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Prolongation of diffeomorphisms and

smoothness of invariant submanifolds

Abstract. We study various questions related to the smoothness of a
real submanifold M which is invariant under a family of real-analytic
or holomorphic diffeomorphisms. We show that in various situations it
is possible to conclude that M is necessarily real-analytic (or the same
smoothness of the diffecomorphisms involved if these are not analytic).
The prolongation method we use also allows to recover some known
results by employing relatively simple tools.
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1 - Introduction

Let M be a real submanifold of R™ or C™. The general problem we want to
consider is the following: suppose that M is invariant under a family of (complex
or real) analytic diffeomorphisms of the ambient space. Does it follow that M
is itself real-analytic, except possibly on a “thin” subset? Analogous questions
can be posed when the diffeomorphisms are just of class C* or C* for some
ke N.

One version of this problem can be formulated more precisely as follows:
let M C R™ be a smooth m-dimensional submanifold, 0 € M, and let ¢ €
Diff*(R™,0) be a germ of real-analytic diffecomorphism fixing 0. Under which
conditions does the t-invariance of M force it to be of class C* around 07
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Clearly, this needs not be the case in general: for instance the graph M =
{y = f(x)} C R? of any smooth even function f : R — R is invariant under
the reflection ¥ (x,y) = (—z,y). Another simple example is given by any ¢ €
Diff“(R™,0) admitting a large-dimensional set of fixed points, where we can
choose as M any nowhere analytic submanifold M C {¢(z) = x}.

In both cases the differential of ¢ at 0 admits eigenvalues of modulus 1.
However, nowhere analytic smooth invariant submanifolds may exist even if 1
is hyperbolic (i.e. di)(0) admits no such eigenvalues):

Example 1.1. In R3, let ¢(z,y,2) = (32,2y, 12) and define M = {z =
x¢(xy)} for an arbitrary, nowhere analytic function ¢ € C*°(R) with ¢(0) = 0.
Then M is a nowhere analytic Y-invariant surface of class C™.

One of the aims of this paper is to show that this is not possible when
the eigenvalues of the restriction of di(0) to Tp(M) all have modulus strictly
smaller (or, equivalently, strictly larger) than 1. We call such an invariant
submanifold contracting.

Theorem 1.2. Let M be a smooth contracting submanifold for ¢ €
Diff“(R"™,0) : then M is of class C* around 0.

Though the statement above might be well-known (see related results in [3,
Theorem 3.1]; see also [5] for the case of CR manifolds invariant under complex-
analytic contractions), we were not be able to find it explicitly presented in this
form in the literature. Additionally, the approach we follow might itself be of
some interest in that it allows to reduce the proof to relatively elementary
tools (the stable manifold theorem) without relying on advanced dynamical
techniques.

In Theorem 1.2 it is in fact sufficient to require that M is of class CF
for a certain k& which depends on the eigenvalues of di)(0); the smoothness
assumption is stated more precisely in Theorem 4.1. We also remark that
no assumption is made on the resonances of the eigenvalues of di)(0), hence
situations in which the invariant submanifold M is non-unique are also included
in the previous result.

The proof is achieved in sections 3, 4 by considering the prolongation of
the action of ¢ to a suitable jet bundle: the behavior of the eigenvalues of the
lift allows then to apply the stable manifold theorem, and thus show that the
defining equations of M locally satisfy a system of real-analytic PDEs, forcing
it to be of class C*.

The study of the prolongation of the action of local diffeomorphisms turns
out to be also useful in the context of some different but related problems.
A set K C R" is called homogeneous under local diffeomorphisms of class C*
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(k € NU{oo,w}) if for all p, g € K there exists a neighborhood U of p in R and a
diffeomorphism ¢ : U — ¢(U) such that ¢(KNU) = KN¢(U) and ¢(p) = ¢(q).
It was proved in [6] that a locally closed subset of R™ is C''-homogeneous if and
only if it is a submanifold of class C'. In [8] this result was extended to the
C™ class. As an application of the prolongation method, in section 5 we show
that the C*° case can be recovered in a relatively straightforward way from the
C' case by applying an inductive procedure involving the prolongation to the
space of 1-jets. It is worth pointing out that the case k = w is still an open
problem; indeed some of the results in the present paper are linked to certain
approaches to the proof of the real-analytic version of this result.

The situation when the manifold M is invariant but not contracting is much
more subtle, and whether it is possible to conclude that M is real-analytic
might depend on invariants of higher order than the eigenvalues of ¢ (cf. [4]
for a treatment of the case of curves in the plane). It is interesting, then, that
for some special (but still large) subgroups of diffeomorphisms one can give a
partially positive answer - in the sense that analyticity holds in general only
outside of the origin. This is the case for the group of conformal diffeomorphism
of R? or the group of analytic shears of R2. The proof is based on a somewhat
deeper analysis of the dynamics of the diffeomorphism germs involved and is
given in section 6. For instance, the study of the conformal case relies on the
coordinates provided by the Leau-Fatou flower theorem, but as it turns out the
crucial ingredient is again the analysis of the action of the prolongation of the
diffeomorphism to the space of 1-jets.

2 - Preliminaries
2.1 - Tensor notation

Let 5 € N. We will denote by I the “asymmetric” multiindices, that is the

elements of the set {1,...,m}. We will denote by a the usual multiindices of
length j, i.e. a = (aq,...,0p) with || =), s = j. Toany I = (I1,...,I;) €
{1,...,m} we associate a multiindex a(I) by defining a(I) = (ay,...,xn)

with o, = |[{i : I; = k}|.

We will use coordinates (11)¢q1,....m}s on the vector space (R™)®J of tensors
la|=j for the subspace Sym’(R™) of
symmetric tensors. In these coordinates, the inclusion Sym’(R™) < (R™)®J
corresponds to the linear map

Sym’(R™) 3 € = (£a)jaj=j — (&) = Ean)re1,...mps € (R™)®.

In a similar fashion, we will use coordinates (0ri)i<i<dref1,.. m}is

of order j over R™, and coordinates (&)
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(§ai)1<i<d,a|=; for the spaces R ® (R™)®7 and R? ® Sym? (R™) respectively.
More in general, we will use coordinates n = (1!,...,1") on the space Hi:l R
(R™®% and ¢ = (€1,...,£%) on the space [[L_, R ® Sym"™(R™), where 7/ =

(n},i)lgigd,le{l,...,m}j and & = (fzy,i)lgigd,m\:j- ‘
For j € Nand any I = (I1,...,1;) € {1,...,m}?, we use the notation

o 0 0
or = . ,
81‘[]. 6$Ij_1 81‘[1
while for any multiindex a = (a1,...,ay) with |a] = >, a; = j we write as

customary
ol
0,

(o B - ————
Oz ... 0xp

Of course, we have 0f = Oy for any I € {1,... ,m}; in the following, though,
it be will useful to keep separate notations for the same operator.

Let V, W be vector spaces. Since V*@W = Hom(V, W), for any T' € V*@W
we will still denote by T the corresponding homomorphism 7" : V' — W (and
vice versa ). For vector spaces V, Wi, Wy, W3 and any pair of elements T €
WiV eWs, Ty € V*® Wy, we use this identification to define the contraction
of Ty and Ty as (Jd @ To ® Id)Ty € W1 @ Wo @ W3, If W3 = R (i.e. the third
factor is not there) we write the contraction as

':(W1®V)X(V*®W2)—>W1®W2

where T} - Ty = (Id ® Ty)Ty for any Ty € W1 @V, Th € V¥ @ Wy, If V = R,
we identify R® with (R%)* via the standard Euclidean scalar product, and we
consider - as a product (W; ® R¥) x (R @ Wa) — W1 ® Wy. We remark that,
using the isomorphism W; @R = Hom(R%, W), we have Ty - Ty = (T1@1d)T» =
(Id ® T»)T;. We also define the “inverse” map G — G (where G = GL(i,R) is
an open dense subset of R? ® R?) by requiring 7' - T~! = Id for all T € G.
Given a real vector space V' and a smooth map f : R™ — V we denote by
fz the map R™ — V ® R™ defined by
m
R™ >z — fy(x) = Z (gg{z () ® (';jsi

=1

>€V®Rm.

For j € N, we define the map f,; : R™ — V ® (R™)%®/ recursively by f,;(z) =
(fyi-1)z(z). With this convention, if V = R? f = (f1,..., f4) and zg € R™,
we have that f,;(zo) is the element 7 = (17,1)1<i<qref1,..m}p of R? @ (R™)®
defined by nr; = 0rfi(xo). In particular, f;(zo) is just the differential of f at



15] PROLONGATION AND SMOOTHNESS OF INVARIANT SUBMANIFOLDS 103

the point z¢. It is also clear (since 9y = 0,(r)) that f,i(wo) is in fact an element
of R? @ Sym?(R™) for all j > 1.

Furthermore, given any smooth map p : R™ — R™ and putting g(z) =
fri(p(x)), the chain rule can be written as g,(z) = fui+1(p(z)) - pz(x), where
foiri(p(@)) € (V@ R™)@R™, p,(z) € R®®@R™ and - is the product defined
above.

Suppose f : R™ — V and g : R™ — V* h = gf : R™ — R. Then the
Leibniz rule implies h, = g, f + (9 ® Id) f, € R®@R™ = R™, where (g ® Id) :
R™ — Hom(V @ R™,R™). If now f: R™ - W1 @V, g: R™ = V*® Wy,
frg=Ud®g)f : R™ - W) @ Wy, we deduce (f-g), = (Id® g)f + (Id®
g 1Id)fy = -9, + (Id ® g ® Id)f,, where Id ® g ® Id is a map R™ —
Hom(W; @ V@ R™ — W) @ We @ R™).

2.2 - Stable manifold theorem

Given a linear operator A and an eigenvalue X of A, the generalized eigen-
space associated to \ is defined as the set of the vectors v such that (A—\I)kv =
0 for some k € N. Let ¢ € Diff“(R™,0) (the group of germs of real-analytic
diffeomorphisms fixing the origin in R™), and let A1,..., A\, € C* (1 < r < n)
be the eigenvalues of di(0). For A € {\1,..., A}, A € R, we denote by E) C
R™ the generalized eigenspace associated to A\. We still denote by di)(0) the
extension of the differential of ¢ to C™ and for any A € {A1,..., A}, A € C\R,
we denote by E) C C™ the (complex) generalized eigenspace associated to A,
and put E, 5y = (E) © E) NR". The (real) stable space E° C R" for di)(0) is
defined as follows:

E* = P Ex@® P B, x.

AE{A L A HA<LAER AE{A L, AR B A <LAEC\R

We will need the following version of the well-known stable manifold theorem
(see [1]):

Theorem 2.1. Let ¢ € Diff¥(R",0) and let E® be the stable subspace of
di(0). Then there exists a 1-invariant local embedded submanifold W . of class
C%, whose tangent space at 0 is E*, and 0 > 0 such that the set of the p € B(0, )
whose orbit is exponentially convergent to 0 coincides with W N B(0,0). W} .
is called the stable manifold of v through 0.
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2.3 - Bundles of manifold jets

Let p € R™ and fix m,k € N, m < n. We denote by M (m,k,p) the set of
germs at p of m-dimensional submanifolds M C R", p € M, which are of class
C* in a neighborhood of p. Let ~} be the equivalence relation in M (m, k, D)
given by (M,p) ~ (M',p) < the order of contact between M and M’ at p is
equal to k. We denote by J¥(m, p) the quotient of M (m, k,p) with respect to
~k, and by j}],f : M(m,k,p) — J*(m,p) the relative projection. Furthermore,
for any domain U C R" we define

jk(m,U) = U Jk(m:p)'

peU

The set J*(m,U) can be endowed with a natural structure of (real-analytic)
manifold. As a matter of fact,

TH(m,U) = U x Gr(m,R") x [] R?® Sym/(®R™)
2<5<k

where d = n —m and Sym? (R™) C (Rm)®j is the space of symmetric tensors
of order j over R™. Note that Sym’(R™) is diffeomorphic to RN(m9) | where
N(m,j) = (mwti Il) is the number of multiindices in m variables of order j. A
chart ;

o9 I (RY) = T4, 0),

1<j<k

corresponding to the splitting R™(x,y) = R™(z) x R%y), can be described
explicitly as follows:

go(k)(anyOafla s ’fk) = k_.]et at (anyO) of M = {101 = ... = pPd = O}7Where

piley) =y — (o) — D &Mz —wp)* VI <j<d.

It is straightforward to check that the (:L) charts constructed in a way analogous
to *) (corresponding to the (") charts of Gr(m,R™)) define a real-analytic
atlas for J%(m,U). In the following, we are always going to consider the co-
ordinates given by »*) in a neighborhood of the point (xg,70) = (0,0) € U,
&=0.

Moreover, with this structure the map J*(m,U) > n — 7(n) € U defined by
m(n) = p < n € J¥(m,p) is clearly of class C¥, and corresponds to the natural

projection on the U-factor in the coordinates induced by ¢*). Hence J* (m,U)
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can be regarded as a (trivial) real-analytic fiber bundle 7 : J%(m,U) — U with
fibers diffeomorphic to J*(m,0).

Let M C U be an embedded m-dimensional submanifold of class C*', k' >
k. We define a (uniquely determined) subset M®*) ¢ 7%(m,U) by requiring
7(M®)) = M and M®) Nn7=1(p) = {j;f((M,p))} for all p € M. We call M*)
the prolongation of M to the k-jet bundle. If M is defined as {y; = fj(x)}1<j<a
in a neighborhood of 0 € U, passing through the chart go(k) one can see that
M) is locally parametrized as

9l £;(p)

M>p— <p,a!7 cUx [] (RN(m’j)>d,

0x®  1<|al< <'<>
1<]a|<k,1<5<d 1<k

which shows that M®) is a m-dimensional C*~*-submanifold of J*(m,U),
and that the map 7 : M®*) — M is a diffeomorphism of class C¥ ~*.

3 - Prolongation of a local diffeomorphism

Let U C R™ be a domain, and let ¢ : U — ¢(U) C R™ be a diffeomorphism
of class C*'| k' > k. For any p € U, v, we consider the map

M(m, k,p) > (M,p) = ($(M),¢(p)) € M(m, k, ¢ (p));

it is immediate to check that

(¢(M),¢(p)) ~k W(M/)W(P)) A (Map) ~k (Mlvp)a

hence the map above induces a (real-analytic) bijection @,k) : JR(m,p) —
JF(m, 1 (p)) between the respective quotient spaces, defined by J},k) ( j;f (M,p))
= jfz(p)(q/}(M),q/J(p)). Since by definition J*(m,U) = UyepJ*(m, k,p), the

collection {@,k)}pey defines in turn a map
02 T m, U) = T (m, p(U))

satisfying 7 o 1;("3) = 1. We call J(k) the prolongation of v to J*(m,U).
In fact, ¥*) is a bundle isomorphism of class C*¥ % between J* (m,U) and
J*(m,(U)), which is actually real-analytic along the fibers.

Furthermore, for any m-dimensional submanifold M C U of class C*, let
N = ¢(M) c (U) and let MPF) c T5(m,U), N® < J*(m,(U) be the
respective prolongations: then one has ¢/®) (M®)) = A/®)_ In particular, M is
Y-invariant if and only if M®*) is J(k)—invariant.
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From now on we will assume that 0 € U and work in the coordinates
induced on J*(m,U) by the chart p*) defined in the previous section. We
are interested in the case in which ¢ (0) = 0 and the differential di)(0) admits
an invariant m-dimensional subspace, which we can assume to coincide with
R™(z) in suitable coordinates. In our notation, this amounts to M) fixing the
origin in the chart_ oM for 71 (m,U). We want to compute the eigenvalues of
the differential d(1)*®)) at the point {(xg,yo) = (0,0),&" = 0}.

In order to do so, let p € U, and let (M, p) € M(m,k,p). If p is close enough
to 0 and T,,(M) is close enough to R™(x), in a neighborhood of p = (z¢,y0) we
can write M = {y = f(x)}, where f is a R%valued mapping of class C* defined
in a neighborhood of zy in R™, and furthermore the germ (¢(M ), (p)) can be
expressed in a similar way as (M) = {y = f(2)} around ¥ (p) = ¢ = (x1,1).
Writing the components of ¢ as ¥(z,y) = (9(z,y), h(z,y)), then f must satisfy
the mapping equation
(1) flg(x, f(x))) = h(z, f(z))
for x in a neighborhood of zp in R™. The linear map given by g.(xo,v0) +
9y(z0,y0) f'(x0) is invertible if f’is small enough. This implies that there exists
an inverse map p(z) = pf(x) of class C¥, defined in a neighborhood of z; in
R™, such that g(p(z), f(p(x))) = x. Thus we can rewrite (1) as

(2) f(x) = hip(z), f(p(2))),

valid for « in a neighborhood of z; in R™. Computing the first derivatives, we
get

(3)  fal@) = halp(@), f(p(2) - pal@) + hy(p(2), f(p(2))) - fulp()) - pa(a),

fe(21) = a0, 90) - pa(1) + hy (0, 50) - fr(0) - pr(1)-
Differentiating the relation g(p(z), f(p(x))) = Id, we have

(92 (p(2), f(p(2))) + gy (p(2), f(p(2))) - fa(p(2))) - pe(x) = Id; e

px(SUl) = (gz(x07y0) + gy(:’UanO) : fz(xo))_l

hence
(4) fa(@1) = (ha(0,y0) +hy (@0, %0) - fo(0)) (92 (z0, Y0) + 9y (@0, Yo) - fu (z0)) .

We will interpret the expression (4) in the following way. Let n = (;,), 1 <
i <d, 1< j<m,be coordinates for the space R? @ R™. Using the notation of
section 2.1, we define a map PP : R¢®@ R™ — R% @ R™ by

PPY(n) = (he(z0,y0) + (hy (0, y0) ® Id)n) - (920, o) + (9y(x0,y0) ® Id)n) ™"
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Of course, the map PP! is actually defined for 7 in a neighborhood of 0 in
R?®R™, and it is rational in the components of 1. By (4), the map PP is the

expression of the map QZZ(;D : Ji(m,p) — Ji(m,q) in the coordinates induced by
)
A

Let us now specialize to (zg,y0) = (0,0). By assumption, R™(z) is an
invariant space for di(0), which means h;(0,0) = 0. Hence we can write the
map P%! as

PO (n) = ((hy(0,0) ® Id)n) - (92(0,0) + (gy(0,0) ® Id)n)~"

Note that (g;(0,0) + (g,(0,0) ® Id)n)~' = ¢,(0,0)~* + O(|n|), which in turns
implies

P! () = (hy(0,0) ® g5 (0,0))n + O(|n*)),

where now we interpret g, 1(0,0) as a linear map R™ — R™.
This computation can be extended to higher order jets:

Lemma 3.1. Fized any p = (x9,y0) € U, for all 1 < ¢ < k, there exists a
rational map

H Rd Rm ®7 N Rd (Rm)(@Z

satisfying the following propertzes:

o PP pestricts to a map PP ngl R¢ ® Sym’ (R™) — R¢ @ Sym*(R™);

° 8afi(9:1) = Pfaé (8/3fL(9:0)|5‘§g’19§d) for any multiinder o with || = ¢
and any 1 <1 <d;

e if p=py = (0,0), we can write PP>* = Ppoe + Pgo’z, where Plpo’z s a
rational map having second-order dependence on the factor R @ (R™)®*
and Pg)o,é is a linear map only depending on the factor R? @ (R™)®*,
induced by

hy(0,0) ® g5 1(0,0)%¢ : R @ (R™)®* — R @ (R™)®*
Moreover, the map PP depends on p in a C¥ 1 smooth way.

Proof. We start with the following observation: for any 1 < j < k, there
exists a rational map

QP : H RY® (R™)®" — R™ @ (R™)®
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such that for any I € {1,...,m}/, 1 <i<m,
(5) 6Ipl(x1): I;:g(anL(xO)lgbgd:Je{la7m}ﬁ71§/€§])7

furthermore, QP+ restricts to a map QPJ : 7{:1 Sym”(R™) — Sym?(R™).
Indeed, for j = 1 we have

pa(@) = (g0 (p(2), f(p(2))) + gy (p(x), f(p(2))) - fulp(x)) ™"

and it is straightforward to prove the claim inductively by differentiating the
previous expression and evaluating at = 1. Note that in particular p,;(z1) =

QP19 f.(x0)).

Next, we will prove inductively that, for any j > 2, we can write
(6) fai (@) = (hy(p(), F(p(x))) ® (pe(2))®7) fos (p())

+hy(p(x), f(p(2)) - fa(p(x)) - i (2)
+ha(p(2), f(p(2))) - pei (@) + R (2)

where R/ is a map whose components are polynomials in d;h(p(x), f(p(z)))
(with I € {1,...,n}", 1 <k <j),05f(p(x)) (with J € {1,...,m}", 1 <k <)
and Jrp(z) (with L € {1,...,m}", 1 < k < j). More explicitly, there is a
polynomial map

J Jj—1 Jj—1
Rj . H Rd ® (Rn)®x % H Rd ® (Rm)®n % H R™ ® (Rm)®x N Rd ® (Rm)®j
k=1 k=1 k=1

such that RI(z) = RI(drhs, (p(z), f(p(x))), 07 fi, (p(x)), OLpis(x)) for all x € U.
For j =1 we have in fact (from (3))

fa(@) = hy(p(x), f(p(2))) - fa(p(2)) - pz(@) + halp(2), f(p(x))) - pu(2)
= (hy(p(x), f(p(2))) © po(2)) f2(p(2)) + ha(p(2), f(p(2))) - pa(z),

therefore we can set R' = 0. Assuming that (6) holds for a certain j, we verify
that it holds for j7 4+ 1 by differentiating in it. By the Leibniz and the chain
rules we can compute for j =1

[(hy(p(), £ (p())@pa(2)) fz(p(2))]a = (hy(p(2), ()@ (pa ()% fr2 (p(x)

+hy(p(x), f(p(x))) - fe(p(x)) - po2(x) + 52
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and for j > 2

[(hy(p(@), f(p(2))) @ (pa())®) fus (p()))]a
= (hy(p(2), f (p(2))) © (pu(2)*UHD) frs1 (p(2))) + Sy

where in both cases Sj;1 is a map whose components are polynomials in
Orh(p(z), f(p(x))), 05f(p(x)), Orp(x) and do not contain derivatives of order
j+ 1 of either p at = or of f at p(z). Analogously,

[y (p(), £ (p(2)))- fo (p(2))-pus (2)]e = hyy(p(2), f(p()))fa (p(2))-pritr () + 5] 41,
[ (p(), £ (p(2))) - pri ()] = D (p(@), f(p(2))) - prsr () + SFi1,

where again S 41 and S +1 are polynomials that do not contain p,;+1(z) or
frit1(p()). Slnce it is Hnmediately seen that the first derivatives of the terms
in R7 yield terms in R/*!, differentiating (6) we thus get

farei(@) = (hy(p(x), f(p(x))) ® (pu(@)ZVFV) friva (pl())
+ hy(p(2), f(p(2))) - falp(2)) - prir (z)
+ ha(p(@), f(p(2))) - proi (@) + [R]e + Sj1 + Sjia + S

which gives the inductive step with R/ = [R7], + Sji1 + S}, + 57, ;.
Evaluating (6) at © = z1 we have

Fui(@) = (hy(0,50) ® (p2(1))®7) frs (x0) + hy(z0,30) - f2(w0) * prs (1)
+ hm(xOuyO) 'pa:j(xl) + Rj(xl);

define now, using coordinates 7 = (n',...,7) on the space [J5_, R? @ (R™)®"
the map PPL: [T, R @ (R™)®F — R @ (R™)® as

k=1
PP = (hy(wo, 30) @ Q"L (m)* I’ + oy (0,50) - 1" - Q7" ()
ha (20, 50) - QP (n)
+ ﬁg(afhi(xo,yo)ﬂﬁgngzq)aQ%(77)(1§lgm,Le{1,...,m}mgﬁgz_l)),

so that foe(z1) = PPY(d;fi(zo)). This expression verifies the first two state-
ments of the lemma because of (5) and the polynomial form of Rf. It is also
clear that the dependence of PP on p is of class C¥ L.

Let us now choose (z0,40) = (0,0). We define PY(n) = (hy(0,0) ®
(971(0,0)®)nf and PP(n) = Prot(n) — PP(n). Since, as computed be-
fore,

QP! () = (92(0,0) + g,(0,0) - ) ! = g;*(0,0) + O(|n),
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we have
(hy(0,0) @ (V1 () ) = PY"(n) + O(Inl?);

furthermore we have h;(0,0) = 0 since R™(x) is an invariant space for diy(pg).
The proof is then concluded by observing that the summand hy, (0, 0)-n*- QP (n)
in the expression of PPo*(n) does not contain any linear term in n’, while R
does not depend on 71’ at all. g

4 - Analiticity of invariant manifolds

Assume that M is a m-dimensional invariant submanifold for 1 €
Diff“(R",0), 0 € M. We say that M is contracting if To(M) C E®. In such
a case we always choose coordinates in which Tp(M) = R™(z), and writing
¥ = (g,h) it follows that h,(0) = 0. Since R™ is an invariant subspace for
d(0), we can reorder its eigenvalues in such a way that Aj,...,As (s < 1)
are the eigenvalues of ¢,(0) — in particular we have |\;j] < 1 for 1 < j < s.
Furthermore, we order the eigenvalues in such a way that || is the maximum
of {|Aj] : 1 < j < s} and |A| is the minimum of {|A;| : s +1 < j < r}. Put

T=1() = {gg}m (note that log |A1| # 0).

Theorem 4.1. Let M be an invariant contracting submanifold for ¢ €
Diff“(R™,0), 0 € M. Suppose that M is of class C*: then it is of class C*.

More precisely, let 7 = 1(¢) be defined as above. If M is of class C*+1 with
k > 7, then it is real-analytic.

Lemma 4.2. With the assumptions above, the orbit of every point p € M
sufficiently close to 0 is exponentially convergent to the origin, i.e. [ (p)| < u’
for some 0 < p < 1.

Proof. Since the spectral radius of the linear map A = ¢,(0,0) : R™ — R™
is by assumption smaller than 1, we can choose a suitable norm || - || on R™ in
such a way that ||A|| = v < 1 (indeed, we can take v arbitrarily close to |A1]).
Assume that M is locally defined by {y = f(x)} with f of class C!, f(0) = 0,
f2(0) = 0; for = close enough to 0, we can write g(z, f(z)) = Az + ||z|?*0(x),
where the map 6 : R™ \ {0} — R™ is bounded. It follows that ||g(z, f(2))| <
| Al[||z|| + C||z||? for some C > 0, hence, fixed € > 0 such that v + € < 1, we
have ||g(z, f(2))]| < (v + €)|jz|| for all ||z| < e/C. We put = v +e.

If now po = (o, f(x0)) € M, we define (z;,y;) = pj = ¥ (po). By the -
invariance of M we have y; = f(z;), xj41 = g(z;, f(x;)) for any j € N. From
the previous arguments we thus get ||z;|| < p’ for all j € N if g is small enough.
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Since f is of class C! and f,(0) = 0, for small g we have |f(x;)| < ||z;]| < @’
for all 7 € N. The conclusion of the lemma is then verified with respect to the
norm ||z|| + |y| on R™(x,y), and thus with respect to the Euclidean norm. [

Corollary 4.3. If M is of class C* and j < k, the orbit under Qz(j) of
any point p € MY such that W(j)(p) is sufficiently close to 0 is exponentially
convergent to p = (7())=1(0) N MU,

Proof. Up to a polynomial change of coordinates, we can assume that
M = {y = f(x)} with 9,f(0) = 0 for all multiindices o with |o| < j. As
remarked earlier, a local parametrization for M) around py = 0 in the chart
©9) is given by

.\ d
R™ 5T — (xyf(f[f),a!aafﬁ($)1§|a‘§j’lgngd) c U x H (RN(m’Z))
1<i<j

The conclusion then follows in the same way as in Lemma 4.2, using the facts
that for any (xo,y0) € M, (xi,v:;) = ¥°(20,v0) we have |z;| < p’ and that
Oafr(z) is a function of class C! vanishing at 0 for all o] < j, 1 <k <d. O

Proof [ Theorem 4.1]. Let the coordinates (x,y) on R™ be chosen in such
a way that M = {y = f(x)} with 9,f(0) = 0 for all [a] < k. In the chart
go(k), it follows that the origin is a fixed point for (%), Using coordinates

o\ d )
(z,y,€%,...,&F) for U x [Ticj<n (RNma))" = U x HISjSde@JSyHF(Rm) and

writing p = (z,y), we can locally express {Z}V(k) as

PP (p, e, €)= (g(p), hip), PPH(EY), PP2(EL,€2),..., PPR(EL, ... €"))

where the maps PPi 1 < j <k, are defined in Lemma 3.1. Furthermore, the
differential of ¢(*) at 0 is given by the following block-triangular matrix:

di(0) 0 0 e 0

B

A (0) = * * PgO’Q - 0
* * * e Pgo’k

where for all 1 < j < k we denote by Pgo’j : R?® Sym’ (R™) — R?® Sym’ (R™)
the restriction of the linear map Py°” : R?® (R™)®/ — RY @ (R™)®7 defined
in Lemma 3.1.
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In particular, the eigenvalues of Pg 07 are a subset of the eigenvalues of
PP Since PP = hy(0,0) ® g;1(0,0)%7, the latter ones are given by the set

AJ:{AZ)‘ZS}\Z;AZJ18+1§Z§T,1§€,{§5}

The assumption & > 7 implies in particular that Ay C {z € C : |z| > 1}, so
that the eigenvalues of PJ % have all modulus bigger than 1.

It follows that the span over C of the vectors { (which is

5k )

gk, Jal=k,1<e<d
an invariant subspace for the complex linear extension of d{bv(k) (0) due to the
triangular form of the matrix above) is generated by the union of generalized

eigenspaces relative to eigenvalues of modulus bigger than 1. In particular, none

of the % belong to E(*)5 the stable space for d{/;(k) (0), and E®)* projects
a,l

injectively into the factor R" x [];o;;4 RY ® Sym?! (R™).

Let S®) be the (real-analytic) stable manifold for J(k) through 0. From the
fact that Tp(S®)) = E®)* and the arguments above follows that there exist
functions {Fy ¢}a|=k,1<¢<d> locally defined on a neighborhood of 0 in R™ x
[Ticj<k R? ® Sym? (R™) and of class C%, such that

S(k) CcZ= m {f(];,g:Fa,é(p7§17"'a£k71)}

la|=k,1<<d

around the origin in R" x [[;-;4 RY @ Sym? (R™).

Our next observation is that the prolongation M) of M is locally con-
tained in S®), and thus in Z. Indeed since M is of class C*+1 we have from
Corollary 4.3 that the orbit under 1¥) of any point of M) close enough to 0
is exponentially convergent to the origin, thus Theorem 2.1 implies that locally
M®E) - sk

It follows that the map f = (f1,..., fq) locally satisfies the (overdetermined)
system of partial differential equations with real-analytic coefficients

(7) 0afi(#) = Failr, f(2), 05 fx(2) 51k 12nza) for all [a] = k,1 < i < d,
Oafi(0) =0 for all |a| < k,1 < i < d.

The fact that f is of class C* around 0 follows then from (7) via, for instance,
an iterative application of the Cauchy-Kowalevski theorem.

Indeed, putting * = (z1,...,2,) we can first show that f(x1,0),
(8ﬁfﬁ(x1,0))|ﬂ‘<k71§,§§d are of class C¥. Defining

V:R->W=R'x J] R®sSym![R™)
1<j<k—1
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as V(z1) = (f(21,0),03fx(21,0)) we have by (7) that V(0) = 0 and %(1‘1) =
(LV(x1), H(x1,V(x1))) where L is a linear operator acting on W and #H(¢,V)
is a map of class C* defined on R x W whose components are given by

H(t,V) = Fw-(t,O, Vﬂﬁ), 1 < 1 < d, ‘Oé| = k7051 > 1.

The unique analytic solution of this ODE is given by V(z1).

For the inductive step, assume that f(z1,...,2¢-1,0), (9sfs(z1,...,
7¢-1,0))|8<k,1<r<a are analytic on R R™ and let V(z',2¢) = (f(2',24,0),
Oafu(@',24,0)) where o/ = (z1,...,24_1). V satisfies a system of the kind
%(x’,xg) = (LV(2',z¢), H(2', 20, V(2', 2¢))) with real analytic boundary con-
ditions V(a,0) = (f(a',0),0sfx(2’,0)), where again L is a suitable linear op-
erator and H is a real-analytic map whose components are a certain subfamily
of the F, ;. By the Cauchy-Kowalevski theorem, we have that V(a/, zy) is the

unique analytic solution of this system. O

Remark 1. If we just assume 9 to be a diffeomorphism of class C* with
k" > k+2, the same proof can still be applied to show that M is in fact of class
C* as soon as it is of class C**1. Indeed, in this case we have that S, and
hence each F, ;, is of class C* =k Then (7) implies that f is of class C* by the
standard bootstrap argument: we first have that each f,; is of class C? since
both F,; and its arguments (g fx(7))|s|<k,1<n<a are of class at least C?. This
implies that f is of class C**2, and applying recursively the same argument we
conclude that f is of class C¥'.

5 - Locally closed subsets

Let K C R™ be a locally closed subset; from [6], [7] follows that if K is
C'-homogeneous then it is locally a submanifold of class C'. We wish to give
a simple argument showing that this result implies that the same is true for
C*-homogeneity, ¥ € N (and thus also for C*-homogeneity). The inductive
procedure we use is analogous to the one employed in [8]; however, our argument
relies on the results in [6], [7] as the basis for the induction (while the one in
[8] does not) and thus is somewhat simpler.

Let M C R"™ be a m-dimensional submanifold of class C', and let M =
{(p,T,M) : p € M} C R" x Gr(m,R") be the Ist-jet prolongation of M.
Choosing coordinates (z,y) for R” = R™(z) x R"™™(y), x = (z1,...,Tm),
y=(Y1,---,Yn—m), and assuming that 0 € M, To(M) = R™(x), we can express
M locally as a graph M = {y = f(z)} for a suitable f € C'(R™,R"~™). Then
M can be locally written as M = {y = f(x),§ = df(x)} where we denote
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by & = (fjg)}%g;_m the local coordinates for a chart of Gr(m,R™) and by df
the differential matrix of f (since the arguments are all local, from now on we
restrict to a neighborhood of 0 and we identify Gr(m,R™) = R™"=™)) Tt is
then clear that M is a locally closed subset of R™ x Gr(m,R™) — being the

graph of a continuous map — and it is a (m-dimensional) submanifold of class
C* if M is a submanifold of class C**1, k > 1.

The converse is not true: M can be a submanifold of class C* even if M is
not more than C'-smooth (for example M = {y = 2*/3} C R?, see the remark
after Lemma 7.1 in [8]). Nevertheless

Lemma 5.1. Suppose that M is a submanifold of class C*, k > 1. Then
there is a non-empty open set U C M such that M N U is of class C*+1,

Proof. Let 7 be the projection 7 : R" x Gr(m,R") — R™, n(z,y,§) = x.
By construction, 7| is one to one; furthermore M is m-dimensional, since
7|pm 2 M — R™ is a local homeomorphism. It follows that min{dim ker 7|7, A1 :
q € M} = 0, otherwise by the rank theorem there would exist & € R™ such
that 7=1(Z) N M is a positive dimensional manifold. Choose gy € M such
that ker 7|7, a1 = {0}, and let z9 = 7(go). By the implicit function theorem
we have that, around qg, M can be written as the graph of a map F' of class
C* defined on a neighborhood V of zy in R™. By construction we must have
F(x) = (f(z),df (x)) for 2 € V, hence f is of class C*¥*! around . O

Remark 2. In fact, the open set U in Lemma 5.1 is dense in M.

We claim that, for any m,n, k € N, an m-dimensional submanifold of R™ of
class C! which is C*-homogeneous is of class C*. Assume that this is true for
all k < ko (kg > 1) and let M C R"™ be an m-dimensional C**1-homogeneous
submanifold of class C'.

As discussed in section 3, any Ck0+1—smooth~local diffeomorphism ) of R"
prolongs to a C*0-smooth local diffeomorphism 1) of R™ x Gr(m,R") (by using
the action of dip on the m-planes), and (M) C M if (M) C M. Hence from
the C*o+1l_homogeneity of M follows that M is C*0-homogeneous. Since M is
locally closed, by [6], [7] we have that M is a submanifold of class C*. The
inductive assumption then implies that M is of class C*0. By Lemma 5.1 there
is an open set U # () such that M NU is of class C*0F1: by homogeneity, then,
M is of class C*o*! everywhere.



[17] PROLONGATION AND SMOOTHNESS OF INVARIANT SUBMANIFOLDS 115

6 - Planar curves

In this section, we prove some more precise analyticity statements that can
be given in low dimension. We will show that curves in R? which are invariant
under a diffeomorphism germ v must be analytic (at least outside 0) even if
they are not contracting, provided that ¢ is not an involution and belongs to
certain special subgroups of germs. In the proof, for the contracting case, we
also recover in a more elementary way the statement of Theorem 1.2.

We start with the group Hol(C, 0) of germs of holomorphic diffeomorphisms
defined around the origin in C = R? and fixing the origin.

Proposition 6.1. Let f € Hol(C,0), f not an involution.Let v C C be
a (real) embedded curve of class C'. Suppose that 0 € ~ and v is invariant
under f. Then there exists a neighborhood U of 0 in C such that U N~ \ {0} is
real-analytic.

Proof. Write the expansion of f around 0 as f(z) = Az + O(z?), A € C.

Since the differential of f at 0 must preserve the direction Tp(), it follows that
A€ R\ {0}. Up to replacing f with f°2 = f o f (which is not the identity
since f is not an involution), we can assume A > 0, and possibly considering
f~!instead of f we can further suppose A < 1.
It 0 < A < 1, then f is holomorphically conjugated to its linearization
f(2) = Az (see for example [2, Theorem 2.1]); let ¥ be the image of v under the
linearizing change of coordinates. Up to a rotation, we can assume that Tp(7)
is horizontal (i.e. generated by d/0x). The analyticity of v will follow from the
following

Claim . 7 coincides with the z-axis.

Indeed, otherwise, choose p € 4 such that argT,(y) # O (here and in the
rest of the proof, we are going to improperly apply the function arg to linear
subspaces T' C C, defined modulo multiples of 7 as the argument of a vector gen-
erating T'). By invariance of 7y under f we have that arg 7). (y) = arg T,(7) # 0
for all j € N, where p; = f"j (p) = Mp: it follows that ¥ is not of class C'! at 0,
a contradiction. Therefore, in this case the curve 7 (and hence ) is actually
real-analytic around O.

To treat the case when A = 1 (the parabolic case) we will use the Leau-Fatou
flower theorem, which provides a description of the dynamics of such a germ
f. Since we need to examine the proof of this result rather than its statement
alone, we shall refer to the proof which is contained in [2, Theorem 2.12], and
employ the notation set up in there.
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We first recall the essential features of the theorem. We can write the Taylor
expansion of f as f(2) = z+ag1 2" +0(2F2) with k > 1, a1 € C\{0}. The
k directions vf, . ,v,j € bD = S' which solve the equation ﬁ:ihvk = —1 are
called attracting directions for f. Then there exist simply connected domains

PU1+, . ’Pv,j C C with the following properties:

(1) 0€bP; and f(P+) C P,y
J J J
for ()

(2) limp—oo fO"(2) = 0 and limy, oo 75— = v;f for all z € P +.

[for(2)] ’

The domain P+ is called attracting petal centered at the direction v;f. The
J

repelling directions v

J
tions/petals associated to the germ f~!. The attracting and repelling petals
can be so chosen that their union (plus the point 0) is a neighborhood of 0 in
C; also, from the proof follows that each petal locally contains an open sector
centered at 0. Moreover, for any j = 1,...,k the action f| P is holomorphi-

and the repelling petals P - are the attracting direc-
J

cally conjugated to the map ¢ — ¢ + 1, defined on a half—pjlane of the form
{¢ € C:Re¢ > C} for some C > 0.

Let P be a petal which intersects 7; without loss of generality (possibly
considering f~! in place of f and conjugating with a complex linear transfor-
mation) we can suppose that P is an attracting petal, centered at v = 1. From
the property (2) above we deduce that Tp(y) is the z-axis; it also follows that
v N {x > 0} is locally contained in P.

Let U be a map conjugating f to ¢ — ¢ + 1 (such a ¥ is called Fatou
coordinate), and let ¥ be the image of v under ¥. Our aim is to show that 7 is
of the form {y = yo} for some yy € R. If 5 does not coincide with a horizontal
line, there exists p € 5 such that arg 7),(7) = a # 0. This of course also implies
arg Tpin(7) = a for all n € N.

We are thus lead to computing the differential d(¥~1) at the point p + n,
which is given by the multiplication by a certain &, € C\ {0}. We are going
to show that arg&, — 7 as n — oo: posing ¢, = ¥~1(p + n), this would imply
that ¢, — 0 and arg T, (y) = argé, + a — 7 + o # {0,7} as n — oo, which
would contradict the fact that v is of class C.

We turn then to the construction of the Fatou coordinate ¥; as mentioned
above, we follow the one given in [2]. The map V¥ is obtained in two steps.
First of all, the restriction of f to a domain of the kind {|z*¥ — §| < &} (for
a small § > 0) is conjugated, through the map 1 (z) = 1/(kz¥), to a function
¢ : Hs — Hj of the kind

(8) o(z) =z4+14+b/z+ R(z)
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where R(z) = O(1/2?%) and Hs = {Rew > 1/2ké}. Afterwards, ¢ is conjugated
to the translation ¢ — ¢+ 1 through a holomorphic mapping o : Hs — C (that
is to say, 0 o ¢(z) = o(2) + 1), so that ¥ = g 0.

Let p € 5 be the point chosen above. We set » = o~ !(p) and, for n € N,
r, = o '(p+n). It also follows that r, = 1(g,) (where the points ¢, =
U~L(p+n) are defined above) and that r, = ¢°*(r). We have that argr, — 0
as n — 00. Indeed, for every z € Hj one has (see [2, Th. 2.12, Eq. (2.18)])
| (2)] = O(n): by (8), this implies rp41 —r, = 1+ O(1/n). It follows that
for any € > 0 there exists ng € N such that |arg(r, —ry,)| < € for all n > ng (in
fact, for all large n, r,41 is contained in a sector centered at r, with opening
angle less than €), which in turn implies that |argr,| < 2¢e for all large enough
n, as claimed.

Computing, now, the derivative of ¥~1(z) = 1/(kz)'/* gives %w_l(z) =
—1/(kz)k%l. It follows that arg(%w_l(rn)) =7 — % argr, — T as n — oo.
Since ¥~ = ¢l oo™t with &, as previously defined we get &, = %w_l(rn) :
%Cf—l (p+n), thus to show that arg &, — 7 it is sufficient to show that %0'_1 (p+
n) — 1 or, equivalently, that %a(rn) — 1 as n — oco. We will concentrate on
the latter.

The mapping o is constructed as the limit of the functions o,(z) = ¢°"(z) —
n — blogn; it can be shown that the sequence {0, }nen is uniformly convergent
on compact subsets of Hs. We will prove that, for any ¢ > 0, we can fix a
sufficient large ng such that |%ij (rn)—1| = |%<poj (rn) — 1| < € for all n > ng
and j € N. This will imply that |%a(rn) — 1| < e for n > ng, which is the
desired conclusion.

In order to do this, we need to estimate the derivatives of ¢/. Let R(z) be
the function appearing in the expression (8); then R is not obtained as a conver-
gent series in 1/z (indeed, one should not expect ¢ to extend meromorphically to
a neighborhood of o). However, from the computation performed in the proof
of the Leau-Fatou theorem follows that there is a convergent series S € C{x},

S(@) = Yok s;wt, such that R(z) = S(l/z%). Since S'(x) < Colz|?*~1 for

some Cy > 0 and
0 (1 1
570 =5 (1) ().

2k—1 | k+1

we get |%R(z)| < Co/lz| ® T = Cy/|z|®. Posing T(z) = —b/2? + %R(z),
we deduce that |T'(z)| < Cy/|z|? for some C; > 0 and %g@(z) =1+T(z). Now
from (8) we get, for all z € Hy,

U (2) = o (2) + 1 + + R(p™(2))

@ (2)
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differentiating which we obtain

9 .. o . o
Z o0 () — %0 (5) = °j R
Do) - L) = T67(2)) - L p(2)
so that
0 - 0 C d i
Lo+ L,y - 2 ed Pt T PGy
) Z () - )] < i i)

Fix any small € > 0. Then we can select n; € N such that 3 ¢ 1/n% < €/8Ch.

Choose a point z; € Hy such that Rez; > n;1/2. Again from the proof of the
Leau-Fatou theorem in [2] (see Th. 2.12, Eq. (2.15)), we get that

(10) Rep”(z) >Rez+7/2 (= ¢ (2)] > Rez 4+ j/2)

for all z € Hs, j € N. We will now prove by induction that \%cpoj(zl) -1l <e
for all j € N. For j = 1, by definition of T" we have %gp(zl) —1="1T(21), hence
|%g0(z1) — 1| =|T(z1)| £ C1/]21|* € 4C1/(n1)? < €/2. Suppose, then, that for
some j € N we have \%gpoj (z1) — 1] <8C4 Z:L:l:ffl 1/i? < ¢ in particular, this

implies |%g0°j (21)] < 2. Using (9) and (10), we get

0 ) o . o . o .

2 e+l 1] < | pelt+D) AP =% 1
5% (21) ‘_ ‘azw (21) = 50" (21) +’82<P (21) ‘
A0, ni+j—1 1 ni+j 1

<2t 9 E —— 2
STarge 2T 2 =G > @ <.
=n1 =n1

which gives the inductive step. Summing up, the previous argument provides
the estimate |%a(z1) — 1] < € for all z; satisfying Rez; > n;/2. On the other
hand, by (10) follows immediately that Rer, = Rep°"(r) — oo as n — oc.
Together with the previous statement, this implies %a(rn) — 1asn — oo,
which concludes the proof of the lemma. ]

Next, we are interested in the case of the group Shr*(R? 0) of germs of
analytic shears, that is diffeomorphisms of the kind ¢(z,y) = (h(z),y + g(z))
where h, g : R — R are real-analytic, h(0) = g(0) = 0 and »'(0) = 0.

Proposition 6.2. Let ¢ € Shi*(R?,0), ¢ not an involution, and let v C
R? be a ¢-invariant germ of curve around 0, which is of the formy = {y = f(z)}
for some continuous function f. Then v\ {0} is of class C¥; moreover, v is
uniquely determined.
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Proof. The shear ¢ has the following form:
o(z,y) = (h(x),y + g(x))

where h, g are germs of functions real-analytic around 0 in R and dh(0)/dz # 0.
We can write h(z) = Az + O(2?), where A € R\ {0}. Replacing ¢ by ¢°% or
$°(=2) (none of them is the identity since ¢ is not an involution) if necessary,
we can further assume that 0 < \ < 1.

Suppose, first, that 0 < A < 1. The local holomorphic extension h(z)
of h to a neighborhood of 0 in C has the form h(z) = Az + O(z?), hence
it is linearizable by a local holomorphic change of coordinates n(z). Since
the restriction h(x) of h(z) to the real axis is real-valued, the same holds for
the restriction n(z) of n(z) (cfr. [2, Proposition 1.9], where the coefficients
of the series defining 7 are explicitly computed). Conjugating ¢ by the map
(z,y) — (n(x),y), it follows that in the new coordinates we can assume it
to take the form ¢(z,y) = (Az,y + g1(x)) for a certain g7 € C¥(R,0). Let
{y = fi(x)} be the expression of v in these coordinates. The invariance of
under ¢, then, translates into the following identity

(11) fi(@) + g1(x) = fi(\z),

holding for z in a small enough neighborhood of 0 in R. We can show by a direct
power series computation that (11) admits, locally, a real-analytic solution fj.

Indeed, if g1(x) = Z] L a;jx?, looking for fi of the form ﬁ(x) = Z(;il bjx! we
get

Z(l — N)bja! = Za]x]

j=1
which has the unique solution b; = —a;/(1 — M), 7 € N. From 0 < A < 1

follows that the factor (1 — A7)~! is uniformly bounded in j, thus the series fl
has a positive radius of convergence. Let 7 be the germ of real-analytic curve
defined by {y = fi1(z)}; we claim that v = 7.

In order to verify the claim, fix C' > 0 such that |g;(x)| < C|z| in a neigh-
borhood of 0, and let py € 7, po = (20, yo). Then, if {p;};en is the orbit of py
under ¢ (i.e. p; = ¢*(po)) we also have {p;} C 7 by invariance. One verifies
by induction that

j—1
pi = (zj,y;) = Nzo,yo + > g1(\xo))
k=0
for all j > 1. Now, since p; € v and z; — 0 as j — oo, from the fact
that 0 € v follows that we must also have y; — 0 as j — oo. It follows
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that X(z0) = .50, 91(A\¥xg) converges and that yo = —X(z¢) is uniquely
determined by the abscissa xg and by the components of the shear ¢. We deduce
that fi(z) = —X(x) so that v is in turn uniquely determined, hence v = 7 is
real-analytic. We also observe that, since >, |g1(A\fz)| < Clz|(1 — A\)~L, the
series defining (z) is in fact absolutely convergent; one can also check by a
straightforward power series computation that >, g1(A\fz) = > y bjx? (with b,
as above).

We turn now to the case A = 1. We note that we cannot have h(z) = z;
otherwise, in view of (11) (with A = 1) we would also get g(x) = 0, against the
assumption that ¢ is a non-trivial germ. After a linear change of coordinates,
and possibly taking ¢! in place of ¢, we can thus assume that h has the
expression h(z) = z — zFT! + O(2%*+2) for some k > 1. A further real-analytic
conjugation of h allows to put it in the form h(z) = z—2*+t1 4az? 1+ O (22F+2)
(see [2, Remark 1.14]). The equation expressing the invariance of v under ¢
now reads

(12) f(2) +g(z) = f(h(z)) = f(z + O")).

Denote by g(w) the holomorphic extension of g to a neighborhood U of 0 in
Cu, and let g(w) = gow® + O(w’*!), £ > 1 be the Taylor expansion of g. Note
that, in the case when f is of class C°°, taking the k-order Taylor expansion
about 0 of both sides in (12) we get that ¢ > k + 1; we will show that the same
conclusion can be drawn if f is just assumed to be continuous. For a large
enough C > 0, we have %|w|® < |g(w)| < Clw|* for all w € U.

As before, let h(z) = z— 281 4+ az2+1 4 O(226+2) be the local holomorphic
extension of h to a neighborhood of 0 in C,, z = x + tu. In what follows we
recycle the terminology and the notation employed in Lemma 6.1. Since the
coefficient of zF*! is —1 we have that v = 1 € S! is an attracting direction
for the parabolic germ h. By the Leau-Fatou flower theorem, the positive x-
axis is the center of (hence locally contained in) an attracting petal P C C.
Consider the map v(z) = 1/kz*, conjugating h|p to a function ¢ : Hs — Hs
of the kind p(2) = 2+ 1+ b/2z + R(z). We recall, from equation (10), that
0% (2)] > Rez +j/2 > j/2 for all z € Hy, j € N.

We can choose a small enough R > 0 such that h*(z) € U for all z €
Br(0) NP and j € N. Let B,(x) (for small x,r > 0) be a ball contained
in Br(0) N P; then ¢(B,(x)) C Hs, which in view of the previous paragraph
implies [ ((2))| > j/2 for all 2z € B,(x), j € N. Composing with the inverse
of ¢ we get

13 ) = o ou(e) = <D
S T E LT



[23] PROLONGATION AND SMOOTHNESS OF INVARIANT SUBMANIFOLDS 121

forall z € B,(z), j € N, where D = (2/k)"/*. On the other hand, for any z € Hjs
we have |¢%(2)| = O(j) (see Lemma 6.1), so that with the same argument we
get % (z') > D'/ for all small enough 2/ € R* and j € N, where D’ > 0 is
a constant depending on z’ — note that h/ (2’) > 0 for small 2’ > 0.

Suppose first that ¢ < k; by the choice of the constant C' above, we get
for any small 2/ > 0 |g(h% (2'))] > D/e/Cjé > D"/j. Moreover, the sign of
g(h®(z")) is constant for j € N, depending only on the sign of gy. It follows that
in the case ¢ <k the series 327 g(h°I(z")) is divergent for any small z’ > 0.

If instead ¢ > k + 1, by (13) and the choice of C' we have that |g(h% (2))| <

C’Dkﬂ/j% for all z € B,(x), 7 € N. It follows that the series Z‘;iog(hoj(z))
converges uniformly over B, (z) to a holomorphic function ¥(z). Since for any
x > 0 small enough there exists r > 0 such that B,(z) C Br(0) N P, we
conclude that in the case £ > k+ 1 the series X(z) = Z;’iog(h"j (x)) converges
and defines a real-analytic function on a neighborhood of 0 in R™.

We will now show that v N {z > 0} is real-analytic in a neighborhood of 0
(the treatment of v N {z < 0} is similar). Fix pg = (zo,y0) € v with 29 > 0
small enough, and let {p; = ¢°/(po)} be the orbit of py under the shear map ¢.
In the same way as before, we can inductively compute

j—1

pj = (5,y5) = (h* (20), 50 + Y _ g(hF(20))

k=0
for all j € N. By the Leau-Fatou theorem, since xg belongs to the attracting
petal P for h(z), we have x; — 0 as j — oo; since {p;} C v and 0 € y, we must
again have y; — 0. It follows that the series > -, g(h°%(x0)) converges — hence,
by the discussion above, £ > k+1 - and that yo = — Y e g(h°*(20)) = =X (o).
In conclusion, we have that f(x) = —X(z) is real-analytic for z > 0, hence
v N {x > 0} is real-analytic and, furthermore, it is univocally determined by
the germ ¢ (since the series defining ¥(x) only depends on g and h). O

Remark 3. In general, even when a shear ¢ € Shr*(R2,0) admits a
(unique) invariant curve, this needs not be real-analytic around 0. For instance,
defining

’
T

P(ay) = (lf y+x2>

then one can verify that ¢ admits an (at least continuous) invariant curve =,
but « is not real-analytic — although ~ \ {0} is. Indeed, following the proof of
Lemma 6.2 we can define f(0) =0 and

00 2 00 2
f(x):_z<1—xkx> forx <0, f(z) = <1ka> for z >0
1

k=0 k=
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so that v = {y = f(x)} is the unique invariant curve for ¢). Clearly v\ {0} is
real-analytic, but a straightforward computation shows that f is not of class
C? around 0. One can also check that ) admits a unique formal invariant curve
of the form {y = f(:c)} with f € R][x]]: it follows that f cannot be convergent,
otherwise by Lemma 6.2 its sum would locally coincide with f(z). As it turns
out, the coefficients of f are in fact given by the Bernoulli numbers (I thank
H.C. Herbig for this observation).
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