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A family of Cauchy-Riemann type operators

Abstract. A natural question is whether and in which sense the defini-
tion of a holomorphic function depends on the choice of the two vectors
{1,4} that form a basis of C over R. In fact these two vectors determine
both the form of the Cauchy-Riemann operator, and the splitting of a
holomorphic function in its harmonic real and imaginary components.
In this paper we consider the basis {1,e?} of C over R, and define
as 0-holomorphic the functions that belong to the kernel of a Cauchy-
Riemann type operator determined by this basis. We study properties
of these functions, and discuss the relation between them and classical
holomorphic functions. This analysis will lead us to discover the special
role that § = 7/2 plays, that renders the theory of holomorphic functions
special among this family of theories.
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1 - Introduction

One of the most successful function theories is the theory of holomorphic
functions of a complex variable. Born in the nineteenth century, it was fully
developed only during the last century, [1].

This paper was inspired by a basic question posed by E. Vesentini while
he was at the Scuola Normale Superiore, Pisa, together with the first and
third author. The approach and the results we present here are elementary,
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but we think they are worth exploring as they allow us a different look at
holomorphicity for functions of a single complex variable.

Put simply, one considers the field C of complex numbers as the field gen-
erated, over the reals, by two independent units, 1, and i, where i2 = —1; its
elements are traditionally indicated by z = x + iy. One then considers the
notion of derivability and differentiability for functions from C to C, and the
interesting (and crucially important) discovery is the fact that a function f
admits complex derivative on an open set 2 if and only if, in that same set, it
satisfies the so-called Cauchy-Riemann equation:

(1) L (g + 28—f> =0

2 \ Oz oy
which defines the class of holomorphic functions. Since every function f : C —
C can be written, using the same basis (1,7), as f(z +iy) = u(z,y) + iv(z,y),
where u and v are differentiable functions from R? to R, the Cauchy-Riemann
equation is actually equivalent (as one can see by recalling that 1 and i are
independent over the reals) to the Cauchy-Riemann system

Uy = Uy
Uy = —Vg

where as customary the subscripts indicate partial derivatives. The special form
of this system is of great interest, because it immediately implies that both u
and v are harmonic functions, i.e.

AU = Uy + Uyy = AV = Uy + Vyy = 0

and we say indeed that the real part u of a holomorphic function and its imag-
inary part v are harmonic conjugate to each other. This is not the place to
give a full description of the theory of holomorphic functions, but some of the
most fecund consequences of these definitions lie in the fact that the simple
calculations above indicate a way to actually factor the Laplacian operator by

writing
F o (o o\(o .0
ox2  oy2  \ox Oy) \ox Oy)’

The approach to the new definition of slice regularity for quaternion valued
functions of a quaternionic variable ( [2,3]) has brought a renewed attention
on the possibility of varying the imaginary unit which appears in the Cauchy-
Riemann operator. Indeed the family of Cauchy-Riemann operators used in
the definition of slice regular functions is of the form

1 £+[2
2 \ Ox dy
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where [ is any element of the 2-sphere of imaginary units in the skew field of
quaternions.

In the complex setting, one can then ask what would have happened if,
instead of the canonical basis (1,7), one would have taken any other unit vector
in C, independent of 1. In other words, one can ask whether and in which
sense the definition of a holomorphic function depends on the choice of the two
vectors {1,i} that form a basis of C = R? over R. In fact these two vectors
determine both the form of the Cauchy-Riemann operator, and the splitting of
a holomorphic function in its harmonic real and imaginary components. More
precisely, we consider the basis {1, e} of R? = C, and define as #-holomorphic
the functions that belong to the kernel of the operator

0 e,
—+e=— .
(5:6 6y)
In this paper we study properties of these functions, and discuss the relation
between them and classical holomorphic functions. This analysis will lead us

to discover the special role that § = m/2 plays, that renders the theory of
holomorphic functions special among this family of theories.

2 - f-holomorphic functions

For any 6 € (0,27), 6 # , we consider the basis {1,e?} of C = R?. In
the next definition we will give a notion of holomorphicity with respect to the
chosen basis.

Definition 2.1. Let Q be a domain in C = R? and let § € (0,27),
0 # w. A function f : Q — C having continuous partial derivatives is called
f-holomorphic if

on €.

As customary any complex valued function f defined on a domain 2 C C =
R? can be split in the new basis as

flx+ ey) = u(z,y) + ePv(z,y)

where u,v :  — R are real valued functions on 2.
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Proposition 2.2. Let Q C C =2 R? be a domain. A function f:Q — C,
f = u—+ e, is -holomorphic if and only if the following system of partial
differential equations holds for u,v

Uy = Uy
Uy + Uz + 20, cos O = 0
on €.

Proof. The equality
9 in 0 i0 if if 2i6
<£+e 3_y) (u+e"v) = uy + euy + v, + ey,
=y + e%uy, + v, + (=14 2cos 0 ey,
= Uy — vy + € (uy, + v + 20, cos 0)

directly implies the assertion. O

By means of the previous equivalence it is possible to identify a #-holo-
morphic “variable”. If for example we choose = to be the first component, then

we can solve the system
vy =1
vy = —2cosf

obtaining v = y+ ¢(x) with ¢/(x) = —2 cos # which leads to v = y — 2z cos § (up
to an additive constant).

Definition 2.3. The §-holomorphic function Z(x,y) = x+e (y—2x cos 0)
is called the 6-holomorphic variable.

It is worthwhile noticing that the choice of the #-holomorphic variable is
arbitrary (as in the holomorphic case). Instead of x as the first component of
Z we could have chosen any linear combination ax + by of x and y. In this
general case the second component w(z,y) of Z can be computed by solving

(see Proposition 2.2)
wy =a
wy = —b — 2acosf.

Hence w = ay + ¢(z) with ¢/(z) = —b — 2a cos #, which gives
w(z,y) = ay — bx — 2ax cos 0

(up to an additive constant).
The family of 6-holomorphic functions is closed with respect to pointwise
multiplication.
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Proposition 2.4. If f,g: Q — C are 0-holomorphic functions on a do-
main ), then the pointwise product fg is 0-holomorphic; therefore 8-holomorphic
functions have the structure of an algebra.

Proof. Let f =u+ ¢ and g = a + ¢b. Then
fg=(u+ev)(a+e?b) =ua —vb+ e (ub+ va + 2vbcos §) = U + V.
Computing partial derivatives of U and V we get

U, = uza + ua, — v:b — vb,,
Uy = uya + uay — vyb — vby,
Ve = ugh + uby + vpa + vay + 2(v,b 4 vby) cos b,
Vy = uyb + uby + vya + vay, + 2(vyb 4 vby) cos 0,

so that

Up—Vy = (uy —vy)a+u(ay —by)— (uy+v,+2v, cos 0)b—v(by+ay,+2b, cos ) = 0
and
Uy + Vi + 2V, cos 6
= uya + uay — vyb — vby + uzb + uby + vya + vag + 2(vyb + vby) cos O
+ 2 cos O(uyb + uby + vya + vay + 2(vyb 4 vby) cos 6)
= (uy + vz + 2vy cos )a + u(ay + by + 2b, cos ) + (—vy + uz )b
+ (uy + vy + 2vy cos §)2b cos § + v(az — by) + 2v(ay + by + 2b, cos 0) cos O

= 0. 0

As a consequence, complex polynomials and convergent power series in the
variable Z(x,y) = x 4+ ¢ (y — 2cos # ) define f-holomorphic functions.
Lemma 2.5 (Abel). Let {ay}nen be a sequence of complex numbers such

1
that liminf —= = R > 0. Then the power series

n—oo 1/ ‘an‘
> Z(zy) an

n>0

converges uniformly on compact sets to a 0-holomorphic function, in the interior
of the ellipse x> + y?> — 2xy cos ) = R2.
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Proof. Thanks to the classical Abel’s Lemma, it is sufficient to compute
the modulus of Z(z,y),

1Z(x,y))? = |x + € (y — 2z cos )2
= |z + cos O(y — 2x cos 0) + isinO(y — 22 cos §)|?
= 2% 4 cos? 0 (y — 22z cos 0)? + 2 cos O(y — 22 cos 6)
+ sin O(y — 2 cos )?
22 2. 29 A2 2
=2+ y° + 4ax” cos” 0 — dxy cos 0 + 2yx cos § — 4 cos” 6

=22 4+ y? — 2zycosf. 0

The ellipse 2% 4+ y? — 22y cos § = R? that bounds the domain of convergence
of a #-holomorphic power series of radius of convergence R is centered at the
origin and it is symmetric with respect to the lines y = x and y = —uz; its
extremal radii are respectively R/v/1 — cos@ and R/+/1+ cosf. If § = 7/2, i.e.
for holomorphic power series, the domains of convergence are discs centered at
the origin.

The two components of any #-holomorphic function are not harmonic unless
0 = m/2, or § = 37/2. Nevertheless they both belong to the kernel of a strongly
elliptic partial differential operator.

Proposition 2.6. Let f = u + €v be a 6-holomorphic function on a
domain §2. Then

To(u) == Au 4 2uyy cos§ = Ty(v) = Av + 2v,ycos =0
on €.

Proof. Using Proposition 2.2 we get
Uy = Vyz = Vgy = —Uyy — 2Vyy €08 0 = —Uyy — 2Uzy cos

and
Vyy = Ugy = Uyzy = —Vggp — 2Vy; COSH . 0

We will now generalize what we have done to construct the #-holomorphic
variable Z.

Proposition 2.7. Let u: Q — R be a C?-function on a domain  C R?
such that Ty(u) = 0. Then there exists a function v, belonging to the kernel of
Ty as well, such that u + ev is 6-holomorphic.
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Proof. We can use Proposition 2.2 to identify v:

Uy = Uy
Uy = —Uy — 2y cosf.

Hence v(z,y) = [ uy(z,y)dy + c(z) with ¢(z) = — [ uza(z,y)dy — uy(z,y) —
2uy(x,y) cos 0. Therefore (up to an additive constant)

c(z) = — / g (, y)dy — / uy(z, y)dx — 2u(z, y) cos 0

and
v(z,y) = —/uy(:c,y)d:c —2u(x,y) cosb. O

Notice that if # = 7/2 this procedure corresponds to the one that associates
with a harmonic function u (one of) its harmonic conjugates, and hence to
construct a holomorphic function with an assigned real part.

In analogy with the factorization of the Laplacian through the Cauchy-
Riemann operator, we now see that it is possible to factorize the operator
82
Ty = A+ 2cosf
o dxdy

as follows:

Proposition 2.8. For any 0 € (0,27), 6 # m, the following equality holds

0? 0 o, 0 o 0
Iy =A+2 == +e?= — -0 )
o * cosanay (893 te 8y) (856 te 3y>

Proof. The assertion follows by direct computation. O

This result suggests the possibility of defining a notion of a formal 6-
derivative as the operator

0 0 0
— +e ¥ —.
oz dy
However, in order for this operator to act as a formal derivative, we calculate

Kn—ys Ny 0, o
<8x+e 8y)(z)_(8x+€ 8y>(x+e (y — 2z cosf)) =1—e",

and therefore we can give the following
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Definition 2.9. Let f : Q — C be a 8-holomorphic function. The 6-holo-
morphic function

Wl 1 (0, 0
07 =~ 1—e2f (856 e 8y> f(z.)

is called the formal @-derivative (or simply formal derivative) of f.

This formal derivative (in the next section it will become apparent why we
are insisting on the word formal) is normalized in such a way that it equals
1 when applied to the #-holomorphic variable Z. The same argument applied
to the conjugate variable Z(z,%y) = = + e~ (y — 2z cos ) suggests the correct
definition for what we can call the 0-Cauchy-Riemann operator:

_ 1 (9, w9
1_e20 \ gz ' © oy )

The operator Ty is an elliptic partial differential operator with constant co-
efficients, therefore there exists a linear change of coordinates which transforms
it into the Laplacian operator (see, e.g., [4]). This transformation is represented
by the square root of the matrix associated to the symbol of Ty

1 cos 6
A= ,
(cos 0 1 )

V1+cosh++1—cosf +/1+cosh—+/1—cosb

i.e. by the matrix

B=-=

V1+cosh —+/1—cosf +/1+cosh—++/1—cosb

In terms of A and B it is possible to define a correspondence between harmonic
maps and elements of the kernel of Ty, in fact we have for any C?-function u
on a domain Q C R?

div(AVu) =V - AVu = BV - BVu.
This can be made explicit as follows:

Proposition 2.10. Let u(¢,n) be a C?-function on a domain  C R2,
Then w is harmonic if and only if

TOU(S(J"’ y)? 77(5% y))
02 0 o

u(f(x, y)v 77(55’ y)) =0
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(-7 (2)

Proof. By summing up the following three terms we obtain the assertion:

where

82

52 WE@, ) (@, y)) = uge(2+2V1 — cos? 0) + ugy(—4 cos f)
+ Uy (2 — 2¢/1 — cos? §)

2
0 2u(£(x7y)7 n(iﬂ,y)) = u££(2 — 2V 1 — cos? 0) + U£q7(—4COS 9)

ay?
+ Uy (2 + 2v/1 — cos? §)

u(é(x,y),n(x,y)) = uee(—4 cos? 0) + ug,(8 cos 0)

+ Uy (—4 cos? 0) . O

2

2
cos 0 920y

Proposition 2.11. Let u + iv be a non-constant holomorphic function.
Then the function u o B~ + €(v o B™1) is not 0-holomorphic, (for 6 #
7/2,31/2).

Proof. Assuming u(§,n) + iv(&,n) is holomorphic, we have
Ug = vy
Uy = —Vg .
As a consequence, the first equation in system

Uy = Vy
Uy + Uy + 20, cos O = 0

is not fullfilled, where the change of variables is defined by

£ V1+cosh++/1—cosf +/1—cosh —+/1+cosf x

n v1—cosf —+/1+cosf +/1+cosh++1—cosb Y

(the coefficient 2 can be omitted for this proof). In fact, we have

& el m) (e v)) = ule, ) (VI T cosf + VI~ cosh)

+up (2, y) (V1 — cos 0 — V1 + cos )
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and

a% o(€(, ) (e, y)) = ve (2, ) (VI o — VI T cosb)

+vy(z,y) (V1 + cos + V1 — cos )

therefore

5 1€ ) (. 9) — 5L v(€, ) n(e,0)

= (ug(z,y) — vy(z,9))(V1+ cos 0 + V1 — cos0)
+ () — vel,9)) (VI =038 — VI F cosD)
= 2u, (2, y) (V1 — cos — 1+ cos )

which does not vanish unless cosf = 0, i.e. 0 = 7/2,37/2, or u,, = 0. In
the latter case, since u + iv is holomorphic, we get that v¢ = 0, and, using
the fact that w¢ = v,, we obtain that there exists a,b € C, a # 0, such
that w(§,n) + iv(&,n) = a(§ + in) +b. To conclude, it suffices to show that
&(x,y) + in(x,y) is not #-holomorphic. To do that, we compute

&y + M + 2ny cos 0 = 2(vV1 — cos — V1 + cos )
+2cos 0(V/1 + cos + /1 — cos )
= 2v/1+cos 01 — cosO(v/1 + cos @ — /1 — cos 0)

which does not vanish unless 6 = m,7/2, 37 /2. O

It is indeed possible to show that there is no linear transformation of the
variables that can transform a #-holomorphic function into a holomorphic func-
tion. Since, a priori, the previous proposition only shows that the transforma-
tion B~ is inadequate, we will now show that this is a general fact.

The key lemma is the following

Lemma 2.12. Let u(¢,n) : R?2 — R be a harmonic function, and suppose
that uw(&,m) is not a polynomial function in &, n of degree less or equal than 2.
If u(ax + By, yx + 0y) is harmonic for some constants a, 3,7, 9, then there exist
an orthogonal 2 X 2 matriz U and r € R such that

a B
<’y 5) =rU.
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Proof. The assertion follows from a direct calculation. Indeed, with
obvious notations

0u 82 2 4 5 0u 0%u
- = — +2

and since u(§,n) is harmonic

Pu  *u 9 9 82 0u
— + === 52 2 1) .
Then if u(ax + By, vz + dy) is harmonic, we have:
0%u 0%u
2 2 2 =
(02 4 6%) = (3% + 6] g5 + 2oy + 0) e =0
identically. Similarly
0%u 82u
(a2 2y (2 52

As a consequence, there exist smooth functions f, ¢ : R — R such that

2oy + B0) g €,m) ~ (02 + 5% — (47 + 5%]2—2(5, 0 = g(©)

23

and

(0?4 5%) — (4 + 6% 21 o Z(&m) +2(av+55) (f n) = fn).

Suppose now that either 2(ay + 88) or [(a? + 52) — (72 + 62)] is nonzero; then,

up to a common multiplicative nonzero factor,

Z—Z(m) — g(&)cosp + f(n)sing

(3) g_:; &mn) = —g(&sinp+ f(n)cosyp

(2)

for some ¢ € R. Therefore,

82
T

dg

0%u
(€ + S (e = (a—f

of
©+ a—nw) cos ¢

and

0%u 0*u of dyg .
— 5 = g tem = (G + @) ) sine,
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0 3}
This implies that there exists a € R such that 6—?(5) = a and 6—f(77) = —a
n
identically. Thus, there exist b,c € R such that
fm)=an+b,  g(§) =—al+c.
Equations (2) and (3) imply now that
ou : .
8_5(5777) = —€acosp + nasin g + bsin ¢ + ccos p
ou . .
a—(f,n) = Easing + nacosp — csin g + beos p
n
whence we get the two representations
52
(4) u(&,mn) = —Gacosy + n€asin ¢ + (bsin ¢ + ccos )& + h(n)

2
(5) u(€,n) = nfasin<p+%acosg0+(—csin<p+bcos<p)n+k(§)

for suitable smooth functions h,k : R — R. From Equations (4) and (5) we
get, identically for all £, € R,

2
— %acoscp + néasin g + (bsin g + ccos )& + h(n)

2
=néasinp + %a cos ¢ + (—csinp + beos p)n + k(€)

- %acoscp + (bsin @ + ccos p)& — k(&)

2
= %acoscp + (—csing + beos p)n — h(n).

This equality implies the existence of d € R such that

2
—%acoscp—i— (bsinp + ccos ) — k(&) =d

2
%a cos p + (—esinp + beos p)n — h(n) =d

and that
52
k(€) = — 5 acosy + (bsingp + ccos p)é — d

2

h(n) = %acoscp + (—csingp +beos )y —d.
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Now, equation (4) yields that

2

u(§,n) = —%acoscp + n€asin p + (bsin ¢ + ccos p)§

2
+ 77?acoscp—k (—csingp + bcosp)n —d

is a polynomial function in &, 7 of degree less or equal than 2. By hypothesis
this case has to be excluded. Therefore the only possibility is that

2(ay + B8) = [(0” + %) — (4" +6%)] = 0
which directly implies the assertion. O

We can therefore prove the following result;

Proposition 2.13. Let u + v be a §-holomorphic function (for 6 #
/2,31 /2) such that u is not a polynomial function of degree less than or equal
to 2. Then, there is no linear variable transformation C' such that uoC +ivoC
is holomorphic.

Proof. Indeed, if such a transformation existed, and using the notation
from Proposition 2.11, one could write uo C = uo Bo (B~ o C). By Proposi-
tion 2.10 and Lemma 2.12, this would imply that B~! o C corresponds to the
multiplication by a non-zero complex number, and hence it is a holomorphic
function. Finally, by composition, this would show that v o B + i(v o B) is
holomorphic, which contradicts Proposition 2.11. O

3 - Complex #-derivatives

In the last section we have introduced an operator which we called formal
f-derivative. We want to show that such an operator is not an actual derivative,
as one should suspect since #-holomorphic functions are not holomorphic in the
classical sense (for 0 # 7/2,37/2).

To demonstrate this point, we consider a function f(z + €y) = u(z,y) +
e?v(z,y) : @ € C — C with u and v differentiable in the real sense, and we
assume that the limit of the ratio

fla+h+e(y+k)— fz+e)
h+ ek
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exists and is independent of how h + €k goes to zero. We compute first the
limit for the case in which £ = 0. We have

lim f(z+h+ ) — fx+ )

h—0 h
oy UEthy) 4 oz 4 hyy) — (@) + ol y)
h—0 h
(6) = uy + v, .

We compute now the case in which h = 0, and we obtain

flx+e®(y+ k) — flz+ey)

lim

k—0 etk
iy My k) + ev(z,y+ k) — (u(z,y) + e¥v(z,y))
o k—0 eiek

= uye " 4 v, = u,(2cos 0 — ) + v,
(7) = 2u, cos 0 + v, — e“u, .

By comparing (6) and (7) we obtain the system

Uy = —Uy
Uy + 20 cos ) — vy =0

0

which shows that the function g(z+¢y) := v(z,y)—e"u(z,y) is f-holomorphic.

We therefore conclude the following result:

Theorem 3.1. Let f : Q@ C C — C be a 6-holomorphic function which
admits complex 0-derivative, 0 # 7/2,37/2. Then f is a constant.

Proof. Since f = u+ v is f-holomorphic and has complex §-derivative,
its components must satisfy simultaneously the two systems

Uy = Uy

Uy + 2vy cos O + v, =0
and

Vp = —Uy

Uy + 20, cos0 —vy = 0.

Substituting u, = v, in the fourth equation, and under the hypothesis on ¢, we
obtain v, = 0. Similarly by substituting v, = —u, in the second equation, we
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obtain v, = 0. Thus, v is constant. This immediately implies that u is constant
as well, which concludes the proof. O

Note that Lemma 2.5 implies that power series are #-holomorphic in their
domain of convergence, and that the coefficients that appear have a nice geo-
metrical meaning. Indeed, if

[(2)=3z"a,

n>0

0, oy
then ag = f(0),a; = aLZf(O), and more generally nla,, = 80Z{; (0).

Moreover, one can show the following fact:

Proposition 3.2. If a @-holomorphic function has n-th formal 0-derivati-
ve identically equal to zero, then it is a polynomial of degree at most n — 1.

Proof. We will proceed by induction on n. If n = 1 we will show that

0 A
Lf = 0 implies that f is constant. Indeed let f = u + ¢v; then

07z

%f _

57 —vx—uy—i—eig(um—i—QuycosG—i-vy) =0

implies
Vg = Uy
Uy + 2uy cos O + v, = 0.
Since f is #-holomorphic, its component also satisfy
Uy = Uy
Uy + 20, cosf + v, = 0.
Proceeding as in the proof of the last proposition, the comparison of these two

systems shows again that f is constant. Assume now that we have proved the
statement for n, and we will show that it is true for n + 1. Consider f such

8n+1f 8nf
that 68 7= 0. Then, by what we just proved 66—Z is equal to a constant C.
zZ"C
Consider now the function g(Z) := f(Z) — ——. It is immediate to see that
n!
%9

= 0, and therefore by induction g is a polynomial of degree at most n — 1,

which concludes the proof. O
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In conclusion, Theorem 3.1 shows that the formal derivative introduced in
previous section to factorize the operator Ty is not the complex 6-derivative;
more interestingly, it explains the special role that = 7/2,37/2 plays in order
to create a theory (holomorphic and anti-holomorphic functions) where the
natural operator actually is the complex derivative. Indeed the formal 7/2-
derivative coincides with the complex m/2-derivative and the same holds for
case of § = 37/2. In particular, one sees that the f-holomorphic variable

the

the

GRAZIANO GENTILI, GIULIA SARFATTI and DANIELE C. STRUPPA

Z = x + e (y — 22z cos f) does not have complex #-derivative.
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