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A four dimensional Jensen formula

Abstract. We prove a Jensen formula for slice-regular functions of one
quaternionic variable. The formula relates the value of the function and
of its first two derivatives at a point with its integral mean on a three
dimensional sphere centred at that point and with the disposition of its
zeros. The formula can be extended to semiregular slice functions.
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1 - Introduction and preliminaries

The aim of this note is to prove a Jensen formula for slice-regular functions
of one quaternionic variable. We show how the results obtained in [10] can be
applied to extend to any slice-regular function the formula proved by Altavilla
and Bisi in [1] for slice-preserving functions. The formula relates the value
of the function and of its first and second derivatives at a point on the real
axis, its integral mean on a three dimensional sphere centred at that point,
and the position of its zeros. The formula can be generalized to semiregular
slice functions, where also poles enter in the formula. See [2, Theorem 5.2] for
another Jensen-type formula for slice-regular functions, in which the integration
is performed on a two-dimensional slice of the domain.

Slice-regular functions constitute a recent function theory in several hy-
percomplex settings (see [4,5,6,8]). This class of functions was introduced by
Gentili and Struppa [5] for functions of one quaternionic variable. Let H denote
the skew field of quaternions, with basic elements 4, j, k. For each quaternion
J in the sphere

S={JeH|J?=—1} = {a1i + 22 + 23k € H | 2} + 23 + 23 = 1}
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of imaginary units, let C; = (1,J) ~ C be the subalgebra generated by J.
Then we have the “slice” decomposition

H=|]JC;, withC;NCx =R forevery J K €S, J#+K.
Jes
A differentiable function f : Q C H — H is called (left) slice-regular on 2
if, for each J € S, the restriction

f\Qﬁ(CJ : QQC]%H

is holomorphic with respect to the complex structure defined by left multipli-
cation by J. For example, polynomials f(z) = )  2™a,, with quaternionic
coefficients on the right are slice-regular on H and convergent power series are
slice-regular on an open ball centered at the origin.

Let xg, 1, x2, x3 denote the real components of a quaternion x = xg+x17+
x2j + x3k. In the following, we use the *-algebra structure of H given by the R-
linear antiinvolution x — & = xg — x19 — x2j — x3k. Let t(x) := 2+ & = 2Re(x)
be the trace of x and n(z) := 2% = 23 + 23 + 23 + 23 = |2|? the norm of z. We
also set Im(z) = (z — &) /2 = x1i + x9j + z3k.

Let H®r C be the algebra of complex quaternions, with elements w = a+1b,
a,b € H, 1 = —1. Every quaternionic polynomial f(z) = Y, 2™a,, lifts to a
unique polynomial function F' : C — H®r C which makes the following diagram
commutative for every J € S:

CoRorC — 3 HopC

2| e

H . m

where ®; : HorC — H is defined by ® j(a+1b) := a+Jb. The lifted polynomial
is simply F(z) = )_,, 2" am, with variable z = a4 13 € C.

In this lifting, the usual product of polynomials with coefficients in H on one
fixed side (the one obtained by imposing that the indeterminate commutes with
the coefficients when two polynomials are multiplied together) corresponds to
the pointwise product in the algebra H ®g C.

The remark made above about quaternionic polynomials suggests a way to
define H-valued functions on a class of open domains in H. Let D C C be a
set that is invariant with respect to complex conjugation. In H ®g C consider
the complex conjugation that maps w = a + b to W = a — b (a,b € H). If a
function F' : D — H ®g C satisfies F'(zZ) = F(z) for every z € D, then F is
called a stem function on D. Let Qp be the circular subset of H defined by

Qp = @s(D).
JeS
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The stem function F' = F} +1F5 : D — H®g C induces the (left) slice function
f=Z(F): Qp — H in the following way: if z = a+ JB = ®;(2) € Qp N Cy,
then

f(@) = Fi(2) + JFy(2),

where z = o + 1.

The previous lifting suggests also the definition of the slice product of two
slice functions f = Z(F') and g = Z(G). It is the slice function f - g = Z(FGQG)
obtained by means of the product in the algebra H®gr C. We recall the formula
that links the slice product to the quaternionic pointwise product: if f(z) =0,
then (f - g)(x) = 0, while for every = such that f(z) # 0 it holds (f - g)(x) =
f@)g(f(2) "tz f(2)).

The function f = Z(F) is called slice-preserving if F} and F» are real-valued
(this is the case already considered by Fueter [3] for holomorphic F'). In this
case, f(T) = f(x) for each x € Qp, and the slice product f - g coincides with
the pointwise product of f and g for any slice function g.

The slice function f is called circular if Fo = 0. In this case, if t = a+5J €
H\ R, f(y) = f(z) for every y in the sphere S, = o + S.

If the stem function F' is holomorphic, the slice function f = Z(F) is called
(left) slice-regular. We shall denote by SR(Q2p) the right H-module of slice-
regular functions on Qp. When the domain D intersects the real axis, this
definition of slice regularity is equivalent to the one proposed by Gentili and
Struppa [5]. This approach to slice regularity has been developed on any real
alternative *-algebra. See [6,7,8] for details and other references.

1.1 - The slice derivatives and the spherical operators

The commutative diagrams shown above suggest a natural definition of the

of

slice derivatives 92’ Dt of a slice functions f. They are the slice functions
x’ Ox
F F
induced, respectively, by the derivatives 8— and 8—_:
0z 0z
of oF of oF
oz —I<a> and - 5 _I<az> -
: . : . L . . Of
With this notation a slice function is slice-regular if and only if Dpe 0 and
z

0
if this is the case also the slice derivative —f is slice-regular. These derivatives

x
satisfy the Leibniz formula for slice product of functions.
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We now recall from [6] two other operators that describe completely slice
functions. Let f = Z(F') be a slice function on 2 p, induced by the stem function
F = F, +1Fy, with F{,Fy, : D C C — H.

Definition 1.1. The function f¢ : Qp — H, called spherical value of f,
and the function f.: Qp \ R — H, called spherical derivative of f, are defined
as

1

fol@)i= (@) + 1) and flw) = (@) (@) - £6))

Ifz =a+pJ € Qp and z = a+18 € D, then fJ(x) = Fi(z) and
fi(z) = B~1Fy(2). Therefore f° and f! are slice functions, constant on every
set S, = a+ #S. Observe that on Qp N R, the spherical value of f coincides
with f. The functions f$ and f! are slice-regular only if f is locally constant.

Moreover, the formula

f(a) = f3(2) + Im(2) fo()
holds for each z € Qp \ R. If F is of class C!, the formula holds also for

x € Qp NR. In particular, if f is slice-regular, f] extends to the real points of
Qp with the values of the slice derivative =—. The zero set Dy of f, is called

s
degenerate set of f (see [4, §7] for its properties). The spherical value and the
spherical derivatives satisfy the following Leibniz-type product rule (see [6, §5]):

(1) (f-9)s=fi 95+ [2 g
1.2 - Normal function and multiplicities of zeros

Given a slice function f =Z(F) : Qp — H, with F = F} +1Fy, its conjugate
function f€ and its normal function N(f) are the slice functions defined by

fO=T(F) =Z(F +F3) and N(f)=f-f"=[fF,

where Fj(2) = F,(z) for p = 1,2, z € D. The adjective normal here is
justified by the fact that N(f) can be seen as the norm of f in the *-algebra
of slice functions with antiinvolution f — f¢ (in the literature, also the term
symmetrization is used for the normal function). Observe that at every real
point a € QpNR, f¢(a) = f(a) and N(f)(a) = |f(a)|?>. When f is slice-regular,
also f¢ and N(f) are slice-regular, with N(f) always slice-preserving (we refer
to [6, §6] for more details about these functions).

Let V(f) = {x € Qp| f(z) = 0} be the set of zeros of the slice function f.
We recall some of its basic properties (see [4,6]). The elements x € V(f) can
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be of three types: real zeros (when x € R), spherical zeros (when z ¢ R and
Sz CV(f)) or isolated nonreal zeros (when Sy € V(f)). For any slice function

f, it holds
U s..

yeV(f)

For every f € SR(2p), f # 0, the set V(f) consists of isolated points (real or
not real) or isolated 2-spheres of the form S, (with nonreal x).

Definition 1.2. Let f € SR(Q2p), f # 0. Let Ay(x) = N(x — y) be the
characteristic polynomial of y € H. Given y € V(f) and a non-negative integer
s, we say that y is a zero of f of total multiplicity s it Ay divides N (f) and
A5+1 does not divide N(f) in SR(Q2p). We will denote the integer s by m¢(y).

Note that the total multiplicity is well-defined thanks to [6, Corollary 23]. It
has the property: my(s)(y) = 2my(y) for every y € V(f). This can be proved
as in [6, Theorem 26], where the argument deals with slice-regular polynomials
but it is valid for any slice-regular function (see also [4, Proposition 6.14]). A
more refined definition of multiplicity for zeros of f can be found in [4, §3.6].

1.3 - Slice-regularity and harmonicity

In this section we recall some results from [10] concerning the relation be-
tween slice-regularity and harmonicity with respect to the standard Laplacian
operator Ay of R*. The Cauchy-Riemann-Fueter operator

P 9 44 i +j i —f—k‘i
CRE T 856 8561 8I2 8I3

factorizes Ay, since it holds:

6CRF50RF = 5czzFacRF = A4a

where 9 5 5 5
0, =— —f— —j— —k—
oRE 81‘0 6$1 J 81‘2 6$3
is the conjugated operator.
0 0
For any 7,7 with 1 < i < j < 3, let L;; = x;-— — xj-— and let
856]' 8SUZ
I' = —ilog + jL13 — kL5 be the quaternionic spherical Dirac operator on

Im(H). The operators L;; are tangential differential operators for the spheres
Sy =a+ S (8> 0) and the operator I' factorizes the Laplace-Beltrami oper-
ator of the 2-sphere.
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Proposition 1.1. ([10, Proposition 6.1]) Let Q = Qp be an open circular
domain in H. For every slice function f:Q — H, of class C*(), the following
formulas hold on Q \ R:

(a) I'f =2Im(x)f;.

(b) Ocrrf — 2556 = —2f!.

Proposition 1.2. ([10, Corollary 6.2]) Let Q = Qp be an open circular
domain in H. Let f: Q — H be a slice function of class C'(2). Then

(a) f is slice-reqular if and only if Ocrrf = —2f1.

of ofs

(b) 8CRFf - 2% - 2fé and 2 ax - 8CRFf‘;'

Proposition 1.3. ([10, Theorem 6.3]) Let Q = Qp be an open circular
domain in H. If f : Q — H is slice-reqular, then it holds:

(a) The spherical derivative f. is harmonic on §) (i.e. its four real components
are harmonic).

(b) The following generalization of Fueter’s Theorem holds: OcprAaf = 0.
As a consequence, every slice-reqular function is biharmonic.

2 - A four dimensional Jensen formula

In order to obtain the quaternionic version of Jensen formula, we need three
preliminary results. Before giving the statements, we clarify what we mean in
the following by log |g|, for a slice-preserving function g = Z(G) = Z(G1 +1G2)
defined on 2. Since G; and Gy are real-valued, the function g induced by
the stem function Gy — Gy satisfies g(x) = g(z) for every z € Q. Note that
(9). = —g., a property we will use later. The function |g| induced by the
real-valued stem function (G? + G3)'/? satisfies |g|(x) = |g(z)| for all z € Q.
Moreover, g - g = |g/>. Finally, the function log|g| = T (3 log(G} + G3)) is a
circular, slice-preserving function on 2\ V(g), satisfying (log|g|)(z) = log |g(x)|
for every x € Q\ V(g).

The first result we need was proved in [1, Theorem 2.1] using results from

[10]. For completeness we give a proof here.

Proposition 2.1. Let Q = Qp be an open circular domain in H. If

0
g : Q — H is slice-regular and slice-preserving, then Ey log |g| is slice-regular
x

and log |g| is biharmonic on Q\V (g). In particular, this is true when g = N(f)
for any slice-regular function f : Q — H.
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Proof. Let g = Z(G) = Z(Gy + 1G2) € SR(Q2) be slice-preserving. Let
As be the two-dimensional Laplacian. Since G : D — C is holomorphic,

0
Ay log |G| = 0 where G does not vanish. Therefore p log |G| is holomorphic
2

0 0
on D\ V(G), and 8—log\g| = I(a—log\G\) is slice-regular. Since log|g| is a
x z
circular slice function, its spherical derivative vanishes and then from point (b)
of Proposition 1.2

) 1
E log |g] = 50cnr log |g].

From point (b) of Proposition 1.3 we get

= 0 1+ 1
0= s A (- 108lal) = 5 Bens a0 lolg| = § Ao,
i.e. log|g| is biharmonic. O

Remark 2.1. If g : © — H is slice-regular but not slice-preserving, then
the function log |g|, mapping = to log|g(x)|, can be not biharmonic. This
can happen also if g is one-slice-preserving (see [1, Remark 2.8]). We recall
that a slice function f is one-slice-preserving if there exists J € S such that
f(Q NCy) CCy.

Proposition 2.2. Let Q be an open circular domain in H with Q > 0. If
f:Q — H is slice-regular and f(0) # 0, then

Adlog N ()lamo = —4Re (£0 150 ) + 4Re <(f(0)‘1%)2> .

Proof. In this proof we denote the spherical value and the spherical
derivative of a slice function f by vsf and Osf respectively. Let g = Z(G) €
SR(2) be slice-preserving. Using Propositions 1.2 and 2.1, we get, outside

V(g),

_ — 0 0
8108 ) = Do Ocnr108197) = 2o 108 19%) = 10 (108 o).

0

Since g is slice-regular, g is anti-regular (i.e. in the kernel of 6_) and it holds,
x

by the Leibniz rule for slice product,

9 ) o L e L9 oy L 99
5= (log g )_I(az(log|G| ))_I<|G|28z(|G| ))— o 5, 9°9) = FEErRA
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Therefore

99 _
Atoxll?) = -1, (32 -9).

Since |g| =2 is circular, from the Leibniz rule (1) for spherical value and derivative
we get

4 dg 4 dg dg _
2y _ _ % __ = :
@ Adloglal?) =~ 30, (52-9) =~ (25D v+ u(5D) - 0a).
Now we set g = N(f). Firstly we must compute 65(%(]”-]“’)) vs(N(f)). Since
0 ) afe
R TR T A
The first one is

(0. (G 7)) = (g (5 ), WOF

where we used the fact that the spherical derivative extends to R as the slice
derivative. Then
) [F(0)%.

@ (o(5Er) <W>)|z:0=<§if<>ﬁ
The second term is
(aS <f, %}Z) '”S(m))x = (a% <f. %};))x o
@ <8f +f(0)§if()>|f( 2.

5 O
. . 0 ~
It remains to compute the two terms coming from vy <8_(f : fc)> - OsN(f).
x

Since 8SN(f)‘x:0 = —8SN(f)|z:0 = —%(f * f©)|z=0, the first one is equal to

, we compute separately the two terms at x = 0.

of
856( )

B (G 1-07) = -25L070 R (10050 To).

whilst the second one is

© (a0 %08m) =200 (105 0).

|z=0
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Putting it all together, using (3), (4), (5), (6) in (2), we get

Alog [N(f)lamo = = As(log N (F)[?) oo

)
- <2Re (f(()) %(0)) 2

)
- T (‘4 (re (s ))
— —4Re (f(o)—lg(O)) +4Re <<f(0)‘1%)2> ;

where we used the fact that, for any a € H, it holds —2|a|?*+4 Re(a)? = 2 Re(a?).
O

\V]

(0)

— g
e

Remark 2.2. The formula of the previous proposition is still valid when
x = 0 is replaced by any real point = where f(x) # 0.

Given a nonconstant function f € SR(Q), let Ty : Q\ V(N(f)) — Q\
V(N(f)) be the diffeomorphism defined by T¢(z) = f¢(x) ‘2 f¢(z) (see e.g. |4,
Proposition 5.32]). Note that Ty and its inverse Ty map any sphere S, onto
itself. Let Sy : Q\ V(N(f)) — H be the map defined by

fo@) ()" f () fix)"!  ifa & Dy,

Sp(x) =4 , _

T if x € Dy.

Observe that if f is slice-preserving, then Sy(x) = for every x.

Proposition 2.3. Let f € SR(Q) be nonconstant. The map Sy is a
diffeomorphism of the open set Q\ (V(N(f)) U Dy).

Proof. Let z € Q\ (V(N(f))UDy) and y = Sf(x). Since y € S, we have
fi(y) = fli(z) and then

F)yfily) = f2) "'z f ().

Since

f@ef@) " =n(f(@)f(@)  a—me = Tre(a),

it holds Tye(x) = f1(y) yfi(y). Therefore z = T} ( i)y fs’(y)> and the
map y > T (f;(y)—lyf;(y)) is the inverse of Sy on Q\ (V(N(f))UDy). O
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Let B(0,r) be an open ball with centre 0 and radius r with closure contained
in Q and let f € SR(€2) be nonconstant. Assume that f # 0 on 0B(0,r). Under
this condition, the map Sy applies 0B(0,r) onto itself. From what recalled in
§1.2, the zero set V(f) N B(0,r) consists of a finite number of isolated real
points r1,...,7y,, of isolated spheres S,,,...,S;, and isolated nonreal points
Qty1,--.,a;. We choose one spherical zero a; in every sphere S;,, fori =1,...,t.

We are now able to state the four-dimensional Jensen formula for slice-
regular functions.

Theorem 2.1. Let Q2 be an open circular domain in H. Let B, = B(0,r)
be an open ball whose closure is contained in Q. If f : Q — H is slice-reqular
and not constant, f(0) # 0 and f # 0 on OB, then it holds:

2 2 2 2
log |£(0)] + ¢ Re <(f(0)‘1%(0)> ) e (s01 5 0) -

1 1
_ ma/ log |f ()|do(z) + m@/ log|f o Sy (x)|do ()
B, B,

il r rfﬁ —rd l r la;|* — r? 2 9
— 5" (1og — - 21og —— + LT (4(4;)? — 2|a;
z_: (og Tk + 47“27“,% > Z( 8 |a;] + 4r2|a;|* ( (i) Jad ))

k=1 i=1
where the first sum ranges over the real zeros ri,...,7m of f in B, and the
second one over the non-real zeros ay,...,a; of f in B, repeated according to

their total multiplicities.

Proof. Let z =a+ JB € 0B, \ Dy and let z = a +13. Since f(z) # 0,
N(f)(x) = f(x)f(Tte(x)). Moreover, if f = Z(F) = Z(Fy +1F3) and J =
f(x)"YJf(x), then Tye(x) = f(x) tzf(z) = a+ J'B and

fC(ch(iL‘)) = Fl(z) + J/FQ(Z) = Fl(z) — FQ(Z)J/ = Fl(z) + KFQ(Z),
where K = —Fy(2)J' Fa(2)"! = — fl(z)J' fi(z)~" € S. Therefore f¢(Tye(x)) =

f(Sf(x)) and then

log [N (f)(z)| = log |f(x)| +log | f(Sf(x))| on OB, \ Dy.

On the other hand, if z € 9B, N Dy then N(f)(z) = f(z)f¢(x) = f(z)f(x) and

|f(x)| = |f(z)| = |f(&)|. Therefore
(7) log [N(f)(z)| = log|f(z)| +log|f(Sf(z))| on OB,.

The Jensen formula for f follows now from the formula proved in [1, Theo-
rem 3.3] applied to the slice-preserving regular function N(f), using equation
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(7), the formula N(f)(0) = |f(0)|?, Proposition 2.2 and the fact that the total
multiplicities of zeros of f are one half the total multiplicities of them as zeros
of N(f). O

Remark 2.3. If f has no zeros in B,, the previous Jensen formula is a
consequence of the mean value formula for biharmonic functions applied to
log |[N(f)|. In this case the last two sums in the formula are missing.

The Jensen formula can be extended to semiregular functions, the analogues
of meromorphic functions in the quaternionic setting (see [4, §5] and [9] for def-
initions and properties of these functions). In the slice-preserving case, Jensen
formula formula for semiregular functions was proved in [1].

Let 2 be an open circular domain in H and let B, = B(0,7) be an open ball
whose closure is contained in €. Let f: ) — H be semiregular. We denote by
T1,...7Tm the real zeros of f in B,, by a1, ...,q; the non-real zeros of f in B, (as
above, in case of spherical zeros we choose one spherical zero in every sphere),
repeated according to their total multiplicities.

The poles of f can be real or spherical. In the latter case, if S, is a spherical
pole, the order ords(y) of the points y € Sy are all equal, except possibly for
one point of lesser order (see [4, Theorem 5.28] and [9, Theorem 9.4]). We
denote by pi,...,p, the real poles of f in B,, repeated according to their
order. Let Sy,,...,S,, be the spherical poles of f in B, of the first type, having
the property that all points in S, have the same order. Let S,,,...,S,, be the
spherical poles of f in B, of the second type, with the points z; € S,; chosen
such that ord(z;) < max:es. ords(z). Let if(z;) > 0 denote the isolated
multiplicity of f at z; for j =1,...,q, as in [11, Definition 3.12]. Set

1< 1¢
=32 i), s =g ody(By). s =sit s
= J=

where ordy(S;) is the spherical order of f at S, (which is two times the max-
imal order of the points of the sphere [9, Theorem 9.4]). It holds if(z;) >
%ordf(Szj) —ords(zj) > 0 for every j =1,...,q ( [4, Proposition 5.31]).

Choose points by, ..., bs, € U'_| S, and bs, 41,...,bs € U?ZISZ]. (one point in
each sphere, repeated according to one-half the spherical order of the pole). Let
aj41,- .., 0144 denote the points z1,. .., z;, repeated according to their isolated
multiplicities (¢" = >_7_; iy(2)))-

With these notations, we can state the Jensen formula for semiregular func-
tions.

Theorem 2.2. Let Q be an open circular domain in H and let B, = B(0,r)
be an open ball whose closure is contained in 2. Let f : Q — H be semireqular
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and not constant. Assume that 0 is not a pole nor a zero of f and OB, does
not contain zeros or poles of f. Then it holds:

2 3F 1\ 2 2 2
log £(0)] + - Re <(f<o>1%<o>) ) - e (10 5 40)

1
- 58] / g Fioe) + gy | Vool o o)

T

m log " 4 rp—rt liq: 2oz - 4+ lag|* — r o - |2)
_ E og— 4+ k") _ op Ty el =t
grk 4r2r? , D) lai]  Ar2]a* i i
k=1 =1
n 4 4 s 4
e i 2~ b))
+ lo ——i-i)—i- (210 _1_7 Hb)2 — 9lb, .
k1< gpk 4742])% ; g7 1b,] 472|b; [+ ( (bs) |b; | )

Proof. The proof is based on the fact that one can find a slice-preserving
regular function g on an open neighbourhood € of B, such that gf has a
slice-regular extension h on €. For every real pole py € B,, let

o (@) = —(@ — r?p ) (@ — pr)rp !

and for every spherical pole b;, let
2 — —
gz( )( ) = Ar2bi_l(x) lAbi(l’)T2|bi‘ 2.

Observe that g,(Cl) is the reciprocal of the slice-preserving quaternionic r-Bla-

schke factor B,, , and g@)

,~/(x) is the reciprocal of the normal function N (By, )
(see e.g. [1] for definition and properties of quaternionic r-Blaschke factors
B,,). We can set

g=gi" - gg? g
Then g is a slice-preserving regular function on a neighbourhood € of B,., such
that |g| = 1 on 0B, having zero set V(g) = {p1,...,pn} U{Sps,...,Sp,} (with
multiplicities equal to the orders of the poles for f). We can assume that all
the zeros and poles of f stay in €. Then gf extends regularly to a function
h e SR(Y).

If the order of f is constant on every spherical pole (¢ = ¢’ = 0), then
V(h)NB, = V(f) NB, with equal total multiplicities. The Jensen formula for
f now follows from the formula for h, using the following facts:

. o T e
L [n0)] = £ (0)]lg0)] = [£O)[ ]| " II 2
k=1 =1
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2. On 0B, since |g| = 1 and g is slice-preserving, it holds |h| = |f| and
log |N ()| = 2log |g| + log [N (f)| = log [N ().
3. From [1, Lemma 3.1] (or from Proposition 2.2), it follows that
Aqlog [N (h)|z=0 = Aglog [N(f)]z=0 + Aqlog [N (g)]=0

n pi_TA i |bi‘4—7“4 5 9
= Ayglog [N (f)|s= 0—2§ 5 —2§ A (t(bs)* — 2|b|°) .
k 3

i=1

If the order of f varies on some spherical pole Sy, then V' (h) vanishes also at
the points z1, ..., z4, with total multiplicities equal to the isolated multiplicities
if(2;). The Jensen formula for f follows from the formula for i, using properties
1, 2, 3 above and the equality

Z <2 log — + |Z]T|2‘ ‘ ( (Zj)2 - 2|Zj|2)> if(zj)

0

Remark 2.4. An example of semiregular function that has a spherical pole
where the order is not constant, is given by f(z) = (24 1)1 (x +4). It has no
zeros and one spherical pole at S = S;, whose points have all order 1, except for
x = —1, that has order 0 and isolated multiplicity 1. One obtains the Jensen
formula for f on B, (r > 1) by multiplying f on the left by the slice-preserving
function

g:g§) r2(z? + )7 (2? 4 1).
and applying Theorem 2.1 to the product h = gf = r?(2? +r*)~!(z +1), which
is slice-regular on H \ S,2;, a neighbourhood of B,. This example shows that
the contribution to the formula of spherical poles with nonconstant order can
cancel out. This happens when if(z;) = 5 ordf(SzJ) for every j=1,...,q.
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