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Hodge theory on almost-Hermitian manifolds

Abstract. This survey summarizes the results presented in a talk at
the conference “Cohomology of Complex Manifolds and Special Struc-
tures, II” held in Levico Terme in July 2021. An important tool in the
study of complex manifolds is provided by cohomology groups and the
associated spaces of harmonic forms. However, when the integrability of
the complex structure is not assumed it seems that cohomological theory
and Hodge theory take two different directions. Here we will deal with
the natural spaces of harmonic forms that arise in almost-Hermitian ge-
ometry and we will discuss their dependence on the metric. Most of the
results are contained in [17] and in [18].
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1 - Introduction

Let (X, J) be a complex manifold, then the space of complex valued differ-
ential forms A®(X,C) can be decomposed as the direct sum of the spaces of
bi-graded forms A®*®(X). Similarly, the exterior derivative d splits as the sum
of its (1,0) component 9 and its (0, 1)-component d. More precisely,  and 0
are still differential operators and satisfy

?=0, 9 =0, 90 + 00 = 0.
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Hence, (A**(X),d,0) has the structure of a double complex. It is therefore
natural to consider the following cohomology groups that represent holomorphic
invariant for (X, .J): the Dolbeault cohomology and its conjugate

Ker o Ker o
H:’. X e H.’. X =
d (X) Imo ’ 0" (X) Imo ’
and the Bott-Chern and Aeppli cohomologies
oo Ker 9 NKer 0 oo Ker 00
H ) X :: - = ) H ’ X :: - = .
5c(X) Im 00 A Imd +Imd

If X is assumed to be compact these cohomology groups are finite dimensional,
and the easiest way to prove it is to use Hodge theory. Indeed, once fixed an
Hermitian metric on (X, J), these spaces are isomorphic to the kernel of some
suitable elliptic differential operators. More precisely,

Hg'(X) ~KerAy, H*(X)~KerAy,

Hp2(X) ~KerApe, HY'(X)~KerAy,

where

Ay:=00 +90, Ny:=00"+0"0,

Apc = (89)(9D)* + (90)*(80) + (970)(9"0)* + (8°9)* (0 9) + 8 0+,

Ay = 00" + 99" + (90)"(90) + (99)(99)" + (80")* (90" + (90")(90")" .

In particular, the dimensions of the kernels of these operators do not depend on
the metric thanks to the isomorphisms with the respective cohomologies. Such
dimensions are also very useful in the study of complex non-Kéahler manifolds
since they provide informations on the validity of the 90-lemma (see [3], [2], [4]).

However, if we drop the integrability assumption on J, namely J is just an
almost-complex structure, than the study of cohomology groups and the study
of harmonic forms take two different roads.

This is essentially due to the fact that in the decomposition of the exterior
derivative d there are two additional terms p and i of degree respectively (2, —1)
and (—1,2). Hence, R # 0 and 00+00 # 0 and so the usual cohomology groups
are not well defined. For this reason, in [7] and [6] natural generalizations of
the Dolbeault, Bott-Chern and Aeppli cohomology groups have been introduced
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and studied. Such definitions just depend on the almost-complex structure and
clearly take into account the presence of y and f. However, as shown in [6],
these cohomologies behave very differently from the integrable case because
they might be infinite dimensional; hence the divergence from Hodge theory
appear. Indeed, if we fix an Hermitian metric on a compact almost-complex
manifold (X, .J), the Laplacian operators Az, Ay, Apc, A4 and more (see [17])
are well defined and elliptic. In particular, one can study several symmetries for
their kernels and these kernels are finite dimensional vector spaces. Since these
spaces do not have a cohomological counterpart it is natural to ask whether,
differently from the integrable case, their dimensions depend on the choice of the
Hermitian metric (cf. Kodaira and Spencer’s question in [12]). Holt and Zhang
showed in [14] that on 4-dimensional almost-complex manifolds the dimension
of Ker Az for (0, 1)-forms varies with the choice of the Hermitian metric and for
(1,1)-forms with respect to almost-Kéahler metrics it is always b_ + 1, namely
it depend just on the topology of X. Later, in [18] studying on 4-dimensional
almost-complex manifolds the dependence on the conformal class of Hermitian
metrics of the dimension of Ker Az on (1,1)-forms, we showed that with respect
to a special class of metrics called (strictly) locally conformally Kdhler, one
obtains b_. Namely, also the dimension of Ker Az on (1,1)-forms depends on
the metric. We point out that we construct an explicit almost-complex manifold
admitting both almost-Kéhler and (strictly) locally conformally Kéhler metrics;
these two kind of metrics cannot coexist on integrable complex manifolds as
shown by [20].

The aim of this survey is to collect some of the results and the ideas behind
the study of the spaces of harmonic forms and their dimensions on compact
almost-Hermitian manifolds.

2 - Differential operators on almost-Hermitian manifolds

In this section we will focus on the definitions of several natural differential
operators on almost-Hermitian manifolds as well as on their kernels and the
induced symmetries. Most of the results are contained in [17]. Let X be a
2n-dimensional smooth manifold endowed with an almost complex structure .J,
namely .J is a (1,1)-tensor such that J? = —Id. Then the space of complex
valued differential forms on X, denoted with A®(X, C), has a natural bi-grading
induced by J,

A(X,C)= P Ar(X).

ptg=e
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According to this decomposition, the exterior derivative d splits into four com-
ponents

d: API(X) > APF2T(X) @ APELI(X) & APTH(X) @ APTLIR(X)

d=p+0+0+i,

where 1 and i are differential operators that are linear over functions.
For instance, in the following picture we can see in the 6-dimensional case how
such operators behave on (1, 1)-forms.

TN

Q)

Using now that d? = 0, we have the following relations

rlug

1o + O

0% 4+ pd + o

00 + 00 + pp + jip =

9+ fd + of -

1o + Ofi =
W

OO O OO OO

It is natural to consider then the following operators (cf. [9])
0:=0+n, S:=0+u

with § : AT(X) = A*(X) and 0 : AT(X) — AT(X), where A*(X) are defined
accordingly to the parity of ¢ in the J-induced bigrading on A*(X,C). In
particular, the following relations hold

e d=0+9,
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« 2450,
e 2=02-7,
e 50+ 65 =0.

We recall that J is integrable, namely (X, J) is a genuine complex manifold
if and only if 4 = & = 0. In particular, in such a case we recover the usual
relations

=0, =0, 89+099=0.
Moreover, on complex manifolds
§=0, §=0

and so one cannot appreciate, for instance, the distinctions between the as-
sociated spaces of harmonic forms. In the following we will not assume the
integrability of J in general.

If D=d,0,6,0,p, i we set D¢ :=J 1DJ, then 6= —id and 6 = i and
d°=i(6 —8)=i(0+pu—0—p).

Notice that in general if J is not integrable d and d¢ do not anticommute, indeed
we have B .,

dd® + d°d = 2i(6* — §%) = 4i(0” — 9%).
Therefore, an almost-complex structure J is integrable if and only if d¢ =
i(0 — 0) if and only if d and d° anticommute.

In the following we are going to recall the definitions of several natural
operators on almost-Hermitian manifolds and discuss the relations among them
together with several natural symmetries.

Let g be an Hermitian metric on (X, .J), namely ¢ is a Riemannian metric
such that ¢g(J-,J-) = g(-,-). We will identify g with its associated fundamental
(1,1)-form w = g(J-,-). We denote with * the associated C-linear Hodge-*-
operator, namely  : AP9(X) — A"~ %2""P(X) is such that, for every o, €
Ap7q (X)7

— wn
aNxp=g(a, ) T
If D =4d,0,0,u,jd,0 we set D* := — % Dx and it turns out that D* is the
adjoint of D with respect to the L?-pairing induced on forms (cf. [9], [7], [17]).
As usual one can consider the following differential operator

Ap:=DD*+D*D.



424 NICOLETTA TARDINI [6]

Proposition 2.1 (cf. [12],[17]). Let (X, J, g) be a compact almost-Hermi-
tian manifold. Then, the operators Az, Ay, Ags, As are elliptic, and so the
associated spaces of harmonic forms

H%’.(X) = Ker Ay, HY*(X):=Ker Ay

H5(X) = Ker(A5 ), HI®(X) = Ker(A;,..)

H3(X) := Ker(Agja0), H3*(X) := Ker(Agjge.0)
are finite dimensional.

On the other side notice that in case of Ay, A, the spaces

He

F0(X):=KerAp and Hp*(X):=KerA,

are infinite-dimensional in general, since i and p are linear over functions.
Similarly, one can also consider the Bott-Chern and Aeppli Laplacians (cf.
[17], [16])

Apc = (00)(99)* + (09)*(99) + (8°9)(8*9)* + (0*0)*(9*) + 8*d + %0,
Aj = 00"+ 00" + (99)*(00) + (99)(00)* + (90*)*(0") + (90")(90")",
Apcs) = (00)(86)" + (36)7(69) + (6%6)(678)" + (676)*(676) + 670 + 874,
Ay = 08" 468" 4 (66)*(00) + (56)(56)* + (80™)*(80™) + (36%)(56%)* .

Notice that, since 99 + 00 # 0 a different choice of Agpc and A4 could have
been done.

Proposition 2.2 (cf. [16], [17]). Let (X, J,g) be a compact almost-Her-
mitian manifold. Then, the operators Apc, Aa, Ape(ss), Dass) are elliptic
differential operators of the fourth order, and so the associated spaces of har-
monic forms

Hype(X) :=Ker (Ape), HY(X):=Ker(Aa)

L)

éc(a,g)(X) = Ker(ABC(é,S)\A')’ /HBC(&(;) (X) = Ker(ABC(5,S)|A°»')

H:4(5,5) (X) = Ker(AA(é,S)\A')’ H;{(.&S) (X) = Ker(AA(é,SﬂA'v')

are finite dimensional.
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2.1 - Hodge decompositions

As a consequence of the definitions and standard considerations using the
L?-product on forms we have the following decompositions on a compact almost-
Hermitian manifold (X, J, g).

e Concerning the operators Az and Ay
: _ /P4 5 AP.a—1 5% Ap,q+1
qu(X)—”Hé (X) @ 0API™H(X) @ 9*APITH (X))

and
APYX) = Hg’q(X) b 8Ap’1’q(X) @ 8*Ap+1’q(X).

Moreover, a (p, g)-form a € HZ?(X) if and only if da = 0 and 9 * a = 0.
Similarly, a (p, ¢)-form a € H5(X) if and only if o =0 and 9 * v = 0.

e Concerning the operators Az and A;
AR(X) = HE(X) @ 6 AP H(X) @ 5" AFTH(X)

and
AR(X) = HE(X) @ 0 AF1(X) @ 6* AFFL(X).

Moreover, for types reason, a (p, q)-form a € H2Y(X) if and only if a €
H%q N Hy? Similarly, a (p,q)-form o € HYY(X) if and only if a €
HEIN H%q. Namely,

Hg’q(X) = ’H%’q NHP?  and HYUX) =HYIN ’H%q.
e Concerning the operator Apc
APUX) = HEL(X) ® 00AP~ 171 X) @ (9" APATH(X) + 9% APTHI(X)) .

Moreover, a (p, q)-form a € H3L(X) if and only if

oo = 0
da =0
Dxa = 0

e Concerning the operator A4
API(X) = HRI(X) @ (9AP~19(X) + DAPT (X)) @ (99) " APTHaHL(X).
Moreover, a (p, g)-form a € H%9(X) if and only if

Oxa = 0
dxa = 0
0o = 0
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e Concerning the operator Ape s 5

AF(X) = g (X) & (35452(X) @ (5 4R (X) + 6 4M1(X) ) )

Moreover, a (p, q)-form a € ”Hg‘é(w) (X) if and only if
(D =
da
e
no
(00 + fip)(xa) =
Op(*a)
A0 (xar) =

I
coocoococoo

e Concerning the operator A A(5,3)

AF(X) = M 55 (X) & (5457100 + 5481 ()) @ (30) AFF2(X))

Moreover, a (p, q)-form a € 7—[2’?5’5) (X) if and only if

( 0*«
9 a =
JOe =
e =
(90 + fip)er =
oua =
/1504 =

O OO O oo o

2.2 - Conjugation

We now observe that conjugation provide several symmetries for the spaces
of harmonic forms. In fact, by the very definitions one obtains

Do=2N0z,  Ds=A75,  Dpoes =Bpoes,  Daws) =Dass -

Hence for the spaces of harmonic forms

M5 (X) = Hy " (X)), 5(X) = H5(X),

Mo ) = Mpoesn (0 Hias(X) = Moy ((X).
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In particular, for any p, ¢

My (X) = H5"(X) s Hits.5(X) = Hpos (XD HiG5(X) = HiG 5/(X) -

Therefore, we have the following dimensional equalities for every k,

hs(X) = h§(X),  h5(X) = h(X)

and for every p, q,

hy*(X) = hP(X) h%é(d,&)(X )= h(g%(é,g) (X hi?&,é) (X) = hiifaj) (X)-

Where we denoted with h the dimension of the corresponding space of Harmonic
forms H.

2.3 - Hodge duality

Let (X, J,g) be a compact almost-Hermitian manifold of real dimension 2n,
then the C-linear Hodge-x-operator induces duality isomorphisms. For every

b, q
w i HEUX) 5 HYTOI(X), o HEU(X) - HETTP(X)

and for every k one has
st HE(X) = HFHX),  w HE(X) — H2VH(X).
In particular, for every p, ¢

wHDUX) = HETOP(X), s HEPU(X) - HETTTP(X)

In particular, we have the usual symmetries for the Hodge diamonds, namely
for every p, q and for every k,

WEI(X) = hyIR(X), BI(X) = bR (X))

h(X) = B3R (X)), BE(X) = 3" E(X)
hg’q(X) =hy (X)), WPYX) = hg_q’"_p(X) .
Notice that one can combine this symmetries, as usual, with conjugation and

obtain

BET(X) = By 9P(X) = AL PTO(X)

and so on.
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Similarly, for every p, q
* H%"(IJ(X) — ’Hzfq’"fp(X) .
And for every k,p, q

#: Hpoas(X) = HAGR(X),  x M

4033) (X) = M, 5P (X))

(8,8) (6,8)

Therefore we have the usual symmetries for the Hodge diamonds, namely for

every p,q, k
g () = 0 (X)

5)(X) =B (X)) hpL 5 (X) = Wy 0P (X).

% K _ !
A(8,5) BC(5,8) A(8,5)

BC(
Again, combining this with conjugation, one obtains for instance
PL(X) = WP (X) = W)

and so on.

2.4 - Relations among the Laplacians

Let (X, J, g) be a compact almost-Hermitian manifold. As already observed
if J is non-integrable we are able to appreciate the difference between the
operators 0 and 6. In particular, the associated Laplacians will differ; more
precisely it holds

A5 =Dg+ Dy + [0, 1] + [1,0]

and
A6 - Aa + Aﬂ + [87/7‘*] + [lav a*] .

In particular,
/H%(X) NH, (X) CHF(X)

even though on bi-graded forms we have the equality.

If we further assume that the almost-Hermitian metric is almost-Kéhler then
we have additional relations. Let (X,.J, g,w) be an almost-Kédhler manifold,
namely the fundamental form is symplectic, that is

dw=0.
Then, as proved in [8] using the almost-Ké&hler identities, one has

Ag—FAH:Aa—l—Aﬁ,
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Ay =2 (Ag 4 Ay + (1,07 + 1,07 + [0,0] + [0, a*]) .

Similarly, in [17], using the almost-K&hler identities, it was proved that Az and
As are related by

and B B
Ad = AS =+ A(; + [(5, 5*] + [(5, (5*] .

In particular, their spaces of harmonic forms coincide, i.e. H§(X) = H3(X).
In fact, one can use this result to characterize Kéhler manifolds among the
almost-Kahler ones.

Theorem 2.3. Let (X, J,g,w) be a compact almost-Kdhler manifold, then
Ag=2As <= (X,J,g,w) is Kdhler.
As a consequence one has in general that
HF(X) € Har(X),

namely every d-harmonic form is harmonic. In particular, this gives a topolog-
ical upper bound
BY(X) < ba(X),

where be(X) denotes the Betti numbers of X. In [17] it is shown that the
inequality h$(X) < be(X) does not hold for an arbitrary compact almost-
Hermitian manifold.

Similarly, the Bott-Chern Laplacian Ape 5 is related to Aj as follows

Theorem 2.4. Let (X, J, g,w) be an almost-Kdhler manifold, then Apcss)
Ajs are related by o
Apois = A3 +0°0+ 60+ F;

where
Fy :=[[6,67),8%3] — 8[6,8°16" — 67[6,57]3.

In particular, the spaces of harmonic forms, as expected, coincide.

Proposition 2.5. Let (X, J,g,w) be a compact almost-Kahler manifold,
then

7'[790(5,5) (X) =H5(X) = ,.4(5,5) (X).

Hipe5.)(X) = H3(X).
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We point out that a similar result does not hold for H3¢,(X) and 'H%"(X )
indeed in [16, Corollary 5.2] it is proved with an explicit example the following

Proposition 2.6 ([16]). There exists an almost Kdhler 4-manifold such
that for some bi-degree

Hye(X) £ 13 (X).

We conclude this sections recalling that on almost-Kéahler manifolds the
powers of the symplectic form induce symmetries for the space of Bott-Chern
harmonic forms. Namely, an Hard-Lefschetz type theorem holds.

Theorem 2.7. Let (X, J, g,w) be a compact almost-Kdhler 2n-dimensional
manifold, then, for any k, the maps

k . n—k n+k

are isomorphisms.

3 - Harmonic forms on 4-dimensional almost-Hermitian manifolds

In this section we are going to describe the dependence of the dimensions of
the spaces of harmonic forms considered above in the particular case of 4 dimen-
sions. Let (X,J) be an almost-complex manifold and ¢ an Hermitian metric
on it. Then, differently from complex manifolds, the spaces of harmonic forms
previously considered do not have a cohomological counterpart. In particular,
the dimensions of such spaces might depend on the choice of the metric. This
motivated the following question, raised by Kodaira and Spencer and inserted
in a list of open problems by Hirzebruch in [12, Problem 20],

Question. Let (X,J) be an almost-complex manifold. Choose an Hermi-
tian metric on (X, J) and consider the numbers h2?. Is h2 independent of the
choice of the Hermitian metric?

Clearly, the answer to this question is yes in special bi-degrees (p,0) and,
by duality, (n,p). However, the general problem remained opened until 2020,
when Holt and Zhang in [14] answered negatively to this question, showing
that there exist almost-complex structures on the Kodaira-Thurston manifold
such that the Hodge number h%’l varies with different choices of Hermitian

metrics. Later, in [15] they showed that h%’l varies also with different choices
of almost-K&ahler metrics.

Furthermore, in [14, Proposition 6.1] the authors showed that for a compact
4-dimensional almost-Kéahler manifold h%’l is independent of the metric, and
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more precisely hg’l = b_ + 1, where b_ denotes the dimension of the space of
the anti-self-dual harmonic 2-forms.

More precisely, in dimension 4 the hodge diamond for d-harmonic forms is
the following

2,2
I
2.1 1,2
2,0 g 1,1 g h0,2
g 1,0 g 0,1 g
h= h=
0 0
2!
0
where
2,2 ;1,2 ;20 ;02 ;1,0 ;0,0 -
° h5 , h5 , h5 , h5 , h5 , h5 are metric independent
° h%l = h%’l depends on the metric and it is essentially unknown

° h%’l deserves particular attention.

In [18] we studied the behavior of h%’l on compact almost-Hermitian man-
ifolds. More precisely, we proved the following

Main Theorem. Let (X*, .J) be a compact almost-complex manifold of
dimension 4 and let w be an Hermitian metric, then if w is globally conformally
Kahler (in particular if it is almost-Kdhler), it holds

L1
h5 =b_+1.
If w is (strictly) locally conformally Kdihler,
L1 _
hs™ = b_.

Where, by (strictly) locally conformally Kdhler metric, we mean an Hermi-
tian metric w, such that
dw=0Nw

with 6 a d-closed, non d-exact, differential 1-form. The form 6 is also called
the Lee form of w. The metric w is called globally conformally Kdhler if the
Lee form 0 is d-exact. Indeed, if 6 = df, for some smooth function f, then the
conformal metric e~ fw is almost-Kihler.

By the Main Theorem it follows that for locally conformally Kéhler and
globally conformally Kéahler metrics on compact 4-dimensional almost-complex
manifolds, h%’l is a topological invariant. Notice that this was already known
in the integrable case, by [11, Proposition I1.6]. In fact, on compact complex
surfaces
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° h%’l = b_ + 1 if and only if there exists a Kéhler metric
° h%’l = b_ if and only if there exist no Kahler metrics.

In particular, recall that in the integrable case hL! does not depend on the

metric but just on the complex structure. However, in the non integrable case

in [18] we constructed explicitly on the Kodaira-Thurston manifold X a family

of almost-complex structures J,, with a € R\ {0}, a®> < 1, on X that admit both

almost-Kéahler and (strictly) locally conformally Kahler metrics. Notice that in

view of [20] a similar example cannot be constructed on complex manifolds.
More precisely, let

1 r1 I3
Hg(R) = 0 1 =xo | r1,xo,x3 €R
0O 0 1

be the 3-dimensional Heisenberg group and let I' be the subgroup of Hs(R) of
the matrices with integral entries. Then,

H3(R)
r
is a compact 4-dimensional nilmanifold admitting both complex and symplectic

structures but no Kahler structures. Denoting with x4 the coordinate on S', a
global coframe on X is given by

X = x St

el = duy , e = dxs , ed = drs — r1dxs et = dxy ,
and so the structure equations become
de! =de? =de* =0, de® =—e' neéP.

Now we construct the following family of almost-complex structures J, on X,
with a € R, setting as coframe of (1,0)-forms

o= (el 4 aet) +ied, @2 :=e® et

For every a € R, we fix the following Hermitian metric
i - -
We = §(¢;A@;+¢ZA¢3).

and it is direct to show that for a # 0, w, is a strictly locally conformally Kéhler
metric. Notice that, for a® < 1, J, admits a compatible almost-Kéahler metric
given by

~ ax12 2 xo1

Wq = Wq + §<I>a - §<I>a .
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Therefore, we found a family (X, J,) of compact almost-complex 4-dimensional
manifolds which admit an almost-Kéhler metric @, and a non almost-Kéahler
Hermitian metric w, such that

hel =b #b_ +1.

Hence, this example answers affirmatively to [14, Question 6.2] in the case
of the Kodaira-Thurston manifold endowed with the 1-parameter family of
almost-complex structures .J,.

Moreover, this answers to Kodaira and Spencer’s question, showing that
also the Hodge number h%’l depends on the Hermitian metric and not just on
the almost-complex structure.

As a consequence, since in dimension 4 for type reason 7—[%’1 = 7—%’1 ﬁ?—[};l =

7—%’1 we get the following

Corollary 3.1. Let (X*,J) be a compact almost-complex manifold of di-
mension 4, then h%’l depends on the choice of the Hermitian metric.

In the following we are going to summarize the steps in the proof of the
Main Theorem.

Step 1. Let (X?",J) be a compact 2n-dimensional almost-complex mani-
fold. For p+ q =n, h%’q is a conformal invariant of Hermitian metrics.
Suppose to have two conformal Hermitian metrics © = ® w, with ® smooth
positive function on X. Then, on (p, ¢)-forms the associated Hodge-*-operators
are related by,
Xy = onra X -

In particular, if p + ¢ = n we have that such operators coincide
X = ¥y

Pa P

and so the harmonic forms are the same H = .
0,Pw o,w

Step 2. On a compact 4-dimensional almost-complex manifold, h%’l is a
conformal invariant of Hermitian metrics.

This follows immediately from the previous step, taking n = 2 and (p, q) =
(1,1).

These first two steps show that we can always choose a suitable repre-
sentative in the conformal class of an Hermitian metric in order to compute
h%’l. Hence we recall that a Gauduchon metric is an Hermitian metric w on

a 2n-dimensional almost-complex manifold (X,.J) such that ddw"~! = 0 or
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equivalently the Lee form is co-closed. These metrics are a very useful tool in
conformal and almost-Hermitian geometry, in view of the celebrated result by
Gauduchon, [10, Théoréme 1], which states that if (X, .J) is a 2n-dimensional
compact almost-complex manifold with n > 1, then there exists a unique (up
to multiplication with positive constants) Gauduchon metric in every confor-
mal class. In view of this, it is natural to study d-harmonic (1, 1)-forms with
respect to Gauduchon metrics. This motivates the following step.

Step 3. Let (X*,J) be a compact 4-dimensional almost-complex manifold
and let w be a Gauduchon metric, then ¢ € }%,1 can be written as

1 = const - w + with x v = —7.

This follows from the fact that a (1, 1)-form ¢ € AY}(X) can be decomposed
as

Y= fwty

with f smooth function and v anti-self dual (1, 1)-form, namely xy = —7.
Now, imposing that 1 is d-harmonic, namely

Op=0 and O0*xvY =0

one directly obtains that
dd®(fw) = 0.

Now, since w is a Gauduchon metric this implies that f is constant (cf. [11], [1]).

Step 4. Let (X*,.J) be a 4-dimensional compact almost-complex manifold.

e if there exists a (strictly) locally conformally Kahler metric then, with
respect to it, hg’l =b_,

e if there exists a globally conformally Kahler metric then, with respect to
it, hgl =b_+1.

Suppose to have a (strictly) locally conformally Kéhler metric then by [11]
there exists a Gauduchon metric w in the same conformal class. Now, since hg’l
is a conformal invariant, we can compute it using such representative w that is
now both a Gauduchon and a (strictly) locally conformally Kéhler metric. This
follows from the fact that the Hermitian metrics conformal to a (strictly) locally
conformally Ké&hler are still (strictly) locally conformally K&hler. Indeed, if
@ = dw, with & € C*(X,R), & > 0, are two conformal Hermitian metrics,
then the associated Lee forms are related by

0 :Gw—l—dlogq),
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in particular, df; = dé,,.
Now, let ¢ € 7—%’1 then
Pp=c-w+y with vy = —~,
and ¢ constant. Then, one can show that
¢ 0, €Imd",

and this implies ¢ = 0. Otherwise, one would have that 6, € Imd* N Kerd
namely 6, = 0 but this is absurd since dw # 0.

On the other side, suppose now to have a globally conformally Kéhler metric
then this means that there exists an almost-Kahler metric in the same conformal
class. Since h%’l is a conformal invariant, it can be computed using such almost-

Kéhler metric and by [14], h%’l = b_ + 1, and this concludes the proof.

Finally, Holt in [13, Theorem 3.1] closed the picture showing that b_ and
b_ + 1 are the only two options for h%’l. More precisely,

Theorem 3.2 ([13]). Let (X* J,w) be a compact almost-Hermitian
4-dimensional manifold, then h%’l is either b— or b_ + 1.

With similar techniques Piovani and Tomassini proved in [16, Theorem 4.3]
that the same holds for Bott-Chern harmonic forms.

Theorem 3.3 ([16]). Let (X*, J,w) be a compact almost-Hermitian
4-dimensional manifold, then h}élc 15 either b— or b_ + 1.
This result was further improved in [13, Theorem 4.2] where Holt proves

the following

Theorem 3.4 ([13]). Let (X*, J,w) be a compact almost-Hermitian
4-dimensional manifold, then h}élc =b_+1.

In particular, h}s’lc does not depend on the metric but just on the topology
on compact almost-Hermitian 4-dimensional manifolds.

Remark 3.5. We remark that, as soon as we consider almost-Hermitian
manifolds of dimension 6 or higher, not much is known about the Hodge num-
bers. In [19] some explicit computations are performed on families of almost-
Kaéahler and almost-Hermitian 6-dimensional solvmanifolds. In particular, we
show that in dimension 6 the Hodge numbers can vary when the almost-complex
structures are almost-Kéahler and vary continuously.
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Moreover, in [5] we show that on a compact 2n-dimensional almost-Kéhler
manifold (X, J, g,w) one can provide natural decompositions for the spaces ’Hg’l

and, dually ’Hﬁ_l’"_l, that generalize the one in dimension 4 that was used in
the proof of the Main Theorem, namely

11 o~ 1,1 1,1
HE =C w@(?% np )

where Pb! denotes the space of primitive (1,1)-forms, namely o € PL! if and
only if w" ' Aa =0.
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