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Some fixed point results in
ordered bicomplex-valued metric spaces

Abstract. Recently, fixed point results on bicomplex valued metric
spaces have had many applications in functional analysis, graph the-
ory, probability theory and other areas. Very recently, Fuli He et al.
(J. Funct. Spaces, 2020, Art. ID 4070324) introduced fixed point theo-
rems for Mizoguchi-Takahashi type contraction in bicomplex-valued met-
ric spaces and applications. In this direction of research, we demonstrate
some fixed point theorems in ordered bicomplex valued metric spaces for
type contraction mappings with illustrative examples. The reported re-
sults here along with those stated in earlier papers were also specified.
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1 - Introduction

In recent decades, fixed point theories are very important tools in the
different areas of mathematical analysis, applied mathematics and other science,
which have engaged many researchers (see, e.g., [1,2,4,5,6,7,11]). Nowadays,
there have been a number of generalizations of metric spaces and some fixed
point results. In particular, Azam et al. [9] proved some fixed point results in
complex-valued metric spaces. The extension of this work established recently
in [17].

Later on, results on bicomplex functional analysis and their applications
have been presented and discussed by many authors (see, for example, [3,13,
14]).
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In [10], Choi et al. introduced the notion of bicomplex-valued metric space
which is a generalization of complex-valued metric space and proved some var-
ious fixed point results. Also, see, [15].

Very recently, some new fixed point theorems for contractive maps that
satisfied Mizoguchi-Takahashi type condition in the setting of bicomplex-valued
metric spaces are studied by [12].

Motivated essentially by the above-mentioned results. In this manuscript,
we demonstrate a unique common fixed point theorem for contractive mappings
satisfying the notion of weak compatibility. To substantiate the authenticity
of our results, some illustrative examples are also outlined. Furthermore, some
special cases and consequences of our main results are presented.

2 - Preliminaries

In this section, we recall some definitions and terminologies which will
be used to prove the main results.

2.1 - Bicomplexr numbers

The set of bicomplex numbers denoted by BC is the first setting in an
infinite sequence of multicomplex sets which are generalizations of the set of
complex numbers C. Here we recall the set of bicomplex numbers BC (see, for
example, [13,16]):

BC = {w = 29 + 1121 + tox9 + i1i0x3; Tk € R, (k =0,1, 2,3)}.

Since each element w in BC can be written as w = xg + i121 + i2(x2 + i123) or
w = 21 + i222; (21,22 € C) we can also express BC as

(2.1) BC := {w = 21 + i222, 21,22 € C},

where 21 = xg+1121, 22 = x2+ 4123 and 41, i3 are independent imaginary units
such that 2 = —1 = 3. The product of i; and iy defines a hyperbolic unit j
such that j2 = 1. The product of units is commutative and is defined as

i1l = J, 1) = —i2, l2j = —i1.
With the addition and multiplication of two bicomplex numbers defined in

the obvious way, the set BC makes up a commutative ring. Three important
subsets of BC can be specified as

(2.2) C(ig) :=={z + yix; z,y e R}, fork=1,2.
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(2.3) D= {z +yj; z,y € R}.
Each of the sets C(ix) is isomorphic to the field of complex numbers, while D

is the set of the so-called hyperbolic numbers.

2.2 - Conjugation and moduli

Three kinds of conjugation can be defined on bicomplex numbers. With
w specified as in (2.1) and the bar - denoting complex conjugation in C, we
define

(24) wh = Z1 + 29 192, wiz .= Z1 — 29 12, whs .= Z1 — Z2 19.
It is easy to check that each conjugation has the following properties
(2.5) (u+ U)Tk =l + UT’“, (uTk)Tk = u, (u.v)Tk = e pfe

here u,v € BC and k = 1,2,3. With each kind of conjugation, one can define
a specific bicomplex modulus as

::w.wT2

2 422 € Cliy),

z
|w]?2 =w.wh (|z1|2 - |zQ\2) + 2Re(z1z2)i2 € C(iz),
(

=w.w's = (212 + |20]?) — 2Im(21Z2)j € D.

It can be shown that |u.v|? = |u|?.|v|?, where s = i1, or j.
A norm of a bicomplex number w = z; + 222 denoted by ||w|| is defined by

. 1
lwll = llz1 + daz2|l = (|1 + |22f*)2,

which, upon choosing w = zg + i121 + igxe + irioxs, (zp € R,k = 0,1,2,3),
gives
1
lw|| = (aF + 27 + 23 + 23)2.

For any two bicomplex numbers u,v € BC, one can easily verify that ||u+v| <
|lul| + ||v]|, ||ew| = al|u||, where « is nonnegative real number. Further, for any
two bicomplex numbers u,v € BC, |juv|| < v/2|jul|||v|| holds.

Next, we recall some necessary definitions and lemmas.

First, define a partial order relation <;, on C as u; € C, vy <;, v; if and
only if Re(u1) < Re(v1) and Im(u1) < Im(vy). Let u = uy + igup € BC and
v = v1 +1i2v2 € BC, then we define a partial order relation <;, on BC as follows

U=, VE=up 2, v and ug =y va,
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where <;, is a partial order relation on C and =;, is the reflexive closure of <; .
It is easy to verify 0 <;, u <4, v = ||u|| < ||v]|.
The definition of the complex metric space is introduced in [9], we extend
this definition to Bicomplex analysis as follows.

Definition 2.1. Let X be a nonempty set. A function dgc : X x X —
BC is called a bicomplex-valued metric on X if for z,y,2z € X the following
conditions are satisfied:

(m1) 0 =4, dpc(z,y),

(m2) dpc(z,y) =0 if and only if x =y,

(ms3) dec(z,y) = dpe(y, ),

(ma) dec(z,y) 2, dec(, 2) + drc(z,y).

Then (X, dpc) is called a bicomplex-valued metric space.

Some known examples of bicomplex-valued metric, which show that a
bicomplex-valued metric, are the following.

Example 2.2. On set of real numbers together consider the functionals
digc(2,y) = (1 + i1 + iz +iriz) |z — y]

dic(,y) = irig]z — y|

for all x,y € R where |.| is the usual real modulus. One can easily check that
(X,dbe), (X,d2¢) are a bicomplez-valued metric spaces.

A bicomplex-valued metric space (X,dpc) together with a partial order
relation 3;, on X is called partially ordered bicomplex-valued metric space.

~12

Definition 2.3. [12] Let (z,,) be a sequence in a bicomplex-valued metric
space (X, dpc). The sequence (x,,) is said to converge to x € X if and only if for
any 0 <;, € € BC, there exists N € N depending on ¢ such that dgc(zp, x) <i, €
for all n > N. It is denoted by x, — x as n - +oco or lim z, = x.

n——+0oo

Definition 2.4. [12] A sequence (z,,) in a bicomplex-valued metric space
(X, dpc) is said to be a Cauchy sequence if and only if for any 0 <;, ¢ € BC,
there exists N € N depending on ¢ such that dgc(zn, Tm) <i, € for alln,m > N

Definition 2.5. [12] A bicomplex-valued metric space (X, dpc) is said to
be complete if and only if every Cauchy sequence in X converges in X.
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Lemma 2.6 ([10]). Let (X,dgc) be a bicomplez-valued metric space and
(xn) be a sequence in X. Then (x,) converges to x € X if and only if
lldpc(xn, z)|| = 0 as n — +o0.

Lemma 2.7 ([10]). Let (X,dpc) be a bicomplez-valued metric space and

(xn) be a sequence in X such that lirf xn = x. Then for any a € X,
n—-+0o0
Jdm ldec(zn, o)l = lldse(z; a)ll-

Let (X, d) be a metric space and T, S : X — X be two mappings. A point
x € X is said to be a coincidence point of T" and S if and only if Sz = Tz and
a point y € X is said to be a common fixed point of T and S if and only if
Sx=Tx =u=.

Definition 2.8 ([1,15]). The mappings 7,5 : X — X are called com-
muting if TSz = STz for all x € X, compatible if ligrl d(TSxy,STx,) =0
n—-—+00

whenever (z,,) is a sequence such that lim Tz, = lim Sz, =t for some ¢
n—-+o0o n—-+o0o

in X, weakly compatible if they commute at their coincidence points, that is,
if STx = T'Sx whenever Sx = Tx.

Remark 2.9. For the partially order set (X, <), we say that S is non-
decreasing if for z,y € X, z <X y, we have Sz < Sy. Similarly, we say that S
is non-increasing if for x,y € X, r < y, we have Sx = Sy and we say that T
is S—non-decreasing if for z,y € X, Sx < Sy, we have Tx < Ty. Note that if
S is the identity mapping, then T is S—non-decreasing means T’ is monotone
nondecreasing.

A subset Y of a partially ordered set X is said to be well-ordered if every
two elements of Y are comparable.

3 - Statement of Results

In this section, we will present some fixed point theorems in ordered
bicomplex-valued metric spaces for generalized rational type contraction map-
pings. Furthermore, we will give examples and applications to our main results.
The first result in this work is the following theorem.

Theorem 3.1. Let (X, =,dpc) be a partially ordered complete bicomplex-
valued metric space. Suppose that T and S are continuous self mappings on X,
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T(X) C S(X), T is a S— non-decreasing mapping and

dgc(Sz, T'x)dgc (Sy, Ty)
(P sy )+ 050

+ v [dpc(Sz, Tx) + dpc(Sy, Ty)]
+0 [d]B(C(Sx7 Ty) + dIB(C(Sy> Tl‘)] )

for all x,y € X with Sx = Sy, Sz # Sy and for some «, 3,7, € [0,1) with
a+ 284+ 2y+26 < 1. If there exists xg € X such that Sxg <X Txg, T and S
are compatible, then T and S have a coincidence point.

dec(Tz, Ty) =i,

Proof. By the condition of the theorem there exists zo € X such that
Sxog = Txg. Since T(X) C S(X), we can find a point ;1 € X such that
Sx1 = Txg, then Sxg =< Txg = Sxy. Since T is S—non-decreasing, we have
Sx1 =Txg = Tz1. In this way, we construct the sequence (x,) recursively as

Txy, = Sxpy1 forall n>1,

for which

SLU() j TJI() = le j T.Iil = ng j T$2 j
<X Txy1=Sx, S Taxy,=5Tp+1 = ....

We suppose that dgc(Txn, Txni1) =i, 0 for all n. If not, then Txy41 = Txy,
for some n, Txyy1 = Sxp41, i-e., T and S have a coincidence point x,+1, and
thus, we have the result. Consider

dpc(Txp+1, Txy)

dB(C(Swn-l—ly Txn—i—l)dIBSC(an, Txn)
dIB(C(an-‘rlv fxn)

+ v [dIBC(an+17 Txn-l—l) + dB(C(Swny Txn)]
+9 [d]B(C(SfEn—&-la Txy) + dpc(Szy, T$n+1)]

_ (dﬁc(sfvnﬂ,Swn+2)dﬁc(51’m5$n+1)
dIBS(C(anJrl» an)

+ v[dBc(STnt1, STpt2) + duc(STn, STHt1)]

+ 5[d]Bc(an+1, Spt1) + dpc(Szp, an+2)]
=i, dBC(STnt1, STnt2) + Bdpe(STpt1, Stn)

+ v[dBc(STni1, STpt2) + dc(STn, STpi1)]

+ 0 [dpc(Szn, Stni1) + dec(STpi1, STnia)]

jiga( ) + Bdpc(Snt1,S7n)

) + Bdpc(Szpt1, Sp)
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(a+ v+ 0)dpc(STnt1, Stnyo) + (B + v+ 0)dpc(STpn, STnt1)
(a+v+0)dpc(Txn, Trns1) + (B + v+ 60)dpe(Trn—1,Ty),

which implies that

(B+v+9)

dBC(Txn-‘r-l’Txn) in 1— (Oé +’Y+ 5)

dpc(Txyp, Txp—1).

Using mathematical induction we have

B+y+9
1—(a+v+9)

dpc(Txn 41, Twn) =iy ( )" dpc (T, Txo).

Put h = %, since a4+ +27+2 < 1, then 0 < h < 1 and consequently

for all n > 0,

dpc(T2ns1, Tnra) Zihdpe(Txn, Txny1) =iy, h2dpc(Txn_1, Tay)
in e in hn+1d]}g(c(T$0, Tﬂ?l)

Now, for m > n, we have
dIB(C (T$7’L7Tmm)
<ip (W™ 4+ BT b2 4 WY dge (T, Tan)

n

h
=is mdBC(T$O, T»Tl)-

That is,

n
1-nh
Taking limit as n — 400, we obtain || dpc(Txn,Txm) ||[— 0, that is

dpc(Txy, Txy) — 0 as n — +o00. Therefore, (T'zy,) is a Cauchy sequence in the
complete bicomplex-valued metric space. Then, there exists u € X such that

| dec(Tan, Tam) [|< | dgc(Txo, Txa) || -

lim d[@@(T:L'n, u) = 0.

n—-+oo

By the continuity of T', we have

lim dpc(T(Txy),Tu) = 0.

n—-+o0o

Since Szy4+1 = Tx, — u and the pair (T, 5) is compatible, we have

lim dpc(S(Txy),T(Sxy,)) = 0.

n—-+4o0o
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Then, since Tx,, — u as n — +oo in (X, dpc), and S is continuous, we get
STz, — Su as n — +oo in (X, dpc). Therefore, we get,

dpc(Tu, Su) =iy dpe(Tu,T(Szy)) + dpc(T(Szy), fu)

=i, dpc(Tu, T(Sxzy)) + dpc(TSxy, STxy) + dpc(STxy, Su),

that is,

| dpc(Tu, Su) || =i, || dsc(Tw, T(Swy)) || + || dec(T(Sxy), Su) ||
=iy | dpc(T'u, T(Szn)) || + || dc(T'Szn, STxy) ||
+ || dec(STxy, Su) || .

Letting n — +o0 in the above inequality, we get that || dpc(T'w, Su) ||= 0. i.e,
Tu = Su and u is a coincidence point of 1" and S. O

Example 3.2. Let X = {1,2,3} reendowed with the partial order =< is
defined as {(1,1),(2,2),(3,3),(3,1)}. Let a mapping dpc : X x X — BC be
defined by dpc(z,y) = (14+i1+i2+irie)|z—y|, (Vo,y € X), where |.| is the usual
real modulus. One can easily check that (X, dpc) is a complete bicomplex-valued
metric on C.

Define T(1) = 1, T(2) = 2 and T(3) = 1 and S(1) = 1, S(2) = 2 and
S(3) = 3. Then, forx =3,y =1, we have d(Txz,Ty)=0 and

dc(T(3),T(1)) =0 =i, a(dEC(SflI’BZE’;f‘g(SLTD) + Bdpe(S3,S1)

+[dec(S3,T3) + dpc(S1,T1)]
+ 6 [dpc(S3,T1) + drc(S1,T3)]
= 2(8+7+0)(1+ i1+ i +i1i2).

Hence the inequality holds. On the other hand, it is obvious that T is S—mnon
decreasing mapping and there exists xg = 3 such that Sxg =< Txzg and 1 is a
unique common fized point of S and T.

Example 3.3. Let X = {0,1,3} reendowed with the partial order =< is
defined as {(0,0),(1,1),(3,3),(0,1),(0,3),(3,1)}. Let a mappingd : X x X —
BC be defined by dpc(z,y) = (i192)|x — y|, Yo,y € X), where |.| is the usual
real modulus.

Define Tx =1, for all x € X and S(0) =3, S(1) =1 and S(3) = 1. Then,
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forz =0,y =1, we have dpc(Tz,Ty) =0 and

dpc(T0,T1) =0 =,

(dIB%(C(SOv T0)dpc(S1, Tl))
dIB%(C(Soa Sl)
+ Bdpc(S0,51) + ’Y[dB((j(SO, T0) + dpc(S1, Tl)]

+ 6 [dpc(S0,T1) + dgc(S1,70)]
=i, (B+7y+0)d(3,1)
=i 2(5 + Y + 5)(1122)

In the same way, for x =0, y = 3, we have dpc(Tx,Ty) =0 and

dc (50, T0)dpc (53, T3)>
dBC(SO> 53)
+ Bdpc (S0, 53) + v[drc (S0, T0) + dpc(S3,T3)]

+ 6 [dpc(S0,T3) + dpc(53,70)]
i» (B+7+8)dpc(3,1)
=i 2(5 + Y + 5)(1122)

dsc(T0,T3) =0 =, a(

Hence the inequality holds. On the other hand, it is obvious that T 1is
S—mnon-decreasing mapping with respect to =< and there exists xg = 3 such
that Sxg < Txg, 1 is a common fized point of S and T and 3 is a coincidence
fized point of S and T.

As a consequence of Theorem 3.1, we have the following corollaries.
If S = I (the identity mapping) in Theorem 3.1, we have the following
result:

Corollary 3.4. Let (X, =, dpc) be a partially ordered complete bicomplex-
valued metric space. Suppose that T is continuous self mapping on X, T is a
monotone non-decreasing mapping and

dBC(T.’L’, Ty) <i2

a(dBc(x,Tx)d(y,Ty))
d(z,y)
+ Bdpe(x,y) + ’)/[dB(c(x, Tx) + dpe(y, Ty)]

+5[dIB3(C(‘T7Ty) + dIBC(yaT‘/E)L
for all z,y € X with x = y, x # y and for some a,fB,v,5 € [0,1) with

a+ B+ 2y+20 < 1. If there exists g € X such that xg < Txg, then T
has a fized point.
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If v =0 = 0 in Theorem 3.1, we have the following result:

Corollary 3.5. Let (X, <,dpc) be a partially ordered complete bicomplez-
valued metric space. T and S are continuous self mappings on X, T(X) C
S(X), T is a f non-decreasing mapping and

(dIB(C(vaTx)d]B(C(Sya Ty)
dIB(C(fxafy)
for all z,y € X with Sx = Sy, Sz # Sy and for some o, € [0,1) with

a+p < 1. If there exists xg € X such that Sxg <X Txg, T and S are compatible,
then T and S have a coincidence point.

d]B(C (TLU, Ty) _<i2

) -+ Bdac(Sw, 5y),

Remark 3.6. Corollary 3.5 extends Theorem 2.1 of [8] from metric spaces
to bicomplex-valued metric spaces.

If 5 =0 in Corollary 3.5 we have the following result:
Corollary 3.7. Let (X, <, dpc) be a partially ordered complete bicomplex-

valued metric. T and S are continuous self mappings on X, T(X) C S(X), T
is a S non-decreasing mapping and

d(Sx’T‘T)d]EC(SyaTy)
d T T <i 9
IB(C( .'137 y) —12 CY( dB(C(SCC, Sy) )
for all z,y € X with Sz = Sy, Sx # Sy and for some a € [0,1) with

a < 1. If there exists xg € X such that Szg =X Txg, T and S are compati-
ble, then T and S have a coincidence point.

Remark 3.8. Corollary 3.7 extends Corollary 2.2 of [8] from metric spaces
to bicomplex-valued metric spaces.

In what follows, we prove that Theorem 3.1 is still valid for 7" not necessarily
continuous, assuming the following hypothesis in X :

if (z,,) is a nondecreasing sequence in X such that
Tp — x, then z,, <z for all n € N,

Theorem 3.9. Let (X, =,dpc) be a partially ordered complete bicomplex-
valued. Suppose that T and S are self mappings on X, T(X) C S(X), T is a
S-monotone non-decreasing mapping and

dB(C(va T‘r)dB(C(Sy) Ty)
dpc(Sx, Sy)

dpc(Tx, Ty) =4, a( ) + Bdpc (S, Sy)

+7[dc(Sz, Tx) + d(Sy, Ty)]
+ 5[d]E3C(S:Ba Ty) + dIEB(C(Syv T‘T)] )
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for all x,y € X with Sx = Sy, Sz # Sy and for some «, 3,7, € [0,1) with
a+B+2y+25< 1.

Also assume that S(X) is closed and for any non-decreasing sequence (xy,)
i X which converges to x we have x,, = x for all n. If there exists xg € X
such that Sxg = Txq, then T and f have a coincidence point.

Further, if T and S are weakly compatible, then T and S have a common
fized point. Moreover, the set of common fized points of T and S is well ordered
if and only if T and S have one and only one common fized point.

Proof. Following the proof of Theorem 3.1, we have (T'z,) is a Cauchy
sequence and so is (Szy). Since S(X) is closed and X is complete,

lim Tz, = lim Sz, =Su, forsomeuc X.
n—-+oo n—-+oo

Notice that the sequences (T'x,) and (Sz,) are non-decreasing, then from our
assumptions we have

Txr, < Su, and Sz, =< Su, VnéeN.

Keeping in mind that 7' is S-monotone non-decreasing we get Tz, =< Tu for
all n, let n — +oo, we obtain Su < Tu. Suppose Su < Tu (otherwise we
are done), construct a sequence (uy,) as ugp = v and Su,41 = T'uy, for all n, a
similar argument as in the proof of Theorem 3.1 yields (Su,,) is a non-decreasing
sequence and

lim Tu, = lim Su, = Sv, forsomev € X.
n—-+0o0o n—-+0o

From our assumptions it follows that
sup Su, < Sv and supTu, =< Sv.

Notice that
Sz, X Su = Sup 2 --- 2 Sy, <00 XS,
we distinguish two cases:

Case 1: Suppose there is ng > 1 with Sx,, = Suy,, then Sz,, = Su =
Suy, = Su1 = Tu, we are done.

Case 2: Suppose Sz, # Suy, for all n > 1, then from the assumption we
obtain

dpc(Sxnt1, Stunt1) = dpc(Tzn, Tuy)

<, a(d (Sxp, Tzy)dpc(Sun, Tuy)
dpc (Sxn, Suy)

v[dpc(Sxp, Tan) + dpc(Stn, Tun)]
[dBC Sy, Tuy) + dpe(Sun, T:nn)]

) + Bdsc(San, Sup)
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Let n — +o0, we get dpc(Su, Sv) =4, (8 + 20)dpc(Su, Sv), which implies that
Su = Sv since 8+ 20 < 1. Hence Su = Sv = Suy = Tu.

Now suppose that 7' and f are weakly compatible. Let w = T'u = Su. Then
Tw =TSu = STu = Sw. Consider

dpc (Su, Tu)dpe (Sw, Tw)
dIB%(C(Suv Sw)

+ 7ldBc(Su, Tu) + dpc(Sw, Tw)]

+ d[dpc (Su, Tw) + dpc(Sw, Tu))
=iy Bdpc(Tw, Tw) + 0ldpc(Tu, Tw) + dpc(Tw, Tu)]
=iy (B4 20)dpc(Tu, Tw).

dpc(T(u), T(w)) =4, « + Bdpc(Su, Sw)

This implies that dpc(Tu, Tw) =0, as § + 2§ < 1. Therefore, Tw = Sw = w.
Now suppose that the set of common fixed points of 7" and .S is well ordered.
We claim that the common fixed point of T and S is unique. Assume on the
contrary that Tu = fSu = u and Tv = Sv = v but u # v. Consider

d]B(C(ua ’U) = dIB(C(Tua TU)

=<, adIB(C(Sua Tu)dBC(va TU)
- d[B(C(Su7 SU)

+ yldpc (Su, Tu) + dpc(Sv, Tv)] + dldpc(Su, Tv) + dpc(Sv, Tu)]
=i, Bdpe(Tu, Tv) + §ldpe(Tu, Tv) + dpc(Tv, Tu)]
=i, (B4 20)dpc(Tu, Tv).

+ 6dIEB(C(Su7 SU)

This implies that dgc(u,v) =0, as 8+ 26 < 1. Hence u = v. Conversely, if T
and S have only one common fixed point then the set of common fixed points
of S and T being a singleton is well ordered, the proof is complete. O

According to Theorem 3.2, we have the following corollaries.
If we take v = 6 = 0 in Theorem 3.9 we get the following result:

Corollary 3.10. Let (X, =, dpc) be a partially ordered complete bicomplex-
valued metric space. Suppose that T and S are self mappings on X, T(X) C
S(X), T is a S-monotone non-decreasing mapping and

dpc(Sz, Tx)dpc(Sy, Ty)
dB(C(SZU, Sy)

for all xz,y € X with Sz = Sy, Sz # Sy and for some a,f € [0,1) with
a+p<1.

dpc(Tz, Ty) =i, Oé( >+ﬁdIB(C(S$aSy)a
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Also assume that S(X) is closed and for any non-decreasing sequence (xy,) in
X which converges to x we have z,, = x for all n. If there exists xo € X such
that Sxg = Txg, then T and f have a coincidence point.

Further, if T and S are weakly compatible, then T and S have a common
fixed point. Moreover, the set of common fixed points of T and S is well ordered
if and only if T and S have one and only one common fixed point.

Remark 3.11. Corollary 3.10 extends Theorem 2.3 [8] from metric spaces
to bicomplex-valued metric spaces.

Corollary 3.12. Let (X, <, dpc) be a partially ordered complete bicomplex-
valued metric space. Suppose that T and S are self mappings on X, T(X) C
S(X), T is a S-monotone non-decreasing mapping and

dpc(Tx, Ty) =i,

a(dM(Sa:, Tx)dpc(Sy, Ty) )
dBC(S:Ea Sy) ’

for all z,y € X with Sz = Sy, Sx # Sy and for some a € [0,1). Also
assume that S(X) is closed and for any non-decreasing sequence (xy) in X
which converges to x we have x,, =< = for all n. If there exists xo € X such that
Sxog =X Txg, then T and f have a coincidence point.

Further, if T and S are weakly compatible, then T and S have a common
fixed point. Moreover, the set of common fixed points of T and S is well ordered
if and only if T and S have one and only one common fixed point.

Remark 3.13. Corollary 3.12 extends Corollary 2.4 of [8] from metric
spaces to bicomplex-valued metric spaces.

Theorem 3.14. Let (X, <, dgc) be a partially ordered complete bicomplex-
valued metric space. Let T : X — X be a continuous and nondecreasing map-
ping. Suppose there exist nonnegative real numbers o, B and v with a+28+42vy <
1 such that for all x,y € X with x <y,

a(dza«c(y, Ty)[1 + dpc(z, TSC)])
1+ dpc(x,y)
(3.1) + Bldzc(w, Tx) + dac(y, Ty))

+7[dpc(y, Tx) + dpe(, Ty)].

If there exists xg € X with xg = Txq, then T has a fixed point.

dpc(Tx, Ty) =i,

Proof. If xg = Txo, then we have the result. Suppose that x¢o < Txg.
Then we construct a sequence (z,,) in X such that

(3.2) Tpy1 =Txz,, for every n > 0.



214 MOHAMED ABDALLA, ZAHIA MOSTEFAOUI and FULI HE [14]

Since T is a nondecreasing mapping, we obtain by induction that
(33) zo<Txog=o1 Ty =292 ... 3T 1=, I Txp =Tpy1 3 ....

If there exists some ng > 1 such that x,,4+1 = Zpn,, then from (3.2), zp 41 =
Ty, = Tn,, that is, z,, is a fixed point of 7" and the proof is finished. Then
we can suppose that z,1 # x,, for all n > 1, since x,, < T,11, for all n > 1,
applying (3.1) we have

dpc(Tn+1, TTnt1)[1 + dpc(Tn, Txy)]
d T TL7T n <i < >
IB(C( z z +1> Dy @ 1 + dIB(C(xn7xn+1)

+3 [dIB(C(xm Txy) + dpc(Tnt1, Twn—&-l)]
+ [dIB(C (anrlv Tﬂjn) + dpc (CUn, Txn+l)} ,

that is,

dpc ($n+1a xn+2) [1 + dpc ($n, anrl)] )
1+ d]B(C(xm $n+1)
+ Bldsc(Tn, Tns1) + dic(Tns1, Tni2)]

d]B(C(anrlyanﬂ) =iy a(

+7 [dIBC($n+17 Tpy1) + dpc(Tn, $n+2)] )
which implies that

dBC(Tnt1, Tny2) Rip @ dpe(Tnit, Tns2) + Bdec(Tn, Tny1) + dae(Tnst, Tnia)]

+ v [dIB(C (xrw mn—l—l) + dIB(C (wn-l—h xn—f—?)] 5

that is
B+
(3.4) dpc(Tnt1, Tnt2) =iy ﬁaﬁgc(xmxml).
Now, a + 28 + 27y < 1 implies that 71_5J_rg_v < 1, put 71_?:%_7 = h, then by

repeated application (3.4), we have
(3.5) dpc(Tni1, Tny2) Sy hdpe(Tn, Tni1)

= h2dpc(Tn-1,2n) =iy ... 2 K" dpe(z0, 21).
For any m > n,

dB(C(xma $n) <4y d]B(C(xTh xn+1) + d]B(C(xTLer l‘n+2) Sig +oo+ d]B(C(-fmfly ﬂl'm)
=iy [P R B2 R de (20, 1)

=iy 1ordrc(zo, 1)
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that is

1—-h

Taking limit as n — +o00, we obtain || dgc(zn, zm) ||— 0, that is dpc(zn, Tm) —
0 as n — +o00, which implies that, (z,) is a Cauchy sequence, from the com-
pleteness of X, there exists w € X such that

| dec(Zm, zn) ||< | dc(wo,21) || -

T, — wasn — +00.

The continuity of T" implies that Tw = lim Tz, = lim x,+1 = w, that is,
n—-+0o n—-+00

w is a fixed point of T O

In our next theorem we relax the continuity assumption of the mapping
T in Theorem 3.14 by imposing the following order condition of the complex
valued metric space X: if (z,,) is a non-decreasing sequence in X such that
T, — x, then z,, < x, for all n € N.

Theorem 3.15. Let (X, =,dpc) be a partially ordered complete Bicomplex
valued metric space. Assume that if (x,,) is a nondecreasing sequence in X such
that xp, — x, then x, Xz, for allm € N. Let T : X — X be a nondecreasing
mapping such that for all x,y € X with v <y, (3.1) is satisfied, where the
condition on «, 8 and v are same as in Theorem 3.14. If there exists xg € X
with xog = Txg, then T has a fixed point.

Proof. We take the same sequence (z,) as in the proof of Theorem 3.14.
Arguing like in the proof of Theorem 3.14, we prove that (z,,) is a nondecreasing
sequence which satisfies x,, = w as n — +o00. Then, by the conditions of the
Theorem z,, < w, for all n € N. Applying (3.1), we have

dpc(xpt1, Tw) = dpc(Txn, Tw)

a(d]g(c(w, Tw)[1 + dpc(zn, $n+1)]>
1 + dIB(C(:Cn) w)
+4 [d]B(C (xru Jjn—&—l) + dpc (w7 Tw)]

+7 [dpc(w, Tny1) + dc (@0, Tw)].

<.

Dig

Taking the limit as n — +o00 in the above inequality, we have
d(w, Tw) =4, (a+ B+ v)d(w, Tw),

that is
| d(w, Tw) |< (a+ B +7) || d(w, Tw) || .
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Since a+ B+ < 1, it is a contradiction unless d(w, Tw) = 0, that is, Tw = w,
that is, w is a fixed point of T'. O

Now, we shall prove the uniqueness of the fixed point.

Theorem 3.16. In addition to the hypotheses of Theorem 3.14 (or Theo-
rem 3.15), suppose that for every x,y € X, there exists z € X such that z < x
and z 2y, then T has a unique fixed point.

Proof. It follows from the Theorem 3.14 (or Theorem 3.15) that the set
of fixed points of T" is non-empty. We shall show that if v and w are two fixed
points of T', that is, if v = Twv and w = Tw, then v = w. By the assumption,
there exists zp € X such that zyp < v and 2y = w. Then, similarly as in the
proof of Theorem 3.14, we define the sequence (z,) such that

(3.6) i1 =Tz =T" 20, n=0,1,2,. ..

monotonicity of T implies that T"2y = z, S v =T"v and T"2g = 2z, X w =
T™w, if there exists a positive integer m such that v = z,,, then v = Tv =
Tzy, = zp+1, for all n > m. Then z, — v as n — +00. Now we suppose that
v # zp, for all n > 0, so z, < v, for all n > 0, applying (3.1), we have

dpc(zn+1,v) =  dpc(Tzn, Tv)

9 a(dﬁc(% Tv)[1 + dpc(2n, Zn+1)]>
-2 1+ d]B(C(Zm U)
+ BldBc(2ns Znt1) + duc (v, Tv)]

+7[dsc(v, 2n41) + dac (20, T)]
= Bdpc(zn: 2n+1) + 7 [dBc (v, 2n41) + dBe(2n,0)]
=iy Bldec(zn,v) + dac(v, 2n1)] + v[dBe (v, Zn11) + dac (20, v)],

which implies that

- B+ d
12 1—,8—")/ BC

Put 15;_7 = k(< 1). Then it follows that

dpc(2n+1,v) = (2n,0).

dac(2ng1,v) Riy kdBe (2, 0) =iy & dpe(2n-1,0) iy - . S5, K" d(20,0),

then
| dBc(2nt1, ) |26, K" || d(20,0) | -
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Taking limit as n — 400, we obtain dpc(zn,v) — 0 as n — 4o00; that is,
zn — v as n — +o0o. Using a similar argument, we can prove that z, — w as
n — +oo Finally, the uniqueness of the limit implies that v = w. Hence T has
a unique fixed point. O

Example 3.17. Let X = {0, %,2}. Partial order < is defined as x <y iff

x > y. Let the Bicomplex valued metric d be given as
dpc(z,y) =| v —y|iriz, Vz,y€X.

Let T : X — X be defined as follows

Leta:'y:%andﬁzi.

Here all the conditions of Theorems 3.1 and 3.14 are satisfied. Additionally,
the conditions of Theorem 3.16 are also satisfied and it is seen that 0 is the
unique fixed point of T.
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