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Cup and Massey products on the cohomology

of compact almost complex manifolds

Abstract. The cohomology of any compact almost complex manifold
carries bidegree decompositions induced by a Frölicher-type spectral se-
quence. In this note we give some restrictions on the possible decom-
positions on a given manifold and study how cup and Massey products
behave with respect to such decompositions.
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Massey products.

Mathematics Subject Classification: 32Q60, 53C15, 32Q55.

1 - Introduction

The complex de Rham algebra A∗(M) := A∗
dR(M)⊗C of any almost com-

plex manifold M decomposes into bidegrees

An(M) =
⊕

p+q=n

Ap,q

and its exterior differential decomposes as d = µ̄ + ∂̄ + ∂ + µ where µ̄ has
bidegree (−1, 2) and ∂̄ has bidegree (0, 1). The components ∂ and µ are com-
plex conjugate to ∂̄ and µ̄ respectively. This decomposition is induced by the
eigenspace decomposition defined by the almost complex structure acting on
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the complexified tangent bundle of the manifold, and so strongly depends on
the almost complex structure. The Hodge-type filtration

F pAn(M) := Ker(µ̄) ∩ Ap,n−p ⊕
⊕
q>p

Aq,n−q

introduced in [CW21] is compatible with the exterior differential and so it
makes sense to consider its associated spectral sequence E∗,∗

r (M). For a com-
pact complex manifold, for which µ̄ ≡ 0, one recovers the usual Frölicher spec-
tral sequence and the vector spaces Ep,q

r (M) are finite-dimensional for all r ≥ 1
and all p, q. As shown in [CPS21], some of the vector spaces Ep,q

1 (M) are
infinite-dimensional in the maximally non-integrable case. Still, for an arbi-
trary compact almost complex manifold, convergence ensures that there is a
last page E∞(M) = Es(M) for some finite s ≥ 1 which is finite-dimensional
and there are isomorphisms

Ep,q
∞ (M) ∼= GrpFH

p+q
dR (M ;C),

where GrpF = F p/F p+1 denotes the graded-p piece of the Hodge filtration F in-
duced on complex de Rham cohomology. In particular, one may choose filtered
isomorphisms

Hn
dR(M ;C) ∼=

⊕
p+q=n

Ep,q
∞ (M)

giving a refinement of de Rham cohomology. Note that, while such refinement
is not functorial, the numbers

hp,qr := dimEp,q
r (M)

are almost complex invariants. We deduce some inequalities concerning the
numbers hp,qr , for r ≥ 1, and analyze the behavior of the multiplicative structure
onH∗

dR(M ;C) with respect to the above bidegree decompositions. Stronger and
more concrete results appear in [CW22] in the case of compact almost complex
4-manifolds, for which the E2-page gives “Hodge-de Rham numbers” with very
special properties.

2 - A Hodge-de Rham inequality

In [PU18] it is shown that for any compact complex manifold M there is
an injective map

H1
dR(M ;C) −→ E0,1

1 (M)⊕ E0,1
1 (M)
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and in particular one has the inequality b1 ≤ 2h0,1
∂̄

, where b1 := H1(M ;C) is

the first Betti number and h0,1
∂̄

= dimE0,1
1 (M) = dimH0,1

∂̄
(M) is the dimension

of the Dolbeault cohomology vector space in bidegree (0, 1). In this section we
prove a generalization of this result which is valid for compact almost complex
manifolds and carries through any page of the Frölicher-type spectral sequence.

We will be interested in the vector spaces E0,1
r (M) for any r ≥ 1. Gen-

eral formulae for the various stages of the spectral sequence are given in the
Appendix of [CW21]. In bidegree (0, 1), such formulae are quite simple. Let

Z0,1
1 (M) := {α0 ∈ A0,1; ∂̄α0 = µ̄α1 for some α1 ∈ A1,0}.

Z0,1
2 (M) := {α0 ∈ A0,1; ∂̄α0 = µ̄α1, ∂α0 = ∂̄α1 for some α1 ∈ A1,0}.

Z0,1
3 (M) := {α0 ∈ A0,1; ∂̄α0 = µ̄α1, ∂α0 = ∂̄α1, µα0 = ∂α1 for α1 ∈ A1,0}.

We have obvious inclusions Z0,1
3 (M) ⊆ Z0,1

2 (M) ⊆ Z0,1
1 (M). The relations

µ2 = 0

µ∂ + ∂µ = 0

µ∂̄ + ∂̄µ+ ∂2 = 0

µµ̄+ ∂∂̄ + ∂̄∂ + µ̄µ = 0

µ̄∂ + ∂µ̄+ ∂̄2 = 0

µ̄∂̄ + ∂̄µ̄ = 0

µ̄2 = 0

arising from d2 = 0 ensure that ∂̄(A0,0) ⊆ Z0,1
3 (M). For all 1 ≤ r ≤ 3 we have

E0,1
r (M) ∼= Z0,1

r (M)/∂̄(A0,0).

Also, we have E0,1
3 (M) = E0,1

∞ (M) and there are injections

E0,1
3 (M) → E0,1

2 (M) → E0,1
1 (M).

P r o p o s i t i o n 2.1. For any compact almost complex manifold M and any
r ≥ 1 there is a well-defined and injective map

F : H1
dR(M ;C) −→ E0,1

r (M)⊕ E0,1
r (M).

P r o o f. Let α ∈ A1(M) be such that dα = 0. We may write α = α0 + α1

where α0 ∈ A0,1 and α1 ∈ A1,0. The condition dα = 0 gives



∂̄α0 + µ̄α1 = 0

∂α0 + ∂̄α1 = 0

µα0 + ∂α1 = 0.
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These conditions imply that α0, α1 ∈ Z0,1
r (M) for any 1 ≤ r ≤ 3. Since

E0,1
3 (M) = E0,1

∞ (M), we obtain classes [α0]r, [α1]r ∈ E0,1
r (M) for all r ≥ 1. We

now show that the map

F([α]) := ([α0]r, [α1]r)

is well-defined. Assume that α = df . Then we have α0 = ∂̄f and α1 = ∂̄f .
These conditions readily imply that [α0]r = [α1]r = 0. Lastly, we prove that F
is injective. Assume that α0 = ∂̄f and α1 = ∂̄g. Then we have

0 = ∂α0 + ∂̄α1 = ∂∂̄f + ∂̄∂g = ∂∂̄(f − g).

Since M is compact, any 2-form in the image of ∂∂̄ is constant (see Corollary 1
of [CW20] for a proof in the possibly non-integrable case). Therefore f−g must
be constant. This implies that ∂g = ∂f and so α = α0 +α1 = ∂̄f + ∂g = df. □

For a compact almost complex manifold M , and any r ≥ 1, denote

hp,qr (M) := dimEp,q
r (M),

noting that these numbers are always finite in the integrable case, but may be
infinite for non-integrable structures. We also consider the finite numbers

hp,qdR(M) := dimEp,q
∞ (M).

Co r o l l a r y 2.2. For any compact almost complex manifold we have in-
equalities b1(M) ≤ 2h0,1r (M) for all r ≥ 1 and h1,0dR(M) ≤ h0,1dR(M).

Rema r k 2.3. Since there are always inequalities

hp,q1 (M) ≥ hp,q2 (M) ≥ · · · ≥ hp,qdR(M),

the above result strengthens the inequality b1(M) ≤ 2h0,1
∂̄

(M) = 2h0,11 (M)
proven in [PU18] in the integrable case.

3 - Cup and Massey products on the E∞-page

Let M be a compact almost complex manifold. A natural question is to ask
how cup and Massey products in cohomology behave with respect to the choice
of a filtered isomorphism

Hn
dR(M ;C) ∼=

⊕
p+q=n

Ep,q
∞ (M).
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For compact Kähler manifolds, Hodge theory ensures that E1 = E∞ and that
cup products preserve bidegrees while higher Massey products vanish. For
an arbitrary compact complex or almost complex manifold this is not true in
general, even when the spectral sequence degenerates at the first stage.

E x amp l e 3.1. The twistor space Z = Tw(T4) of the 4-torus T4 is a com-
plex non-Kähler manifold homeomorphic to T4×S2 which has no holomorphic
forms: Ep,0

1 (Z) = 0 for all p > 0. A complete description of the Frölicher spec-
tral sequence of Z appears in Section 4 of [ES93]. There are four classes in
E0,1

∞ (Z) corresponding with the four generators of T4. These classes multiply
to the top class of T4, which sits in bidegree (2, 2) in the spectral sequence for
Z. This gives a cup product of bidegree (2,−2). This space is formal and so
higher Massey products are all trivial.

Let us briefly recall how Massey products are defined on the cohomology
H∗(A) of a dg-algebra A defined over a field.

Consider cohomology classes [x], [y], [z] ∈ H∗(A) such that [x] · [y] = 0 and
[y] · [z] = 0. Then there are elements a, b ∈ A such that da = x · y and db = y · z
and the element

a · z − (−1)|x|x · b

is a cocycle whose cohomology class depends on the choice of a and b. The set
⟨[x], [y], [z]⟩ formed by all the cohomology classes constructed this way is the
triple Massey product of [x],[y] and [z]. More generally, consider cohomology
classes x1, · · · , xk ∈ H∗(A), with k ≥ 3. A defining system for {x1, x2, · · · , xk}
is a collection of elements {xi,j}, for 1 ≤ i ≤ j ≤ k with (i, j) ̸= (1, k) where
xi = [xi,i] and

d(xi,j) =

j−1∑
q=i

(−1)|xi,q |xi,qxq+1,j .

Consider the cocycle

γ(xi,j) :=

k−1∑
q=1

(−1)|x1,q |x1,qxq+1,k.

The k-tuple Massey product ⟨x1, · · · , xk⟩ is defined to be the set of all coho-
mology classes [γ(xi,j)], for all possible defining systems. A Massey product is
trivial if the trivial cohomology class belongs to its defining set.

Note that the triple Massey product ⟨x1, x2, x3⟩ is defined whenever x1x2 =
0 and x2x3 = 0. For k > 3 one similarly asks that some q-tuple Massey
products, with q < k, are trivial in a certain compatible way, so that at least
one defining system exists.
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R ema r k 3.2. Massey products are extremely related to A∞-structures.
Indeed, given any dg-algebra defined over a field, there is a transferred struc-
ture of A∞-algebra on its cohomology H∗(A), which is unique up to A∞-
isomorphism. The higher operations µk of this A∞-structure give elements in
the corresponding Massey sets. Conversely, given x ∈ ⟨x1, · · · , xk⟩ there is al-
ways an A∞-structure on H∗(A) such that µk(x1, · · · , xk) = ±x [BMFM20].
Massey products are also linked to formality: if a dg-algebra is formal then
Massey products vanish.

The following result describes the behaviour of cup and Massey products
with respect to a fixed bidegree decomposition on the cohomology of almost
complex manifolds.

T h e o r em 3.3. Let M be a compact almost complex manifold. Let r ≥ 0
be such that Er(M) ̸= E∞(M) and Er+1(M) = E∞(M). Then:

1. If α ∈ Ep,∗
∞ (M) and β ∈ Ep′,∗

∞ (M), then the cup product α ·β has bidegrees
(p+ p′ + i, ∗), with i ≥ 0.

2. Let k ≥ 3 and αi ∈ Epi,∗
∞ (M) for 1 ≤ i ≤ k. Then the k-tuple Massey

product ⟨α1, · · · , αk⟩ has bidegrees (p1 + · · · + pk + (2 − k)r + i, ∗) with
i ≥ 0.

P r o o f. The theory of filtered A∞-structures developed in [CS] gives the
same bidegrees for the structure maps of the induced A∞-structure on the
spectral sequence of a filtered dg-Algebra (see Remark 3.18 of [CS]). It suffices
to apply this theory for the Hodge-type filtration

F pAn(M) := Ker(µ̄) ∩ Ap,n−p ⊕
⊕
q>p

Aq,n−q

and to interpret the bidegrees obtained in terms of Massey products, as ex-
plained in Remark 3.2. □

While the above formulae for bidegrees may not be very enlightening at first,
they allow us to understand the behaviour of the topological multiplicative
structures on any almost complex manifold, as we will see in the following
section.

4 - Applications

We explain some direct consequences of Theorem 3.3.
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4.1 - Cup-length of almost complex manifolds

The cup-length cl(M) of a topological space M is the largest possible integer
k such that there are k-cohomology classes in H>0(M) whose cup product is
non-trivial. If M is a manifold of dimension 2n, then the cup-length satisfies
cl(M) ≤ 2n. If M is simply connected then we have cl(M) ≤ n.

By Theorem 3.3, cup products can have components in bidegree (i,−i) for
any i ≥ 0, but can never have bidegrees with negative first component. This
gives:

C o r o l l a r y 4.1. If M is a compact almost complex manifold of dimension
2n and h0,1dR(M) = 0 then cl(M) ≤ n.

Note however that this Corollary is superseded by Corollary 2.2, since the
condition h0,1dR = 0 implies h1,0dR = 0 and so the manifold is simply connected.
However, the same idea can be applied (a priori non-trivially) to higher bide-
grees. For instance, looking at products in degree 2 on an almost complex
6-manifold, we obtain:

C o r o l l a r y 4.2. Let M be a compact almost complex 6-manifold and as-
sume that h0,2dR(M) = 0, h1,1dR(M) = 0 and b1(M) = 0. Then, we have cl(M) ≤ 2.

4.2 - Massey products and degeneration

We now turn our attention to Massey products. According to Theorem 3.3,
triple Massey products, which have total degree -1, can only have components
in bidegrees (−r+ i, r− 1− i) for any i ≥ 0, whenever Er(M) ̸= E∞(M). Like-
wise, k-tuple Massey products, which have total degree 2 − k, can only have
components in bidegrees ((2− k)r + i, (2− k)(1− r)− i) for any i ≥ 0, when-
ever Er(M) ̸= E∞(M). Note that Massey products may have bidegrees with
negative first component depending on the stage where the spectral sequence
degenerates.

As explained in the introduction of [DGMS75], the initial motivation of
Deligne, Griffiths, Morgan and Sullivan for proving the formality of compact
Kähler manifolds was that there were no higher products starting from H∗,0.
We see that, in fact, this property is satisfied for any compact almost complex
manifold whose spectral sequence degenerates at the first stage.

C o r o l l a r y 4.3. If the spectral sequence of a compact almost complex man-
ifold M satisfies E1(M) = E∞(M) then there are no Massey products starting
from E∗,0

∞ (M).
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Using the fact that the Frölicher spectral sequence of complex surfaces al-
ways degenerates at E1, we have:

C o r o l l a r y 4.4. If on a compact almost complex 4-manifold M there is a
non-trivial Massey product ⟨α1, α2, α3⟩ with αi ∈ Epi,qi

∞ , and if p1+p2+p3 ≥ 3,
then the structure is non-integrable.

For instance, the above applies when the bidegrees of αi are given by

|α1| = |α2| = (1, 0) and |α3| = (1, 1).

The above results indicate how products and Massey products on the coho-
mology of an almost complex manifold may be used to discard possible “Hodge-
de Rham bidegree decompositions” for compact complex manifolds. In a lucky
scenario, given a fixed manifold admitting an almost complex structure, one
might use the above techniques to discard all possible integrable E∞-pages,
thus proving that such manifold does not admit integrable structures.
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