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TATSUO SUWA

Relative Dolbeault cohomology

In memory of Pierre Dolbeault

Abstract. This is a partially expository paper, in which the notion of
relative Dolbeault cohomology and related topics are reviewed and dis-
cussed together with various examples and applications. We deal with
this cohomology theory from two viewpoints. One is the Cech theoret-
ical approach, which is convenient to define such operations as the cup
product and integration and leads to the study of local duality. Along
the way we also establish some notable canonical isomorphisms among
various cohomologies. The other is to regard it as the cohomology of a
certain complex, which is interpreted as a notion dual to the mapping
cone in the theory of derived categories. This approach shows that the
cohomology goes well with derived functors. In any case the relative
Dolbeault cohomology turns out to be canonically isomorphic with the
local (relative) cohomology of A. Grothendieck and M. Sato with coeffi-
cients in the sheaf of holomorphic forms so that it provides a handy way
of representing the latter. We also give some examples and indicate ap-
plications, including simple explicit expressions of Sato hyperfunctions,
fundamental operations on them and related local duality theorems.
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1 - Introduction

In [29] we discussed the cohomology theory of sheaf complexes for open
embeddings of topological spaces and gave some general ways of representing
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the relative cohomology of a sheaf in terms of a soft or fine resolution of the
sheaf. In this paper we apply the theory to the case of Dolbeault complex.
This naturally leads to the notion of the relative Dolbeault cohomology of a
complex manifold. As is explained in [29], there are two ways to approach
this cohomology. One is to define it as a special case of Cech-Dolbeault co-
homology. This viewpoint goes well with such operations as the cup product
and the integration, which enable us to deal with the local duality problem.
The integration theory here is a descendent of the one on the Cech-de Rham
cohomology, which is defined using honeycomb systems. The other is to see it
as the cohomology of a certain complex called co-mapping cone, a notion dual
to the mapping cone in the theory of derived categories. From this viewpoint
we see that the cohomology goes well with derived functors. It is readily gen-
eralized to the cohomology of holomorphic maps between complex manifolds.
In any case we have the relative Dolbeault theorem which says that the rela-
tive Dolbeault cohomology is canonically isomorphic with the local (relative)
cohomology of A. Grothendieck and M. Sato (cf. [9], [23]) with coefficients in
the sheaf of holomorphic forms (cf. Theorems 2.3 and 4.8). We also present
some canonical isomorphisms that appear along the way (Theorem 3.6) and
give some examples and applications.

The paper is organized as follows. In Section 2, we introduce the Dolbeault
cohomology for open embeddings of complex manifolds and state the afore-
mentioned relative Dolbeault theorem. We also give generalizations of them
to the case of holomorphic maps. We recall, in Section 3, the Cech-Dolbeault
cohomology and some related canonical isomorphisms. In Section 4 we review
the relative Dolbeault cohomology from the Cech theoretical viewpoint and
indicate an alternative proof of the relative Dolbeault theorem.

There are certain cases where there is a significant relation between the
de Rham and Dolbeault cohomologies, which are taken up in Section 5. In Sec-
tion 6, we discuss the cup product and the integration. As mentioned above, the
integration theory is a descendant of the one on the Cech-de Rham cohomol-
ogy, which we briefly recall. In Section 7, we discuss global and local dualities.
In the global case where the manifold is compact, we have the Kodaira-Serre
duality. In the local case we have the duality morphism, which we call the 0-
Alexander morphism. We prove an exact sequence and a commutative diagram
giving relation between global and local dualities (Theorems 7.2 and 7.4). We
then recall the theory of Fréchet-Schwartz and dual Fréchet-Schwartz spaces
and state a theorem where we have the local duality (Theorem 7.7).

Finally we give, in Section 8, some examples and applications. The corre-
spondence of the Bochner-Martinelli form and the higher dimensional Cauchy
form in the isomorphism of Dolbeault and Cech cohomologies is rather well-
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known (cf. [8], [11]). Here we give the canonical correspondence of them to-
gether with integrations in our context (Theorems 8.1 and 8.3). We also present
the local duality theorem of A. Martineau in our framework (Theorem 8.4) and,
as a special case, describe the local residue pairing. These are closely related to
the Sato hyperfunction theory. In fact, it is one of the major topics to which the
relative Dolbeault theory can be applied. This application to hyperfunctions
is discussed in detail in [14]. Here we take up some of the essence. As an-
other important applications, there is the localization theory of Atiyah classes,
including the theory of analytic Thom classes (cf. [1], [2], [28]).

2 - Dolbeault cohomology of open embeddings

In this section we recall the contents of [29, Section 2| specializing them to
our setting.

In the sequel, by a sheaf we mean a sheaf with at least the structure of
Abelian groups. For a sheaf . on a topological space X and an open set V'
in X, we denote by .#(V') the group of sections of . on V. Also for an open
subset V' of V', we denote by . (V, V') the sections on V that vanish on V.

2.1 - Cohomology via flabby resolutions

As reference cohomology theory, we adopt the one via flabby resolutions.
Recall that a sheaf .# is flabby if the restriction .# (X) — . (V) is surjective for
every open set V in X. Recall also that every sheaf admits a flabby resolution.
Let .¥ be a sheaf on X and

0— 7 —g0 L. 4gad, .

a flabby resolution of .. For an open set X’ in X, the ¢-th cohomology
HY(X,X';.%) of (X,X') with coefficients in . is the ¢-th cohomology of the
complex (.Z*(X, X"),d). Note that it is determined uniquely modulo canonical
isomorphisms, independently of the flabby resolution. We denote H%(X, ();.%)
by HY(X;.). We have H*(X, X';.#) = #(X, X’). Setting S = X~ X/, it
will also be denoted by H&(X;.#). This cohomology in the first expression
is referred to as the relative cohomology of . on (X, X’) and in the second
expression the local cohomology of . on X with support in S (cf. [9], [23]).
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2.2 - Dolbeault cohomology

Let X be a complex manifold of dimension n. We always assume that
it has a countable basis so that it is paracompact and has only countably
many connected components. Without loss of generality, we may assume that

the coverings we consider are locally finite. We denote by @@)((p 9 and ﬁg?),
respectively, the sheaves of C* (p, g)-forms and of holomorphic p-forms on X.

We denote ﬁg?) simply by Ox. We also omit the suffix X on the sheaf notation
if there is no fear of confusion. By the Dolbeault-Grothendieck lemma, the
complex &P*) gives a fine resolution of &®) :

0— 6@ __y £00) 9, op1) 9, 9, sbm)

The Dolbeault cohomology Hg’q(X) of X of type (p, q) is the ¢g-th cohomology

of the complex (£®*)(X),d). The “de Rham type theorem” in [29, Section 2]
reads (cf. Remark 3.9 below) :

Theorem 2.1 (Canonical Dolbeault theorem). There is a canonical iso-
morphism:

HY(X) ~ HY(X; 6W)).

2.3 - Dolbeault cohomology of open embeddings

We recall the contents of [29, Subsection 2.3] in our situation. Let X be
a complex manifold of dimension n as above. For an open set X’ in X with
inclusion i : X’ < X, we define a complex &) (i) as follows. We set

PO () = P (X) @ &P (X)
and define the differential
d: PG = £PD(X)psPa)(X) — £Pat () = £PatD (X)) PO (X

by
O(w,0) = (0w, i*w — 90),
where i* : P9 (X) — £P9(X') denotes the pull-back of differential forms by

i, the restriction to X’ in this case. Obviously we have 0 0 d = 0.

Definition 2.2. The Dolbeault cohomology Hg’q(i) of i : X' — X is the
cohomology of (&®*)(3), ).
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Denoting by &®*)[—1] the complex with &®?[-1] = &P~ and the
differential —0, we define morphisms a* : &P*)(i) — &£P*)(X) and g* :
EPO[-1](X') — &P2)(i) by
o EPD () = £PD(X) @ &PV (X)) — £PD(X), (w,0) — w, and
g £PD[1)(X') = &PV (X) — £PD () = £PD(X) g £PaD(X),
0 — (0,0).
Then we have the exact sequence of complexes
(2.1) 0 — #PI[—1)(x") L5 £00 ) 2 o) (X)) — 0,
which gives rise to the exact sequence
(2.2) - — H2OUX) S 52 25 gRe(x) L HRY(XY) — -

The “Relative de Rham type theorem” in [29, Subsection 2.3] reads in our
case:

Theorem 2.3 (Relative Dolbeault theorem). There is a canonical isomor-

phism:
HP(i) ~ HI(X, X'; 67)).

Remark 2.4. 1. The above cohomology Hg’q(i) has already appeared in
a number of literatures, e.g., [15] and [16]. For the de Rham complex it is
introduced in [3] in a little more general setting (cf. Remark 2.6. 1 below).
2. The complex &®*)(7) is nothing but the “co-mapping cone” M*(i*) of the
morphism i* : &P (X) — &P*)(X) (cf. [29, Section 5]). It is also identical
with the complex &#*) (V* V') considered in Section 4 below and the cohomol-
ogy HZ(i) is identical with HJ?(X, X'), the relative Dolbeault cohomology of
(X, X") (cf. (4.3)).
3. If we follow the notation of [29], &®*)(i) should be denoted something like
&(i)P*). The same remark applies to the notation such as &®* (W, W) in
the subsequent sections.

Dolbeault cohomology of holomorphic maps: Let f : Y — X be a
holomorphic map of complex manifolds. We may directly generalize the above
construction to this situation, replacing X’ and ¢ with Y and f. Thus we set

seD(f) = PV (X) @ STV
and define 9 : &P (f) — &PV (f) by
0w, ) = (0w, f*w — 00).
Then (é"(p")(f), ) is a complex.
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Definition 2.5. The Dolbeault cohomology HEZ“(f) of f of type (p,q) is
defined as the g-th cohomology of (&®*)(f), ).

We denote by é"l(,p")(Y)[—l] the complex such that 5}(}0") (Y)[-1]7 =
&P~ (Y) with the differential given by —9. Then we have the exact sequence
of complexes

0 — &PV (V)[-1)7 5 £0) () 25 £P(x) — 0,

where o*(w,0) = w and §*(0) = (0,60). The above sequence yields a long exact
sequence

7_1 ﬁ* ) - ) f* )
o — HETTH(Y) = HEY(f) == HE(X) == HEU(Y) — - -

In the case Y = X’ is an open set in X and f = i is the inclusion, the above
cohomology is nothing but H7(i) defined before.

Remark 2.6. 1. Similar construction is done in [3] for the de Rham case.

2. The complex &®*)(f) is nothing but the co-mapping cone M*(f*) of the
morphism f* : é")((p") (X) — é"l(/p") (Y) (cf. [29, Section 5)).

There is the notion of the cohomology of a sheaf morphism (cf. [29, Sec-
tion 6] and references therein). In our case it is defined as follows. We first
consider the space Z(f) = X II'Y (disjoint union). For an open set U in
X, weset U =UII f‘{U and endow Z(f) with the topology whose basis of
open sets consists of {U | U C X opensets} and {V | V C Y open sets }.
Then we have the closed embedding X — Z(f) and the open embedding
Y < Z(f). Recall in general that, for a sheaf .7 on Y, the direct image
f«7 is the sheaf on X defined by the presheaf U + 7 (f~1U). In our situ-
ation, there is the sheaf morphism f* : ﬁ’)(?) — f*ﬁg ) given by the pull-back
of differential forms. Let Z7*(f*) = ff*(ﬁ)(/p) L ﬁ)(?)) be the sheaf on Z(f)
defined by the presheaf U ﬁg?)(U) and V — ﬁ’i(,p)(V). The presheaf is a
sheaf, i.e., Z*(f*)(U) = ﬁg)(U) and Z*(f*)(V) = ﬁ}(,p)(V). The restric-
tion 2*(f*)(U) = 6L(U) — Z*(f)(f~U) = O (f71U) is given by [*.
Then the cohomology HI(f; f*) = HI(Y EN X; 6’5@) L ﬁ)(?)) of the morphism
f*: ﬁg) — [« 6"3(}7) is defined by (cf. [29, Section 6])

=

quy 5 x; 09 £ 00y = mz(f), 2()~ X; 2769 L5 0?)y).
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There is an exact sequence :
oo HUY Y00y o HI(f; %) — HI(X;00) > HI(Y;00) — -

In the case f : Y — X is an open embedding, we may identify f* with
the pull-back f~! of sections and we denote H?(Y EN X; ﬁi(/p) L 6’)(?)) by
HI(f; ﬁgg)). Thus we have (cf. loc. cit):

Proposition 2.7. In the case f : Y — X is an open embedding, there is
a canonical isomorphism

H(f;60)) = HY(X,Y; 00).
In general, since we have the commutative the diagram

0—— 0¥ ——oP”

I L

0— f.OF) — £,

we have:

Theorem 2.8 (Generalized relative Dolbeault theorem). For a holomor-
phic map f:Y — X of complex manifolds, there is a canonical isomorphism:

g2(f) ~ HIY 4 x; 00 L 0W).

In the case f:Y — X is an open embedding, the above reduces to Theo-
rem 2.3.

3 - Cech-Dolbeault cohomology

We recall the contents of [29, Section 3] specializing them to our setting.

3.1 - Cech cohomology

Let X be a topological space, .# a sheaf on X and W = {W, },er an open
covering of X. We set Wog..a, = Wao M-+ N Wy, and consider the direct
product

W, )= [ L Wap.ap):

(aov"'7aCI)EIq+l
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The ¢-th Cech cohomology H Q(W; ) of ¥ on W is the ¢g-th cohomology of
the complex (C*(W;.¥),d) with 0 : C4(W;.%) — CTHL(W;.7) defined by

q+1

(50—)040...Oéq+]_ = Z(_l)yaao...&,\,...aq+1 *
v=0

Let X’ be an open set in X. Let W = {W,}aecs be a covering of X such
that W' = {W,}aer is a covering of X’ for some I’ C I. We set

CIWW;.7)={0 e CIW,;.5) | Cag.ag =0 if ag,..., a4 el}.

The operator § restricts to CI(W,W';.) — CI*H (W, W';.#). The g-th
Cech cohomology HI(W, W';.#) of . on (W, W') is the g-th cohomology of
(C* (W, W';.7),0).

We have the following :

Theorem 3.1 (Relative Leray theorem). If H% (Waomaql,y) = 0 for
q1 > 0 and g > 1, there is a canonical isomorphism

HIWW, %)~ HI(X, X';.7).

3.2 - Cech-Dolbeault cohomology

We review the contents of [29, Subsection 3.2] in our case.

Let X, é")((p’q) and ﬁ)(?) be as in Subsection 2.2. Also let X’ be an open set
in X and let W and W’ be coverings of X and X’ as before. Then we have
a double complex (C*(W, W'; &@*)) 5 (~1)*0). We consider the associated
single complex (&£®*) (W, W), ). Thus

EPIWW) = P CrW W02 9 =5+ (-1)10.
q1+q2=q
Definition 3.2. The Cech-Dolbeault cohomology HEYOW, W) of type
(p,q) on (W, W) is the g-th cohomology of the complex (&®*) (W, W), ).

In the case X’ = (), we take () as I’and denote &®*) (W, W') and H2Y W, W)
by &@*) (W) and HS'(W).

We recall the description of the differential ¥ as given in [29]. Note that
a cochain & in &P (W, W') may be expressed as & = (£9)g<q, <4 With €0
in Ct (W, W'; &Pa=a)), In the sequel 5310,,,%1 is also written &0, - Then
9 ECDW W) = £PaH) (W W) is given by

(3.1) (€)1 =061~ + (-1)1 06", 0<q <q+1,
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where we set ¢! = 0 and ¢4 = 0. In particular, for ¢; = 0, 1,

(3'2) (ﬁg)ao = égaoa (@f)aoal = 5041 - 5040 - 55040041'

Thus the condition for & being a cocycle is given by

9 =0,
qul_l + (_1)[1155(11 = 07 1 S q1 S q,
669 = 0.

We have HS’U(W, W) = oW (X, X).
For a triple (W, W', W), we have the exact sequence

(3.3) 0— &YW W) — EPIW W) — EPOW W) — 0
yielding an exact sequence

s HPT O W) L HPA W, W) —

(3.4) / /
HYI W, W) — HEIOW W) — -

Remark 3.3. We may use only “alternating cochains” in the above con-
struction and the resulting cohomology is canonically isomorphic with the one
defined above.

Some special cases: I. In the case W = {X}, we have (E@P(W), D) =
(£P*)(X),0) and HYI(W) = HE(X).

IT. In the case W consists of two open sets W and W;, we may write (cf. Re-
mark 3.3)

EPDW) = 0w, &Py @ (W, £Pa)
= £PD(Wy) @ PV (W) @ £PI7D (Woy).

Thus a cochain § € &P (W) is expressed as a triple & = (&, &1, &) and the
differential 9 : &P9 (W) — &Pt (W) is given by

J(&o, €1, &01) = (00, 061, &1 — & — Oor).

If we set ZP4(W) = Ker9”? and BP4(W) = Im P41, then by definition,
HEIOW) = ZP9(W)/BP4(W). We may somewhat simplify the coboundary
group BP9(W) (cf. [29]):
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Proposition 3.4. The group BP9(W) is identical with the set

{€€ EPDVW) | € = (Ono, dm,m — o), for some n; € EPITH(W;),i=0,1}.
In the relative case, if we set W' = {Wp}, then
£P:9) W W) ={¢ce £P:9) W) | & =0} = g(nq)(Wl) B EPTH(Woy).

Thus a cochain ¢ € (g"(P7Q)(W,W’) is expressed as a pair £ = (£1,&01) and the
differential

D: EPDOW W) — EPITFL W W) s given by 9(€1, E01) = (91, &1 — BEnr).

The ¢-th cohomology of (£7*(W, W'),9) is HYI(W, W').

If we set W = 0, then HZ"'(W', W") = HP9~H (W) = HEY"(Wp) and
the connecting morphism 0 in (3.4) assigns to the class of a 0-closed form &
on Wy the class of (0, —&p) (restricted to Wy) in HZ?(W, W').

We discuss this case more in detail in the subsequent section.

ITI. Suppose W consists of three open sets Wy, Wp and Wy and set W =
{W(], Wl} and W” = {W()} Then

£ q)( @ EPD(W;) @ @09‘@52 (ga(p,q—l)(wij) ® P12 (Wo1a),

w) =
& DWW, W) = @ EPD(W;) @ Do<icj<2 g(p’q_l)(w‘ ) @ EPI=2 (Wora),
&(:a) W, w ) = & (.a) (Wy) ® & Pa— 1)(W02) D &Pa— 1)(W12) ® &(Pa— 2)(W012)

EPDW W) = £PD (W) @ £P9=D(Wyy).

The morphism § in (3.4) assigns to the class of (61,6p1) in Hg‘q_l(W’, W) the
class of (0,0,—61,001) (restricted to Ws) in Hg’q(W, w’).

Canonical isomorphisms: We say that a covering W = {W,} of X is Stein,
if every non-empty finite intersection Wy, o o IS @ Stein manifold. In fact, for
this it is sufficient if each W, is Stein (cf. [7], [22]). Note that every complex
manifold X admits a Stein covering and that the Stein coverings are cofinal in
the set of coverings of X. We quote:

Theorem 3.5 (Oka-Cartan). For every coherent sheaf . on a Stein man-
ifold W,
HI(W;)=0 for q¢>1.

By the above and Theorem 2.1, we see that a Stein covering is good for
&P*) in the sense of [29, Section 3]. Thus in our case, we have:
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Theorem 3.6. We have the following canonical isomorphisms:

1. For every covering W,

HYU(X) — HEY(W).

2. For a Stein covering W,
H2YW, W) < HYW, W' 6W)) ~ HY(X, X'; 07)).

Remark 3.7. 1. From 1 above we see that H2?(WW) does not depend
on the covering WW. The isomorphism there is induced from the inclusion of

complexes :
EP(X) — COW; &%)y c &P (W),

In particular, if W, = X for some « € I, it can be shown that the mor-
phism &®*) (W) — £P*)(X) given by £ — &, induces the inverse of the above
isomorphism (cf. [29]). See also Propositions 3.10 and 3.11 below.

2. The first isomorphism in 2 above is induced from the inclusion of complexes :
C W, W 6P — (W, W PO ¢ @0, W,
The second isomorphism follows from Theorem 3.1.
From Theorem 3.6 we have:
Corollary 3.8. If W is Stein, there is a canonical isomorphism:
HPY(X) ~ HY(W; 0W)),

In the above, we think of a Dolbeault cocycle w € &P9(X) and a Cech
cocycle ¢ € C1(W; ﬁ(p)) as being Cech-Dolbeault cocycles, i.e., cocycles in
&P (W). The classes [w] € H3(X) and [c] € HY(W; 0P correspond in the
above isomorphism, if and only if w and ¢ define the same class in Hg (W), i.e.,
there exists a (¢ — 1)-cochain y € &®4~1(W) such that

w—c=1vYx.

The above relation is rephrased as, for y? in C9(W; &@Pa—0-1) 0 < ¢; < ¢—1,

w=x",
(3.5) 0=0""1+ (-1)nox®, 1<q<q-1,
X X
—c= oy L.

Note that the composition of the isomorphism of Corollary 3.8 and the
second isomorphism of Theorem 3.6.2 for X’ = () is equal to the isomorphism
in Theorem 2.1.
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Remark 3.9. It is possible to establish an isomorphism as in Corollary 3.8
without introducing the Cech-Dolbeault cohomology, using the so-called Weil

lemma instead. However this correspondence is different from the one in Corol-
q(g+1)

lary 3.8, the difference being a sign of (—1)" 27, see [29, Section 3| for details.

The seemingly standard proof in the textbooks, e.g., [8], [12], of the iso-
morphism as in Theorem 2.1 or Corollary 3.8 gives a correspondence same as
the one given by the Weil lemma. Thus there is a sign difference as above. For
example, in Theorem 8.1 below, the sign (—l)n(nzil) does not appear this way
(cf. [8], [11]).

We finish this section by discussing the isomorphism of Theorem 3.6.1 in
some special cases. Recall that it is induced by the inclusion &P (X) —
CO(W; &Py ¢ &P (W).

In the case W = {Wj, W1} (cf. the case II above),

EPDW) = 0D (Wo) @ £PD (W) @ £PI7D (W)
and the inclusion is given by w — (w|wy, w|w;, 0).

Proposition 3.10. In the case W = {Wy, W1}, the inverse of the above
isomorphism is given by assigning to the class of & the class of w = po&y +
p1&1 — Opo A &o1, where (po, p1) is a partiton of unity subordinate to W.

Proof. Recall that w is given by & — d(poo1) on Wy (cf. [29, Section 3)).
Using the cocycle condition & — §o — 91 = 0, it can be written poo + p1§1 —
dpo N €01, which is a global expression of w. O

Likewise we may prove (cf. the case III above):

Proposition 3.11. In the case W = {Wy, W1, Was}, the inverse of the
above isomorphism is given by assigning to the class of & the class of

2
w=> pi&i+ Y_ (piOp;— pjOpi) A&;j+ (Dpo Ap1 + Ip1 A Dpa) A ona,
i=0 0<i<j<2
where {po, p1, p2} is a partition of unity subordinate to W.
4 - Relative Dolbeault cohomology
We specialize the contents of [29, Section 4] to our setting.

Let X be a complex manifold and X’ an open set in X. Letting V5 = X’
and V4 a neighborhood of the closed set S = X ~\ X', consider the coverings
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V={Vy,Vi} and V' = {Vp} of X and X’ (cf. the case II in Section 3). We have
the cohomology Hg’q(V, V') as the cohomology of the complex (&£®*)(V, V'), ),
where

EPD Y V) = £PD (V) @ £P9D (Vyy), Vor = Vo N V4,
and 0 : £PD(V, V) — EPATD(Y, V') is given by 9(€1,&o1) = (9€1, &1 — Oor).
Noting that &®9)({Vy}) = &P9(X’), we have the exact sequence
(4.1) 0 — PV V) L POy Ly e (x7) — 0,

where j*(&1,801) = (0,&1,801) and i*(&p, &1,801) = €. This gives rise to the
exact sequence (cf. (3.4))

(4.2) - — HPTN(X) 25 HRO(V,V) Ly mraw) 5 H2U(X) — -

where ¢ assigns to the class of 6 the class of (0, —0).
Now we consider the special case where V; = X. Thus, letting Vp = X’ and
Vi = X, we consider the coverings V* = {Vj, V{*} and V' = {Vp} of X and X'.

Definition 4.1. We denote HZ“(V*,V') by HS (X, X') and call it the
relative Dolbeault cohomology of (X, X').

In the case X' = 0, it coincides with HZ?(X). If we denote by i : X" — X
the inclusion, by construction we see that (cf. Subsection 2.3):

(4.3) POV V) = eP(i) and HPY(X, X') = HY(i).

By Theorem 3.6.1, there is a canonical isomorphism H2?(X) = H5(V*),
which assigns to the class of s the class of (s|x/,s,0) . Its inverse assigns to the
class of (&, &1,&01) the class of & (cf. Remark 3.7.1). Thus from (4.2) we have
the exact sequence

) -1 4 ) A ) i )
(44) - — HPTU(X') = HPYX, X') 25 HEY(X) “— HPUX) — -+,

where j* assigns to the class of (£1,&p1) the class of £ and i* assigns to the class
of s the class of s|x. It coincides with the sequence (2.2), except 6 = —(*.
We have the following propositions (cf. [29]):

Proposition 4.2. For a triple (X, X', X"), there is an exact sequence

) -1 4 ) A
co— HPTHX!, X)) = HPY(X, X') 1
H2U(X, X") 5 HPI(X', X"y — -
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Let V = {Vb, V1} be as in the beginning of this section, with V; an arbitrary
open set containing X~X’. By Theorem 3.6. 1, there is a canonical isomorphism
HEN(V) ~ HEY(X) and in (4.2), j* assigns to the class of (§1,&0) the class
of (0,&1,&01) or the class of p1&1 — dpo A &o1 (or the class of & if V) = X)
(cf. Proposition 3.10, also Remark 3.7.1).

Proposition 4.3. The restriction &P*)(V*, V') — &P (V, V') induces
an isomorphism

Hg’q(X, X = Hqu(v, V.

Corollary 4.4. The cohomology HS’Q(V, V') is uniquely determined mod-

ulo canonical isomorphisms, independently of the choice of V7.

Remark 4.5. This freedom of choice of Vj is one of the advantages of
expressing HZ?(i) as H(X, X).

Proposition 4.6 (Excision). Let S be a closed set in X. Then, for every
open set V in X containing S, there is a canonical isomorphism

HY(X, X\S) 5 HPU(V,VNS).

Now we indicate an alternative proof of Theorem 2.3 and refer to [29] for
details. Let W = {W, }acs be a covering of X and W = {W, }4err a covering
of X', I' C I. Letting V* = X as before, we define a morphism

@ : EPDV* V) — COW W £PD) g LW W £Pa7)) ¢ @D (W W)
by Setting7 for g = (Ela 601)7

0 I 501’Wa5 056-[,) /BGI\I/
(RS
(o = {5 | welr ©(&)ap = —Eo1lwa, acI\NI', pel
1|1Wq )
0 otherwise.

Theorem 4.7. The above morphism ¢ induces an isomorphism
HY(X, X') — HYIOW,W).
Using the above we have an alternative proof of the relative Dolbeault
theorem (Theorem 2.3):
Theorem 4.8. There is a canonical isomorphism :
HPY(X,X') ~ HI(X, X'; 07)).

The sequence in Proposition 4.2 is compatible with the corresponding se-
quence for the relative cohomology and the excision of Proposition 4.6 is com-
patible with that of the relative cohomology, both via the isomorphism of The-
orem 4.8.

We finish this section by presenting the following topic:
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Differential: Let X be a complex manifold of dimension n and X’ an open
set in X. We consider coverings YW and W’ of X and X' as before.

First note that the second isomorphism of Theorem 3.6. 2 is compatible with
the differential d : ¢®) — ¢®*tY in fact d = 9 in this case. We define

d: EPDOW W) — £PHLD (W W) by (98 = (—1)4~0 ggan
for 0 < ¢1 < g. A straightforward computation shows that it is compatible

with the operator ¥, i.e., the following diagram is commutative :

D (W W) —2 5 £E+LO W W)
[ [
Pt (W, W) -2 gr+Lar) () W),
Thus we have
0 HYI W, W) — HIFHI (W W),

Proposition 4.9. If W is Stein, we have the following commutative di-
agram:

HY W, W) —2— BP0, W)
Ik Ik
HIOW, W 6@ —Ls IO, W' 60D,
where the vertical isomorphisms are the ones in Theorem 3.6. 2.

Example 4.10. In the case W = {X}, we have Hg’q(W) = Hg’q(X)
(cf. the case I in Subsection 3.2) and 0 : Hg’q(W) — Hgﬂ’q(W) is induced by

01— (—1)700.
In the case W = {Wp, W7} (cf. the case II in Subsection 3.2), 9 : Hg’q(W) —
Hgﬂ’q(W) is induced by
(€0, &1,601) — (=1)7 (080, 9&1, —0&01).
From the above we have the differential
0: HY(X, X') — HY (X, X') induced by (&1, 801) — (—1)7 (9€1, —9%0)-
From Proposition 4.9, we have
Proposition 4.11. We have the following commutative diagram :
X 9 p+l,q
Hj (X,X’)—>H1§ (X, X"
L L
HY(X, X'; 0®) _d. HY(X, X'; 6P +D),

where the vertical isomorphisms are the ones in Theorem 4.8.
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5 - Relation with the case of de Rham complex
5.1 - Relative de Rham cohomology

We refer to [3] and [26] for details on the Cech-de Rham cohomology. For
the relative de Rham cohomology and the Thom class in this context, see [26].
In this subsection, we let X denote a C*° manifold of dimension m with a
countable basis. We assume that the coverings we consider are locally finite.

We denote by é")((q) the sheaf of C*° g-forms on X. Recall that, by the Poincaré

lemma, é}@ gives a fine resolution of the constant sheaf Cx :

0—C— &0 4 o0 4y 4 pom)

de Rham cohomology: The de Rham cohomology Hj(X) is the cohomol-
ogy of the complex (£(*)(X),d). The de Rham theorem says that there is an
isomorphism

HY(X) ~ HY(X;Cx).

Note that among the isomorphisms, there is a canonical one (cf. [29]).

Cech-de Rham cohomology: Let X’ be an open set in X and W, W) a
pair of coverings of (X, X’). The Cech-de Rham cohomology H (W, W') on
(W, W) is the cohomology of the single complex (£(*) (W, W), D) associated
with the double complex (C*(W, W'; £(*)), 0, (—1)*d), i.e.,

EDWW)= P crwwiE®), D=5+ (-1)"d.
q1+q2=q

We say that W is good if every non-empty finite intersection Wy, q, is
diffeomorphic with R”. Note that every C*° manifold X admits a good covering
and that the good coverings are cofinal in the set of coverings of X. By the
Poincaré lemma, we see that a good covering is good for &(®) in the sense
of [29, Section 3]. Thus we have the following canonical isomorphisms:

(1) For every covering W, H}(X) = HL(W).
(2) For a good covering W,

HL,OW,W') «— HIW,W';C) ~ HI(X, X';C).
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Relative de Rham cohomology: We may also define the relative de Rham
cohomology as in the case of relative Dolbeault cohomology. Thus let S be a
closed set in X. Letting Vo = X .5 and V; a neighborhood of S in X, we
consider the coverings V = {Vp, V1} and V' = {V{} of X and X \ S, as before.
We set

(ga(q)(M V) = g(q)(vl) @ (ga(qfl)(vm)

and define
D : @@(q)(v,v’) — @@(q“)(v,v’) by D(Jl,O'()l) = (dUl,Ul — dU()l).

Definition 5.1. The g-th relative de Rham cohomology H},(V, V') is the
g-th cohomology of the complex (£(*)(V, V"), D).

As in the case of Dolbeault complex, we may show that it does not depend
on the choice of V; and we denote it by H},(X, X \.S). We have the relative
de Rham theorem which says that there is a canonical isomorphism (cf. [27],
[29]):

(5.1) HL(X,X\S)~ HI(X,X\S;Cx).

Remark 5.2. 1. The sheaf cohomology HY(X;Zx) is canonically isomor-
phic with the singular cohomology H(X;Z) of X with Z-coefficients on finite
chains and the relative sheaf cohomology HY(X, X \.S;Zx) is isomorphic with
the relative singular cohomology H?(X, X \ S;Z).

2. In [3], the relative de Rham cohomology is introduced somewhat in a different
way (cf. Remark 2.4.1).

Thom class: Let m: E — M be a C'° real vector bundle of rank [ on a C'*°
manifold M. We identify M with the image of the zero section. Suppose it is
orientable as a bundle and is specified with an orientation, i.e., oriented. Then
we have the Thom isomorphism

T:HYYM;Z) = HY(E,E~M;Z).
The Thom class ¥ € HY(E,E~ M;Z) of E is the image of [1] € H(M;Z)
by T.
The Thom isomorphism with C-coefficients is expressed in terms of the
de Rham and relative de Rham cohomologies :

T:HIY (M) =5 HL(E, E~ M).

Its inverse is given by the integration along the fibers of 7 (cf. [26, Ch.II,
Theorem 5.3]). Let Wy = E~xM and W) = E and consider the coverings W =
{Wo, W1} and W = {Wy} of E and ExM. Then, H},(E, ExM) = Hf,(W, W)

and we have:
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Proposition 5.3. For the trivial bundle E = R! x M, Wy is represented
by the cocycle

0,—y)  in EOWW),
where 1y is the angular form on RL.
Recall that 1y is given by

l
(5.2) Py = ClzjzzHll‘H;(x), @Z(:c) = (—1)%1331‘ dry A+ Ndx; N\ -+ N\ dxy,

where (] is a constant equal to (’;;,1)!, if [ = 2k, and %, if l=2k+ 1. The
important fact is that it is a closed (I — 1)-form and |, Sl,l.wl =1 for a usually
oriented (I — 1)-sphere in R'~ {0}.

In the above situation, if M is orientable, the total space E is orientable. We
endow them with orientations so that the orientation of the fiber of 7 followed
by the orientation of M gives the orientation of FE.

Let X be a C*° manifold of dimension m and M C X a closed submanifold
of dimension n. Set [ = m — n. If we denote by Th; X the normal bundle of M
in X, by the tubular neighborhood theorem and excision, we have a canonical

isomorphism

HUX, X\M;Z)~ H(Ty X, Ty X ~M;7Z).
Note that if X and M are orientable, the bundle T3, X is orientable and thus
the total space is also orientable. We endow them with orientations according
to the above rule. In this case the Thom class ¥y € H(X, X ~ M;Z) of M

in X is defined to be the class corresponding to the Thom class of Th;X under
the above isomorphism for ¢ = [. We also have the Thom isomorphism

(5.3) T:HIY(M;Z) =5 HY(X, X~ M;7).

5.2 - Relative de Rham and relative Dolbeault cohomologies

Let X be a complex manifold of dimension n. We consider the following two
cases where there is a natural relation between the two cohomology theories.

(I) Noting that, for every (n,q)-form w, dw = dw, there is a natural morphism
(5.4) HPYW, W) — HEM(W,W).

In particular, this is used to define the integration on the Cech-Dolbeault
cohomology in the subsequent section.

(I1) We define p? : &0 — @“’(O’q_) by assigning to a ¢-form w its (0, q)-
component w(%9 . Then p?*+!(dw) = d(p?w) and we have:
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Proposition 5.4. There is a natural morphism of complexes

0 C e _d o) _d. _d, o 9
1

P

0§ —s 200 9 p(01) 9 9 o004 9, .

Corollary 5.5. There is a natural morphism p? from H} (X, X') to

Hg’q(X, X') that makes the following diagram commutative:

H(X, X') — HO9(X, X")
K K
H(X, X';C) —“s HI(X, X'; ).

Recall that we have the analytic de Rham complex
0—C-50-%Le®W 4. ... 4 e 90
and we have an isomorphism of complexes (cf. Proposition 4.11):
(5.5) 0— HL(X, X") = H2(X, X)L ... 25 (X, X') — 0
K 2 K

0— HI(X,X";C) = HY(X, X'; 0) -% ... -4 HI(X, X'; 6W) — 0.

Although the following appears to be well-known, we give a proof for the
sake of completeness.

Theorem 5.6. If HI(X,X";C) = 0 and HY(X,X"; 6W) =0 forp > 0
and q # qo, then

0 — HO(X, X', C) — HO(X, X" 0) -4 ... % go(x, X', 6y — 0
1S exact.

Proof. Let (#*°,d;,ds) be a double complex of flabby sheaves such that,
in the following diagram, each row is exact, each column is a flabby resolution
and the diagram consisting of the first and second rows is commutative (note
that d10d2+d20d1 :0)
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d (1) _d d ) 0

00— 7-10_9 ., 200 _ 4 gio_ 4 4 Zn0 0
b J»

0 T 1,1 d1 e9‘0,1 d1 yll d1 d1 g;n,l 0

We have the associated double complex (F**,dy,ds), FP?1 = FP9(X, X'). De-
noting by F'® the single complex associated with F'**, consider the first spectral
sequence

DY = HY HY (F**) — H9(F*).

By assumption Hj (FP*) = 0 for p > —1 and ¢ # qo and HJ (FP*) =
H® (X, X'; 6W). Thus H) H® (X, X'; 0(*)) ~ HP*%(F*). On the other hand,
in the second spectral sequence

"E3P = Hg, Hy (F**) = HPM(F*),
H} (F*9) =0, for p> —1 and ¢ > 0, so that H"(F*) = 0 for all r. O

As an application, combining with (5.5), we have the de Rham complex for
“hyperforms” (cf. (8.5) below and [14]).

6 - Cup product and integration

Let X be a complex manifold of dimension n and W = {W, },er a covering
of X.

6.1 - Clup product

We have the complex &®*) (W) as considered in Subsection 3.2. We define
the “cup product”

(6.1) EPD (W) x &P (W) — Pt atd)(yy)
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by assigning to & in &P (W) and n in &P-4)(W) the cochain & « 7 in
&P+r'a+d) (W) given by

r

(‘S ~ n)ao...ar = Z(_1)(p+q—u)(r—y)€a0mau A Nay, ..o -
v=0

Then & — 7 is bilinear in (£,7) and we have
(6.2) D(E =) =€~ n+ (~1)PHE — .
Thus it induces the cup product

(6.3) ng(W) % Hg (W) — H§+p a+d ()

compatible, via the isomorphism of Theorem 3.6.1, with the product in the
Dolbeault cohomology induced by the exterior product of forms.
If W is a subcovering of W, the cup product (6.1) induces

EPDW W) x &P (W) — gEtratd) gy Wy,
which in turn induces the cup product
HPTOW, W) x HE T (W) — HEPHH (o, W),
In the case of a covering V = {Vj, V1 } with two open sets, the cup product
(6.4) EPD (V) x P (V) — ePtrhatd) ()

assigs to £ in &P9 (V) and 7 in &*"4)(V) the cochain £ « 7 in £EPTPH4+d) (V)
given by
E~mo=%&Am, (E-ni=&Am and

(&~ n)o1 = (—1)PT9¢ A nor + Eo1 A

Suppose S is a closed set in X. Let V = X\ S and V; a neighborhood of
S and consider the covering V = {Vp,V1}. Then we see that (6.4) induces a
pairing

(6:5) EPVV,Vp) x (V1) —s 00+ ()

assigning to & = (&1,&o01) and n; the cochain (&3 A n1,&01 A m1). It induces the
pairing

(6.6) H2U(X, X \8) x HYY (Vi) — HEP9H9 (X XS,
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More generally, let .S; be a closed set in X, i = 1,2. Let VO(i) = X~.95; and
Vl(i) a neighborhood of S; and consider the covering V() = {Vo(i), Vl(i)} of X.
We set S = 51N S2, Vo = X5 and Vi an open neighborhood of S contained
in Vl(l) N V1(2) and consider the covering V = {Vj,Vi} of X. The set 1} is

covered by two open sets Vo(l) and VO(Z). Let {p™), p®} be a partition of unity
subordinate to the covering. We define a paring

6.7) &P (V(l),VO(l)) x @) (YD) 0(2)) — g0t () 1)

by

(€1, €01) ~ (1,m01) = (E1An1, PP o1 Ant+(—1)PT(pP &g Aoy —Dp™ Aor Argor).
Then we see that the equality (6.2) also holds and we have the product

(6.8) H2'(X, X \81) x HY Y (X, X\ S2) — HEPH (X, X\8).

It is not difficult to see that (6.8) does not depend on the choice of the partition
of unity {p™), p?}.

In particular, if So = X, we may set p(!) =1 and p® = 0 and (6.7) reduces
to (6.5).

The above may be used to define, for two pairs (X, S) and (Y, T") the product

HP(X, XNS) x HY Y (Y, Y NT) — HZP (X X Y, X x YN8 x T).

6.2 - Integration

Recall that there is a natural morphism H7**(W) — HEOW) (cf. (5.4)).
Thus the integration on H#'(W) carries directly on to Hgn(W) We briefly
recall the integration theory on the Cech-de Rham cohomology and refer to [20]
and [26] for details.

Let X be a C'°° manifold of dimension m and W = {W, },er a covering of
X. We assume that I is an ordered set such that if Wa...aq # (), the induced
order on the subset {ay,...,a,} is total. We set

19 = {(ag,...,a) € I |ag < - < ay }.
A honeycomb system adapted to W is a collection { Ry }ocr such that

(1) each R, is an m-dimensional manifold with piecewise C'°*° boundary in
Wq and X =, Ra,
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(2) if a # 8, then Int R, N1Int Rg = 0,

(3) if Wag...aq # 0 and if the a,’s are distinct, then Ry,..q, is an (m — q)-
dimensional manifold with piecewise C*° boundary,

(4) if the set {ap,...,aq} is maximal, then Rq,. o, has no boundary.

In the above, we denote by Int R the interior of a subset R in X and we

set Rag..aq = (h—o Ra,, which is equal to ()_j0Rqa, by (2) above. Also,
the set {ap, ..., o} being maximal means that if Wy ay,....a, 7# 0, then a is in
{ao, ..., 04}

Suppose X is oriented. Let R be an m-dimensional manifold with C*°
boundary OR in X. Then R is oriented so that it has the same orientation as
X. In this case, the boundary R is orientable and is oriented as follows. Let
p be a point in OR. There exist a neighborhood U of p and a C* coordinate
system (z1,...,%m,) on U such that RNU ={x € U | z; <0}. We orient OR
so that if (z1,...,2,,) is a positive coordinate system on X, (xa,...,2p) is a
positive coordinate system on dR. A manifold with piecewise C'>° boundary is
oriented similarly.

If {Ra} is a honeycomb system, we orient Rq,. o, Dy the following rules:

1) each R, and its boundary are oriented as above,
Yy
(2) for (ap,...,qq) in 1@, ¢g>1, Ray...a, is oriented as a part of ORqg..a,_ 1

(3) for (g, ..., ) in 191 we set

R _ Jsenp- Rapm)---ozp(p) if Wag...aq # () and the o;’s are distinct,
(63 (0% -
ot 0 otherwise,

where p is the permutation such that a,g) < -+ < a,q)-

With the above convention, we may write :
(6.9) Rog.aq = Y _ Rog..aga-
acl

Suppose moreover that X is compact, then each R, is compact and we may
define the integration

£ W) Ix, ¢

by setting

/ £= Z > / Ean. aq for &€ &M W).

9= 0 (Oj(], ,O(q)EI 04() a
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Then we see that it induces the integration on the cohomology

HE W) 2% ¢,
which is compatible with the usual integration on the de Rham cohomology
HMX).

Now let X be a complex manifold of dimension n and W a covering of X.
As a real manifold, X is always orientable and we specify an orientation in the
sequel. However we note that the orientation we consider is not necessarily the
“usual one”. Here we say an orientation of X is usual if (z1,y1,...,2Zn,ypn) is &
positive coordinate system when (z1,...,2,), 2 = z; +v/—1y;, is a coordinate
system on X.

Using the natural morphism Hj ‘(W) — HEM(W), if X is compact, we
may define the integration on H 3" (W) as the composition

(6.10) HY™M W) — HE W) 25 ¢

Let K be a compact set in X (X may not be compact). Letting Vo = X~ K
and V) a neighborhood of K, we consider the coverings V = {Vj,V1} and
V' = {Vu}. Let {Ro, R1} be a honeycomb system adapted to V. In this case
we may take as Rj a compact 2n-dimensional manifold with C*® boundary in
V1 containing K in its interior and set Ry = X ~Int R;. Then Ry = —0R;
(cf. (6.9)) and we have the integration on &™) (V, V') given by, for &€ = (£, &01),

/sz/mm [

This again induces the integration on the cohomology

n,n fX
(6.11) HI(X,X\K) 5 C.

7 - Local duality morphism

Let X be a complex manifold of dimension n.
First, if X is compact, the bilinear pairing

s n—p,n— ~ n,m fX
HEY W) x Hy P (W) — HZ"(W) = C

given as the composition of the cup product (6.3) and the integration (6.10)
induces the Kodaira-Serre duality

(7.1) KSx : HY'(X) =~ HF'(W) = H """ I(W)* ~ Hy """ I(X)7,
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where, for a complex vector space V, V* denotes its algebraic dual.

Now we consider the case where X may not be compact. Let &P (X)
denote the space of (p,q)-forms with compact support on X. The g-th coho-

mology of the complex (67 (X),d) will be denoted by H 59(X). The bilinear
pairing ’
EPD(X) x &M—Pr=0(X) Ly 1) (X) k) C

[

induces the Serre morphism

Sx + HyU(X) — Hy P"4(X)".

Let K be a compact set in X. The cup product (6.6) followed by the
integration (6.11) gives a bilinear pairing

HPN(X, X NK) x Hy 7" (v) — HPY(X, X N K) Ix ¢

Setting
Hg*PJL*Q[K] — h_I}Il Hg*p,n*fI(‘/l)’
ViDK

where V) runs through open neighborhoods of K, this induces a morphism
(7.2) Ax k- Hg’q(X,X\K) — Hg_p’"_q[K]*

which we call the complex analytic Alexander morphism, or the 0-Alexander
morphism for short. We have the following commutative diagram :

. i .
HY(X, X\ K) —— HY(X)

J{AX,K J/SX

Hg—P,TL—fI[K]* Jx . Hg;p,n—q(X)*’

which will be extended to a commutative diagram of long exact sequences
(cf. Theorem 7.4 below).

An exact sequence: Let S be a closed set in X. Since a differential form
on X \.S with compact support may naturally be thought of as a form on X
with compact support, there is a natural morphism

it ngg(X\S) — Hg:z(X).
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We also have a natural morphism

J* HE9(X) — HEI[S] = lim HE(V;)
VDS

as the composition

HYY(X) — HE(X) — HE[S].

Let K be a compact set in X. We define a morphism
* s ,q+1
(7.3) v HYK] — ng3+ (X\K)

as follows. Take an element a in H2[K]. Then it is represented by [n] in
H g’q(Vl) for some neighborhood V; of K, which may be assumed to be relatively
compact. Let Vj = X N\ K and consider the covering V = {Vj,V1} of X. Let
{po, p1} be a C* partition of unity subordinate to V. Then, noting that the
support of dpy is in Vo1 = Vi~ K, we see that nAdpy is a d-closed (p, ¢+ 1)-form
with compact support in X \ K.

Lemma 7.1. The class of nAOpy in Hg’gH (X\K) is uniquely determined
by a. 7

Proof. Suppose a is also represented by [1] in HE(V{), Vi C V1. Then
there exists a (p, g — 1)-form & on V{ such that ' —n = 9¢ on V{. We compute

n' ANdpy —nAdp1 = (0 —n) Adp| +n A (Dp — dpr).

The form 5/\_5p’1 is a (p, g)-form with compact support in X\ K and (' —n) A
dpy = 9(§ A Jpy). Also the support of p} — p1 is in Vo1 and n A (Op] — 9p1) =
(=1)P*20((p} — pr)n)- O

Thus we define the morphism (7.3) by v*(a) = [ A dp1].

Theorem 7.2. The following sequence is exact:
bl i 9 ']* b 'Y* k) 1 "
o HEU(XNK) LN Hp(X) == Hp[K] = Hg‘cl+ (XNK) ...

Proof. Toshow Im¢* C Ker j*, let [wp] be a class in Hg:Z(X\K). Take V;
so that it avoids the support of wy. Then the class i*[wy] is mapped to zero by
Hg:z(X) — HZY(X) — HZY(V1). To show Ker j* C Imi*, let [w] be a class in
Hg:Z(X) such that j*([w]) = 0. Then there exist a neighborhood V; of K and a
(p, q—1)-form € on V; such that w = 90 on V. The form p160 is a (p, ¢—1)-form
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on X and w’' = w — J(p10) is a O-closed (p, q)-form with compact support in
XK. Thus [w] = i*[w'].

To show Im j* C Ker~*, let [w] be a class in Hg:Z(X). Then v*j*[w] is by
definition, the class of w A dp;. The form pow is a (p, q)-form with compact
support in X\ K and wAdp; = (—1)PT9719(pow). To show Kery* C Im j*, let
a be a class in Hg’q[K] represented by (Vi,n). If v*a = 0, there exists a (p, q)-
form ¢ on X ~ K with compact support such that n A dp; = 9¢ on X~ K. We
may think of £ as a (p, ¢)-form on X and the equality holds on X, the both sides
being 0 near K. The form p1n is a (p, ¢)-form on X and w = & + (=1)PTa+lpp
is a (p,q)-form on X extending 7 (restricted to a neighborhood of K) and we
have Ow = 0¢ —n A Op1 = 0.

To show Im~* C Keri*, let a be a class in HZ?[K] represented by (V1,7).
By definition, v*a is the class of n A dp1, which may be written (—1)P*99(p1n)
and p1n is a (p, g)-form on X with compact support. To show Keri* C Im~*,
let [a] be a class in Hg:ZH(X\K). If i*[a] = 0, there exists a (p, q)-form
with compact support in X such that o = 9. Take py so that py = 1 on the
support of . Then d(pofB) = dpo A B+ podB, pof is a (p, q)-form with compact
support in X \ K and ppdB = a. Thus a = (—=1)P*48 A dp1 + d(po3). O

Remark 7.3. The above is an expression of the following exact sequence
(cf. [5], [19]) in our framework :

s HYXNK; 0P D gUx; o®) L
HIY(K; 0P) AN HIY (X K;0P) 25 .

Theorem 7.4. In the above situation, we have a commutative diagram
with exact rows:

s PN (XN K) = HPY(X, X K) —Ts HE9(X) — s HPUX N K) —— -

lSX\K J{A J/SX lSX\K
SR Hg;”v"‘”l(x KD HYPK] Hy "X it Hy PPUXNEK)

where the second row is the sequence dual to the one in Theorem 7.2.

Proof. For the first rectangle, it amounts to showing that

/ OADAIpL = — 0An,
XK Ro1

where 6 is a O-closed (p,q — 1)-form on X \ K, 7 is a O-closed (n — p,n — q)-
form on Vi, {Ro, R1} is a honeycomb system adapted to V and {pg, p1} is a
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partition of unity subordinate to V. We may assume that p; = 1 on Ry, thus
in particular the support of dp; is in Ry. Since p17 is a (n — p,n — g)-form on
X, 0N pinisan (n,n —1)-form on X \ K. Since it is 0-closed, we have

A0 A pin) =00 A pin) = —0 An Adp

and by the Stokes theorem

/9/\77/\(%1:—/ 0/\p177:—/ 0 NAn.
Ry Ro1 Ro1

For the second rectangle, it amounts to showing that

(7.4) /X(mol —dpo N oo1) Aw = /

o1 /\w—i—/ o001 N\ w,
R1 ROI

where (01,001) is a cocycle representing a class in HZ(X, X N K) and w a
O-closed (n — p,n — q)-form on X with compact support. We take {po, p1} so
that the support of p; is contained in ;. Then the left hand side is the integral
on Ry and is written

/01/\w—/ (poo1 + Opo A oo1) A w.
Rl Rl

The form pyoo; is defined on Vi and ppog1 A w is an (n,n — 1)-form defined on
Vi. We have

d(p00'01 A w) = 5(p0001 N w) = (p()Ul + 5p() VAN 0'01) N w

and we have (7.4) by the Stokes theorem.
The commutativity of the third rectangle follows directly from the defini-
tion. ]

An interesting problem would be to see when A is an isomorphism. For this,
we need to consider topological duals instead of algebraic duals and we briefly
recall the theory of topological vector spaces and the Serre duality (cf. [19],
[25], [32]). In the sequel, for a locally convex topological vector space V, we
denote by V’ its strong topological dual.

A Fréchet-Schwartz space, an F'S space for short, is a locally convex space V
that can be expressed as the inverse limit V = 1<i£1VZ- of a descending sequence of

Banach spaces (V;,u; 1) with each w; ;41 : Vg1 — V; a compact linear map.
A closed subspace W of an FS space V is F'S. The quotient V/W is also FS. A
dual Fréchet-Schwartz space, a DFS space for short, is a locally convex space



[29] RELATIVE DOLBEAULT COHOMOLOGY 335

V that can be expressed as the direct limit V = limV; of an ascending sequence
H
of Banach spaces (V;, ujy1,) with each ;1 : V; — Vi1 an injective compact
linear map. A closed subspace W of a DFS space V is DFS. The quotient V/W
is also DFS.
If V= limV; is FS, V' is a DFS space, which may be written V' = limV/.
— —
Also, if V = limV; is DFS, V' is an FS space, which may be written V' = limV/.
— —
In either case we have (V') = V. Let T : Vi — V3 be a continuous linear
map of FS spaces and T : V,, — V/ its transpose, which is continuous. In
this situation, Im T is closed if and only if Im*T is closed (the closed range
theorem). Note that KerT" and Ker ‘T are always closed.
Let
Vi -2 vy 2 vy
be a sequence of continuous linear maps of F'S spaces such that SoT = 0. We
set H = KerS/ImT and HP = Ker!T/Im'S.

Lemma 7.5 (Serre). In the above situation, suppose ImT and Im S are
closed so that H is FS and HP is DFS. In this case, H is isomorphic with H'.

The space &P (X) has a natural structure of F'S space. In the sequence

ar.a— P-4

(7.5) &Pa=(x) Pt o(pa) (X) &5 et (X)),

Ker 9P is always closed. Thus if Im 9”9~ " is closed, HZ?(X) has a natu-
ral structure of FS space. The strong dual &9 (X) of &9 (X) is isomor-

phic with the space %S"_p’n_q) (X) of the DFS space of (n — p,n — q)-currents
with compact support in X, the isomorphism is given by assigning to 1" in
.@c(n_p n=a) (X) the linear functional

w»—>/w/\T.
X

on &P (X) (cf. [19], [25]). The transpose of (7.5) is isomorphic with

_1)p+q

@én—p,n—q—i-l)(X) ( J 0 gc(n—p,n—q) (X)

(_1)p+q+15
<_

@C(n—p,n—q—l)(X).
Thus if Im 97% in (7.5) is closed, H”_q(@(,gn*p") (X)) has a natural structure of
DSF space. By Lemma 7.5, we have:

Theorem 7.6 (Serre). If both Im P4~ 1 and Im 079 in (7.5) are closed,
there is a natural isomorphism.

H" (" (X)) = HE (X))
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Note that there is a natural isomorphism H9(Z%* (X)) ~ HEY(X) and we

may endow the latter with the DFS structure so that the isomorphism is an
isomorphism as topological vector space. With this, under the assumption of
the above theorem, we have the Serre duality

(7.6) HE(X) = Hy P"(X).

By a lemma of L. Schwartz, if dim H2(X) is finite, Im 979~ " is closed
(cf. [19], [25]). Thus, if X is compact, (7.6) reduces to (7.1) for all p and g.
In the case X is Stein, we have H;/(X) = 0 for p > 0 and ¢ > 1. Since
oP~1 =0, (7.6) holds for all p and ¢. In particular, Hg:Z(X) =0 for p > 0 and

) _70
0<g¢g<n-1and Hg’Z(X) ~ H7P(X).

Theorem 7.7. Suppose X is Stein. Let q be an integer with ¢ > 2. Sup-
pose that in the sequence

opa— opa—

2 1
EP)(X (K) S P (X\K) Y £P)(X\K),

Im 9792 and Im 079~ are closed. Then HYYX, X\ K) and Hy """ K]
admit natural structures of 'S and DFS spaces, respectively, and

A: Hg’q(X,X\K) = Hgfp’"fq[K]’.
Proof. By assumption, we have the Serre duality for X and, for ¢ > 2,
0 HPHXNK) = HPY(X,X\K)  and

v Hy PTR] ngv"*q“ (X\K).

Also by assumption, H2¢"H(X\K) is FS and Hy P""7"!(X\K) is DFS. Thus

if we endow H2Y(X, X \K) and Hy """ [K] with F'S and DFS structures so
that 0 and v* become isomorphisms, we have the duality. O

8 - Examples, applications and related topics
8.1 - A canonical Dolbeault-Cech correspondence

We consider the covering W' = {W;}I"_; of C"~{0} given by W; = {z; # 0}.
Here we put “’” as we later consider the covering W = {W;}"! of C" with
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W41 = C™ (cf. Remark 8.12.2 below). In the sequel we denote C"~ {0} by
C"~\0. We set

D(z)=dzy N---Ndz, and Di(z) = (—1)i_1zi dzi N+ A JZZ A ANdzy.

Then on the one hand we have the Bochner-Martinelli form

D > ST CIX N

2 9y
217"

_ o ie=n (n—1)!
= (-1 /D)

which is a d-closed (n,n — 1)-form on C*~.0. On the other hand we have the
Cauchy form in n-variables

1 n P(z)
K":(Qﬂ-\/?l) 21 2

which may be thought of as a cocycle ¢ in C"~t(W'; 6"(”)) given by ¢1._, = Kp.

B

Theorem 8.1. Under the isomorphism

Hg’nfl((C" ~0) ~ H" YW 6™)

n(n—1)

of Corollary 3.8, the class of By, corresponds to the class of (—1)" 2 ky,.

Proof. If n = 1, the cohomologies are the same and 8; = x;. Thus we
assume 7 > 2. We may think of 3, as being in CO(W'; &= ¢ grn=1) (W)
and k, in C"TOW; MDY ¢ £n=D(W). We construct a cochain y in
M= (W) = @Z;g CPW'; £M9), g =n—p—2, so that

n(n—1)

Bo—(=1)" 7 kp=0x in EMMTHW).

Writing x = Zz;g XP, xP € CP(W'; &9) | this is expressed as (cf. (3.5))

Bn = 5X07
(8.1) 0=0x""! + (=1)POx?, 1<p<n-—2,
n(n—1)

_(_1)Tﬁn — SXR_Q.

Note that the condition in the middle is vacuous if n = 2.
Let 0 < p <n—2sothat 0 < ¢ <n—2. For a (p+ 1)-tuple of integers
I = (ig,...,3p) with 1 < dg < -+ < iy, < m, let I* = (jo,..., ) denote the
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complement of {ig,...,4,} in {1,...,n} with 1 < jo < --- < jg < n. Setting
21 = Zig ++ Ziy, [I7] = jo + -+ + jg and

q
4_51* (z) = Z(_l)ugjudgjo VANRIEIAN d'gju VANEIVA dijq,
n=0

we define a cochain x? by

q'Cp Pp(2) ND(2)
R B

q(n+p—1)

= (-1 2

X er = |I"| +

and prove that it satisfies (8.1).
If we set dzj» = dzj, \--- A dz;,, we have

Qi

@[* (2) = (q + 1)d§p«
We also have

= 1 B g+1 <
O (fpe) = e 2 ds

Using these, we compute

e (g DY Pz — S s A () A ()
O = DO o 2P |

To see the numerator, note that

q
Z 2idz; N Py (z Z 2, d%Z;, NP (2) + Z ‘Zju|2d2[*

v=0 n=0
so that
||z|]2d,§p Zzzdzz AP (z Zzzu Zi, Az — dz;, N Pr(2)).
Thus, setting I, = (ig, . . - iy ,ip), we have
= p - (Zi,dZ — dz;, NP« (2)) A ®(2)
(8.2) Oxt = (1) IC )l Z 21, |22

Now we verify the three identities in (8.1) successively.
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(I) First identity. If p = 0, then ¢ = n — 2. In this case I is of the form (r),
r=1,...,n,and (r)* = (1,...,7,...,n). Denoting (r) by r, from (8.2), we
have -

(ZrdZ(pys — dZp N Dy« (2)) N D(2)

= 0 _ )
Iy = (1) Cy [ 2]|2"

On the other hand, we compute

n

> Bi(2) = Pr(2) + Y ilz) = (—1) N (ZdZy — dzp A Dy (2)).
i=1 iF£r

Noting that e, —r+1 =n(n—1) — 2(r — 1), which is always even, we have the

first identity.

(IT) The second identity. This applies for n > 3. Suppose 1 < p < n —2 so that
0 < ¢ <n — 3. By definition

OxP =Y _(-1"xE

v=0
We have B
(q+1)Cp Prz(2) AND(2)
(n—=1)" 2z, ||Z||2(q+2) '

1
Xy, = (=1

To compute 92_51; (z), let 7, denote the integer with —1 < 7, < ¢ such that
Jry, <ty < Jr,+1, where we set j_1 = 0 and j,4+1 = n + 1. Then we have

D« (Z) = (—1)T”+1(2iud5[* —dz, A 51_5[* (Z))

Thus, comparing with (8.2), it suffices to show that the parity of v+e7, +7,+1
is different from that of p + ;. We have

(g+1)(n+p-2)

(g+1)(n+p-2)
5 .

er, = || + 5

= |I"| + iy +

Therefore
V+51V+7”u+1—(p+51):V'f‘iu'f‘ﬁ/-i-l.

We show, by induction on v, that v+, +r, is even. Suppose v = 0. If ig < jo,
then ig = 1 and rp = —1 so that it is even. If iy > jg, then ig = rg+ 2 and it is
even. Suppose it is even for v. If iy 41 < jp 41, then iy, =4, +land r,41 =1,
so that it is even for v+ 1. If 441 > jr 41, then ¢p41 =%, + 1,41 — 7, + 1 and
it is even.
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(III) The third identity. If p = n — 2, then ¢ = 0 and, for r = 1,...,n, we set
I =(1,...,7,...,n). Then I" = (r) and we have

Vi = oy (L) 0
o 2mV/=1/ z |22

_ (_1)r+7n(n2_1) ( 1 )n |ZT|2¢(Z) .

2/ =1/ ||z[]2 21 2

By definition

n(n—1)

N a=) ()N === T k.

Remark 8.2. 1. If we set

30 —c 2.im1 9i(2) WO — ( 1 )” 1
n n ? n 27-(-‘/_1 21" Zn

2
2]l

Y

under the isomorphism
Hy" H(C"\0) ~ H" ' (W' 6),

n(n—1)
the class of 80 corresponds to the class of (—1)" 2 xU.

2. Let V be a Stein neighborhood of 0 in C" and V' = {V;}?_, the covering of
V'\0 given by V; = VN W,. In this situation, we have a canonical isomorphism
Hg’"_l(V\O) ~ H" Y(V';0™), under which the the class of 8, (restricted

n(n—1)
to V'\.0) corresponds to the class of (—=1)" 2k, (restricted to V'). Suppose

the class of ¢ corresponds to the class of 7 under the above isomorphism. If
h is a holomorphic function on V, since dh = 0, we see that the class of h
corresponds to the class of hy (cf. (3.5), (8.1)).

In the sequel we endow C" = {(z1,...,2,)}, 2zi = x; + v/ —1y;, with the
usual orientation, i.e., the one where (x1,y1,...,2Zn, ys) is a positive coordinate
system. In the above situation set

Ri={zecC"||z|*> <ne*}.
The boundary Ry is a usually oriented (2n — 1)-sphere S?"~!. We also set
I'={zeC"||z|=¢i=1,...,n},

which is an n-cycle oriented so that arg z; A --- A arg z,, is positive.
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Theorem 8.3. Let § be a O-closed (n,n — 1)-form on C*~0 and v a
cocycle in C" 1 (W' ﬁ(”)). If the class of 0 corresponds to the class of v by the
canonical isomorphism

HP" N\ 0) ~ H™ YW 0™),

/ 9:(1)"“’2‘”/7.
Sanl I

Proof. Recall that we have canonical isomorphisms

then

Hg,n—l(cn\o) adN Hg’n_l(W/) Plads Hn—l(W/;ﬁ(n)).

The assumption implies that there exists a cochain y in &("—2) (W') such that
0 — v =vx. Consider the commutative diagram

&£nn=2) (Wl) N &(2n—2) (Wl) N &£ (2n=2) (W/ N SQn—l)

Lo l» l»

@(a(n,n—l)(w/) SN £(2n—1) (W/) SN @@(Zn—l)(W/ N SQn—l)

f 2n—1
=

C,

where W' N 5?71 denotes the covering of $?"~! consisting of the W; N S?"~1’s.
For each i =1,...,n, we set

Qi={2e 8|z > |zj| for all j #i}.

Then {Q;} is a honeycomb system adapted to W' N S?"~! and, by the Stokes
formula for Cech-de Rham cochains,

n—1
o= [ o= X

p=0 ig<-<ip ’ Qig--ip

(DX)ig...i = ;/ - /1n "

7

n(n—1)

Noting that Q1.., = (=1)" 2 I, we have the theorem. O

Note that the above is consistent with Theorem 8.1 :

/ On=1= / K-
S2n—1 I
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8.2 - Local duality

A theorem of Martineau: The following theorem of A. Martineau [21] (see
also [10], [19]) may naturally be interpreted in our framework as one of the cases
where the 0-Alexander morphism is an isomorphism with topological duals so
that the duality pairing is given by the cup product followed by integration as
described in Section 7.

In the below we assume that C" is oriented, but the orientation may not be
the usual one.

Theorem 8.4. Let K be a compact set in C™ such that Hg’q[K] =0 for
q > 1. Then for every open set V. > K, HO*(V,VNK) and H; """ (K] admits
natural structures of FS and DFS spaces, respectively, and we have:

0 q#n

A: HPY K) = HP K] =
9 (V7V\ )—> 5 [ ] {ﬁ(np)[K]/ q=n.

The theorem is originally stated for p = 0 in terms of local cohomology. This
is proved by applying Theorem 7.7. First, by excision we may assume that V' is
Stein. Thus the essential point is to prove that the hypothesis of Theorem 7.7
holds, which is done using a theorem of Malgrange (cf. [19]). Incidentally, the
hypothesis Hg’q[K] = 0, for ¢ > 1, is satisfied if K is a subset of R™ by the
following theorem (cf. [6]):

Theorem 8.5 (Grauert). Any subset of R"™ admits a fundamental system
of neighborhoods consisting of Stein open sets in C™.

In our framework, the duality is described as follows (cf. Section 7). Let
Vo = VK and Vi a neighborhood of K in V and consider the coverings
Vi = {Vo,Vi} and Vj. = {Vu} of V and Vj. The duality pairing is given, for a
cocycle (€1,&01) in &P™ (Vie, Vi) and a holomorphic (n — p)-form 1 near K, by

(8.3) SEAY/ §o1 A1,

R1 ROl
where R; is a compact real 2n-dimensional manifold with C°° boundary in V;
containing K in its interior and Ry = —0R;. We may always choose a cocycle
with & = 0, if V' is Stein.

Local residue pairing: Now we consider Theorem 8.4 in the case K = {0}
and (p,q) = (n,n). We also let V' = C". In this paragraph we consider the
usual orientation on C". We have the exact sequence

o HPTH(CMN0) -2 HI(C,CMN0) — 0,
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Thus every element in Hg’n((C”, C™\0) is represented by a cocycle of the form
(0,—0). Since O|K| = Ocny = 0O, in this case, the duality in Theorem 8.4 is
induced by the pairing

H™(C",C"0) x 6, -1 ©

given by
((0,—=0),h) — — hf = / hé.
ROI S2n—1

In the above, h is a holomorphic function in a neighborhood V of 0 in C". We
may take as Ry a 2n-ball around 0 in V' so that Rgy = —0R; = —52n=1 with
S§2n=1 a usually oriented (2n — 1)-sphere. Thus if § corresponds to v, the above

integral is equal to
n(n—1)
(1) / hy
r

(cf. Remark 8.2.2 and Theorem 8.3). In particular, if § = (3,, the pairing is
given by

1 n hdzy N\ -+ Ndzy,
8.4 hB, = | hkp =|—— = h(0).
s [ = = (o) [T =)

Likewise in the case (p,q) = (0,n), the duality in Theorem 8.4 is induced
by the pairing

Hm(Cr, ) x 0% L c

given by
((0,=0),m) — — 9N7=/ 0 An.
ROl Sanl

8.3 - Sato hyperfunctions

Sato hyperfunctions are defined in terms of relative cohomology with coef-
ficients in the sheaf of holomorphic functions and the theory is developed in
the language of derived functors (cf. [23], [24]). The use of relative Dolbeault
cohomology via the relative Dolbeault theorem (Theorems 2.3, 4.8) provides us
with another way of treating the theory. This approach gives simple and ex-
plicit expressions of hyperfunctions and some fundamental operations on them
and leads to a number of new results. These are discussed in detail in [14],
see also [13] and [30]. Here we pick up some of the essentials of the con-
tents therein. In general the theory of hyperfunctions may be developed on
an arbitrary real analytic manifold and it involves various orientation sheaves.
However for simplicity, here we consider hyperfunctions on open sets in R"
fixing various orientations.
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Hyperfunctions and hyperforms: We consider the standard inclusion
R™ C C", i.e.,if (21,...,2n), 2 = x;++/—1y;, is a coordinate system on C", then
R™ is given by y; =0, i = 1,...,n. We orient R" and C" so that (z1,...,z,)
and (y1,...,Yn,1,...,Ty,) are positive coordinate systems. Thus (y1,...,Yyn)
is a positive coordinate system in the normal direction. Note that the difference

between this orientation of C™ and the usual one, where (z1,y1,...,Zn,Yn) iS
positive, is a sign of (—1)" 2

With these, for an open set U in R", the space of hyperfunctions on U is
given by
#U) = Hy(V; 0),

where V is an open set in C™ containing U as a closed set and & the sheaf of
holomorphic functions on C”. We call such a V a complex neighborhood of
U. Note that, by excision, the definition does not depend on the choice of the
complex neighborhood V. By the relative Dolbeault theorem (cf. Theorems 2.3
and 4.8), there is a canonical isomorphism :

B(U) ~ H"(V,V\U).
More generally we introduce the following :

Definition 8.6. The space of p-hyperforms on U is defined by
(p) — gpn
BPN(U) = Hj (V,V\U).

Note that the definition does not depend on the choice of V' by excision
(cf. Proposition 4.6). Denoting by & (P) the sheaf of holomorphic p-forms on
C™, we have a canonical isomorphism (cf. Theorems 2.3 and 4.8):

HP™(V,V\U) ~ Hp(V; 0W)

so that ) (U) is canonically isomorphic with Z(U). Hyperforms are essen-
tially equal to what have conventionally been referred to as differential forms
with coefficients in hyperfunctions.

Remark 8.7. In the above we implicitly used the fact that R™ is “purely
n-codimensional” in C™ with respect to @(C’Zl) and Zgn (cf. [17]). For the latter,
this can be seen from the Alexander isomorphism or the Thom isomorphism
(cf. [26], [27], see also Subsection 5.1).

Expression of hyperforms: Let U and V be as above. Letting Vj = VU
and V] a neighborhood of U in V', we consider the open coverings V = {V, V1 }
and V' = {Vg} of V and V\U. Then #)(U) = HY"(V,V\U) = HY"(V,V')
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and a p-hyperfom is represented by a pair (&1,&01) with & a (p,n)-form on
Vi, which is automatically O-closed, and &1 a (p,n — 1)-form on Vp; such that
&1 = 0&o1 on Vp1. We have the exact sequence (cf. (4.2), (4.4)):

n— n— 0 ™ n
HE"H (V) — HP"H(VNU) = B0(U) L H2™(V).

By Theorem 8.5, we may take as V' a Stein open set and, if we do this, we
have Hg’n(V) ~ H™(V;0®) = 0. Thus ¢ is surjective and every p-hyperform
is represented by a cocycle of the form (0, —6) with 6 a d-closed (p,n — 1)-form
on V\U.

In the case n > 1, Hg’nfl(V) ~ H" Y(V; 0P) = 0 and § is an isomorphism :

HE" NV SU) ~ 2P/(U), (0] + [(0,-0)].

In the case n = 1, as Hg’O(V\U) = HO(V \U;0®) and Hg’O(V) —
HO(V;0®), p=0,1, we have the isomorphism

HO(V~U; 6P/ H(V; 0®)) ~ 2P (1), [w] & [(0, —w)].

In particular, for p = 0, the left hand side is the original expression of hyper-
functions by Sato in the one-dimensional case and the right hand side is the
expression in terms of relative Dolbeault cohomology.

Remark 8.8. Although a hyperform may be represented by a single dif-
ferential form in most of the cases, it is important to keep in mind that it is
represented by a pair (£1,&01) in general.

Now we describe some of the operations on hyperforms.

Multiplication by real analytic functions: Let </ (U) denote the space
of real analytic functions on U. We define the multiplication

A (U) x BP(U) — 2P(U)
by assigning to (f, [€]) the class of (f£1, f€1) with f a holomorphic extension
of f.
Partial derivatives: We define the partial derivative

8 .
833‘2‘ '

BU) — BU)
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as follows. Let (&1, &o1) represent a hyperfunction on U. We write £ = fdz; A
-+Adz, and &y = Z?’:l gjdziN---NdZj \---NdZ,. Then a%[g] is represented
by the cocycle

of =99 _ — _
(a—Zidzl/\---/\dzn,Zgzjidzl/\---/\dzj/\~-/\dzn).

=1

Thus for a differential operator P(x, D), P(x,D) : B(U) — A(U) is well-
defined.

Restriction: Let U’ be an open subset of U. Take a complex neighborhood
V' of U’ and a neighborhood V{ of U’ in V' so that V' C V and V{/ C V.
Then the restriction ZP)(U) — ZP)(U') is defined by assigning to the class of

(&1, &o1) the class of (&1]vy, €olyy, ). Vor = VINU"

Differential: We define the differential
d: B9 (U) — BPHW0).

by assigning to the class of (&1, &p1) the class of (—1)"(9&1, —0&p1). From Theo-
rem 5.6, we have the exact sequence (de Rham complex for hyperforms, cf. Re-
mark 8.7):

85 0-—CU) — 2U) -5 200 % ... -4 200(U0) — 0.
We come back to the first part below.
Integration: Let K be a compact set in U. We define the space %}?)(U ) of

p-hyperforms on U with support in K as the kernel of the restriction Z®)(U) —
BP)(UNK). Then we have:

Proposition 8.9. For any complex neighborhood V of U, there is a
canonical isomorphism

B (U) ~ HY"(V,VK).

Proof. Applying Proposition 4.2 for the triple (V, VK,V ~\U), we have
the exact sequence

HE" N VNK, VNU) S HE(V,VAK) 5 HE™(V,VU) 5 BE(VAK, VNU).

By definition, Hg’n(V, VU) = W) (U). Since V~K is a complex neighborhood
of UNK and (VNE)N(UNK) = VU, HY"(VNEK,V\U) = 2P(UNK).
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On the other hand, H" (VN K,V ~\U) = 0 (cf. Remark 8.7). 0

By the above proposition, we may define the integration on %’ﬁ?(U ) by
directly applying (6.11), which we recall for the sake of completeness. Let V'
be a complex neighborhood of U and consider the coverings Vi = {Vj, V1} and

Vi = {W}, with Vj = VN K and V; a neighborhood of K in V. Then we have

a canonical identification %’%))(U) =H g’n(VK, Vi ). Let Ry be a compact real

2n-dimensional manifold with C*° boundary in V} containing K in its interior
and set Ry; = —0R;. Then the integration

27wy Lo ¢

is given as follows. Noting that u € %’g?)(U) = H3(Vk,V}) is represented by

£ = (&,6m) € EMMI (Vi Vig) = £ (Vi) @ £ (),

/UUI/lehL Rm&n-

Duality: By Theorem 8.4 we have

we have

(8.6) BP(U) = HP"(V,VK) = 0" P[K] = o/ " P[KY,

where o7 ("~P) denotes the sheaf of germs of real analytic (n — p)-forms on R"
and

D] = lim ") (1),
H

the direct limit over the set of neighborhoods U; of K in U. Recall that the
pairing is induced by (8.3).

d-function and d-form: We consider the case K = {0} C R™. Recall the
expressions %yg) (R") = Hg’"((C", C™{0}) and (%’?0? (R™) = Hg’"(C”, C™{0}).

Definition 8.10. The d-function is a hyperfunction in %y, (R") repre-
sented by

(n+1)

(0, (=12 BY),

where 30 is as defined in Remark 8.2. 1.
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The isomorphism (8.6) reads in this case:
@O(Rn) ~ (%(”))/’

where %(n) denotes the stalk of 7™ at 0. For a representative w = h(x)®(x)

of an element in %(n), h(z)®(z) is its complex representative. Let Ry be a small
n(n+1)

2n-ball around 0 in C" so that Ryy = —OR; = —(—1)" 2 §?"~! with §?"~1 a
usually oriented (2n — 1)-sphere. Then the §-function is the hyperfunction that
assigns to a representative w = h(x)®(z) the value (cf. (8.4))

n(n+1)

—(=1)"z2 /Rm h(z)Bn = /SM_I h(2)Bn = h(0).

Definition 8.11. The §-form is a hyperform in %Eg%(R") represented by

n(n+1)
2

(07_(_1) Bn)

Recall the isomorphism (8.6), which reads in this case:
2 (R") = ()’

For a representative h(x) of an element in ), h(z) is its complex representa-
tive. Let R; be as above. Then the J-form is the hyperform that assigns to a
representative h(x) the value

n(n+1)

—(~1)"E /R h(z)Bn = /S h(2)Bn = h(0).

Remark 8.12. 1. If we orient C" so that the usual coordinate system
(1,91, - - ., Tn, Yn) is positive, the delta function &(z) is represented by (0, —32).
Also, the delta form is represented by (0, —f,). Incidentally, it has the same
expression as the Thom class of the trivial complex vector bundle of rank n
(cf. [26, Ch.ITI, Remark 4.6]).

2. Set W; ={z; #0},i=1,...,n, and W41 = C" and consider the coverings
W = {W;}i 4! and W = {W;}, of C" and C"~ 0. We have the natural
isomorphisms

Bioy(R™) = HY"H(C"\0) ~ H" (W', 0) ~ H"(W,W'; 0).

As noted in Remark 8.2.1, under the middle isomorphism above, the class of
n(n—1) .
B9 corresponds to the class of (—1)" 2 k. If we choose the usual orienta-

tion on C", the class corresponding to [£2] in H™(W,W'; &) is the traditional

n

representation of the J-function (cf. (8.4)).
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1 as a hyperfunction: We examine the map C(U) — A(U) in (8.5). Let V
and V' be as before. Then it is given by p™ : H(V,V') — Hg’"(V, V'), which

is induced by (w1,wp1) — (wgo’n),w((ﬁ’n_l)) (cf. Corollary 5.5). For simplicity

we assume that U is connected. Then we have the commutative diagram :

C = HOU;C) =5 H(V,V\U;C) = H(V,V\U; 0) = B(U)
: i

Hp(V, V) ———— H"(V,V),

where 1" denotes the Thom isomorphism, which sends 1 € C to the Thom class
Uy € HY(V,V~U;C) (cf. (5.3)). If ¥y is represented by (v1,vp1) in HE(V, V'),

as a hyperfunction, 1 is represented by p™(vi,vp1) = (V%O’n), Vé?’"_l)). In par-

ticular, we may set (v1,v01) = (0, =¥y (y)), where 1, (y) is the angular form

on R} (cf. Proposition 5.3). Thus as a hyperfunction, 1 is represented by

(0, —¢§L0’n_1)). Noting that y; = 1/(2v/—1)(z; — Z;), we compute

" (—1)i(z —Z)dEL A AdZ A AdE

w7(10,n71) _ (\/j)ncn Zi:l

Iz — 2|

In particular, if n =1,

00 1y
Y0 =2
' 21y|
Embedding of real analytic forms: Let U and V be as above. We define

a morphism

AP (U) — BV (U) = HE"(V,V\U)
by assigning to an element w(z) in 7 ?)(U) the class of

O™ A w(z), i7" A w(2)),

where (v1,1vp1) is a representative of the Thom class as above and w(z) the
complexification of w(x). Note that (v(%™ Aw, 1/((](1)’”71) Aw) is a cocycle as w is
holomorphic. This induces an embedding t) : o7 P)(U') < 2P)(U) compatible
with the differentials d of «7(®)(U) and #(®)(U). In particular, if p = 0, we have
the embedding <7 (U) < Z(U), which is given by f — (fr(0™), fyé(l)’n_l)) with
f the complexification of f.

8.4 - Some others

We may develop the theory of Atiyah classes in the context of Cech-Dolbea-
ult cohomology, which is conveniently used to define their localizations in the
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relative Dolbeault cohomology. In particular we have the 9-Thom class of a
holomorphic vector bundle, see [1] and [28] for details.

The above idea and techniques may further be pushed forward to develop the
theory of Cech-Bott-Chern cohomology. In particular the relative Bott-Chern
cohomology which arise naturally in this context is used for the localization of
Bott-Chern classes of vector bundles admitting a Hermitian connection com-
patible with an action of a distribution. For details and the relation with the
relative Dolbeault cohomology theory, we refer to [4].

We refer to [2] for another application of the relative Dolbeault cohomology,
namely to the study of Hodge structures under blowing-up. We may equally
use the complex of currents, instead of that of differential forms, to define
the relative Dolbeault cohomology. One of the advantages of this is that the
push-forward morphism is available, see [31] for details and applications in the
context of [2].

Acknowledgments. 1 would like to thank Naofumi Honda for stimu-
lating discussions and valuable comments, in particular on some materials in
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