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Existence results for fractional differential inclusion
with nonlocal boundary conditions

Abstract. This paper deals with the existence of solutions for non-
linear singular higher fractional differential inclusions supplemented
with multi-point boundary conditions. Firstly, we investigate it for
L'—Carathéodory convex, compact valued, multifunctions. Secondly,
we investigate it for the case of not necessarily convex valued multifunc-
tions via some conditions by applying Schaefer’s fixed point theorem
combined with the selection theorem due to Bressan and Colombo. Fi-
nally, we investigate it for nonconvex valued multifunctions via a fixed
point theorem for multivalued maps due to Covitz and Nadler. Two
illustrative examples are presented at the end of the paper to illustrate
the validity of our results.
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1 - Introduction

Due to the fact that the tools of fractional calculus have numerous applica-
tions in various disciplines of science and engineering such as physics, mechan-
ics, chemistry, biology, etc, the subject of fractional differential equations has
gained a considerable attention by a great deal of researchers, such as in [25,26].
There have been many papers and books dealing with theoretical development
of fractional calculus, the solutions or positive solutions of boundary value prob-
lems for nonlinear differential equations and fractional differential inclusions,
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for examples and details see [34] and papers [4,15]. We quote also that real-
istic problems arising from economics, optimal control, stochastic analysis can
be modelled as differential inclusion.

The study of fractional differential inclusions was initiated by EL-Sayad and
Ibrahim [18]. Also, recently, several qualitative results for fractional differential
inclusion were obtained in [22,30,31,32,33] and the references therein.

On the other hand boundary value problems with local and nonlocal bound-
ary conditions constitute a very interesting and important class of problems.
They include two, three and multi-point boundary value problems. The exis-
tence and multiplicity of positive solutions for such problems have received a
great deal of attention. To identify a few, we refer the reader to [9,10,12,17].

In 2015 Alsulami et al. [6] studied the existence of solutions of the following
nonlinear third-order ordinary differential inclusion with multi-strip boundary
conditions

V() e F(tut), te(0,1),
()—0 U’() 0,

u (1) Zazfgl u(s)d
O0<@G<nm<l,i=12....n—2,n>3.

In 2017, Resapour et al. [35] investigated a Caputo fractional inclusion with
integral boundary condition for the following problem

cDeu(t) € F (t,u(t) ¢ DPu(t) v/ (1)),
w(0) + ' (0) +¢ D%u (0) = [ u(s)ds
u(l) 4+ (1) +¢ DPu (1) = [ u(s)ds

where 1 < a <2, n,v,3€ (0,1), F : [0,1]] x RxR xR — 2® is a com-
pact valued multifunction and ¢D® denotes the Caputo fractional derivative of
order .

In 2018, Bouteraa and Benaicha [11] studied the existence of solutions for
the Caputo fractional differential inclusion

‘D (t) € F (t,u(t),u (), teJ=][0,1]
subject to three-point boundary conditions

Bu(0) +yu (1) = u(n),

= [Ju(s)ds

B¢DPu (0) + ~°DPu (1) = “DPu (n),
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where2<a <3, 1<p<2 0<n<1, B,yeRT, F:[0,]]xRxR = 2%isa
compact valued multifunction and ¢D® denotes the Caputo fractional derivative
of order a.

In this paper, we are interested in the existence of solutions for the nonlinear
fractional differential inclusion

(1.1) —D%u(t) € F(tu(t), te(0,1),

subject to the boundary conditions
' P
(12) u?(0)=0,i€{0,1,....,n—2}, Diu(1) = a;D),u(n;),
j=1

where Dy, D§+ are the standard Riemann-Liouville fractional derivative of
order
ae(n—1n],Bel,n—2] forneN" and n > 3,

F € C((0,1) x R,R) is allowed to be singular at ¢ = 0 and/or ¢ = 1 and
aj ERT, j=1,2,...,p, 0<m <m<...<n, <1, forpe N*t.

The current paper is organized as follows. In Section 2, we introduce some
definitions and preliminary results that will be used in the remainder of the
paper. In Section 3, we present existence results for the problem (1.1) — (1.2)
when the right-hand side is a convex as well as a non-convex compact mul-
tifunction. In the first result we consider the case when the right hand side
has convex values, and prove an existence result via the nonlinear alternative
for Kakutani maps [21]. In the second result, we shall combine the Schaefer’s
fixed point theorem with a selection theorem due to Bressan and Colombo for
lower semi-continuous multivalued maps with nonempty closed and decompos-
able values, while in the third result, we shall use the fixed point theorem for
contraction multivalued maps due to Covitz and Nadler. Our results are based
on the fixed point theorem contraction multivalued maps due to Govitz and
Nadler [13] and we give two examples to illustrate our results.

2 - Preliminaries

In this section, first, we introduce some necessary definitions and lemmas of
fractional calculus to facilitate the analysis of the problem (1.1) — (1.2). These
details can be found in the recent literature; see [25,26,29] and the references
therein.

Let AC?([0,1],R) denote the space of i — times differentiable functions
u : [0,1] — R whose i — th derivative u(?) is absolutely continuous.
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Definition 21. Let « >0, n—1 < a <n, n=[a]+1and u €
AC™ (]0,00) ,R).

The Caputo derivative of fractional order « for the function u : [0, +o0) —
R is defined by

n—a

t
cDa ( _ / n a—1 u(n) (8) ds.
0

The Riemann-Liouville fractional derivative order « for the function u :
[0, +00) — R is defined by

t
1 d
Dgyu(t) = d—/ )"t (s)ds, t >0,
0

provided that the right hand side is pointwise defined in (0, 00) and the function
I': (0,00) — R, defined by

o

D= [ee

0

is called Euler’s gamma function.

Definition 2.2. The Riemann-Liouville fractional integral of order a > 0
of a function u : (0,00) — R is given by

t
I%u /t—s (s)ds, t>0,
0

provided that the right hand side is pointwise defined in (0, 00).

We recall in the following lemma some properties involving Riemann-Liou-
ville fractional integral and Riemann-Liouville fractional derivative or Caputo
fractional derivative which are need in Lemma 3.1.

Lemma 2.3 ([3, Prop. 4.3], [4]). Let a, 3> 0 and u € L' (0,1). Then the
next formulas hold.

(i) (DPI) () = I*Pu (1),

(i) (DI°) (t) = u (t),
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where D and D? represents Riemann-Liouville’s or Caputo’s fractional deriva-
tive of order o and [ respectively.

Lemma 2.4 ([21]). Leta > 0 andy € L' (0,1). Then, the general solution
of the fractional differential equation Dg,u (t)+y (t) =0, 0 <t < 1 is given by

t
u( / (t—s)” (8)ds+crt™ T peat® 24 et 0 <t <1,
0

where ¢y, 1, ..., cp—1 are real constants and n = [a] + 1.

Next, we will present notations, definitions and preliminary facts from mul-
tivalued analysis which are used throughout this paper. For more details on
the multivalued maps, see the book of Aubin and Celina [2], Demling [16],
Gorniewicz [20] and Hu and Papageorgiou [23], see also [2,13,14,27,28].

Here (C'[0,1],R) denotes the Banach space of all continuous functions from
[0,1] into R with the norm ||lu|| = sup {|u (¢)| : forallt €[0,1]}, L' ([0,1],R),
the Banach space of measurable functions u : [0,1] — R which are Lebesgue
integrable, normed by ||ul|;: = fo lu (t)] dt.

Let (X, d) be a metric space induced from the normed space (X, ||-]|). We
denote

B (X)={AeP(X): A# ¢},

P (X)={A€ P(X) : Aisbounded},
P,(X)={Ae R (X) : Aisclosed},
Py (X)={Ae P (X) : Aiscompact},

Pepev(X)={A € Py(X) : Aiscompact and convez},
Pyo(X)={A e P (X) : Aisclosed and bounded} ,
where P (X) is the family of all subsets of X.

2.1 - The upper semi-continuous case and the Carathéodory case

Definition 2.5. A multivalued map G : X — P (X).
(1) G (u) is convex (closed) valued if G (u) is convex (closed) for all u € X,

(2) is bounded on bounded sets if G (B) = UBG (u) is bounded in X for all
ue
B € P, (X) ie. sup {sup{|v|, v € G(u)}} < oo,
ueB
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(3) is called upper semi-continuous (u.s.c) on X if for each ug € X, the set
G (up) is a nonempty closed subset of X and if for each open set N of X
containing G (ug) there exists an open neighborhood Ny of ug such that
G (Ng) CN,

(4) is said to be completely continuous if G (B) is relatively compact for every
B e P, (X),

(5) has a fixed point if there is v € X such that u € G (u). The fixed point
set of the multivalued operator G will be denote by Fix G.

Remark 2.6 ([16, Prop. 1.2]). It is well known that, if the multivalued
map G is completely continuous with nonempty compact values, then G is
u.s.c if and only if G has closed graph i.e., u, — u, v, = v, v, € G (u,) imply
v e G (u).

Definition 2.7. A multivalued map G : [0,1] — Py (R) is said to be
measurable if for every y € R the function

t—d(y,G) =inf{lly—z|| : z€ G(t)},
is measurable.

Definition 2.8. A multivalued maps F : [0,1] x R — 2% is said to be
Carathéodory if,

(i) t — F (t,u) is measurable for all u € R,

(ii) uw+—— F (t,u) is upper semi-continuous for almost all ¢ € (0,1). Further-
more a Carathéodory function is called L'—Carathéodory if,

(iii) for each p > 0, there exists ¢, € L' ([0,1],RT) such that
| F (t,uw)]| =sup{|v|], ve F(t,u)} < ¢,(t), ae in [0,1],
for all |u| < p.

Definition 2.9. Let Y be a nonempty closed subset of a Banach space E
and G : Y — P, (E) be a multivalued operator with nonempty closed values.

(i) G is said to be lower semi-continuous (l.s.c) if theset {x € X : G(x)NU
# ¢} is open for any open set U in E.

(ii) G has a fixed point if there is € Y such that x € G (z).
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For each u € (C'[0,1] ,R), define the set of selection of F by
Spu={ve AC([0,1],R) : v € F(t,u(t)), for almost all t € [0,1]}.

For P (X) = 2%, consider the Pompeiu-Hausdorff metric (see [8])
Hy : 2% x2X = [0,00) given by

H; (A, B) = max {supd (a, B) ,supd(b,A)} ,
acA beB

where d (a, B) = gn]gd(a,b) and d (b, A) = ingd(a,b). Then (P (X), Hg) is
S ac
a metric space and (Py (X), Hy) is a generalized metric space see [8].
Lemma 2.10 ([27]). Let X be a Banach space. F : [0,1] x X — Pep, ¢y (X)
an L'— Carathéodory multifunction and © a linear continuous mapping from

LY ([0,1],X) to C([0,1],X) . Then the operator (© o Sg) (u) = © (Sg.) is a
closed graph operator in C ([0,1],X) x C([0,1], X).

Lemma 2.11 (Nonlinear alternative for Kakutani maps [21]). Let E be
a Banach space. C a closed convex subset of E, U an open subset of C and
0 € U. Suppose that F : U — P.p ey (C) is an upper semi-continuous compact
map, where Py o, (C) denotes the family of nonempty, compact convex subset
of C. Then either F has a fized point in U or there exist u € QU and X € (0,1)
such that uw € A\F (U).

Lemma 2.12 ([2, Lemma 1.1.9]). Let {K,},.y C K C X be a sequence of
subsets where K is a compact subset of a separable Banach space X. Then

co <hTILn_>S£p Kn) = nglco {nglKn} ,
where €0A refers to the closure of the convex hull of A.

Lemma 213 (]2, Lemma 1.4.13]). Let X and Y two metric spaces. If
G : X — P, (Y) is upper semi-continuous, then for each xo € X,

limsup G (z) = G (z¢) .

T—rx0

Definition 2.14. Let X be a Banach space. A sequence {z,},.y C
L' ([a,b], X) is said to be semi-compact if

(i) it is integrably bounded i.e., there exists ¢ € L' ([a,b] ,R") such that

|zn (t)|p < q(t), fora.e.t € [a,b] andevery n €N,
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(ii) the image sequence {x,}, . is relatively compact in E for a.e. t € [a, b].

The following important result follows from Dunford-Pettis theorem (see,
[24, Prop. 4.2.1]).

Lemma 2.15. Every semi-compact sequence L' ([a,b],X) is weakly com-
pact in the space L' ([a,b], X).

When the nonlinearity takes convex values, Mazur’s Lemma may be useful:

Lemma 2.16 ([28, Thm. 21.4]). Let E be a normed space and {n}, cny C
FE a sequence weakly converging to a limit x € E. Then there exists a sequence
m

of convex combinations Ym = D Q& With i >0, fork=1,2,...,m and
k=1
m
amrpTr = 1 which coverges strongly to x.
k=1

3 - Existence results

Let X = {u: ue C([0,1],R)} endowed with the norm defined by |[ju| =

sup |u (t)] such that ||u|| < co. Then (X, |.||) is a Banach space.
t€[0,1]

P

Lemma 3.1. Let Zajnjo-‘_ﬁ_l €0,]),ae(n—1Ln],8€[l,n-2],n>3
Jj=1

and y € (C'[0,1]). Then the solution of the fractional boundary value problem

Dgu(t)+y () =0,
(3.1) u® (0) =0, ie{0,1,...,n—2},
p
D&u(l) = ZlangJru(nj),
j:

is given by
1
(3.2) u(t) = /G (t,s)y (s)ds,
0
where

tafl p
(33) G (t7 s) =g (t7 S) + d ajh (nja 5) 5
=1

J
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1 e l(1—g) Pl gt 0<s<t<1
(3 4) g (t S) _ - ( S)a_ﬁ_l ( S) ) =S = 4
I'(a) | to71(1—s) , 0<t<s<l,
(3.5)
hits) < L p - $)* T (-9 P 0<s <t <1,
’ [(a) | teB-1(1— )2 P71 0<t<s<l,

andd—l—Za] a—p-1,

Proof. By using Lemma 2.2, the solution for the above equation is

189

t
u( /t—s (8)ds + et b 4 ot 4 et
0

where ¢, ¢y..., ¢, are arbitrary real constants. By u (0) = 0, we have ¢, = 0.
Then

t
(3.6) / (t— )y (s)ds+crt® T ept® 24yt

0

Differentiating (3.6), we have

Q

t
/t—s (5)ds + (a — 1) ¢ t* 2
0

a)

F(a=2) et 34k (a—n+1) e 1t¥ ™

By «/ (0) = 0, we have ¢,_1 = 0.

Similarly, we get c2 = c3... = ¢p—2 = 0. Hence
t
(3.7) u( / (t—5)* "y (s)ds + crt* L.
0

By (3.7) and Lemma 2.1, we get

DEu(t) = ol (@5t = [ (=9 y (s)as
0

I'(a—p)
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P
this and by D€+u (1) = Z@D&u (n;), we have
j=1

1 n;
c1 = dFl@ [/(1 — S)afﬁ—ly(s) ds — Zaj / (n; — s)aﬁly(s)ds] ‘
0

Substituting ¢; into (3.7), we see that the unique solution of the problem (3.1)
is

1 nj
ta—l e B p oG
u(t):df‘(a) |:0/(15) B 1y(s)d8—;aj0/(nj—s) B 1y(s)ds]
1 / a—1
—mo/(t—s) y(s)ds

0
jo1 P mj
- ag/(nj =5y (s) d8]
Jj=1 0
/ a-1 Z / 1 1
:/g(t,s)y(s)d8+ Zaj /77;1 A=l (1= )2 Py (s) ds
0 j=1 75

0

1
/G (t,s)y(s)ds.
0

The proof is completed. [l



|11] EXISTENCE FOR FRACTIONAL DIFFERENTIAL INCLUSION 191

p
Lemma 3.2. Let Zajn?_ﬂ_l €0,1),ae(n—1n],el,n—-2],n>
j=1

3. Then, the Green functions G (t,s) defined by (3.3) have the following prop-
erties:

(i) The function G (t,s) > 0 are continuous on [0,1] x [0,1] and G (t,s) >0
for allt, s € (0,1),

(il) max G (t,s) =G (1,s), for all s € [0,1], where

te[0,1]
1 p (1 _ S)a—ﬂ—l
(38)  G(Ls)=g(Ls)+ E;ajh@j,s) O
Proof. The proof is evident, we omit it. U

In order to investigate the problem (1.1) — (1.2) we shall provide an appli-
cation of Lemma 2.11.

Theorem 3.3. Suppose that the Carathéodory multifunction F' : J xR —
P,y co (R) has nonempty, compact, convex values and satisfies

(Hy) There exist a continuous nondecreasing function ¢ : [0,00) — (0, 00) and
a continuous function p € L' (J,R*) such that

1 (¢, (8)]| = sup{|v] : ve F(t,u(t)} <p@)e(ull),
forallae . t € J and u € R.

(Hz) There exist ¢ and p as in (H1) and R > 0 such that
1 -1

(3.9) R [ (Jul) / G(Ls)p(s)ds|| >1

0

Then the inclusion problem (1.1) — (1.2) has at least one solution.

Proof. Define the operator
1
(3.10) N(u)=<cheX,yeSp,\ h(t)= /G(t,s)y(s)ds, tedy,
0

where G (t, s) defined by (3.3).
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We show that the operator N has a fixed point by applying Lemma 2.11.
First, we show that N maps bounded sets of X into bounded sets. Suppose
that r >0 and B, ={ue X : ||lu| <r}.

Let v € B, and h € N (u). Choose y € Sk, such that

1
= /G(t,s)y(s) ds,
0

for almost all ¢ € J. Thus and from Lemma 3.2, we have

1
/ (t,s) |y (s)|ds
0

1
< lIpll # (lul) / Gl
0

where |[|p[|,, = sup |p ()].
teJ

Hence,
hl| = h(t
Al %X b (1)]

1
< l1plly () / G(1
0

for all h € N (u), i.e., N (B,) bounded.
Now, we show that N maps bounded sets into equicontinuous subsets of X.
Let u € B, and t1, to € J with t; < t2. Then we have

| (t2) g (ta,s) — g (t1,8)[ |y (s)| ds

O\H

o l_ta 1
| ‘Za]/h (nj,s) |y (s)|ds
1

s/wz, $) — g (t1,8)| p () ¥ (lul))| ds

0
1

{t _ta 1‘
: > [ 105l e

0
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On the other hand,
1

0

IN AN
— O
- -
— T—
- -
— T—

o

T R (P S)Q_l} ds
s ol [ (657 187 0= 97 1= 0 s

t1
1

ol () [ (57 =) (= ).

It is seen that |h (t2) — h (t1)| — 0, uniformly as to — 1, we have
17 (t2) = h (t2)]| = 0,

as to — 1.

Thus N is equicontinuous and so N is relatively compact on B,. Conse-
quently the Ascoli-Arzela theorem implies that IV is compact on B,.

Now, we show that IV is upper semi-continuous. To do this, it is sufficient
to show that N has a closed graph. Let w, — ug, h, € N (u,) for all n and
hy, — ho. We prove that hg € N (ug). For each n choose y, € SF,, such that,
for all t € J,

o () = / G (t,5) yn (5) ds.
0

Thus it is suffices to show that there exists yo € SF,, such that for each ¢ € J,

1
ho (t) = /G (t,s)yo (s)ds.
0
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The condition (H;) implies that y, (t) € F (t,up(t))), hence |y, (t)] <
p ()¢ (Jlull). Then {yn},cy is integrable bounded in L' (J,R). Since F has
compact values, we deduce that {y,},cy is semi-compact. By using Lemma
2.15, there exists a subsequence, still denoted {y;, }, cx, Which converge weakly
to some limit 3o € L' (J,R). Moreover, the mapping © : L' (J,R) — X defined

1
= /G(t, s) f(s)ds,
0

is a continuous linear operator. Then it remains continuous if these spaces
are endowed with their weak topologies [28]. Moreover, for a.e. t € J, u, (t)
converges to ug (t). Then, we have

1
/Gtsyo ) ds.
0

It remains to prove that yg € F' (t,ug (t)) , a.e.t € J. Mazur’s Lemma 2.16 yields

the existence of @' > 0, i =n,...,k(n) such that > ol =1 and the sequence
i=1

of convex combinations g, (-) = Z aly; (+) converges strongly to yo € L' (J,R).

Using Lemma 2.12, we obtain that

Yo (1) € ngl{gn O}, ae.teJ

co >
C nglco{yk (t), k>n}

(3.12) cn @{&F (t, ug (t))}

n>1

- nw {lim sup F (t, u, (t))} .

n=1 k— o0

The fact that the multivalued function F (-, u) is semi-continuous and has com-
pact values, together with Lemma 2.13, implies that

lim sup F (¢,uy, (1)) = F (t,u(t)), ae.teJ

n—oo

This with (3.12) yields that yo € €oF (t,uq (t)).
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Finally, F' (-, -) has closed, convex values. Hence yq (t) € F (t,uq (t)) , a.e.t €
J. On the other hand, observe that

1
I () = ho ()] = / G (t,5) (yn () — o (s)) ds || =0,
0

asn — 0.
Thus, it follows by Lemma 2.10 that © o S is a closed graph operator.
Further, we have h,, € © (Sg,,,). Since u,, — up, we have that

1
ho (£) = / G (t,5) yo (s) ds,
0

for some yo € Spy,. Hence hg € No(u), proving that N has a closed graph.
Finally, with Remark 2.6 and the compactness of N, we conclude that N is
upper semi-continuous.

In this part of the proof, we show that N (u) is convex for all u € X. Let
hi, ha € N (u) and w € [0,1]. Choose y1, y2 € Spy. Then

1
why (t)+ (1 —w)hy (t) = /G (t,s) [wyr (s) + (1 —w)y2 ()] ds
0

forall ¢t € J.

Since F' has convex values, so S, is convex. Thus wh;+(1 —w) he € N (u).
Consequently, NV is convex-valued.

We give now an a priori bound of solution. If there exist A € (0,1) such
that v € AN (u) then there exists y € Sp,, such that

u(t):/\/G(t,s)y(s)ds.
0

In view of (H;), we obtain
1
w @ <6 (al) | [ G (1s)p(s)ds
0

Consequently
~1

1
[u (D) w(\UII)/G(LS)p(S)ds <1,
0
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for almost all ¢ € J. Thus, in view of (Hz), there exists R > 0 such that
lu| < R. Put U = {ue X : |Ju]] < R}. Note there are no u € 90U and
A € (0,1) such that u € AN (u) and the operator N : U — Py (U) is
upper semi-continuous because it is completely continuous. Now, by using
Lemma 2.11, N has fixed point in U which is solution of the inclusion problem
(1.1) — (1.2). This completes the proof. O

3.1 - The lower semi-continuous case and the Lipschitz case

We provide another result about the existence of solutions for the problem
(1.1) — (1.2) by changing the assumptions of convex values for multifunction.
Our strategy to deal with this problem is based on the Schaefer theorem to-
gether with the selection theorem of Bressan and Colombo [7] for lower semi-
continuous maps with decomposable values.

Definition 3.4. Let A be a subset of [0,1] x R. A is L ® B measurable
if A belongs to the o—algebra generated by all sets of the J x D, where J is
Lebesgue measurable in [0, 1] and D is Borel measurable in R.

Definition 3.5. A subset A of L' (]0,1],R) is decomposable if all u, v €
A and measurable J C [0,1] = j, the function ux; + vx; s € A, where x;
stands for the caracteristic function of J.

Definition 3.6. Let Y be a separable metric space and N : Y —
P (L ([0,1],R)) be a multivalued operator. We say N has property (BC) if
N is lower semi-continuous (l.s.c) and has nonempty closed and decomposable
values.

Let F' : [0,1] x R — P (R) be a multivalued map with nonempty compact
values. Define a multivalued operator

¢ : C([0,1],R) — P (L' ([0,1],R)),
by letting
®(u) ={we L' ([0,1],R) : w(t) € F(t,u(t)) forae.te(0,1]}.

Definition 3.7. The operator ® is called the Niemytzki operator associ-
ated with F. We say F' is of the lower semi-continuous type (l.s.c type) if its
associated Niemytzki operator ® has (BC) property.

Next we state a selection theorem due to Bressan and Colombo.
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Lemma 3.8 ([7]) (Bressan and Colombo). Let Y be a separable metric
space and N : Y — P (L' ([0,1],R)) be a multivalued operator which has
the property (BC). Then N has a continuous selection, that is, there exists a
continuous function (single-valued) g : Y — L'([0,1],R) such that g (u) €
N (u) for every u € Y.

Definition 3.9. A multivalued operator N : X — P, (X) is called

(i) p—Lipschitz if and only if there exists p > 0 such that Hy (N (u), N(v))
< pd (u,v) for each u, v € X,

(ii) a contraction if and only if it is p—Lipschitz with p < 1.

Lemma 3.10 ([13]) (Covitz-Nadler). Let (X, d) be a complete metric space.
If N : X — P, (X) is a contraction, then FizN # ¢, where FizN is the fized
point of the operator N.

Definition 3.11. A measurable multivalued function F' : [0,1] — P (X)
is said to be integrably bounded if there exists a function g € L' ([0, 1], X) such
that, for all v € F (), [|v]| < g (t) for a.e. t € [0,1].

With the help of Schaefer’s theorem combined with the selection theorem of
Bressan and Colombo for lower semicontinuous maps with decomposable values,
first we shall present an existence result for the problem (1.1) — (1.2). Before
this, let us introduce the following hypotheses which are assumed hereafter

(H3) F :[0,1] x R = P, (R) be a multivalued map verifying
(i) (t,u) — F (t,u) is L ® B measurable.

(ii) u — F' (t,u) is lower semi-continuous for a.e. t € [0, 1].

(H,) F isintegrably bounded, that is, there exists a function m € L' ([0,1],RT)
such that || F (t,u)| = sup{|v|] : v € F(t,u)} < m(t) for almost all ¢ €
[0,1].

Lemma 3.12 ([19]). Let F' : [0,1] x R — P, (R) be a multivalued map.
Assume (Hs) and (Hy) hold. Then F' is of the l.s.c. type.

Definition 3.13. A function u € AC?([0,1],R) is called a solution to
the boundary value problem (1.1) — (1.2) if u satisfies the differential inclusion
(1.1) a.e. on [0, 1] and the condition (1.2).

In the first result, we are concerned with the existence of solutions for the
problem (1.1) — (1.2) when the right hand side does not have necessarily convex
values. Our strategy to deal with this problem is based on Schaefer’s fixed point
theorem with the selection theorem of Bressan and Colombo [7] for lower semi-
continuous operators.
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Theorem 3.14 ([16]) (Schaefer). Let A be a completely continuous map-
ping of a Banach space X into it self, such that the set {u € X : u = NAu, 0 <
A < 1} is bounded, then A has a fized point.

Now, we are in position to present the first main result of this subsection.

Theorem 3.15. Suppose that (Hsz) and (Hs) hold. Then the problem
(1.1) — (1.2) has at least one solution.

Proof. We note that if (H3) and (Hy4) are satisfied, then, by Lemma 3.12
we have that F' is of the lower semi-continuous type. Thus by Lemma 3.8,
there exists a continuous function y : C([0,1],R) — L' ([0,1],R) such that
y(u) € @ (u) for all u € C'([0,1],R). Consider the problem

(3.13) Dgiu(t)+y(u(t)) =0, te(0,1),

subject to the boundary conditions
A P
(3.14) ul?(0)=0,i€{0,1,...,n—2}, D u(1) = a;Dj,u(n;).

Ifu € C([0,1],R) is a solution to the problem (3.13)—(3.14), then u is a solution
to the problem (1.1) — (1.2). Transform the problem (3.13) — (3.14) into a fixed
point problem. Consider the operator T : C ([0,1],R) — C (][0, 1],R), defined

by
1

Tu(t) = /G(t,s)y(s)ds, teJ=10,1].
0
We show that T' is a compact operator.

Step 1. T is continuous.
Let (uy,) be a sequence such that u, — v in C ([0,1],R). Then

1
T (un) () — / (t,5) [yn (5) — y ()] ds

0

1
/G (1,8) |yn (s) —y (s)|ds.
0

Since y is continuous, then

[(Tun) (t) = (Tw) )| = 0, as n — oo.
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Step 2. T is bounded into bounded sets of C ([0, 1],R) (see above Theo-
rem 3.3).

Step 3. T sends bounded sets of C (]0,1] ,R) into equicontinuous sets (see
above Theorem 3.3).

As consequence of Step 1 to 3, toghether with the Arzela-Ascoli theorem,
we can conclude that T is completely continuous.

In order to apply Schaefer’s theorem, it remains to shows next step.

Step 4. The set
Q={ueC(0,1],R) : Mu =T (u) for some\ > 1},

is bounded. Let u € Q. Then Au = T (u) for some A > 1 and

> =

w(t) = /G@@M@%JGL
0

this implies by (Hy4) that for each ¢ € [0, 1], we have

thus .
IMWS/G@Qm@@:K
0

This shows that € is bounded.

As consequence of Schaefer’s theorem, we deduce that T has a fixed point
which is a solution to the problem (3.13) — (3.14), and hence a solution to the
problem (1.1) — (1.2). O

Finally, we state and prove the second main result of this subsection. We
prove the existence of solutions for the inclusion problem (1.1) — (1.2) with a
nonconvex valued right hand side by applying a fixed point theorem for mul-
tivalued maps due to Covitz and Nadler. For investigation of the problem
(1.1) — (1.2) we shall provide an application of the Lemma 3.10 and the follow-
ing lemma.

Lemma 3.16 ([14]). A multifunction F' : X — C (X) is called a contrac-
tion whenever there exists vy € (0,1) such that Hy (N (u), N (v)) < ~vd (u,v) for
all u,v € X.
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Now, we present second main result of this subsection.
Theorem 3.17. Assume that the following hypothyses hold.

Hs) F : JxR — P, (R) is an integrable bounded multifunction such that the
p
map t — F (t,u) is measurable,

(Hg) Hq(F (t,u1),F (t,u2)) < m(t)|ur —ug| for almost allt € J and ui,us €
R with m € L' (J,R) and d (0, F (t,0)) < m (t) for almost allt € J. Then
the problem (1.1) — (1.2) has a solution provided that

1
/G s)ds < 1.
0

Proof. We transform problem (1.1) — (1.2) into a fixed point problem.
Consider the operator N : C'[0,1] — P (C[0,1],R) defined by (3.10). It is
clear that fixed points of N are solution of (1.1) — (1.2).

We shall prove that N fulfills the assumptions of Covitz-Nadler contraction
principle.

Note that, the multivalued map ¢ — F (¢, (t)) is measurable and closed
for all u € AC! ([0,<)) (e.g., [14, Theorem I11.6]). Hence, it has a measurable
selection and so the set Sp, is nonempty, so, N (u) is nonempty for any u €
C ([0, 00)).

First, we show that N (u) is a closed subset of X for all u € AC* ([0,00),R).
Let v € X and {uy},~,; be a sequence in N (u) with u, = u, as n — oo in
u € C([0,00)). For each n, choose y,, € Sg,, such that

1
/Gtsyn ) ds.
0

Since F' has compact values, we may pass onto a subsequence (if necessary)
to obtain that y, converges to y € L' ([0,1],R) in L' ([0,1],R). In particular,
y € Spy and for any t € [0, 1], we have

1
" (t)%u(t):/G(t,s)y(s)ds,
0

ie., u e N (u)and N (u) is closed.
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Next, we show that IV is a contractive multifunction with constant [ < 1.
Let u, v € C'([0,1],R) and h; € N (u). Then there exist y; € Sp,, such that

1
/Gtsy1 )ds, t € J.
0

By (Hg), we have
Hy (F (tu(t), F (80 (@t) <m () (Ju) —v@)),

for almost all ¢t € J.
So, there exists w € S, such that

ly1 (1) —w[ <m (t) (Ju(t) —v ()]),

for almost all ¢ € J.
Define the multifunction U : J — P (R) by

Ut)y={weR : |y (t) —w| <m () (Ju(t) —v(t)|) for almostallt € J}.
It is easy to chek that the multifunction V' (1) = U (-)N F (-, v (-)) is measurable
(e.g., [14, Theorem III.4]).

Thus, there exists a function ys (¢) which is measurable selection for V. So,
y2 € S, and for each t € J, we have

y1 (1) = g2 (O] <m () (Jut) —v (B)])-

Now, consider hy € N (u) which is defined by

1
/ G (t,s)y2(s)ds, t € J,
0
and one can obtain

[ha (t) = ha ()] < [ G (t,5) |y1 (s) — ya (s)| ds

< [ G(,s)m(s)|u(s)—wv(s)|ds.

o O —
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Hence )

I (®) = b @ < ol lu = ol | [ G(15)m(s)ds
0
Analogously, interchanging the roles of u and v, we obtain

Hy(N (u),N (v)) < |ju— v /G(l,s)m(s) ds
0

Since N is a contraction, it follows by Lemma 3.10 (by using the result of
Covitz and Nadler) that N has a fixed point which is a solution to problem
(1.1) — (1.2). O

We construct two examples to illustrate the applicability of the results pre-
sented.

Example 3.18. Consider the problem
(3.15) —Du(t) € F (t,u(t)), telo,1],

subject to the three-point boundary conditions

2
(3.16) ul? (0) =0, i € {0,1}, Dy, u(l) =Y a;Dy,u(n;),
j=1
where o = %, B=1a = %, ay = %,771 = 1—16, Ny = % and F (t,u(t)) :

[0,1] x R — 2R multivalued map given by

tlul
s Ftu)=(0,— 2 ) weR,
e ) < 2<1+|ur>> u

verifying (Hs).

Obviously,

t+1

+

sup{|f| : feF(tu)} <

Y

l\j ‘

we have

t+1

5 >|u—v|,u,vER, tel0,1],

Hy (F (t,u),F(t,v)) < (

which shows that (Hg) holds.
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So, if m(t) = % for all t € [0,1], then

Hy(F (t,u),F(t,v)) <m(t)|u—v].

5
2

5
It can be easily found that d =1 — % (%) 2 — % (1—56)
Finally,

=0,9176244637.

1
/G s)ds = 0,4636273746 < 1.
0

Hence, all assumptions and conditions of Theorem 3.17 are satisfied. So, The-
orem 3.17 implies that the inclusion problem (3.15) — (3.16) has at least one
solution.

Example 3.19. Consider the problem (3.15) —(3.16), where o = %, B=1,
a; = %, as = %, m = %, o = 1—56 and F (t,u) : [0,1] xR — 2R is a multivalued
map given by

3+ 2 s
ur— F (t,u) = * ful + sin (u) ,L+5t3+4 , u€eR

Obuviously, for f € F, we have

2 3
1
17 < ma ([ 25 ) (g}, — s )< 2w
4 1+ Jul 3 2
1+ |ul
Thus
19
1E" (&, w)|| = sup{|f] : feF{tu)} <5 =p@)¢(ul), uek,

with p (t) =1 and  (||u])) = . Purther using the condition
1 —1
o) | [Gop@as|| >t
0

we find that
19
R> <7> (0,4636273746) = 4, 4044600587,

this shows that all the assumptions of Theorem 3.3 are satisfied. So, the inclu-
sion problem (3.15) — (3.16) has at least one solution.
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