Riv. Mat. Univ. Parma, Vol. 11 (2020), 315-333

ALBERTO DOLCETTI and DONATO PERTICI

Real square roots of matrices: differential properties
in semi-simple, symmetric and orthogonal cases

Abstract. We study the differential and metric structures of the set
of real square roots of a non-singular real matrix, under the assumption
that the matrix and its square roots are semi-simple, or symmetric, or
orthogonal.
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Introduction

A square root of an n x n matrix M is any matrix Y such that Y2 = M.

As remarked in [14], matrix square roots arise in many applications, often
in connection with other matrix problems such as polar decomposition, ma-
trix geometric means, Markov chains, quadratic matrix equations, generalized
eigenvalue problems and recently in connection with machine learning. For
more information we refer to [15], [13], [16] and [14].

As suggested in [14], if M satisfies certain given properties, it is natural to
ask if there exist square roots, having the same or analogous properties.

Moreover, if the set of such square roots of M is not empty, it seems also
natural to us to ask what sort of algebraic, topological, differential or metric
structures can be induced by M on this set.

In this paper we work with semi-simple matrices in GL,, (the set of real nxn
non-singular matrices). It is well-known that such matrices admit real square
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roots if and only if their (possible) negative eigenvalues have even multiplicity,
hence in this paper we work under these further assumptions.

Let M € GL, be semi-simple, whose (possible) negative eigenvalues have
even multiplicity; our aim is to study the following sets:

- SR(M), the set of all real square roots of M (see §2);

- SSR(M), the set of all real symmetric square roots of M, when M is
supposed to be symmetric positive definite (see §3);

- OSR(M), the set of all orthogonal square roots of M, when M is sup-
posed to be special orthogonal (see §4).

Preliminary material is in § 1, where, in particular, we recall the so-called
trace metric, g, and its properties on the manifold of real non-singular matrices
and on its submanifolds of symmetric matrices with fixed signature and of
orthogonal matrices (Recall 1.5). We have already considered such metric in
[7], [9], [11], [12] and now we adapt our previous techniques and results to the
study of square roots.

The trace metric (called also affine-invariant metric or Fisher-Rao metric)
is widely considered in the setting of positive definite real matrices (together
with some other metrics) in order to deal with many applications. For more
information we refer, for instance and among many others, to [6], [5], [3], [21],
[4], [1], [24], [2], [22].

In general the sets SR(M), SSR(M) and OSR(M) have not a structure
of manifold, but each of them is disjoint union of suitable subsets, consisting in
matrices having the same eigenvalues with the same multiplicities (Remarks-
Definitions 2.2, 3.2 and 4.1). All these subsets are manifolds of various dimen-
sions; we describe them explicitly and investigate their differential and metric
properties (§2, §3 and §4 respectively).

In § 2 we prove that each of these suitable subsets of SR(M) is a closed em-
bedded totally geodesic homogeneous semi-Riemannian submanifold of (G Ly, g)
(Proposition 2.3 and Theorem 2.5).

In §3 we prove that the above suitable subsets of SSR(M) agree with its
connected components and that they are compact totally geodesic homoge-
neous semi-Riemannian submanifolds of (GL,, g), always diffeomorphic to the
product of real Grassmannians (Proposition 3.3 and Theorem 3.4).

Finally, in § 4 we prove that each of the previous suitable subsets of OSR (M)
is a compact totally geodesic homogeneous Riemannian submanifold of the
Riemannian manifold of orthogonal matrices endowed with the metric induced
by the Frobenius metric (Proposition 4.2 and Theorem 4.3). Indeed this last
metric agrees on O,, with the opposite of the trace metric.
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1 - Preliminary facts

Notations 1.1.

M, (and Symy): the R-vector space of the real square matrices of order n
(which are symmetric);

GL,: the multiplicative group of the non-singular real matrices of order n;

GLSymy(q): the matrices of GL,, N Sym,, having ¢ positive eigenvalues and
n — q negative eigenvalues (i.e. having signature (q¢,n — q));

O, (and SO,, or O, ): the multiplicative group of real orthogonal matrices of
order n (with determinant 1 or —1);

50, the Lie algebra of skew-symmetric real matrices of order n;
M, (C): the C-vector space of the complex square matrices of order n;

GL,(C): the multiplicative group of the non-singular complex matrices of or-
der n;

Herm,,: the vector space of the complex hermitian matrices of order n;

Hermy,(p): the matrices of GL,,(C)N Herm,, having u positive eigenvalues and
n — p negative eigenvalues (i.e. having signature (u,n — p));

U, : the multiplicative group of complex unitary matrices of order n;
I,,: the identity matrix of order n;
i: the imaginary unit.

We write | | ; X, to emphasize the union of mutually disjoint sets.

For every A € M, (C), tr(A) is its trace, AT is its transpose, A* := A s its
transpose conjugate, det(A) is its determinant and, provided that det(A) # 0,
A~1is its inverse.

For every 6 € R, we denote Fy := <
(sin0) £, /.

If By, -+, By, are square matrices (of various orders), By @ --- @ B, is the

block diagonal square matrix with By,--- , B,, on its diagonal and, for every
square matrix B, B®™ denotes B®---® B (m times). The notations (+1y) ® B

cosf —sind

sinf  cosd ); hence Fy = (cos )z +
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If S1,...,S,, are sets of square matrices, then S; @ - - - ® S;,, denotes the set
of all matrices B1 @ --- @ By, with B; € §; for every j.

For every matrix B € GL, we denote Cp := {X € GL, : [B,X]| = 0},
where [B, X] := BX — X B is the usual commutator of B and X.

It is easy to prove that Cp is a closed Lie subgroup of GL,,.

For any other notation and for information on the matrices, not explicitly
recalled here, we refer to [16] and to [13].

Definition 1.2. Let M € M, any matrix. A real square root of M is
every matrix of M, solving the matrix equation X? = M.

Remark 1.3. When M is non-singular, the following fact is well-known
(see for instance [13, Thm.1.23]):

M € GL, has a real square root if and only if it has an even number of
Jordan blocks of each size, for every negative eigenvalue.

Note that, if the matric M € GL, is semi-simple too, then it has a real
square root if and only if each of its negative eigenvalues has even multiplicity;
hence no matriz in O, has real square roots.

Notations 1.4. Assume that M € GL, is semi-simple and that its (possi-
ble) negative eigenvalues have even multiplicity. We want to study the following
sets:

SR(M), the set of all real square roots of M (see §2);

SSR(M) := SR(M) N Sym,,, the set of all real symmetric square roots of M,
when M is supposed to be symmetric positive definite (see §3);

OSR(M) :== SR(M) N O,, the set of all orthogonal square roots of M, when
M is supposed to be an element of SO,, (see §4).

Recall 1.5. We can consider the so-called trace metric on GL,, , given by
ga(V,W) = tr(A"'VATIW)

for every A € GL,, and every V,\W € Ty(GL,) = M,.

The trace metric, g, induces a semi-Riemannian structure on GLy, and its
restrictions (denoted always with the same symbol g) induce a semi-Riemannian
structure on GLSym.,(q), for every q, a Riemannian structure on the manifold,
GLSymy,(n), of real symmetric positive definite matrices, while, on O, the
opposite metric, —g, agrees with the Riemannian metric induced by the usual
(flat) Frobenius metric of M,,. Moreover (Oy,g) and all GLSym,,(q) are totally
geodesic semi-Riemannian submanifolds of (GLy, g).

As recalled in Introduction, we have studied all these metrics and their prop-
erties in [7], [9], [11], [12], to which we refer for more information.
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Remarks-Definitions 1.6. a) In this paper we consider the following
maps, defined on GLy,:

- j(X) := X1 (inversion);
(X) := MX (left-translation by a fized matric M € GL,,);

(X MXM~! (conjugation by a fived matriz M € GLy,);

Ly (X)
- Ry (X) := XM (right-translation by a fized matric M € GLy,);
Fy(X):
Ly (X) := MXMT (congruence by a fived matriz M € GLy,).

The above maps are isometries of (GLy,g), for any M € GL,, while they
are isometries also of (On,+g), for any M € O,,. Finally the maps j and I"p;

are isometries of (GLSymy(q),q), for any M € GL,, (see again [7], [9], [11],
[12] for more information).

b) For every bijection F' of GL,, (or of O,) the set of fixed points of F' in
GL,, (or in O,) is denoted by Fix(F).

For any matric M € GL,, the set Fix(Lyroj) agrees with the set of square
roots of M: indeed Y € Fix(Ly; o 7) if and only if Y = MY~ if and only if
YZ=M.

If M € SO, Ly oj defines also a map from O, onto itself and, so,
Fix(Lyroj) = OSR(M).

Remark 1.7. Let G be a real Lie group acting smoothly on o differentiable
manifold X. The orbit of every x € X is an immersed submanifold of X,

diffeomorphic to the homogeneous space ——, where G is the isotropy subgroup

Gy
of G at .
This submanifold is not necessarily embedded in X, but, if G is compact,
then all orbits are embedded submanifolds (see [23, p.1]).

Remark-Definition 1.8. The mapping p1 : C — Mo,
p1(z) = Re(2)I2 + Im(2)Ey 9, is clearly a monomorphism of R-algebras.

Note that p1(z) = p1(2)T and that p1(z) € GLs as soon as z # 0.

More generally, for any h > 1, we define the mapping pp, : Mp(C) — Moy,
which maps the h x h complex matriv Z = (z;;) to the (2h) x (2h) block real
matriz (p1(zij)), having h* blocks of order 2 x 2.

We have already considered the mappings pp, in [12, Rem. 2.8]; in particular
we recall that tr(pp(Z)) = 2Re(tr(2))), det(pn(Z)) = |det(Z)|? and that py, is
a monomorphism of R-algebras, whose restriction to GL,(C) has image into
GLay and it is a monomorphism of Lie groups.
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Furthermore we have: pp(Z*) = pn(Z)T, so the restriction of py, to Uy, is a

monomorphism of Lie groups and pr(Uy) = prn(GLL(C)) NSOy, = pp(GLL(C))
N Oay,; analogously the restriction of pp to Hermy, has image into Symap and
it is a monomorphism of R-vector spaces.

To simplify the notations and in absence of ambiguity, we will omit to write
the symbol py, so, for instance, we can consider My (C) as an R-subalgebra of
Moy, GLL(C) as a Lie subgroup of GLop, Uy as a Lie subgroup of SO and
Hermy, as an R-vector subspace of Symoy,.

2 - Semi-simple case

Aim of this section is to study SR(M): the set of all real square roots of a
non-singular semi-simple matrix M, whose (possible) negative eigenvalues have
even multiplicity (Notations 1.4).

Remark 2.1. Let A € GL,. Then A is semisimple if and only if A is
semisimple.

One implication is trivial.

For the other, assume that A? is semisimple. The multiplicative Jordan-
Chevalley decomposition implies that there is a semisimple matriz S and a
nilpotent matriz N such that A= S(I + N) = (I + N)S (see for instance [17,
§4.2] and also [8], [10]).

Now A? = S?(I + 2N + N?) with S? semisimple and 2N + N? nilpotent,
so from the uniqueness of the multiplicative Jordan-Chevalley decomposition we
get A2 = S? and N? + 2N = 0. Hence the minimal polynomial, z*, of N is a
divisor of z? + 2x, hence k =1, N =0 and A is semisimple.

Remarks-Definitions 2.2. a) Let M € GL,, be a semisimple matriz,
whose every (possible) negative eigenvalue has even multiplicity, and denote its
etgenvalues in the following way:

- the distinct positive eigenvalues are: Ay < A < -+ < A\, (p > 0) with
multiplicity hy, ha,- - , hy respectively (if p > 1);

- the distinct non-real eigenvalues are: pi11exp(%ifi),--- , p1s, exp(Eify),
p2,1 exp(£iba), - - -, pas, exp(£iba) up to py1exp(£ib,), - -, pr.s, exp(£ib,),
where both py exp(£i6;) have multiplicity my for every admissible I and t
(r >0) and where 0 < 01 <0y < -+- <0, <mand 0 < pjp < piag < -+ <
pis; for everyi=1,--- 1 (ifr>1);

- the distinct negative eigenvalues are: —(1 > —Ca > -+ > —(4 (¢ > 0)
with multiplicity 2k, 2ks, - - -, 2k, respectively (if ¢ > 1).
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Note that 0 hi+ 2> 1 > iymyu +2> 0L ki =n.
We denote by Jyr the matriz

In = (B Nily,) ® (D_, D;L, pltEg?mlt) & (DL (=G Lax,) -
Then there is a matriz C € GL,, such that
M = CJyC™!

(see for instance [16, Cor. 3.4.1.10 p.203]).
Following [12, Remark-Definition 1.7], we call such matriz Jys the real Jor-
dan standard form (shortly: RJS form) of M.

b) Let M be as in (a) and denote by Y € GL, a square root of M. By
Remark 2.1,Y is semisimple and its eigenvalues are (complex) square roots of
the eigenvalues of M. Hence the eigenvalues of Y are

- Vi with multiplicity u; > 0 and —/\; with multiplicity v; > 0 where

- /piz exp(xi6;/2) both with multiplicity py and /pir exp(£i(0;/2—m)) both
with multiplicity vy, where puy + vy = my (for every admissible | and t);

- /(i both with multiplicity k; (i=1,--- ,q, if ¢ > 1).

We denote by jy the matrix

Jy =

q

(Do) [ D vaE orgy )e [ Dvars]

=1 t=1 i=1
Then there exists a matriz K € GL,, such that

Y = KJy K~ L.

Note that _
Ey_n = —Ey, ¥, and (Jy)*> = Ju.

Remark that the last equality implies that C 7 C Cay-

Analogously to [12, Remark-Definition 1.8], we can call the matriz Jy the
real Jordan auxiliary form (shortly: RJA form) of Y.

c) We denote by SR(M)(“H’W’msl;m;”“’m’”m) the subset of SR(M) of all

(w1, up)
real square Toots of M whose eigenvalues have the same multiplicities of the

eigenvalues of Y as in (b).
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Note that any two matrices in SR(M)EZ?.’:’;S“;mW”’m’“m)

RJA form; indeed the matriz M and the two families of indices (uq,- - - ,up) and
(11, fasys o 5 ey oo 5 tors,) determine also the v;’s, the vy ’s and the k;’s.
One or both families of indices (u1,- -+ ,up) and (11, -, fb1sy5 - 5 frly - frsy.)
can be empty (indeed p and r can vanish). In this case we can use the same
notations, by omitting the family or both families of indices.

Note that, if p =1 =0 (and so ¢ > 1), then the RJA form of every square
root of M is @]_, \/CESE/’;" and that SR(M) (without any lower and upper

indez) agrees with the set of all real square roots of M.

have the same

Note also that, if at least one between p and r is non-zero, then SR(M) =

L SR(M)EZFUIS” ke ’“”T), where the disjoint union is taken on all indices
0<wu; <hjforeveryl <i<p (ifp>1)and0 < py < my for everyl <1 <r
and for every 1 <t < s (ifr >1).

In the following statements of this section it is understood that one or both
families of the above indices can be empty.

Proposition 2.3. Let M € GL, be a semisimple matriz, whose every
(possible) negative eigenvalue has even multiplicity and let C € GL,, be such
that M = CJyC~1 as in Remarks-Definitions 2.2 (a).

Fiz any set SR(M)(!LH’W HLsy 7L b)) i Remarks-Definitions 2.2 (c)

(ulv"'vup)
and denote by J the RJA form of every Y € SR(M)EZilh,:.’;Z;Sl;"';/'LTL“A,;UITST)'
Then
SR(M)\H et bver) _ fox FXICT X € Cyy} =

(ul’"'ﬂLP)
Te({XTX': X eCy,}).
Moreover SR(M)EZ?.’:.HT’;;”;m”m’m’MTST) is a closed embedded submanifold of
CJM

GL,, diffeomorphic to the homogeneous space Y
J

Proof. IfY € SR(M)EZi’.'.';:;fl*";““"”’“”T’, then ¥ = KJy K~ for
some K € GL, and Y2 = K(Jy)2K ' = Ky K~ = CJyC~! = M. Hence
C~'K € Cg,, and, so, K = CX for some X € C7,,. This gives one inclusion of
the first equality. The reverse inclusion is a simple computation. The second
equality follows directly from the definition of fc.

Now fc is a diffeomorphism of GL,,, so it suffices to prove that the set

(XJX1:XeCy,} = SR(JM)(“H’M’“151;“';”“"”’M”T) has the requested

(ul S /LLp)
properties. Let us consider the left action by conjugation of Cz,, on GL,,.
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The set {XJX': X € C7,, } is the orbit of J. By Remark 1.7, this set
is an immersed submanifold of GL,,, diffeomorphic to the homogeneous space
CJM

C7

Finally SR(]M)(MH’M’Msl;mwrl’m’urs") is closed in GL,. Indeed if {Y,,} is

(u1,+ up)

. 1y sy 570 3Ty s
a sequence in SR(jM)EZI uﬂ)sl Bty irsy)
bl y 4P

Y2 = Jas too and the characteristic polynomial of Y is the same character-
istic polynomial of all Y},,’s (constant with respect to m).

HenceY € SR(jM)(“Hf“ sy 3 sl S hrsy) and this last is closed and, there-

(u1, up)

fore, it is an embedded submanifold of GL,, (see for instance [20, §2.13 Theo-
rem, p.65]). O

, being C 7 C Cg,, and being C 7 the isotropy subgroup of the action.

, converging to Y € GL,, then

Lemma 24. a) Let J be the matrix
T = (B Miln,) & (D, BiLy puEy™) & (DL, (—¢i) ar,),

where all indices satisfy the numerical conditions of Remarks-Definitions 2.2(a).
Then the Lie group of non-singular matrices, commuting with J, is

Cy = (D=1 GLy,) © (D=, DiL; GLm, (C)) ® (D, GLax,)-
b) Let Jbe the matriz

J =
[é(&uui@(—fm)))} - [@EB VOB e EGY, )] @ [6:9 VGESS],

i=1 I=1 t=1
where all indices satisfy the numerical conditions of Remarks-Definitions 2.2(b).
Then the Lie group of non-singular matrices, commuting with J, is Cj =

| @11 (GL,8CLL) | & | By B (GLu, (OBGL,, (©)]| & B, GL,(O)].

Proof. Part (a) is similar to [12, Lemma3.3] and part (b) can be easily
obtained by similar arguments. O

Theorem 2.5. Let M € GL,, be a semisimple matriz, whose every (pos-
sible) negative eigenvalue has even multiplicity. Then

a) every connected component of SR(M) is a closed totally geodesic homo-
geneous semi-Riemannian submanifold of (GLy,g);

b) every manifold SR(M)EZTJ;;” e ’um), as in Remarks-Definitions

2.2 (c), is diffeomorphic to the following product of homogeneous spaces:
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GLy, GLp, (C) . GLay,
(T 1GLUZ@GLUZ) (Tl Tt GLW(C)@GL%(C))X( i=1 GL;.CZ.(C))’

where v; = h; — w; and vy = my — -

Proof. Since SR(M) = To(SR(Jwm)) (with C as in Proposition 2.3)
and I'c is an isometry of (GL,,g), it suffices to prove (a) for the matrix Jas
instead of M. Every connected component of SR(Jys) is contained in some

SR(jM)Eml.’m’msl;m;Wl’m’“m) = {XJX1': X e Cg,,} (remember the no-

UL, 7“?) ~
tations of Proposition 2.3) and this last is the orbit of J under the action

by conjugation of Cz,, on GL,. Since all conjugation maps are isometries of
(GL,,qg), every connected component of SR(]M)EZE_’_'_:Q’Z;”;m;Wl""’m“) is a
semi-Riemannian submanifold of (GL,,g).

Now the map Ly oj : (GLn,g) — (GLy,g), Ly o j(X) = MX~!is an
isometry of (GL,,g), whose set of fixed points is SR(M). Hence we can con-
clude (a) by [19, Ex.8.1 p.61, Prop. 8.3 p. 56|, remembering again Proposition
2.3 too.

Part (b) follows from Proposition 2.3 and from Lemma 2.4. O

Definition 2.6. Let M € GL, be a semisimple matrix, whose every
(possible) negative eigenvalue has even multiplicity. We say that a matrix X is
a generalized principal square root of M, if X? = M and every eigenvalue of X
has principal argument in [—7 /2, 7 /2].

This definition is more general than the usual one of principal square root
(see for instance [13, Thm. 1.29 p. 20]).

We denote by PSR(M) the set of all generalized principal square roots
of M.

Remarks 2.7. Let M € GL,, be a semisimple matriz, whose every (pos-
sible) negative eigenvalue has even multiplicity.

a) We have PSR(M) = SR(M)( V) an g so. by The-

orem 2.5, it is a single point if M has no megative eigenvalue, according to
the usual definition (see [13, Thm.1.29 p.20]), otherwise it is diffeomorphic to

L
the product of homogeneous spaces: [[1_, GL, Q(kc) (q is the number of distinct
negative eigenvalues and 2ky,--- ,2kq are their multiplicities).

In any case PSR(M) has 27 connected components, since every factor has
2 connected components.
b) Every SR(M )(Mlly"'7M151;“‘;Mr17"'7MT$T) has dimension 2| YF_ | u;(hi—u;)+

(w1, ,up)

221 1Zt 1mlt(mlt_:“lt)+zl 1 z]
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From this, we get that SR(M) if finite if and only if the eigenvalues of M
have multiplicity 1 and no eigenvalue of M is negative. In this case M has
ezactly 2P 2n=P)/2 = 2+1)/2 Gistinct real square roots, where p is the number
of positive eigenvalues of M.

3 - Symmetric case

Aim of this section is to study SSR(M ): the set of all real symmetric square
roots of M, with M symmetric positive definite (Notations 1.4).

Remark 3.1. If X € GL, is symmetric, then X? is symmetric positive
definite. Hence, to have real symmetric square roots of a real symmetric matriz
M, we must assume that M is positive definite too.

Remarks-Definitions 3.2. Let M € GL,, be a symmetric positive def-
inite matriz with distinct (real positive) eigenvalues A1 < Ag, - -+ < A\, with mul-
tiplicity h1, ha,--- , hy respectively, so the RJS form of M is Jy = EBf:l Nily,;
in this case there exists Q € O, such that M = QT Q" .

We denote by SSR(M)w,,.uyy = SRM)y, o,y N Symy  (with
0 < wu; < hy for every 1 < i < p): the set of all Y € SSR(M), having
J = @ VAL, & (—I(h,—uy)))] as its RIA form.

We have SSR(M )y, ... u,) © GLSymy(u) (with u := Y7 u;) and, if
Y € SSR(M)uy ... uy,), then there exists R € Oy such that Y = RJRT.

Note also that SSR(M) = USSR(M )
taken on all indices uy,--- ,up as above.

w1, up)s Where the disjoint union is

Proposition 3.3. Let M be a symmetric positive definite real matriz
with distinct (real positive) eigenvalues \i < Ag,--- < A, with multiplicity
hi,ha,- -+, h, respectively and let Q € O,, be such that M = QIvQT.

Fiz any set SSR(M )y, ... u,) as above and denote by J the RJA form of
any Y € SSR(M)y,,... u,)- Then
SSR(M)(U1,~--,up) = {QXJXTQT 1 X € CJM N On} = FQ(SSR(jM)(u1,-“7up))’
where SSR(Tu) (uy - ) = Bhi—1 VAi (On, 0 GLSymy, (u;)).

Moreover SSR(M)y, ... u,) 8 @ compact submanifold of GLSymy(u) (with
Cry NOy,

w:= YY", u;), diffeomorphic to the homogeneous space .
Cj NO,

Proof. Asin Propositions 2.3 we can proof that SSR(M )y, ... u,) =
{(QXTXTQT : X € C7,,n0} =To({XTXT : X € Cs,n0,}) and {XTXT :
X € Cgy NOy} is clearly equal to SSR(IM ) (uy - uy)-
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By Lemma 2.4 (a) we have Cgz,, N O,, = (BY_; GLy,) N O,, = @Y_, Op,.
Hence, if X = &l_,V; € @L_; On, = Cz,, N O, then we obtain: XJ7xT =
f:l \/TIW(I’U‘Z & (_I(hi—ui)))v;T‘

In the last expression the i-th summand is clearly a generic element of

Vi (O, N GLSymy,, (u;)); this concludes the first part.

Now SSR(M)(u, - up) a0d SSR(TM ) (uy .- u,) are diffeomorphic, since I'g
is a diffeomorphism of GLSym,,(u).

By considering the action by congruence of Cz,, N O, on GLSym,(u),
SSR(IM)(uy - up) 18 the orbit of j, while the isotropy subgroup at J is
Cjﬂ 0, C CJM N O,,.

Hence SSR(IM)(uy,- ) (and also SSR(M)(y,,... u,)) is a compact sub-
€7y NOn (see Remark 1.7). This
Ci no,
concludes the proof. O

manifold of GLSymy,(u) diffeomorphic to

Theorem 3.4. Let M be a symmetric positive definite real matriz with dis-
tinct (real positive) eigenvalues Ay < Ag - -+ < Ay with multiplicity hy, ha, -, hy
respectively. Then

a) every manifold SSR(M )(y, ... u,)s
lowing product of homogeneous spaces:

as above, is diffeomorphic to the fol-

P On
=1 OW D Ovi ’

hi

Oy, &

0 is diffeomorphic to the real Grassman-
i Vg

where v; = h; —u; (note that
nian G, (R"));
b) the connected components of SSR(M ) are the manifolds SSR(M )y, ... u,)

and each of them is a compact totally geodesic homogeneous semi-Riemannian
submanifold of (GLy,g).

Proof. From Proposition 3.3, SSR(M)y,.... u,) is diffeomorphic to the

Cry, NO
homogeneous space ~Iu__—n By Lemma 2.4, Cz,, N O, = @_; O, and
Cj no, ‘
C7N0O, = DL, (Oy, ® O,,). This allows to conclude (a).
h;

Every manifold is diffeomorphic to a real Grassmannian and, so,

Ou @ 0,
it is compact and connected. This implies that SSR(M)y, ... u,) is compact
and connected too. Since SSR(M) is disjoint union of such manifolds, these
last are its connected components.
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As in the proof of Theorem 2.5, it is possible to prove that SSR(M )y, ... u,)
is a semi-Riemannian submanifold of (GLy,,g).

Now every connected component of SR(M) is a totally geodesic semi-
Riemannian submanifold of (GL,,g) again by Theorem 2.5 and, for every
0 < g < n, GLSym,(q) is a totally geodesic semi-Riemannian submanifold
of (GLy,g) by [11, Prop. 2.3].

We can conclude part (b), since SSR(M) ;... u,) = SRIM)(uy, ) N
GLSymy(u) (with w := ¥ | w;): intersection of two totally geodesic sub-
manifolds. U

Remarks 3.5. Assume the same hypotheses and notations as in Theo-
rem 3.4.

a) If g = hy,--- ,up, = hy or ifuy = --- = u, = 0, then the manifold
SSR(M)(M,__,UP) is a single point. In the first case this point is a symmetric
positive definite matriz: the usual (positive definite) square oot of M, denoted
by VM = MY/2; in the second case it is a symmetric negative definite matriz
and precisely —/M = —M*/?2.

b) SSR(M) is a finite set if and only if all eigenvalues of M have multi-
plicity 1; in this case SSR(M) has cardinality 2" and SR(M) = SSR(M).

4 - Orthogonal case

Aim of this section is to study OSR(M), the set of all orthogonal square
roots of M, where M is in SO, (Notations 1.4). We have already remarked
that Fiz(Ly o j) = OSR(M) (remember Remarks-Definitions 1.6 (b)).

Remarks-Definitions 4.1. a) Remembering 2.2, the RJS form of M €
SO, is
(*) Iv=Ih®E™ & & ES™ ® (—Ix)
with h,7,k >0, h+2m1+---+2m, +2k=nand0< by <y < --- <0, <7;
the eigenvalues of M are: 1 with multiplicity h > 0, exp(£if1) both with mul-
tiplicity my, --- , up to exp(+if,) both with multiplicity m, (m; > 0 Vj, if
r > 0) and —1 with multiplicity 2k > 0.

The eigenvalues of any (orthogonal) square root Y of M are necessarily: 1
with multiplicity u, —1 with multiplicity h —u (where 0 < u < h), exp(i%iﬁj)
both with multiplicity p; and exp(+i(36; — 7)) both with multiplicity mj — p;
O < pj < myj), for every 1 < j < v, if r > 0, and finally +i both with
multiplicity k, so that the RJA form of Y is the following:

() T = Lo (-In) OES GBS M@0 B 9 B M) @ BPF.
2 T

10, (301-m) 10, ( )
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b) We denote by OSR(M)&M""’“T) the subset of OSR(M) of matrices
whose RJA form is of the type (xx) above.

IfY € OSR(M)&“I’W’“T), then there is a matric H € Oy, such that Y =
HJHT.

On the indices uw and 1, -+ , 1 we can make analogous observations as
in Remarks-Definitions 2.2 (c); for instance, the matrix M, the index u and
the family of indices (u1,- -+ , ) determine the RJA form above; moreover the
same agreements as in Remarks-Definitions 2.2 (c) hold, if one or both families
of indices are empty.

Note that, if both families of indices are empty (i.e. h = r = 0), then
M = —1, with n even.

Of course det(Y) = (—=1)"~* for every Y € OSR(M)Q(L““"’”T) and, if h >0
orr >0, then OSR(M) is the disjoint union of all (’)SR(M)&M’M #ir) for every
0<u<h (ifh>0)and 0 < p; <mj, 1 <j<r (ifr>0).

In the following statements of this section it is understood that one or both
families of the above indices can be empty.

Proposition 4.2. Let M € SO,, whose RJS form, Jyr, is as in Remarks-
Definitions 4.1 (¥) and let Cy € O, be such that M = CoJuCL. For every
0<u<h 0 puj <my, 1 <5<, let J be the matriz of the form ()
as in Remarks-Definitions 4.1. Then OSR(M)&M""’“’“) = {CoXjXTCg :

X € Cz, N O} = Ty (OSR(Tn) 7 #7), where OSR(Ja) 3 ) =

[On N Symp(u)] © (D, exp(%iﬁj)(Umj N Herm,; (1)) © [Oax N s09z].
Moreover OSR(M)&M"” #r) s a compact submanifold of Oy, diffeomorphic

Can NOn

Cj Nno, '

to the homogeneous space

Proof. As in Propositions 2.3 and 3.3, we have: (’)SR(M)SLM’“"“T) =
{CoXTXTCT : X € Cy, NO,} = Tg,({XTXT : X € Cg,, N O,}) and
(XTXT : X €Cy,, MO} = OSR(Tag) ¥4,

Analogously to Proposition 3.3, by Lemma 2.4 (a), we get: Cz, N O, =
(GLL,®GLyp, (C)®- - ®GL, (C)DGLoi ) NOp = O ®Uppy, @+ - ® Upy, ® O

Hence,if X = V@ Z1®-- - Z,&W € Op,@Up,, & - - BUp, ®O2; = Cq,,NOp,
then, remembering Remark-Definition 1.8, we (ibtain:

XIXT = V(I @ (~ o))V @ D), eap(5105)ZjlL; @ (~Lim; ;)1 251 ®
(W(EZH)WT].

In 2the last expression the first and the last summand are clearly generic

elements of Oy, N Symy,(u) and of Ogy M s09, respectively. Finally, for every j,
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the matrix Z;[1;,; & (—I(m;—u;))]Z; is a generic element of Up,; N Hermy,, (1));
this concludes the first part.

Again OSR(M)&M’M””) and OSR(]M)&M’M’“T) are diffeomorphic, since
I'c, is a diffeomorphism of O,,.

In the action by congruence of Cyz,, N O, on O, OSR(]M)qu"”’”r) is
the orbit of J , while the isotropy subgroup at Jis C 7N O, C Cq,, N Op;
SO (’)SR(]M)&“”"’W) and OSR(M)Y1 ) are compact submanifolds of O,
Iu N On

— o (
Cjﬂ(’)n

diffeomorphic to again by Remark 1.7). This concludes the proof. (]

Theorem 4.3. Let M € SO,, whose RJS form, Ju, is as in Remarks-
Definitions 4.1 (x) and let Cy € Op be such that M = CoJyCL. For every
0<u<h,0<puj <mj, 1<j<r, wehave:

a) OSR(M)&M"“’“T) is a compact homogeneous differentiable manifold dif-
feomorphic to the product
Oh x f[ Umj v ng
Ou © Oh—u) J=1 U ®Ugmj—py) Uk

whose dimension is u(h —u) + 2375 pj(my — py) + k(k — 1).

Ifk =0 (i.e if —1 is not an eigenvalue of M), the manifold OSR(M)SLM"” )
s connected, otherwise it has two connected components and both are diffeomor-
U, SOq

e S X
Ou® O—u) Uns & Umy—py) - Uk

phic to

b) OSR(M)&M"“’W) is also a totally geodesic homogeneous Riemannian
submanifold of (On,—g).

Proof. In the proof of Proposition 4.2 we have seen that Cs,, N O, =
On,@Up, ©---® Uy, © Oy

By Lemma 2.4 (b), we get also: C; N O, = {(GL, & GL(h_u)) &
(D)1 GLy,(C) & GL(m;—p;)(C)) & GLL(C)} N O = Ou & Oy & Uy, &
U(m1f,u1) S---0U, @ U(mrfur) @ Ug.

Taking into account Proposition 4.2, we obtain the first part of (a), because
it is easy to see that the corresponding quotient is naturally diffeomorphic to the
product in the statement; the dimension is a trivial computation on the product
of the quotients. Since every factor is compact, the product is compact too.

o
The factor h

m is diffeomorphic to the real Grassmannian G, (R"),

mj

Upi © U, —py)

every factor is diffeomorphic to the complex Grassmannian
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O
Gy, (C™3), while the last factor 7% is diffeomorphic to the manifold of skew-

symmetric orthogonal matrices of order 2k. This allows to obtain the statement
about the connectedness (and hence to conclude (a)), for instance, by means

(@)
of the description of U—Zk, given in [9, Rem. 3.1 and Prop. 3.2]).
k

As in Theorem 2.5, the map Ly o j : (Opn,—g) = (On,—g), Ly o j(X) =
M X~ is an isometry of (O,,, —g), whose set of fixed points is OSR(M); hence
we can conclude (b) by [18, Thm.5.1, pp. 59-60]. O

Remarks 4.4. a) We have: OSR(—12y,) = O Ns09y, = SOay, NS02y, for
every m > 1 and (SOgy, N 509, —g) is a compact totally geodesic Riemannian
submanifold of (SOap,, —g) with two connected components identified by the

sign of the pfaffian of their matrices. Both components are simply connected

SOo,
and diffeomorphic to U2 .

This follows from Pm?)osition 4.2 and Theorem 4.3, taking into account the
analysis developed in [9, §3].

b) We have: OSR(I,), = On,NGLSymy,(u) for every 0 < u < n and this is
a compact totally geodesic Riemannian submanifold of (O,,,—g), diffeomorphic
to the real Grassmannian G, (R"™).

This follows again from Proposition 4.2 and Theorem 4.3 (see also [9, §4]).

Remark 4.5. Let M € S50,, and assume the same notations as in Re-
marks-Definitions 4.1.  Then OSR(M) is the disjoint union of the sets
OSR(M)Q(LM’W’W) (on all admissible indices w,py,--- ,p,) and its connected
components are homogeneous differentiable manifolds of various dimensions.
The number of such components can be obtained from Theorem 4.3.

In particular there are finitely many orthogonal square roots of M if and
only if each possible (’)SR(M)&“I""’“T) has dimension 0, i.e. if and only if
0 < hmy, ---mpk <1, die if and only if M has the eigenvalues different
from —1, all of multiplicity 1, and, if —1 is an eigenvalue, its multiplicity is 2.
Hence, if there are finitely many orthogonal square roots of M, their number is

1
precisely 21D/ where | (n 4 1)/2] denotes the integer part of n—2|— .

Remark 4.6. Let M € SO,, and assume the same notations as in Re-
marks-Definitions 4.1.

If 1 is not an eigenvalue of M (i.e. if h=0), then OSR(M) C SO,,.

Otherwise (i.e. if h >1) OSR(M)NSO,, and OSR(M)NQO,, are both not
empty with
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OSR(M) N SOu =L ocic(na)s ogiuyemy; 1<5er OSRIM)E™,
OSRIM)N Oy = U o<i<|(h-1)/2); 0<py<my; 1<5<r OSRIM Yot

Indeed, det(Y) = (—1)"%, if Y € OSR(M)Y" ) by Remarks-Defi-

nitions 4.1.

Remark 4.7. Let M € S0, and, analogously to Definition 2.6 and to
Remarks 2.7, we can define the set POSR(M) of generalized principal orthog-
onal square roots of M and, with the same notations as in Remarks-Definitions

4.1, we get: POSR(M) = OSR(M),&mI""’mT).
By Theorem 4.3, POSR(M) is a single point if —1 is not an eingenvalue of
M, while it is diffeomorphic to % if —1 has multiplicity 2k > 2 as eingenvalue
k
of M.
In particular, if k =1, POSR(M) consists of two distinct points.

We refer, for instance, to [9, § 3] for more properties of the homogeneous

2k
space ——

Up
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