we obtain the required pencil of double
conics on S.

For the latter assertion, writing H|g = 2C' with a hyperplane H, we have

4= (H|g)* = (20)* = 4C*.

This means C? = 1. On the other hand, if the conic C' does not pass any
singular point of S, then we have C? = 0 by Proposition 3.1. Hence the conic
C passes through a singular point of S. O

Next we show the following proposition meaning that, among the three pos-
sibilities in Proposition 3.13 for the two hyperplane sections, the last possibility
cannot occur if the point p is generic.

Proposition 3.15. Let S be any Segre surface and C' a hyperplane section
of S which is as in the second item in Proposition 3.13. Then the parameter
space of the versal family of equi-singular displacements of C' in S is smooth
and 1-dimensional.

Proof. The idea of the proof is similar to Theorem 2.2. Write C' = C + Cy
as above. So (1 and C are irreducible conics which are tangent to each other
at a point p € Sy With order two, and which have no other intersection. As
in the proof of Proposition 3.13, C; and Cy do not pass any singularity of S.
We may replace the cuspidal curve C' in the short exact sequence (2.6) by the
reducible curve C7 4+ (5, and we still have an exact sequence

(33) 0 — So40/ P e, — Qslerrer — Qv — 0.

Applying %omﬁcl +C2(-,ﬁcl+02) to this sequence, the equi-singular normal
sheaf Nél 1, 18 again defined as the kernel sheaf of the surjective homomor-
phism N¢,4c, — Tél +¢,» and we have an exact sequence

(3-4) 0 — Né’l—i—Cz — NCH-Cz — TC171+C'2 — 0.
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Let v: Cy U Cy — Cy UCs be the normalization of the curve Cy + Cy. € and
C, are isomorphic to C; and Cs respectively, and the point p = Cy N Cy is an
As-singularity (i.e.tacnode) of C + Co. So in a neighborhood of p, the curve
C1 + Cs can be identified with the curve y? = z* in C? around the origin. As
02 02 = 0 from Proposition 3.1 and C;.Cy = 2, we have

(35) NC1+02‘Ci = [Cl + CQHCi = ﬁci(2)7 =12

Let # be the Jacobian ideal sheaf of the curve C71 + Cs, and write _Z¢, 4,
for _7|c,+c,. We readily have 7, = (23,y) for the germ at p. The desingular-
ization of the tacnode may be obtained by blowing-up the surface S twice.
Let pu be the composition of the two blowups. Then the restrictions of u
to C’l L C~12 gives the normalization v of the curve C7 + C5. By introducing
the coordinates u = y/x and v = w/x on the exceptional curves of the first
and the second blowup respectively, the composition y is concretely written as
(z,v) — (x, z%v), while the strict transforms C; and Cs are defined by v = 1
and v = —1. Hence, if p; € C, and P2 € C5 denote the points on the normal-
ization which correspond to the tacnode p, the germs of ©* ¢ at p; and ps are
generated by two functions z® and 2%v. Restricting p* # to the strict trans-
forms means a substitution of v = £1, and therefore, over the two components
C’l and C’g, we have

( /Cl+02) (:u j) o2
(3.6) ~ O, (—2pi).

As in (2.8) for the case of an Ag-singularity, we have N/ ~ N ®dc, 1oy FCi+Cs-

Hence, combined with (3.5), over each component C;, v*N' is isomorphic to
O¢. (2) ® ﬁ’@(—2) ~ O . So we have

(3.7) V*N’Cl+02 ~ 0,6,
Therefore we obtain an exact sequence
(3.8) 0 — Noyve, — vOa,,6, — Cp — 0.

Since qu*ﬁélu@ = 0 for ¢ > 0, the Leray spectral sequence means H 1(C~'1 U
Cy, Oa,.6,) = Hi(y*ﬁélu@) for any 7« > 0. This readily means Hi(z/*ﬁélu@)
= 0 for any ¢ > 0. From the cohomology exact sequence of (3.8), noting that the
homomorphism HY(v, Oa,,6,) — H 0(C,) is evidently surjective, we obtain

HY(NGyye,) ~C and  H'(Ng, 4q,) = 0.
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The former implies that any first order equi-singular displacement of the curve
C1 + Cy in S is unobstructed, and the latter means that the versal family of
such displacements of C; + C5 in S is 1-dimensional. O

One might expect that the possibility of occurrence of the double conic
as in the first item in Proposition 3.13 in case the point p is generic can be
eliminated as well. However, as we shall see soon, this is not at all correct.
Rather, occurrence of the double conic for a generic point p will play a key
role for proving irreducibility of the cuspidal locus in the dual variety of an
arbitrary Segre surface.

We still assume that p € Sieg is a point which does not belong to any line
on S, and H; and Hy are the two hyperplanes which cut out from S curves
having non-nodal singularity at p. From Propositions 3.13 and 3.15, assuming
genericity to the point p, there are the following three possibilities for the two
hyperplane sections:

(i) both Hi|s and Ha|s are double conics,

(ii) exactly one of Hy|g and Hz|s has an ordinary cusp at p, and the other
one is a double conic,

(iii) both Hi|s and Hs|s have ordinary cusp at p.

When the situation (i) occurs, the image m2(Dg) is not a component of the
cuspidal locus because singularity of a double curve is not an ordinary cusp.
Together with Proposition 3.12, this means that the cuspidal locus in S* is
empty in this case. For the case (ii), the divisor Dg is necessarily reducible. It
consists of two irreducible components since the projection Dg — S is of degree
two. Both components are birational to S by the projection. The image under
the projection my : I(S) — S* of the irreducible component corresponding to
the double conics is not a component of the cuspidal locus by the same reason
to the case (i), while the image of the other component is exactly the cuspidal
locus in S*. It follows that the cuspidal locus in S* is irreducible in this case.
Finally, if the situation (iii) occurs, whole of the image 7o (Dyg) is exactly the
cuspidal locus in S*. But at this stage, we do not know whether it is irreducible
or not, because we do not know whether the divisor Dg is irreducible or not.
This ambiguity will be resolved in Sections 4 and 5.

3.4 - Pencils of double conics on Segre surfaces

As one can expect from results in the previous section, irreducibility of the
cuspidal locus in S* is closely related to the existence of double conics in S. In
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this subsection, we first provide a relation between the pencil of double conics
and irreducibility of the cuspidal locus in the dual varieties of Segre surfaces.
Next we determine the number of pencils of double conics for any Segre surfaces.

Proposition 3.16. Pencils of double conics on a Segre surface S are in
one-to-one correspondence with irreducible components of the divisor Dg whose
generic point (p, H) satisfies the property that H|g is a double conic.

Proof. Let & be a pencil of double conics on S. For a generic point
P € Sreg, there exists precisely one member of & which passes p. Let H, be
the hyperplane which cuts out this member. Then we have (p, H,) € Dg by
Corollary 3.10, and the assignment p — (p, Hp) gives a birational map from S
to an irreducible component of Dg. If &7 and %, are distinct pencils of double
conics on S, then the components of Dg obtained this way are distinct because
P and H5 do not have a common member by Proposition 3.1. Conversely,
any component of the divisor Dg as in the proposition comes from a pencil of
double conics by Proposition 3.14. Therefore, the correspondence is bijective. [

In particular, any Segre surface S has at most two pencils of double conics,
and if S has two such pencils, then the divisor Dg is reducible. The number
of pencils of double conics on each Segre surface can be determined from the
Segre symbol of the surface by the following result.

Proposition 3.17. Pencils of double conics on a Segre surface S are in
one-to-one correspondence with the units

(3.9) (11),(12), (13), (14)
which are contained in the Segre symbol of S.

For example, if the Segre symbol of S is [(12)11], then S has a single pencil of
double conics since the symbol contains one unit (12) among (3.9). Similarly,
if the Segre symbol of S is [(11)(11)1], then S has two pencils of double conics
since the symbol contains a unit (11) twice.

Proof. First we explain how we can obtain a pencil of double conics from
any one of the units (3.9). The Segre symbol determines two symmetric matri-
ces of size 5 x 5 which correspond to two defining quadratic polynomials for the
Segre surface. An entry in the Segre symbol determines submatrices of the two
full matrices. For the unit (12) for example, the two symmetric submatrices
are given by

Priay = y Quoy =

o o Q
S o o
— Q0 O
o O =
—_ o O
o = O
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where « is a complex number. If the Segre symbol of S contains the unit
(12), then the two full symmetric matrices P and () which define S have the
matrices F1) and ()(12) as submatrices respectively. Therefore, the matrix
P — a@) contains P13y — a@)(12) as a submatrix, and we have

P(12) - OéQ(lz) =

o O O

0 0
00
01

This means that a projection from CP,4 to CPy which drops two coordinates
maps S to a conic in CPy. The conic has to be irreducible since S is irreducible.
By pulling back tangent lines of the conic by the last projection, we obtain
a pencil of double conics on S. The same argument works when the Segre
symbol contains any one of the units (11), (13) or (14). (For the case (14), the
submatrices are equal to the full matrices.)

In order to provide the reverse direction, assume that a Segre surface S has
a pencil & = {2C; |t € CP;} of double conics. Then pulling back the conics to
the minimal resolution S of S as in the proof of Proposition 3.14, we obtain a
pencil {C; |t € CP;} of rational curves on S whose self-intersection numbers are
zero. The linear system {C’t +C, |t,s € CPP1} induces a rational map S — CP,
whose image is an irreducible conic, and this factors through S via the minimal
resolution. Hence there is a rational map S — CP; whose image is an irreducible
conic. Since the curves Cy 4+ Cs belong to the class of hyperplane sections, the
last projection S — CPy is induced from a linear projection CP; — CPs as a
restriction of the domain. Let f(Xo,...,X4) and g(Xo,...,X4) be quadratic
polynomials that define S, and P and @) the symmetric matrices that correspond
to F' and G respectively. Then from the presence of the projection to the conic,
there has to exist constants a and b such that rank (aF" + bG) = 3. Now, using
the list of the symbols for all Segre surfaces (see Table 1), it is not difficult
to verify that this occurs only when the symbol includes one of (11),(12), (13)
and (14). O

Remark 3.18. From the proof, it follows that the component of Dg as in
Proposition 3.16 is contracted to a conic in S* by the projection my : I(S) — S*.

Proposition 3.17 implies the following

Corollary 3.19. Let S C CPP4 be a Segre surface. The cuspidal locus in S*
is empty if and only if the Segre symbol of S is either [(11)(11)1] or [(12)(11)].

Proof. These two symbols actually contain two units among (3.9). Con-
versely, from the list of symbols for all Segre surfaces as in Table 1, all other
symbols contain at most one unit among (3.9). O
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Corollary 3.20. If the symbol of a Segre surface S is among the following
list, then the cuspidal locus in S* is an irreducible surface, and it is birational

to S.

(3.10) [11(n)], 12(10)], [11(12)], [1(13)], [(11)3],

[(12)2], [(14)].
Proof. From the list of symbols for Segre surfaces (Table 1), these seven
symbols are the ones which have exactly one unit among (3.9). By Proposition
3.16, the divisor Dg for these Segre surfaces is reducible, and exactly one of the
irreducible components is from the pencil of double conics. From the results
in the previous subsection, the image of the other irreducible component of
Dg by the projection mo : I(S) — S* is exactly the cuspidal locus in S*.
The projection from that irreducible component of Dg to the cuspidal locus is
birational, since the hyperplane section of S determined from a generic point of
the component has a single cusp, which means that the projection is generically

one-to-one. |
Segre Sing (.9) # lines Dg | cusp. | x Y
symbol locus
[11111] none 16 +040 | irred. | irred. | - 16 +0+0
[1112] Ay 84+4+0 | irred. | irred. | - 8+2-4+0
[111(11)] 2A, 0+8+0 | red. | irred. | - 04+2-8+0
[12(11)] 3A,; 0+4+2 | red. | irred. | 2 0+2-444-2
[1(11)(11)] 4A, 04+0+4 | red. | empty | 2 0+0+4-4
[113] Ay 44+4+0 | irred. | irred. 44+3-440
[122] 2A, 44+4+1 | irred. | irred. 44+2-444-1
[11(12)] Aj 0+4+0 | red. | irred. | - 0+4-4+0
[14] As 24340 |irred. | irred. | - | 2+ (4+4+6)+0
[1(13)] Dy 0+2+0 | red. | irred. | - 04+8-2+0
[(11)3] 2A1+Ay | 0+2+2 | red. | irred. | 3 0+2-246-2
[(12)2] Ay +As | 0+2+1 | red. | irred. | 4 0+4-248-1
[(11)(12)] | 2A1+A3 | 04+0+2 | red. | empty | 4 0+0+8-2
[(14)] Ds 0+1+4+0 | red. | irred. | - 0+16-14+0
(23] Ai+Ay | 24341 |irred. | irred. | 3|2+ (2+2+3)+6-1
5] Ay 1+2+0 | irred. | irred. 14+ (10+5)+0

Table 1. See Remark 3.21 for details.

Remark 3.21. This is a remark for Table 1. For the number of lines, the
first number is that of lines disjoint from singularities of S. The second one
is the number of lines which pass exactly one singularity of S. The third one
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is the number of lines which pass two singularities of S. The z-column is the
multiplicity of the component 7 (1) in the divisor Dy, where [ is a line passing
two singularities of S. These are calculated in Section 6, and are independent
of the choice of such a line /. Finally, the y-column shows multiplicities of lines,
counted from a realization of each Segre surface as a degeneration from smooth
ones. For instance, for the surface with symbol [12(11)], 0+ 2 -4 + 4 - 2 means
that the multiplicities of the 4 lines which pass one singularity is two, and
those of the two lines which pass two singularities are 4. We are not presenting
multiplicities of lines which do not pass any singularity, because they are all
one. See the remark at the end of this article for more details and as to why
we present these multiplicities. O

From Corollaries 3.19 and 3.20, the structure of the cuspidal locus in the
dual variety of a Segre surface is well-understood when the surface admits a
pencil of double conics. When the surface does not admit a pencil of double
conics, we already know that the cuspidal locus is exactly the image of the
divisor Dg under the projection my : I(S) — S*. The projection from the
divisor Dg to the cuspidal locus is birational, by the same reason to the similar
assertion in Corollary 3.20. On the other hand, Dg has a structure of generically
finite double covering over S by the projection 7 : Dg — S. Thus, if S is a
Segre surface which does not have a pencil of double conics, then the cuspidal
locus in S* is birational to a double covering over S. In the next section, we
discuss the branch divisor of this covering for arbitrary Segre surface S.

4 - Lines on Segre surfaces as branch divisors

We begin with the following

Proposition 4.1. For any Segre surface S, every component of the branch
divisor of the generically finite double covering Dg — S is a line lying on S.

Proof. By Proposition 3.9, the function H on I(S) which defines the divisor
D does not vanish identically on the fiber over a point p € Syeg if p is not on a
line on S, and moreover, the quadratic polynomial H(p) does not have a double
root. Let (p, H1) and (p, Ha) be the two points corresponding to two roots of
the equation H(p) = 0. Then we have (p, H1), (p, H2) € D but these do not
belong to D; because H(p) # 0 as above. Hence (p, H1), (p, H2) € Dg. Since
Hy # Hs, this means that p is not a branch point of the projection Dg — S. [J

We note that the proposition does not assert that a line on S is always a
branch divisor. Indeed, as mentioned in Section 2.1, a sufficient condition for a
line [ on S to be a branch divisor is that not all three coefficient functions of H
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vanish identically on [. If this condition is not satisfied, then [ is a branch divisor
iff the discriminant of the quadratic function H/y™ vanishes on [ identically,
where y = 0 is a local equation of the line [ on S, and m is the minimal vanishing
order of the three functions along [. In this sections, we determine whether a
line on S is really a branch divisor of the generically finite double covering
Dg — S. Conclusions will vary depending on the number of singularities of S
belonging to the line.

4.1 - The case 1 N Sing (S) =0

We begin with some property for lines on S which do not pass any singularity
of S. The number of such lines on each Segre surface is displayed in Table 1.
(See Remark 3.21.)

Lemma 4.2. Let S C CPy be a Segre surface and | a line lying on S.
Suppose | N Sing (S) = 0. Then there exists no hyperplane H C CPy4 such that
the divisor H|g includes the double line 21 as a sub-divisor. Further, if a point
p on l is not on another line on S, then there exists no hyperplane section which
has a triple point at p.

Proof. For the first assertion, take any hyperplane H containing [, and
write H|g in the form (4D with D a cubic curve. It suffices to show that D does
not include the line [ as a component. The indeterminacy of the projection from
the line [ is eliminated by blowing up CP4 along [, and we obtain a morphism
from the blowup CP4 to CPy. As [N Sing (5) = @ the strict transform S of
S into OP’4 is isomorphic to S. Let ¢ : S — CP, be the restriction of the
morphism CP4 — CPy to S. Under the identification S ~ S, ¢ is naturally
identified with the map from S induced by a 2-dimensional subsystem of | D],
and this subsystem is base point free. Since [ is a (—1)-curve from Proposition
3.1, we have

(4.1)
D*=(Kg'—1)?’=4-2-1=1 and D.l=(Kg'-1).l=1-(-1)=2.

The former means that the morphism ¢ : S — CPs is birational. Hence the
restriction ¢|; cannot be of degree-two, and hence, from the latter of (4.1), the
image ¢(l) is a conic. This means that no member of the above 2-dimensional
subsystem of |D| can contain [ as a component.

For the second assertion, suppose that a point p € [ is not on another line
on S, and let H|g be a hyperplane section which has a triple point at p. Then
the hyperplane H has to contain 7,S. Hence we may write H|g = [ + D as
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before, where D is a possibly reducible cubic curve which has at least a double
point at p. If D is reducible or non-reduced, then D has to include a line I’ as
a component. We have I’ # [ from what we have already proved in this proof,
and also we have p € I’ as we are assuming that p is not on another line on S.
This means that the curve D — [’ is a conic which has a double point at p. So
D — 1’ consists of two lines and both of them pass p. This again contradicts the
assumption that p is not on another line on S. Therefore the cubic curve D has
to be non-reduced, irreducible, and singular. This means that D is planer, and
contradicts Proposition 3.3. Therefore no hyperplane section of S can have a
triple point at p. ]

By using this lemma, we next show:

Proposition 4.3. Let S C CPy be a Segre surface. Ifl is a line on S that
does not intersect Sing (S), then ;' (1) ¢ Dy holds, and 1 is a simple branch
divisor of the generically finite double covering Dg — S.

Proof. First we show that if [ is a line as in the proposition, then for any
point p € [ which is not on another line on S, any member of the residual pencil

(TpS)*|s =l ={D — 1| D € (T,5)*|s}

is smooth at p, and any two different members of the same pencil intersect
each other transversely at p. The former follows immediately from Lemma
4.2, because a member of the residual pencil which is singular at p gives a
hyperplane section which has a triple point at p. For the latter, let p: S’ — S
be a blowup at p, and E the exceptional curve. Again by Lemma 4.2, the
restriction homomorphism

(4.2) rp: HY(p*H — 2E) — H°(0p(2))

is injective, and therefore, has a 2-dimensional image. Let I’ be the strict
transform of [ into S’. Any element of the image of rg vanishes at the point
EN'. So this point is a base point of the pencil on E formed by the image of
rg. These mean that members of the pencil (7},5)*|s — [ are naturally in one-
to-one correspondence with points on E. Therefore, any two different members
of the pencil (T},5)*|s — [ intersect each other transversely at p.

We still fix any point p € [ which is not on another line on S. Since S
is smooth at p and [ is a line, we can choose non-homogeneous coordinates
(x,y,z,w) on CPy, centered at the point p, such that

(4.3) I,S={z=w=0} and I={y=2z=w=0}
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hold. The pair (z,y) can be used as coordinates on S around p. As in Section
2.1, there exists a pair of holomorphic functions F(z,y) and G(z,y) such that

(4.4) S=A{(z,y,z,w) 2= F(z,y), w= G(z,y)}

holds around p. Then F(z,y) = 0 and G(z,y) = 0 are local equations around
p of generators of the pencil (7),5)*|s. Let m = (z,y) be the maximal ideal at
p. Then we have F,G € m?, and also F(z,0) = 0 and G(z,0) = 0 hold since
[ C S. So we can write F' = yf and G = yg for some f,g € m. From the
property on members of the residual pencil (7,,5)*|s — [ obtained in the first
part of the present proof, we may suppose that the curve {f = 0} intersects [
transversely at p. This condition implies f,(0,0) # 0. We consider the map

((B,y) — ('%th) = (f(xay)vy)

defined in a neighborhood of p in S. As f,(0,0) # 0, the Jacobian of this
map does not vanish at the origin, and hence we can use (Z,y) as holomorphic
coordinates in a neighborhood of p. For simplicity of presentation, we redefine
x to be the above Z, so that we have F' = xy, and we still write G = yg, g € m.
Then by replacing G by G — ¢F' for a constant ¢ to eliminate the term zy from
G = yg, we may suppose that the leading term of G in a Taylor expansion at
p is of the form ay? for some constant a. We have a # 0 since otherwise the
zero of G would have a triple point at p, which contradicts Lemma 4.2. Thus,
an expansion of g (= G/y) at p is of the form

4.5 ay + h(z,y) with h € m® and a # 0.
(

Now recall from (2.3) that a defining equation of the divisor D = D; + Dg
on I(S) is given by

(4.6)  Hess (F)A\? + (Fmny +GouFyy — 2nyny) A+ Hess (G)p® = 0.

Thanks to the above change of coordinates, we have Hess (F) = —1 # 0, and
this means that 7, '(1) ¢ D;. We recall from (2.5) that the discriminant of
(4.6) is given by

2
(4.7) (FooGyy — GaaFyy)” + 4(FpaGay — FuyGaz) (FyyGay — FayGyy).
In the present situation, it is easy to see that this is written as

(4.8) 4G 10 Gyy = 4Yguz(29y + Yyy)-

This means that the line | = {y = 0} is included in the zero divisor of the
discriminant (4.7) with multiplicity at least one. If this multiplicity is strictly
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greater than one, from (4.8), we obtain a divisibility y | gz or v | g,. The former
happens iff the Taylor expansion of g at the origin is of the form

bl + be + b3y + yiL(l’,y),

with € m and b1,bo,b3 € C. Comparmg this with (4.5), we obtain b; = b2 =0
and b3 = a. This means g = ay + yh = y(a + h). Hence y|g. Therefore y?|G
holds, which implies that the hyperplane section {w = 0}|s contains the double
line 2. This contradicts Lemma 4.2. Hence we have y /| gy,. Furthermore,
again from (4.5), we have g,(0,0) # 0. Hence we have y [g,. Thus we have
shown that the discriminant (4.8) is not divisible by 3?. Hence the line [ is
included in the zero divisor of the discriminant with multiplicity precisely one.
This means that [ is a simple branch divisor of Dg — S. U

We postpone an immediate implication from Proposition 4.3 until Section 5.

4.2 - The case where [ N Sing (S) is a single point

In this subsection, we consider lines on Segre surfaces to which only one
singular point of the surface belongs. Again, the number of such lines on each
Segre surface is displayed in Table 1. (See Remark 3.21.) Each of these lines
are not Cartier divisors on the surfaces. We begin with the following lemma
which is analogous to Lemma 4.2.

Lemma 4.4. Let S C CPy be a Segre surface and | a line on S. If 1N
Sing (S) consists of one point, then there exists a unique hyperplane H such
that the diwisor H|g is of the form 21 + 1" + 1", where I' and " are possibly
identical lines which are different from . Further, if a point p € I N Seg does
not belong to any other line on S, then there exists no hyperplane section which
has a triple point at p.

Proof. Let yu: S — S be the minimal resolution of the unique singularity
of S lying on [, E the exceptional divisor, and [ the strict transform of [ into S.
Of course, F is not necessarily irreducible. Let Z be the fundamental cycle in
the exceptional divisor F, so that if m is the maximal ideal at the singularity,
for a generic element f € m, the function p*f vanishes on E with the same
multiplicity as Z on each component of £. Then as in the same way to showing
the property p*m ~ 0(—Z2) [2, III (3.8) Proposition], we have

p(Kg' @ 0s(-1)) ~ K;' © 05(~1 - 2).

Let CP, — CP, be a blowup along I, and S’ C CP, the strict transform of
S. This time the projection S — S is not an isomorphism, but the minimal
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resolution y factors through the morphism S’ — S. This means that the system

}Kgl — - Z‘ does not have a base point. Using 2 = —1 from Proposition 3.1
as well as the properties Z? = —2 and Z. [= 1, we calculate
-1 _ 7 2 —-1\2 | 72 2 -17 7 -1
(KS —l—Z) =K )"+ +Z —2K§ .l+2l.Z—2K§ A
=44 (-1)+(-2)—2.1+2.1-2.0=1,
(Kt =1-2)0l=1-(-1)-1=1

If ¢ : S — CPy means the morphism induced by the system |K§1 —1—-Z

these imply that ¢ is birational and the image <Z>(l~) is a line. Thus, the divisor
»~(¢(1)) is the unique member of |K§1 — | — Z| which has [ as a component.

The multiplicity of [ in this member is precisely one since ¢ is birational. Adding
[+ Z to »~1(4(1)) and projecting it to S by u, we obtain the unique hyperplane
section of S which includes the line [ with multiplicity precisely two. Write
this hyperplane section as 2l + C', where C' is a conic. This conic has to be
reducible since otherwise C' will move in S from Remark 3.2, which contradicts
the uniqueness just proved. Therefore C consists of two lines, and the unique
hyperplane section is of the form 2[ + I’ + 1" with I’ # [ and I” # [ as in the
lemma.

For the latter assertion of the lemma, let p € [ N S;ee be as in the lemma,
and suppose that H|g is a hyperplane section which has a triple point at p.
The hyperplane section 2] + I’ + 1" has a triple point, but the triple point is
on a line different from I. So we have H|g # 2l + 1" +1”. Hence, from the
above uniqueness, H|g is of the form [ + D, where D is a cubic curve which
does not contain [ as a component. D has at least a double point at p. If D is
reducible, it contains a line, which does not pass p. But then the residual conic
D —[ cannot have a double point at p. Hence D is an irreducible singular cubic
curve. Such a curve is planer. This contradicts Proposition 3.3. Therefore, no
hyperplane section has a triple point at p. O

By using this lemma, we show an analogous result to Proposition 4.3.

Proposition 4.5. Let S C CPy be a Segre surface and l a line on S. If
I N Sing (S) consists of one point, then 7 (1) ¢ Dy holds, and 1 is a branch
divisor of the generically finite double covering Dg — S with multiplicity at
least two.

Proof. The idea of the proof is similar to Proposition 4.3. First we show
that if the line [ is as in the proposition, then for any point p € [ N S which
is not on another line on S, we can choose two generators of the residual pencil
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(T,S)*|s — I in such a way that one of them has the line [ as the unique com-
ponent which passes p, while the other one has a component which intersects [
transversely at p as the unique component which passes p.

First let Hi|s be the unique hyperplane section which includes the double
line 2] as in the first half of Lemma 4.4. By the assumption that p does not
belong to another line on S and the latter half of Lemma 4.4, there does not
exist a hyperplane section of .S which has a triple point at p. Hence the residual
curve Hi|g — 2l does not pass p. Let Hy be any element of the pencil (7,5)*
which is different from H;. Then since the multiplicity of Hs|g at p is precisely
two by Lemma 4.4, the curve Hy|s — [ has a unique component which passes p,
and it is smooth at p. If this component were tangent to [ at p, by subtracting
a constant multiple of a defining equation of H; from that of Hs, there would
exist a hyperplane H € (7,,S)* for which H|g has a triple point at p. This
contradicts Lemma 4.4. Hence the component always intersects [ transversely
at p. Thus we have obtained generators of the pencil (7},5)*|s — [ which satisfy
the above properties.

As in the proof of Proposition 4.3, we can choose non-homogeneous coordi-
nates (z,y, z, w) centered at p, such that the properties (4.3) hold. Let F(z,y)
and G(z,y) be a pair of holomorphic functions such that (4.4) holds. We may
suppose that the hyperplane {z = 0} is exactly the one whose section contains
the double line 2/. Then we have the divisibility 2| F and y|G. Further, if
we write G = yg(z,y), then g belongs to the maximal ideal m at p. Moreover,
we have ¢,(0,0) # 0 from the above transversality for the component different
from [. Hence in the same way to the proof of Proposition 4.3, we may use
(9(z,y),y) as coordinates on S around p instead of (x,y). Again we redefine
r as g(x,y), so that G = xy. We remain to write ' = y2f. Then we have
f ¢ m since all components of {z = 0} NS passing p are 2[. From G = xy, we
have Hess (G) = —1 # 0, and hence again from (4.6), we have 7 *(I) ¢ D;.
Moreover, this time from F' = y?f, we obtain that the discriminant (4.7) is
given by

(4.9) AFpuFyy = 49 fon(2f + 4y Ly + 97 fiyp)-

Since this is divisible by 42, we obtain that the generically finite double covering
Dg — S has the line [ as a branch divisor and the multiplicity of I as a branch
divisor is at least two. O

We remark that since the function f,, in (4.9) may be divisible by y or
its power, we cannot conclude that the multiplicity of the line [ as a branch
divisor is exactly two. Note that 2f + 4y f, + y*f,, is not divisible by y since
f is not. Since quadric polynomials which define a Segre surface are concretely
obtained, it might be possible to obtain the functions F' and G in explicit forms
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in the present circumstance, and by using them to determine the multiplicity of
the line as a branch divisor, for each Segre surface and each line of the present
kind. In Section 6, we will do that sort of calculations for lines on Segre surfaces
which pass two singularities of the surfaces.

4.3 - The case where | N Sing (S) consists of two points

Let I be a line on a Segre surface S which passes two singular points of
S. In this subsection, we investigate the structure of hyperplane sections of
S which belong to the pencil (7),5)*|s for some point p € I N S;ee. Note that
since S is quartic, no three singularities of S belong to the same line lying on
S. Note also that the line joining two singularities of S does not necessarily
lie on S. We begin with the following property which is characteristic to the
present kind of lines.

Lemma 4.6. Let S C CPy be a Segre surface and | a line on S. If 1N
Sing (S) consists of two points, then the tangent plane T,S is independent of
the choice of a point p € I N Sieg. In particular, for any such a point p and
any hyperplane H € (T,5)*, the section H|g includes the double line 2l as a
sub-divisor.

Proof. Let p; and ps be the two singularities of S on I, and p: S — S
the minimal resolution of p; and ps. Let I be the strict transform of [ into S,
and Z; and Zs the fundamental cycles over p; and po respectively. Then in the
same way to the proof of Lemma 4.4, we have

p(Kg' ® Os(=1) =~ K;' @ O4(—1 — 71 — Z»),

and the system |K§1 =7 - Zg} does not have a base point. Similarly, we
also have (K:s:l — - Z1 — 22)2 = 1, but this time we have

(K'=1-2Z1=2Z5) l=1-(-1)—1-1=0.

If ¢ : S — CPy means the morphism induced by the 2-dimensional system
}KSTI —1—Z1— 7 ‘, these imply that ¢ is a birational morphism and it contracts
the curve [ to a point. Hence the system ‘Kgl — 92— 7 — ZQ‘ (note that lis
further subtracted) is a pencil. Adding 2] + Z; + Z2 to the members of this
pencil and projecting them to S by u, we obtain a pencil of hyperplane sections

which contains the double line 2/ as fixed components. Clearly, this pencil is
equal to the pencil (7,5)*|s. Since this holds for any p € [N Siee, we obtain
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that the pencil (7),5)*|s is independent of a choice of the point p € I N Sieg.
Hence the tangent plane 7,5 is independent of a choice of a point p M Speq. [

It is possible to obtain more detailed information about the structure of the
hyperplane sections by H € (1,,5)*, in the situation of Lemma 4.6 as follows.
We notice that from Table 1, when two singularities of S belong to a line, the
types of them are {Aq, A1}, {41, A2} or {Ay, As}.

Lemma 4.7. Let S and | be as in Lemma 4.6, and p € [ N Seg a point
such that no other line on S passes p. Then there exists a unique hyperplane
section of S whose multiplicity at p is at least three. Further, we have:

e [f the singularities on | are {Ay, A1}, then such a section is of the form
20+ C, where C is an irreducible conic that intersects | transversely at p.

o [f the singularities on | are {Ay, As}, then such a section is of the form
3l + 1" where ' is a line different from [.

o [f the singularities on | are { A1, As}, then such a section is of the form 4l.

Proof. Because not every member of the pencil (7},5)*|s has a triple point
at p by Lemma 3.6, there exists at most one member of the pencil which has a
triple point at p. Let u: S’ — S be blowup at p, E the exceptional curve, and
I’ the strict transform of I. By Lemma 4.6, any member of the pencil (7,,5)*|g
contains the double line 2I. So the strict transform to S’ of any member of
the pencil (7),5)*|s has at least a double point at £ N{’. This implies that the
image of the restriction homomorphism

rg: H'(p*H — 2E) — H°(0p(2))

is at most 1-dimensional. Further the kernel of rg is at most 1-dimensional
from Lemma 3.6. Hence rg has exactly 1-dimensional kernel. This means that
the pencil (7),5)*|s has a unique member whose multiplicity at p is at least
three.

Next in order to show the latter half of the proposition, we change the
meaning of the above notations and let u : S = S, lN, Z1,Z5 have the same
meaning as in the proof of Lemma 4.6. Further, for brevity, we put L :=
Kgl —1— Zy — Zy, and let ¢ : S — CPy again mean the morphism induced by
the 2-dimensional linear system |L|. Recall that ¢ is birational and contracts [
to a point.

First suppose that both singularities on [ are Aj-points as in the first item in
the lemma. Then each of the two divisors Z; and Z3 is just a single (—2)-curve
respectively. We readily have

L.Zy=L.Zy=1.
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Therefore both ¢(Z;) and ¢(Z2) are lines. By the factorization theorem of
birational morphism between smooth surfaces, the morphism ¢ is a composition
of blowups. We have 2 =—1 from Proposition 3.1. Further, since S is a weak
del Pezzo surface, there does not exist a smooth rational curve on S whose
self-intersection number is less than (—2). From these, we can readily show
that no curve intersecting [ is contracted by ¢. Hence, in a neighborhood of
I, ¢ is exactly the blow down of the (—1)-curve [. This implies that for any
line £ C CP, through the point ¢(), the preimage ¢~!(¢) contains the curve
] by multiplicity precisely one. Hence no member of the system |L| contains l
with multiplicity strictly greater than one. Therefore no member of the system
|K§1| contains [ by multiplicity strictly greater than two. So we may write the
unique member of the pencil (7),5)*|s which has a triple point at the point p
as 2] 4+ C, where C is a conic which goes through p. Because we are assuming
non-existence of a line through p, the conic C' cannot be reducible. If C is
tangent to [ at the point p, then the curve [ + C' would lie on the 2-plane
which is spanned by C, and this contradicts Proposition 3.3. Hence the conic
C intersects [ transversely at a unique point. This proves the first item in the
proposition.

Next suppose that one of the two singularities on [ is an As-point as in the
second item of the proposition. We may suppose that the fundamental cycle
Z1 is over the As-point, and we write it as Z; = Ey + E9, where FE»s is the
component which intersects I. The cycle Zs is a single (—2)-curve. We readily
have

Li=L.Ey=0, L.Ey=L.Zy=1.

These mean that not only [ but also E, are contracted to a point by the bira-
tional morphism ¢ : S — CPy, and E; and Z, are mapped to lines by ¢. Further
we have ¢(E1) # ¢(Z2) because ¢ is birational. Furthermore, in a similar way
to the case of {A;, A1}, using I = —1 and E3 = —2, we can show that in a
neighborhood of the chain [+ E», the birational morphism ¢ contracts exactly
these two curves. From the above self-intersection numbers, ¢ blows down [
first and next E,. This implies that the member ¢~!(¢(Z2)) € |L| contains ]
by multiplicity precisely two. Adding [ + Z; + Z» to it and taking the image
by w: S — S, we obtain a hyperplane section of S which is of the form 31 + 7/,
where [’ is a line different from . Thus we have obtained the second item in
the proposition.

Finally, suppose that one of the two singularities on [ is an As-point, and
assume that the chain Z; = E; + Fs 4+ F3 is the fundamental cycle over this
singularity, with the component Fs3 (resp. E2) intersecting [ (resp. E'3). Then
this time we have

Li=LEy=L.E3=0, LE =L.Zy=1.
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These mean that the chain [+ F3+ Es is contracted to a point by ¢ : § — CPsy,
and F; and Z, are mapped to lines by ¢. Further these lines are mutually
different by the same reason to the As-case. Since 2 = —1 and E3=FE3= -2,
the birational morphism ¢ blows down components of the chain [+ E5 + By
in this order. It follows that the member ¢—'(¢(Z2)) € |L| contains [ by
multiplicity precisely three. Adding [+ Z1 + Z5 to it and taking the image by
the minimal resolution p : S — S, we obtain a hyperplane section of S which
is of the form 4l. Thus, we obtain the third item in the proposition. Il

Note that in the proof for the second and third items, absence of a line
through the point p is not used.
By using Lemma 4.6, we prove the following result about the divisor Dj.

Proposition 4.8. Let S C CPy be a Segre surface and | a line on S. If
1N Sing (S) consists of two points, then w; (1) is a component of the divisor
D1, and its multiplicity is at least two.

Proof. Again an idea of the proof is similar to Proposition 4.3. Pick any
point p € [ N Speg. We choose homogeneous coordinates (x,y,z,w) on CPs3
centered at p, such that the conditions (4.3) hold, and let F(x,y) and G(z,y)
be holomorphic functions around p such that (4.4) holds. By Lemma 4.6, we
can write F = y?f and G = y2g for some holomorphic functions f and ¢ around
p. Then by elementary calculations, we have

y? | Hess (F), y*|Hess(G) and y?|FuuGyy + GuaFyy — 2FiyGay.

Thus all coefficient functions of the defining function H in (2.3) of the divisor
D on I(S) are divisible by %2, and this implies that 7=*(l) is contained in the
divisor D; by multiplicity at least two. O

We remark that when both of the two singularities on the line | are A;-
points as in the first item in Lemma 4.7, by making use of the unique hyperplane
section which has a triple point at p € [ N Sieg, it is possible to show that the
multiplicity of the component 7, 1(1) in D is precisely two, in a similar way to
Propositions 4.3 and 4.5. But if one of the two singularities on the line [ is not
an A;-point, Lemma 4.7 does not give an element of the pencil (7},5)*|s whose
equation can be assumed to be in a sufficiently informative form (like zy) as in
the cases of Propositions 4.3 and 4.5, and by this reason we cannot determine
the precise multiplicity of the component 7] 1(1) in D;. By a similar reason, it
seems more difficult to determine whether such a line [ is really a branch divisor
of the generically finite double covering Dg — S. In Section 6, we determine
the precise multiplicity of 7= (I) by using explicit defining polynomials of Segre
surfaces, and show that the lines in question are newver branch divisors of the
double covering.
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5 - Conclusions, and singularity of the cuspidal locus
5.1 - Irreducibility of the cuspidal locus

Let S be a Segre surface. From Corollaries 3.19 and 3.20, we already know
that the cuspidal locus in S* is empty if the Segre symbol of S is either
[(11)(11)1] or [(11)(12)], and that the cuspidal locus is irreducible and bira-
tional to S if the symbol contains exactly one of the four units (11), (12), (13)
and (14). For the remaining Segre surfaces, it is already easy to show the
following conclusion.

Proposition 5.1. If the Segre symbol of a Segre surface S is among the
seven ones listed in (5.1), then the divisor Dg and the cuspidal locus in S* are
wrreducible, and they are mutually birational. In particular, the cuspidal locus
18 birational to a double covering over S.

(5.1) [11111], [1112], [113], [122], [14], [23], [5].

Proof. The seven symbols (5.1) are characterized by the property that they
do not contain any units among (11), (12), (13) and (14). By Proposition 3.17,
this condition is equivalent to absence of a pencil of double conics on the Segre
surface. From Proposition 3.12 and the results in Section 3.3, absence of a
pencil of double conics means that whole of the divisor Dg is mapped precisely
to the cuspidal locus in S*. Further, as presented in Table 1, the Segre surfaces
having these seven symbols are exactly the ones which have a line that does not
pass any singularity of the surfaces. By Proposition 4.3, these lines are simple
branch divisors of the generically finite double covering Dg — S. Therefore
the divisor Dg is irreducible for these seven kinds of Segre surfaces.

It remains to show that the projection from Dg to the cuspidal locus in S*
is birational. But this is immediate from the fact that for a generic point (p, H)
of the divisor Dg, the hyperplane section H|g has a single ordinary cusp as its
all singularity. O

Irreducibility of the divisor Dg for these Segre surfaces are reflected in
Table 1.

Combined with Corollaries 3.19 and 3.20, Proposition 5.1 gives the following
result.

Corollary 5.2. The cuspidal locus in the dual variety of any Segre surface
1s either empty or an irreducible surface.

For the structure of the cuspidal locus beyond irreducibility for Segre sur-
faces in Proposition 5.1, the cuspidal locus is birational to the divisor Dg in
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I(S), and Dg has a structure of generically finite double covering over S. From
Proposition 4.1, any component of the branch divisor of the double covering is
a line on S, and from Propositions 4.3 and 4.5, any line on S which passes at
most one singularity of S is actually a branch divisor of the covering. So what
is still missing is whether lines through two singular points of S are components
of the branch divisor of the covering Dg — S.

If S is a Segre surface whose symbol is among (5.1), and S has a ling passing
two singular points of the surface, then from Table 1, the symbol of S is either
[221] or [32]. In Appendix, we will show by explicit calculations using defining
equations of Segre surfaces, that the lines through two singular points of the
surfaces are never a component of a branch divisor of Dg — S. This implies
the following

Proposition 5.3. Let S be a Segre surface whose symbol is among (5.1).
Then the branch divisor of the generically finite double covering Dg — S con-
sists of all the lines which pass through at most one singular point of S.

Next, by using the results obtained so far, we explicitly construct a surface
which is birational to the cuspidal locus in S* for a smooth Segre surface S.

A smooth Segre surface is nothing but a smooth del Pezzo surface of degree
four. It is well-known that any smooth del Pezzo surface of degree four can be
realized as a 5 points blown up of CPPy, where 5 points are in a general position.
In the following, instead of using this realization, we make use of a realization
of smooth Segre surfaces as 4 points blown up of CP; x CPP;. This seems more
economical than to work under the above realization.

Choose 4 points on CP; x CP; such that no two points are on the same (1, 0)-
curve nor on the same (0, 1)-curve, and such that there exists no (1,1)-curve
to which all the 4 points belong. Let S — CP; x CP; be a blowing up at these
4 points. Then the anti-canonical system |K§1] gives a projective embedding
S C CP4 which realizes S as a smooth complete intersection of two quadrics.
Thus, S is a smooth Segre surface. If e1, e2, e3 and e4 are the exceptional curves
of the blowup, the following 16 curves are all (—1)-curves on S:

€1, €2, €3, €4,
(1,0) —e1, (1,0) —e2, (1,0) —e3, (1,0) — ey,
(0,1) — e, (0,1) —e2, (0,1) —e3, (0,1) — eu,
(1,1) — €234, (1,1) —e134, (1,1) — €124, (1,1) — eq23,

where in the last line, es34 means es + ez + e4 and so on. All these curves are
mapped to lines in CP,4 isomorphically by the anti-canonical system. By adding
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up all these 16 classes, we obtain the class
(5.6) (8, 8) — 461234.

By Propositions 4.3 and 5.3, this is exactly the class of the branch divisor of
the generically finite double covering Dg — S for the smooth Segre surface S.
The class (5.6) is exactly the class 4K§1. Moreover, since each component of
the branch divisor is a line, all their intersections are transverse. Therefore, any
singularity of the branch divisor is an Aj-point. Hence, any singularity of the
double covering branched along all lines on S is an Aj-point. If 71 denotes the
covering map as before, the canonical class of this double covering is given by

1
7 <Kg + 3 -4K51> ~ Kyl

Since Kgl is ample, this means that the canonical class of the double covering
is big. In particular, we obtain

Proposition 5.4. The cuspidal locus in S* of any smooth Segre surface S
s an irreducible surface of general type.

5.2 - Singularities of the cuspidal locus

Finally, we discuss singularities of the cuspidal locus in the dual variety S*
when the Segre surface S has a line that does not go through any singularity
of S (namely when the divisor Dy is irreducible). By Proposition 4.3, such a
line [ is always a simple branch divisor of the generically finite double covering
Dg — S. In particular, the divisor Dg is smooth at generic points of the
ramification curve over [. In this subsection, we first identify the image of this
ramification curve under the projection ms in a concrete form, and next show
that the image mo(Dg), namely the cuspidal locus in S*, has ordinary cusps
along the image of the ramification curve over [. For these purposes, we first
prove a few lemmas.

Lemma 5.5. If a line l on a Segre surface S does not pass any singularity
of S, then Wfl(l) ~ [ x CP' holomorphically.

Proof. Take any p € Sieg and let N, ~ C? denote the fiber of the normal
bundle Ng, . /cp, — Sreg Over the point p. The fiber of the projection m :
I(S) — S over p is identified with P(/V,) ~ CP;. Therefore we have a natural
isomorphism

T (1) = P(Ns,p e, ).
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Take a pair of quadrics Q1 and @2 in CP4 which satisfy Q1 N Q2 = S. Then
we have an isomorphism Ng_ /cp, =~ Ns,../Q D Ns,.,/Q,- Further, we have
Ng,op /11 = [Q2]li = 0(2) and similarly Ng,_ /q,|1 =~ €(2). Hence, Ng,__/cp,li
~ 0(2)%2. These mean the assertion of the lemma. O

Lemma 5.6. Let S andl be as in the previous lemma, and l* the 2-plane in
CP} formed by hyperplanes which contain the line l. Then we have o (Wl_l(l))
="

Proof. Suppose (p, H) € 7r1_1(l). Then p € [ and T, C H. Asl C T,S5,
these mean | C H. Namely H € [*. Hence my (wfl(l)) C [*. To show the reverse
inclusion, it suffices to show that the image 7o (7r1_ 1(l)) is 2-dimensional because
[* is irreducible. If p is any point of [, then the fiber 7, 1(p) is identified with a
line in CP} formed by hyperplanes containing 7},S. So, if the image ma (77 1(l))
would be 1-dimensional, the tangent plane 7,5 has to be independent of a choice
of a point p € [. If this is actually the case, any H containing the common
2-plane has to satisfy H|s > 2l. But by Lemma 4.2, such a hyperplane does
not exist. Hence the tangent plane 7),S really varies as the point p moves
on [. O

The next lemma identifies the map 7, *(I) — I* in a concrete form:

Lemma 5.7. Letl C S be as in Lemma 5.5, so that 7r1_1(l) ~ CP; x CPy.
Then the restriction of the projection mo : I(S) — S* to the divisor my *(I) can
be identified with a quotient map from ﬂfl(l) under the involution on ﬂfl(l) ~
CP; x CPy given by the reflection (z,y) — (y,x).

Proof. By the previous lemma, the image mo (ﬂ'fl (l)) is a 2-plane. It is well-
known that any degree-two morphism from CIP; x CP; to CP, is identified with
the quotient map under the reflection as in the lemma. Hence it is enough to
show that for a generic point H € [*, there exist precisely two points p,q € Sreg
which satisfy (p, H) € 7, (1) and (¢, H) € 7;*(1). The condition (p, H) €
711 (1) is equivalent to the conditions p € I and T,S C H, and therefore, the
presence of the above two points (p, H) and (g, H) is equivalent to the condition
that the hyperplane H is tangent to S at p and ¢. By [7, Proposition 3.12],
if H is generic in the 2-plane I*, then H|g is of the form [ + C, where C is a
smooth rational cubic curve intersecting [ transversely at exactly two points.
Hence H is indeed tangent to .S at two points on [. (I

By Lemma 5.7, the ramification divisor of the projection 7 Y1) = 1* can
be identified with the diagonal of 7 (1) ~ CP; x CPy, and the branch divisor
is a smooth conic in the 2-plane [*. In the sequel, we denote these ramification
divisor and branch divisor by A and A respectively. The divisor Dg is smooth
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at generic points of the ramification divisor A. For a generic point (p, H)
belonging to A, the structure of the hyperplane section H|g is described as
follows.

Lemma 5.8. Let (p,H) € A be generic. Then the section H|g is of the
form 1 + C, where C is a rational normal cubic curve which intersects | at a
unique point, and which is tangent to | at the point with order two.

Proof. By the two projections m; and ms, there are natural isomorphisms
I ~ A ~ A. As the conic A is the branch divisor of the double covering
T 1(l) — I*, a hyperplane H belongs to A iff the residual cubic curve C' =
H|g — [ satisfies the property that C'N[ consists of a single point. Let p be this
point. Of course this is a smooth point of S, and p € [ and H € A are identified
under the above isomorphism [ ~ A. To show the lemma, it is enough to show
that if the point p does not belong to any other line on S, then the residual
curve C' satisfies the properties in the proposition.

For intersection numbers, we have

(5.7) Cl=Hlg—).l=Hl-11=1-(-1)=2,

where H.l means the intersection number taken in CP4. Since C NI = {p} as
above, this means that C' and [ do not intersect transversely at p. If C' would
be reducible, then from the above assumption on the point p, C' has to have a
smooth conic D as a component and D has to be tangent to [ at p. Then the
curve [ 4+ D lies on a 2-plane, and this contradicts Proposition 3.3. Hence C' is
an irreducible cubic curve through p which does not intersect transversely at p.
Moreover, again by Proposition 3.3, C' has to be non-planer. Therefore, C' is
a non-degenerate irreducible cubic curve in CP3. Hence it has to be a rational
cubic curve, and by (5.7), it has to be tangent to [ at p with order two. O

Thus, the singularity of hyperplane sections of S given by generic points of
the conic A is not an ordinary cusp but a tacnode. So it would be natural to
expect that the cuspidal locus is singular along the conic A. The next result
shows that this is actually the case and identify the singularity along A.

Proposition 5.9. Let S C CPy4 be a Segre surface and I C S a line
satisfying | N Sing (S) = 0. Then the cuspidal locus in S* has ordinary cusps
along generic points of the conic A in the 2-plane [*.

Proof. Let H C CP4 be a generic hyperplane belonging to the conic A, so
that by the previous proposition, the section H|g is of the form [ + C, where [
is a line and C' is a rational normal cubic that is tangent to [ at a point. Let p
be the tangent point. Similarly to the situation in Proposition 3.15, the curve
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[+ C is singular only at p, and the type of the singularity is a tacnode. On this
reducible curve, we still have an exact sequence

(5.8) 0 — Ni¢ — Niyc — Tjlie — 0.

By Proposition 3.1 and Lemma 5.8, we have > = —1,C% = 1, and I.C = 2.
Hence we obtain

(59) Nl—i—C’l o~ [l + C”l o~ ﬁl(l) and Nl—f—C‘C o~ [l + C”C ~ ﬁc(?))

Let # be the Jacobian ideal sheaf of the curve | + C, and write _#; ¢ for
Flivc. Let v : LU C — |+ C be the normalization of [ + C. Then the
calculations in the proof of Proposition 3.15 works without any change, and as
in (3.6), we obtain

(V*fl+o)‘c ~ Oc(—2) and (V*jl+c>‘l ~ O)(-2).
From these and (5.9), we obtain
VNl e ~ 61(~1) U Oc (L),
and hence, also an exact sequence
(5.10) 0 — Nio — wn(0(-1)Ubc(1)) — C, — 0.
From this, we again have
H°(N{,¢) ~C and H'(N/,¢)=0.

Hence we again obtain that any first order displacement of the curve [ + C' in
S is unobstructed, and that the versal family of equi-singular displacements of
[+ C in S is 1-dimensional. From (5.8), we also obtain an exact sequence

(5.11) 0 — H°(N/.¢) — H°(Nize) — H(T} o) — 0.

For the versal deformation of the tacnode, as discussed right before the
proof of Theorem 2.3, the versal family is smooth and 3-dimensional. In the
notation and argument there, the fiber of the lift of the versal family by the
Galois cover (t1,ta,t3,t4) — (81,82, s3) has an Ag-singularity iff (¢1,t2,t3,t4) is
equal to

(t,t,t,—3t), (t,t,—3t,t), (t,—3t,t,t) or (—3t,t,t,1)

for some ¢ # 0. Therefore, the fiber of the versal family over a point (s, $2, $3)
has an As-singularity iff it is of the form (—6t2, —8t3, —3t%) for some t # 0.
Similarly to the notations we used in Section 2.2, let <% C C3 be the locus
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formed by points in this form. Then the closure of &% has an As-singularity
at the origin, since, up to a non-zero constant multiple to each factor, the map
(21, 29) — (21,22, 27) gives an isomorphism from a curve with an ordinary
cusp to the above closure.

As in the proof of Theorem 2.3, take a small neighborhood B of the point
H € A in CP}, and regard B as a parameter space for displacements of the
hyperplane section [ 4+ C' in S. Then by versality, we have an induced holo-
morphic map f : B — C3, and the differential (df)y is identified with the
map H°(Niic) — H°(T} ) in (5.11). The intersection of B with the cus-
pidal locus in S* is exactly f~!(ah U {H}). By the surjectivity of the map
HO (Nl+c) — HY (TllJrC) and the above property about the closure of the lo-
cus %, the cuspidal locus has As-singularities along f~1(0). Since sections of
S by hyperplanes belonging to the conic A have tacnode by Lemma 5.8, f~1(0)
is equal to A N B. Thus, the cuspidal locus has As-singularities along generic
points of A. O

Proposition 5.9 in particular means that, for a Segre surface S which has a
line not passing any singularity of S, the cuspidal locus in S* is non-normal,
and that the projection my : Dg — ma(Dg) gives the normalization along the
conic A.

6 - Appendix. Explicit calculations for the cuspidal locus

Here is a list of Segre symbols for all Segre surfaces that have a line which
passes two singularities of the surfaces: A Segre surface with symbol [(11)111]

smbol  [(ADADY AN P21 BAD] B2 [@DAD] [
singularities 4A4 3A; 2A1 Ay +2A1 A+ Ay A3 +2A1 AL+ Az

has two singularities, but it is not included in this list because the line through
these points does not lie on the surface.

In this subsection, to each surface in the above list, by making use of the
common tangent plane to the surface along the line [ connecting two singulari-
ties of S (see Lemma 4.6), we calculate the two functions F' and G in concrete
forms to some extent. Next, we determine the precise multiplicity of the divisor
T (1) as a component of Dy, and show that the line [ is never a branch divisor
of the generically finite double covering Dg — S. Applying this to the cases
where the Segre symbol is [32] or [221], this in particular proves Proposition
5.3 about the branch divisor of the covering Dg — S.

In the following argument, (X, X1, X2, X3, X4) are homogeneous coordi-
nates on CP4. For brevity, we use the symbol ¢; (0 < i < 4) to mean the point
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of CP4 whose unique non-zero entry is the i-th one. For two given functions
F(z,y) and G(z,y), we put

K = FuuGyy + FyyGaw — 2F Gy

for simplicity, so that the defining equation of the divisor D = D; + Dg in the
incidence variety I(.9) is given by

H = Hess (F)\? + K\u + Hess (G)p?.

The way how one can derive the normal forms for the pair of the defining
quadratic polynomials for each type of Segre surface is briefly explained in [7,
Section 3.2].

6.1 - Appendiz

First we discuss a Segre surface S whose symbol is [(11)(11)1]. This would
be the easiest case in actual calculations. Let «, 3,7 be mutually different
complex numbers. The normal forms for the equations of S on CP4 are given by

aXZ+aX2 4 BX2 4By X2 = X2 X2+ X2+ X2+ X2 =0

It is more convenient to make an obvious coordinate change and rewrite the
equations as

aXoX1 + BXo X3 +vX? = XoX1 + Xo X3+ X? = 0.

The surface S has exactly four singularities, and all of them are Aj-points.
They are concretely given by e; with ¢ = 0, 1,2, 3. The involution of CP4 which
exchanges Xy and X7 keeps S invariant, and it exchanges the two Aj-points eg
and e;. Similarly, the involution of CIP4 which exchanges Xo and X3 keeps S
invariant, and it exchanges the two points es and e3. Among six lines connecting
the four Aj-points, the four lines epes, eges, e1e2 and eje3 lie on S. The group
generated by the above two involutions on .S acts transitively on the set of these
four lines. So in the following, we choose a line [ := egez = {X1 = X3 = X4 = 0}
and calculate an equation of the divisor D in the incidence variety (), in a
neighborhood of points of 7, L(1). The common tangent plane to S along points
on [\{eq, e2} is given by

(6.1) T ={X, = X3 =0}

In the sequel, we work on the open subset {Xy # 0} = C* and use z; =
X;/Xo, 1 <i <4, as coordinates on it. Then from (6.1), we may use (z,y) :=
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(x2,x4) as coordinates on S around any point of [\{egp,es}. The two points
ep and es are excluded since these are singular points of S. On S, we have
[ = {y = 0}. From the second equation of S, we obtain

(6.2) T = —xx3 — Y°.
Substituting this into the affine form of the first equation of S, we obtain
(6.3) (8 - a)aws + (7 - a)y? = 0.

We put
F=23 and G =ux.

From (6.3) and (6.2), we obtain

— 2 —
Y ﬁy;
B—a x 0 —«
Thus we have obtained the two functions F' and G in explicit forms. (The

divisibility of F and G by %? follows from Lemma 4.6 from the beginning.)
From these, we can compute

F=

Aa—y)(v=8) y*

Hess (I') = Hess (G) =0, K = Fy;Gyy = (6 — a)? 23"

Hence, we obtain

dla—"0—-8)y*
(B—a)  a°

Since this is divisible precisely by y?, we obtain that the component T 1(l) 18
included in D and Dy with multiplicity precisely two. Also we obtain that the
equation of the divisor Dg = D — D7 is simply Ay = 0. This implies that the
generically finite double covering Dg — S does not have the line | as a branch
divisor.

H=KM\\=

AL

6.2 - Appendix

Next, we discuss a Segre surface S whose symbol is [2(11)1]. After making
a simple coordinate change as in the previous case, equations of S are given by

20 X0 X, + X2 4+ BXo X5+ 7 X2 = 2X0 X, + XoX3 + X7 =0,

where «, 8, are again mutually different complex numbers. This surface has
exactly three singularities, and they are the points eg, e2 and e3. All of them are
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Aq-points. The involution of CIP4 which exchanges X5 and X3 keeps .S invariant,
and it exchanges eo and e3. The two lines eges and eges are contained in S, and
the line ése3 is not. The first two lines are exchanged by the above involution.
In the following, we choose the line | := egez = {X; = X3 = X4 = 0} and
calculate an equation of the divisor D around points over [\{ep,e2}. The
common tangent plane to S along points on I\{eg, e2} is given by

(6.4) T ={X, = X3 =0l

In the sequel, we again work on the open subset {Xg # 0} = C* and use
x; = X;/Xo, 1 <1i <4, as coordinates on it. We put (z,y) := (z2,z4) and use
these as local coordinates on S around any point on [\{eg,e2}. On S, the line
[ is again defined by y = 0. From the affine form of the second equation, we
obtain

1
(6.5) T =3 (zas + y?).
Substituting this into the affine form of the first equation, we obtain
(6.6) w2xd 4 22 {28 - a) +y2}x3 + 3 {y2+4(770z)} =0.

We put
F:£E3, G = —21‘1.

Then (6.6) and (6.5) can be written respectively as

(6.7) P?F2 420 {2(86-a)+y*} F+y* {y* +4(y—a)} =0
and
(6.8) G = aF + >

Any hyperplane section of S containing the common tangent plane (6.4) in-
cludes 2l as a subdivisor, so we may put F = y?f and G = y?g for some
holomorphic functions f and g. Substituting these into (6.7) and (6.8) and
dividing by y?, we obtain

(6.9) Py P22 {28—a)+ v’ fH{y*+4(v—a)} =0
and

(6.10) g=xf +1.
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Differentiating (6.9) by = and using « # 3, we readily obtain a divisibility
(6.11) yl(f +zfa).

If we write f as f = u(z) + yv(z,y), we have
f+afe=(u+zu)+y(v+ zvy).

From (6.11), this in particular means u + zu’ = 0. Since the function f(z,y)
is known to be holomorphic only in a neighborhood of a point on [ which is
different from singularities of S, and since the singularity is the origin (z,y) =
(0,0) in the present coordinates, we have to allow a pole for u = u(x) at x = 0.
From the last equation u + zu’ = 0, this means u(z) = £ for some constant c.
So we have

(6.12) f= g +yv(z,y).

If ¢ = 0, we would obtain y | f, which means y> | F. This implies that the section
of S by the hyperplane H = {X3 = 0} has a triple line 3/ as component. But
this cannot happen because both of the singularities on [ are Aj-points, and
from Lemma 4.7, no hyperplane section contains the triple line 3/. Hence, ¢ # 0
holds. Differentiating (6.12) twice by x, we obtain

2c

This means that f,, is not divisible by y. We will soon use these to determine
exact multiplicity of the component 7} L(1) in the divisor D;.
From F = y?f, we easily obtain

(6.14) Hess (F) = QQ{fzm(Qf + 43/fy + nyyy) — (2fz + Z/fmy)Q}a

and similarly for Hess (G), meaning y? | Hess (F') and y? | Hess (G). From (6.14),
it follows that

y* [ Hess (F) <= y | (f fox — 27)-
From (6.12) and (6.13), we readily obtain

2 2
c
[ fow = pey mod y and me = gy mod y.

These mean y | (f fzz — 2f2). Hence we obtain y° | Hess (F).

Recall that we have written F,,Gyy + FyyGre — 2F,yGry as K. Next we
show 42 | K and y* [K. We have F,; = y?f.s, and since y /[ fz, from (6.13),
we have 32 | Fy, and 3® [ F,,. From (6.10) and (6.12), we readily obtain

(6.15) g=c+axyv+ 1.
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If ¢ = —1, then y | g follows and hence y*|G. Again this contradicts Lemma
4.7. Hence ¢ # —1. The constant term of Gy, is easily seen to be 2(c + 1) #
0. From these, we obtain y?| Fy;Gyy and y3 /| FupGyy. Also, from (6.15),
we easily obtain y|gz.. This means 3® | G, and hence 3? | FyyGyy. Further,
it is immediate to see y|Fyy, and from (6.15) we also have y*|Gy,. Hence
Y? | FoyGay. S0y /| Gyy. From these, we obtain y? | K and y3 JK.

Thus, we obtain y? |H and y* [H. Hence, the multiplicity of the divisor
T 1(1) i Dy is precisely two. The discriminant of the quadratic polynomial
H/y? is equal to

(6.16)

<K>2 4Hess (F) Hess (G)
y? y? v
The second term of this is divisible by y since y® | Hess (F) as above. But the
first term is not divisible by y since y* /K as above. Hence (6.16) is not
divisible by y. Thus we can conclude that the line | is not a component of the
branch locus of the generically finite double covering Dg — S.

6.3 - Appendiz

Next we discuss the case where the Segre symbol of S is [221]. The normal
forms of the equations of S are given by

20X X1 + X7 +28Xo X3 + X3 +vX7 = 2X0 X1 +2Xo X3+ X3 =0,

where «, 3, v are mutually different complex numbers. The two points ey and eq
are Ai-singularities of .S, and these are all singularities of S. The line connecting
these two singularities is

I ={X; = X3 =X, =0},
and this is contained in S. The common tangent plane to S along points on
I\{eo, e} is again given by
T={X; = X3 =0}
In the sequel, we again work on the open subset {Xg # 0} = C* and use
x; = X;/Xo, 1 <i <4, as coordinates on it. From the equations of T', we may
use (x,y) := (w2, x4) as local coordinates on S around any point of I\{ep, e2}.

On S, the line [ is defined by y = 0. From the affine form of the second equation
of S, we obtain

(6.17) r] = —xT3 — =Y.
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Substituting this into the affine form of the first equation, we readily obtain

(6.18) (2 + 123 + 2{y® — 2(a — B)}z3 + %y‘l + (v — )y =0.

We put
F=23 and G=x

for the normal directions to S. As in the last case of [2(11)1], we may put
F =32f and G = y%g. Then (6.18) is divisible by y?, and we obtain that the
function f is subject to the equation

619) @+ D2 el 2o B + P+ (- a) =0,

Differentiating this by x and using « # 3, we readily obtain the divisibility
v (f +xfe).

In the same way to the last case of [2(11)1], this means

(6.20) f= g + yo(z,y),

for some constant ¢ and a holomorphic function v. If ¢ = 0, we obtain 3| F,
which contradicts Lemma 4.7. So ¢ # 0. In the same way to the last case of
[2(11)1], we obtain from F = y?f that y? | Hess (F), and further,

y’[Hess (F) <= y| (f fox — 2f7)-

Again from (6.20), we obtain that f satisfies the latter condition. Therefore
y® | Hess (F') holds. On the other hand, from (6.17), we have

1
G = —xF — —y*
T 2y )
which means
1
(6.21) g= —<c + 5) — zYv.

This implies 7 | gz and y | gz. Hence y | (9922 — 2g2) also holds. So, in the same
way for F, we have y3 | Hess (G).

From F = y?f we have Fpp = 4% frz, and fu, = % mod y from (6.20).
Also, from G = y?g, we have Gy, = 2g + 4yg, + y*gyy. From these, we have

deg o

—y° mod v
T

FraGyy =



[51] SEGRE QUARTIC SURFACES 601

In particular, y? | Fy;Gyy and y3 A FyuGyy as ¢ # 0. Next, from G = y?g,
we have Gop = ¥%gsz, and since y | gz as above, we have 33 | G,,. Therefore
y? | FyyGap. Next, Fpy = y(2fs + yfsy) and therefore y| Fy,. Further, G =
y?g means G, = y?g, and y|g, as above. So y3 |G, which means y? | Gyy.
Therefore y® | FyyGayy. From these, we conclude y? | K and y* [ K.

These imply that the defining function H of the divisor D satisfies y? | H
and y3 JH. Hence, the multiplicity of the divisor 7r1_1(l) in Dy is precisely two.
The discriminant of the quadratic polynomial H/y? is

(K>2 4Hess (F) Hess (G)
y? Y v
The second term is divisible by y as y?|Hess (F). But the first term is not
divisible by y as K is not divisible by 3 as above. Hence (6.22) is not divisible

by y. Thus we can conclude that the line | is not a branch divisor of the
generically finite double covering Dg — S.

(6.22)

6.4 - Appendiz

Next, we discuss a Segre surface S whose symbol is [3(11)]. After making a
simple coordinate change, equations of S are given by

20 X0 Xy + aX? +2X1 X + BX3X, = 2X0Xo + X7 + X3X, =0,

where o # (3. This surface has exactly three singularities, and they are eg, e3
and e4. The point ey is an As-point of S, and both e3 and ey are Aj-points
of S. The two lines eges and €pey are contained in S, and ezes is not. The
involution of CP4 which exchanges X3 and X4 keeps S invariant. It fixes the
point ey, and exchanges e3 and e4. Hence it exchanges the two lines eyes and
€pés. So in the following, we only consider the line

l:= €pe3 = {Xl == X2 == X4 == 0}
The common tangent plane to S at smooth points on this line is given by
(6.23) T ={Xy =X, =0}.

In the sequel, we again work on the affine open subset {Xy # 0} = C* in
CPy, and use x; = X;/ X0, 1 <i <4, as coordinates on the open subset. From
(6.23), we may use (x,y) := (x3, 1) as coordinates on S around any point of
I\{eo,es}. On S, the line [ is defined by y = 0. The affine form of the second
defining equation of S is given by

1
(6.24) v =5 (y2 + x34) -
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Substituting this into the affine form of the first defining equation of S, we
obtain

(6.25) v+ (y+a—B)axy = 0.

Thus the surface S is locally identified with the surface in C? defined by this
cubic equation. If we substitute x4 = 0 to this equation, we obtain > = 0.
This means that if H is the hyperplane defined by X4 = 0, then the section
H|g contains the triple line 3. This is the unique hyperplane given in Lemma
4.7 for the present surface S. We put

F=2x4 and G = —2u9,

and we also write 6 = o — 3 for short. Note that § # 0 since a # 8. Then from
(6.25), the function F is subject to the equation

3
3 : Y
NzF =0 ie. F=-——"—.
Yy +(y+d)z 1.e 2(y +9)
Hence from (6.24), we also obtain
51
6.26 G = .
(6.26) y+o

Thus we were able to obtain the functions F and G in explicit forms. From
this, we obtain
O 2|F, F,
rr = —m7 Yo | Fay, | Fyy
These imply that Hess (F) is divisible by y*. (We just need y3 | F' for obtaining
this.) On the other hand, we obtain from (6.26) that

20°
Gxa: = Gmy =0 and ny = m
Hence Hess (G) = 0. Further we obtain
4633
K — szny + F’nyICE - 2nyny - —W
Using 0 # 0, these mean y® | K and y* JK. Therefore, we obtain

Hess (F) 463 )
H = y°\ A—
! ( y? By + ot

Noting that y*|Hess (F') and & # 0 as above, it follows that the divisor (1)
1s included as a component of D1 with multiplicity precisely three, and the line

[l is not contained in the branch divisor of the generically finite double covering
DS — 5.
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6.5 - Appendiz

Next we discuss the case where the symbol of a Segre surface S is [32]. The
normal forms of defining equations of S are given by

20X X2 + aXi +2X1 X +28X3Xy + X7 = 2X0Xo + X7 +2X3X, = 0.

Singularities of S are the point ey, which is an As-point, and es, which is an
Ajq-point. The line
l::{X1:X2:X4:0}

passes eg and ez and is contained in S. The common tangent plane to S along
points of I\{ep, e3} is given by

(6.27) T ={Xy=X4=0}.

Again we work on the affine open subset {Xy # 0} and use z; = X;/Xj
as coordinates on it. The singular point e is the origin. From (6.27), we may
use (x,y) := (z3,21) as coordinates on S around points on I\{eg, e3}. On S we
have | = {y = 0}. The second equation for S becomes

(6.28) 2m9 = —y? — 2wy

Substituting this into the affine form of the first equation of S, we obtain an
equation

6.29 2 —2x(y+0)as —y° =0,
(6.29) 1

where we again put 6 = a — 8 # 0. The surface S is locally identified with this
surface in C3. If we let 4 = 0 in this equation, we obtain y3 = 0. This shows
that if H is the hyperplane defined by X, = 0, then the section H|g contains
the triple line 3[. This is the unique hyperplane given in Lemma 4.7 in the
present surface. By putting

F=x4, G=-2x9,
the equations (6.29) and (6.28) can be written respectively as
(6.30) F?2 - 2x(y+0)F—y>=0 and G =y*+ 2zF.

These represent the functions F' and G in implicit forms. Around any point on
the line I except the two singularities of S, we may put F = y3f and G = 3°%g
for some holomorphic functions f and g. Then from (6.29) and (6.28) we obtain

(6.31) V2 —2x(y+0)f—1=0 and g=1+2zyf.
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Differentiating the former equation by x, we obtain

(6.32) Y1 fe =20+ 0)(f +af) = 0.

Since § # 0, this means y* | (f + xf;). Then in the same way to (6.11)-(6.13),
by putting f = u(z) + yv(x,y), we obtain

2
(633) f = E + yv, f:zx = é + YVzz-

x x
If ¢ = 0, we would obtain y| f, which means y*| F. This implies {X4 = 0}|s =
41, which contradicts Lemma 4.7. Hence ¢ # 0. Then the latter of (6.33) means
that f,, is not divisible by y.

From F =43 f, we obtain

(6.34) y3|Fm, y2|FJJy and y‘Fyy'
So y*|Hess (F'). Also, in the same way to (6.14), from G = y%g, we obtain

(6.35) Hess (G) = y*{2(9922 — 292) + yh(z,y)}

for some function h(z,y) whose explicit form is not needed. From the second
equation of (6.31), we obtain y | g, and y | gzz. So we have

Y| (9922 — 26°).

Therefore from (6.35) we obtain y®|Hess (G). We have F,, = y3fu, from
F = ¢3f, and Gyy = 29 mod y from G = y%g. Hence Fo.Gyy = 2 frrgy®
mod y*. As y|F,, from (6.34) and Guy = y?gs, which is divisible by y3 as
Y| gzw, We obtain y* | Fy, Gy Also, we have y? | Fyy, from (6.34), and y? | Gy
from Gy = y%gs, Guy = Y(292 +Y9uy) and y | go. Hence y* | FyyGay. From these,
we obtain

K =2fs9y° mod y*.

We have y [f., from the latter of (6.33) and ¢ # 0. If g would be divisible by
y, we have y3 | G, which means that the hyperplane section of S by {X; = 0}
also contains the triple line 3[. This means that for any hyperplane H which
contains the common tangent 2-plane T, the section H|g contains 3/. This
cannot happen from Lemma 4.7. So y [g. It follows from these that y* K.
Therefore, we obtain

v’|H and ¢* JH.

Hence, the divisor 7T1_1(l) 1s included as a component of D1 with multiplicity
precisely three.
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The discriminant of the quadratic polynomial H/y? is equal to

<K>2 _ jHess (F) Hess (G)

6.36
(6.36) y3 y3 y3

Now we have y | as y* | Hess (F'). So the second term is divisible by .

Hess (F)
y3
But the first term is not divisible by y as K is not divisible by 3*. Hence (6.36)
is not divisible by y. Thus we can again conclude that the line [ is not contained

in the branch locus of the generically finite double covering Dg — S.

6.6 - Appendix

Next we consider the case where the symbol of a Segre surface S is [(21)(11)].
After making a simple coordinate change to the normal forms, the defining
equations of S are given by

20X X1 + X7 +aX? + BX3Xy = 2Xo X1 + X3+ X3X, =0,

where o # . Singularities of S are the point eg, which is an As-point, and eg
and ey, which are Aj-points. The two lines eges and epez are contained in S,
and the line ezes is not. The involution on CP4 which exchanges X3 and X4
preserves S and it fixes the As-point ey. The Ai-points es and e4 are exchanged
by this involution. Therefore, the two lines eges and egeyq are exchanged by the
involution. So in the following, we choose the line

l:= €pes = {Xl :XQ :X4:0},

and work around points on I\{eg, e3}. The common tangent plane to S along
these points is given by

(6.37) T={X,=X,=0}

Again we work on the affine open subset {Xy # 0} and use xz; = X;/Xo
as coordinates on it. The singular point eq is the origin. From (6.37), we may
use (z,y) := (z3,x2) as coordinates on S around points on I\{eg, e3}. We then
have [ = {y = 0} on S. The second equation for S becomes

(6.38) 201 = —y? — x4z

Substituting this into an affine form of the first defining equation of S and again
putting 6 := a — 8 # 0, we obtain

(6.39) (y? 4 z4)? — 40224 = 0.



606 NOBUHIRO HONDA and AYATO MINAGAWA [56]

The surface S is locally identified with this surface in C3. If we put x4 = 0
in this equation, one obtains y* = 0. This shows that the hyperplane section
{X4 = 0}|s contains 4. This is the unique hyperplane given in Lemma 4.7 in
the present surface, and we have the coincidence {X4 = 0}|g = 4l. By putting

F= x4, G= —2%1,
the equations (6.39) and (6.38) can be written respectively as
(6.40) 2’F? 4 20(y* —20)F +y* =0 and G =y’ +aF.

By putting F = y*f and substituting it into the first equation of (6.40), we
obtain that the function f is subject to the equation

(6.41) 22y 2 4 22 (y? — 20)f + 1= 0.
From F = yf, it is immediate to obtain
(6.42) Y | Fowy, 93| Fuy and 32| Fyy.
These mean 35| Hess (F'). From the second equation of (6.40), we obtain
(6.43) G =y*(1+zy°f),
and from this, we readily have
(6.44) Y Guer 4’| Gay and y [Gyy.

These mean y* | Hess (G). Also, from (6.42) and (6.44), we readily obtain y* | K.
In order to show y° K, differentiating (6.41) by z, we obtain

y af? + 2% f fo) + (y* = 20)(f + afs) = 0.

As § # 0, this means y* | (f + 2.f,). Writing f = u(x) + yv(z,y) as before, this
implies

2c

for some constant c¢. If ¢ = 0, we obtain y| f, which cannot happen since no
hyperplane section of S can contain 5. Hence from (6.45), we obtain y [ fiz.
So ¥° Nytfex = Fuxo As oy /| Gyy as in (6.44), we conclude Yo /) FraGyy.
This means 3° [ K. Therefore, y* |H and y®> /H hold. Hence, the divisor Dy
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includes the component w, 1(l) with multiplicity precisely four. The discriminant
of the quadratic polynomial H/y* is given by

<K>2 _ jHess (F) Hess (G)

6.46
(640 o B —

Since y® /| K as above, K/y* is not divisible by y. So (K/y*)? is also not
divisible by 3. On the other hand, we have y% | Hess (F') as above. These mean

that the discriminant (6.46) is not divisible by y. Therefore, the line [ is not a
branch divisor of the generically double covering Dg — S.

6.7 - Appendix

Finally in this section, we consider a Segre surface S whose symbol is [2(21)].
The normal forms of the defining equations of S are given by

20 X0 X1 + X7 +28Xo X3 + X3+ BXZ = 2X0X) +2Xo X3+ X7 =0,

where o # (. Singularities of S are the point ey, an Aj-point, and es, an
As-point. The line | := {X; = X3 = X4 = 0} passes these singularities, and it
is contained in S. The common tangent plane along I\{eg, ea} is given by

(6.47) T={X,=X3=0}

This time, we work on the affine open subset {X3 # 0} in CP4 and use
x; = X;/ X2 as coordinates on it. The As-point es is the origin. From (6.47),
we may use (z,y) := (zo,x4) as coordinates on S around points of I\{ep, e2}.
On S, we again have | = {y = 0}. The second equation for S becomes

(6.48) 213 = —(2xx1 + 9.
Substituting this into an affine form of the first equation of S, we obtain
(6.49) 4(1 4 22?4+ 42(20 + y*)x +y* = 0.

If we let £y = 0 in this equation, we obtain y* = 0. This means that the
hyperplane section {X; = 0}|g is exactly 4I. The hyperplane {X; = 0} is the
unique one given in Lemma 4.7. We put

(6.50) F = x1, G = —2.%3,

and define f and g by F = y*f and G = y%g. From (6.49), we obtain that the
function f is subject to the equation

(6.51) 401+ 22y 2+ 4220 + 2 f+ 1 = 0.
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Also, from (6.48), we have
G =vy*(2zy’f +1).
From this, we readily obtain
(6.52) v | Gozy y°|Gay and y JGyy.
On the other hand, in the same way to the last case, from F = y*f, we obtain
(6.53) vt | Frz, > | Fpy and > | Fyy.
From (6.52) and (6.53), we obtain
y® |Hess (F), y*|Hess(G) and ¢*|K.
Also, differentiating (6.51) by x, we obtain
2y {af?+ (1+ %) [ fo} + (26 +2)(f +2f2) = 0.

Since § # 0, this means y*|(f + xf.). The rest is completely the same as
the previous case of [(21)(11)], and we obtain that the divisor Dy includes the
component Wl_l(l) with multiplicity precisely four, and that the line [ is not a
branch divisor of Dg — S.

6.8 - Appendiz

Summing up the results in this section, as promised, we obtain the following
conclusion.

Proposition 6.1. Let S C CP4 be a Segre surface and | a line which
passes two singularities of S. Then [ is not a branch divisor of the generically
finite double covering Dg — S.

Finally, we make a remark about multiplicities of the lines as branch divisor
of the generically finite double covering Dg — S. If a line on a Segre surface
S does not pass any singularity of S, then the multiplicity of the line is one
(Proposition 4.3). If a line passes two singularities of S, it is not a branch
divisor (Proposition 6.1). When a line passes exactly one singularity of S, we
know from Proposition 4.5 that the multiplicity of the line is at least two. The
exact multiplicities of these lines might be determined by making the following
heuristic argument solid.

Take a Segre surface S whose symbol is [1112] for example. S has exactly
one singularity and 12 lines. Precisely 4 of the lines pass the singularity. (See
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Table 1.) By realizing S as a degeneration of smooth Segre surfaces, each of the
4 lines can be obtained by unifying (or gathering) two lines on smooth Segre
surfaces through the degeneration. By continuity, this would mean that the
multiplicities of the 4 lines as branch divisor are precisely two. Similarly, a
Segre surface S with symbol [113] has exactly one singularity and 8 lines. Pre-
cisely 4 of the lines pass the singularity. Again by realizing S as a degeneration
of smooth Segre surfaces, each of the 4 lines can be obtained by unifying (or
gathering) three lines on smooth Segre surfaces through the degeneration. This
would mean that the multiplicities of the 4 lines are precisely three. In Table 1,
to each line which passes at least one singularity, the multiplicity of the line
counted by using degeneration from smooth Segre surfaces in this way is pre-
sented in the y-column. These multiplicities would be equal to the multiplicities
as branch divisors of the covering Dg — S.
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