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On the geometry of metallic pseudo-Riemannian structures

Abstract. We generalize the notion of metallic structure in the pseudo-
Riemannian setting, define the metallic Norden structure and study its
integrability. We consider metallic maps between metallic manifolds
and give conditions under which they are constant. We also construct
a metallic natural connection recovering as particular case the Ganchev
and Mihova connection, which we extend to a metallic natural connec-
tion on the generalized tangent bundle. Moreover, we construct metallic
pseudo-Riemannian structures on the tangent and cotangent bundles.
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1 - Introduction

On a smooth manifold, M , the concept of almost complex structure can
be generalized to almost product, almost tangent and to some other general
polynomial structures, as C∞ tensor fields J , of (1, 1)-type, such that:

Jn + an−1J
n−1 + ...+ a1J + a0I = 0,

where I is the identity on the Lie algebra of vector fields on M , C∞(TM),
a0, ..., an−1 are real numbers and n ≥ 2.

In this paper we consider the case n = 2:

J2 = pJ + qI,

where p and q are real numbers. In particular, for p = 0 and q = −1, J is an
almost complex structure on M .
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We recall that, for fixed positive integer numbers p and q, the (p, q)-metallic

number stands for the positive solution of the equation x2 − px− q = 0 and it
is equal to

(1) σp,q =
p+

√

p2 + 4q

2
.

For particular values of p and q, some important members of the metallic

mean family [6] are the followings: the Golden mean φ = 1+
√

5

2
for p = q = 1,

the Silver mean σAg = σ2,1 = 1 +
√
2 for q = 1 and p = 2, the Bronze mean

σBr = σ3,1 = 3+
√

13

2
for q = 1 and p = 3, the Subtle mean σ4,1 = 2 +

√
5 = φ3

for p = 4 and q = 1, the Copper mean σCu = σ1,2 = 2 for p = 1 and q = 2, the

Nickel mean σNi = σ1,3 =
1+

√

13

2
for p = 1 and q = 3 and so on.

Extending this idea to tensor fields, C.-E. Hreţcanu and M. Crasmareanu
introduced the notion of metallic structure:

D e f i n i t i o n 1.1. [3] A (1, 1)-tensor field J on M is called a metallic

structure if it satisfies the equation:

(2) J2 = pJ + qI,

for p and q positive integer numbers, where I is the identity operator on
C∞(TM). In this case, the pair (M,J) is called a metallic manifold. More-
over, if g is a Riemannian metric on M such that J is g−symmetric, that is
g(JX, Y ) = g(X,JY ), for any X, Y ∈ C∞(TM), we call the pair (J, g) a
metallic Riemannian structure and (M,J, g) a metallic Riemannian manifold.

From the definition, we immediately get that a metallic Riemannian struc-
ture satisfies

g(JX, JY ) = pg(X,Y ) + qg(X,JY ),

for any X, Y ∈ C∞(TM).
(1, 1)-tensor fields on M , which are g-symmetric, have applications in Gen-

eralized Geometry since they naturally define (pseudo-)calibrated generalized
complex structures ( [4], [5]).

In this paper we generalize the notion of metallic structure in the pseudo-
Riemannian setting in order to include Norden structures. We define the con-
cept of metallic Norden structure and study its integrability. We consider metal-
lic maps between metallic manifolds and give conditions under which they are
constant. We also construct a metallic natural connection recovering, as par-
ticular case, the Ganchev and Mihova connection defined for Norden structures
and we extend it to a metallic natural connection on the generalized tangent
bundle. Moreover, we construct metallic pseudo-Riemannian structures on the
tangent and cotangent bundles.
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2 - Metallic pseudo-Riemannian manifolds

The notion of metallic Riemannian manifold can be generalized to a metallic
pseudo-Riemannian manifold. We pose the following:

D e f i n i t i o n 2.1. Let (M,g) be a pseudo-Riemannian manifold and let J
be a g-symmetric (1, 1)-tensor field on M such that J2 = pJ + qI, for some p
and q real numbers. Then the pair (J, g) is called a metallic pseudo-Riemannian

structure on M and (M,J, g) is called a metallic pseudo-Riemannian manifold.

Fix now a metallic structure J on M and define the associated linear con-
nections as follows:

D e f i n i t i o n 2.2. i) A linear connection ∇ on M is called J-connection if
J is covariantly constant with respect to ∇, namely ∇J = 0.

ii) A metallic pseudo-Riemannian manifold (M,J, g) such that the Levi-
Civita connection ∇ with respect to g is a J-connection is called a locally

metallic pseudo-Riemannian manifold.

The concept of integrability is defined in the classical manner:

D e f i n i t i o n 2.3. A metallic structure J is called integrable if its Nijenhuis
tensor field NJ vanishes, where NJ(X,Y ) := [JX, JY ]−J [JX, Y ]−J [X,JY ]+
J2[X,Y ], for X, Y ∈ C∞(TM).

L emma 2.1. If (M,J, g) is a locally metallic pseudo-Riemannian manifold,

then J is integrable.

P r o o f. We have:

NJ(X,Y ) = (∇JXJ)Y − (∇JY J)X + J(∇Y J)X − J(∇XJ)Y,

for any X, Y ∈ C∞(TM). Then the statement. �

Rema r k 2.1. Every pseudo-Riemannian manifold admits locally metallic

pseudo-Riemannian structures, namely J = µI, where µ =
p±

√
p2+4q

2
with

p2 + 4q ≥ 0.

D e f i n i t i o n 2.4. J := µI, where µ =
p±

√
p2+4q

2
with p2+4q ≥ 0, is called

a trivial metallic structure.

D e f i n i t i o n 2.5. A metallic pseudo-Riemannian manifold (M,J, g) such
that the Levi-Civita connection ∇ with respect to g satisfies the condition

(∇XJ)Y + (∇Y J)X = 0,
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for any X, Y ∈ C∞(TM), is called a nearly locally metallic pseudo-Riemannian

manifold.

P r o p o s i t i o n 2.1. A nearly locally metallic pseudo-Riemannian manifold

(M,J, g) such that J2 = pJ + qI with p2 + 4q > 0 is a locally metallic pseudo-

Riemannian manifold if and only if J is integrable.

P r o o f. For any X, Y ∈ C∞(TM), we have:

NJ(X,Y ) = (∇JXJ)Y − (∇JY J)X + J(∇Y J)X − J(∇XJ)Y

= −(∇Y J)JX + (∇XJ)JY + J(∇Y J)X − J(∇XJ)Y

= −(∇Y J
2X) + 2(J∇Y J)X + J2∇Y X + (∇XJ2Y )− 2(J∇XJ)Y − J2∇XY

= −2p(∇Y J)X + 4J(∇Y J)X = 2(2J − pI)(∇Y J)X.

We observe that p
2
is not an eigenvalue of J because p2 + 4q > 0, thus we get

that if J is nearly locally metallic, then

NJ = 0 ⇐⇒ ∇J = 0

and the proof is complete. �

3 - Metallic natural connection

The o r em 3.1. Let (M,J, g) be a metallic pseudo-Riemannian manifold

such that J2 = pJ + qI with p2 + 4q �= 0. Let ∇ be the Levi-Civita connection

of g and let D be the linear connection defined by:

(3) D := ∇+
2

p2 + 4q
J(∇J)− p

p2 + 4q
(∇J).

Then

(4)

{

DJ = 0
Dg = 0.

P r o o f. We have:

DJ−JD = ∇J−J∇+ 1

p2+4q
(2J∇J2−2q∇J−p∇J2−2J2∇J+pJ2∇+2qJ∇)

= ∇J − J∇+ 1

p2+4q
(2qJ∇− 2q∇J − p2∇J − 2q∇J + p2J∇+ 2qJ∇)
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= ∇J − J∇+ 1

p2+4q
[(4q + p2)J∇− (4q + p2)∇J ] = 0.

Moreover, for any X, Y , Z ∈ C∞(TM), we have:

(DXg)(Y,Z) = X(g(Y,Z)) − g(DXY,Z)− g(Y,DXZ)

= 1

p2+4q
[2g((∇XJ)Y, JZ)−pg((∇XJ)Y,Z)+2g(JY, (∇XJ)Z)−pg(Y, (∇XJ)Z)]

= 1

p2+4q
[2g(∇XJY, JZ)− pg(∇XY, JZ)− 2qg(∇XY,Z)− pg(∇XJY,Z)+

+2g(JY,∇XJZ)− pg(JY,∇XZ)− 2qg(Y,∇XZ)− pg(Y,∇XJZ)]

= 1

p2+4q
[2X(g(JY, JZ)) − pX(g(Y, JZ)) − pX(g(JY,Z)) − 2qX(g(Y,Z))]

= 1

p2+4q
[2X(pg(Y, JZ) + qg(Y,Z)) − pX(g(Y, JZ)) − qX(g(Y,Z))] = 0.

Then the proof is complete. �

De f i n i t i o n 3.1. The linear connection D defined by (3) is called the
metallic natural connection of (M,J, g).

A direct computation gives the following expression for the torsion TD of
the natural connection D:

TD(X,Y ) =
1

p2 + 4q
{(2J − pI)(∇XJY −∇Y JX)− (pJ + 2qI)[X,Y ]},

for any X, Y ∈ C∞(TM).

Thus we get the following:

P r o p o s i t i o n 3.1. Let (M,J, g) be a metallic pseudo-Riemannian man-

ifold such that J2 = pJ + qI with p2 + 4q �= 0. Then the torsion TD of the

natural connection D satisfies the following relation:

TD(JX, Y ) + TD(X,JY )− pTD(X,Y ) = (2J − pI)NJ(X,Y ),

for any X, Y ∈ C∞(TM). In particular, if J is integrable, then:

TD(JX, Y ) + TD(X,JY ) = pTD(X,Y ).

Rema r k 3.1. If p = 0, q = −1 and J is integrable, then the natural con-
nection D coincides with the natural canonical connection defined by Ganchev
and Mihova in [2].
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4 - Metallic Norden structures

Recall that a Norden manifold (M,J, g) is an almost complex manifold
(M,J) with a neutral pseudo-Riemannian metric g such that g(JX, Y ) =
g(X,JY ), for any X, Y ∈ C∞(TM). We can state:

P r o p o s i t i o n 4.1. If (M,J, g) is a Norden manifold, then for any real

numbers a and b,

Ja,b := aJ + bI

are metallic pseudo-Riemannian structures on M .

P r o o f. We have:

J2
a,b = 2bJa,b − (a2 + b2)I.

Moreover, for any X, Y ∈ C∞(TM), we have:

g(Ja,bX,Y ) = g(X,Ja,bY ).

Then the statement. �

We remark that J = J1,0.

Also, from ∇Ja,b = a∇J and NJa,b = a2NJ , we get the following:

P r o p o s i t i o n 4.2. Assume that a �= 0. Then:

1. Ja,b is integrable if and only if J is integrable.

2. Ja,b is locally metallic if and only if J is Kähler.

3. Ja,b is nearly locally metallic if and only if J is nearly Kähler.

Conversely, we have:

P r o p o s i t i o n 4.3. If (M,J, g) is a metallic pseudo-Riemannian manifold

such that J2 = pJ + qI with p2 + 4q < 0, then

J± := ±(
2

√

−p2 − 4q
J − p

√

−p2 − 4q
I)

are Norden structures on M and J = aJ± + bI with a = ±( 2√
−p2−4q

)−1 and

b = −p
2
.
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P r o o f. We have:

J2
±
=

1

−p2 − 4q
(4J2 − 4pJ + p2I) =

1

−p2 − 4q
(4qI + p2I) = −I.

Moreover, for any X, Y ∈ C∞(TM), we have:

g(J±X,Y ) = g(X,J±Y ).

Finally, we have:

J = ±(
2

√

−p2 − 4q
)−1J± − p

2
I.

Then the statement. �

We give the following definition:

D e f i n i t i o n 4.1. Let (M,J, g) be a metallic pseudo-Riemannian manifold
such that J2 = pJ + qI with p2 + 4q < 0. Then J is called a metallic Norden

structure on M and (M,J, g) is called a metallic Norden manifold.

5 - Metallic maps

De f i n i t i o n 5.1. A smooth map f : (M1, J1) → (M2, J2) between two
metallic manifolds is called a metallic map if:

(5) f∗ ◦ J1 = J2 ◦ f∗.

Rema r k 5.1. If f : (M1, J1) → (M2, J2) is a metallic map and J2
i =

piJi + qiI with pi and qi real numbers, i = 1, 2, then:

i) f∗ ◦ J2k+1

1
= J2k+1

2
◦ f∗, for any k ∈ N;

ii) ([(p22 + q2)− (p21 + q1)]J1 + (p2q2 − p1q1)I)(TM1) ⊂ ker f∗;

iii) in the particular case when one the structure is product and the other
one is complex, then ImJ1 ⊂ ker f∗.

Then we can state the following:

P r o p o s i t i o n 5.1. Let f : (M1, J1) → (M2, J2) be a metallic map between

two connected metallic manifolds. If p1 �= p2 and q1−q2
p2−p1

�= p2±
√

p22+4q2
2

, then f
is constant. Moreover, if p1 = p2 but q1 �= q2, then f is constant.
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P r o o f. From f∗ ◦ J1 = J2 ◦ f∗, we get:

J2 ◦ f∗ ◦ J1 = J2
2 ◦ f∗

thus

f∗ ◦ J2
1 = J2

2 ◦ f∗
or

p1f∗ ◦ J1 + q1f∗ = p2J2 ◦ f∗ + q2f∗

equivalent to

(p1 − p2)J2 ◦ f∗ + (q1 − q2)f∗ = 0

and to

((p1 − p2)J2 + (q1 − q2)I) ◦ f∗ = 0.

In particular, if ((p1 − p2)J2 + (q1 − q2)I) is invertible, then f∗ = 0.

Now, (p1 − p2)J2 + (q1 − q2)I is invertible if and only if q1−q2
p2−p1

is not an
eigenvalue of J2, or p1 = p2 but q1 �= q2.
Then the statement. �

6 - Induced structures on TM ⊕ T ∗M

6.1 - Generalized metallic pseudo-Riemannian structures

In [1] we introduced the following notions of generalized metallic structure
and generalized metallic Riemannian structure. Let TM ⊕ T ∗M be the gener-
alized tangent bundle of a smooth manifold M .

D e f i n i t i o n 6.1. A generalized metallic structure J̃ on M is an endomor-
phism J̃ : TM ⊕ T ∗M → TM ⊕ T ∗M satisfying

J̃2 = pJ̃ + qI

for some real numbers p, q.

D e f i n i t i o n 6.2. A pair (J̃ , g̃) of a generalized metallic structure J̃ and
a Riemannian metric g̃, on TM ⊕ T ∗M , such that J̃ is g̃-symmetric is called a
generalized metallic Riemannian structure on M .

We pose the following:
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De f i n i t i o n 6.3. A pair (J̃ , g̃) of a generalized metallic structure J̃ and a
pseudo-Riemannian metric g̃ such that J̃ is g̃-symmetric is called a generalized

metallic pseudo-Riemannian structure. If J̃2 = pJ̃ + qI with p2 + 4q < 0, then
J̃ is called a generalized metallic Norden structure.

Let (M,J, g) be a Norden manifold and let (J̃ , g̃) be the generalized Norden
structure defined in [5]:

J̃ :=

(

J 0
♭g −J∗

)

(6) g̃(X + α, Y + β) := g(X,Y ) +
1

2
g(JX, ♯gβ) +

1

2
g(♯gα, JY ) + g(♯gα, ♯gβ),

for any X, Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M). Then J̃ defines the following
family of generalized metallic Norden structures:

J̃a,b := aJ̃ + bI =

(

aJ + bI 0
a♭g −aJ∗ + bI

)

,

where a and b are real numbers, since

J̃2
a,b = pJ̃a,b + qI

with p = 2b and q = −(a2 + b2) and

g̃(J̃a,b(σ), τ) = g̃(σ, J̃a,b(τ)),

for any σ, τ ∈ C∞(TM ⊕ T ∗M).

We remark that, up to rescaling the metric, instead of J̃a,b, we can consider
the family:

Ĵa,b :=

(

aJ + bI 0
♭g −aJ∗ + bI

)

.

Moreover, if (M,J, g) is a metallic pseudo-Riemannian manifold with J2 =
pJ + qI, for p = 2b and q = −(a2 + b2), we immediately have that

(7) Ĵ :=

(

J 0
♭g −J∗ + pI

)

is a generalized metallic structure with:

Ĵ2 = pĴ + qI.
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If we assume p2+4q �= 0, generalizing (6), we define the pseudo-Riemannian
metric:

ĝ(X + α, Y + β) :=(8)

= g(X,Y ) + g(♯gα, ♯gβ) +
p

p2 + 4q
[g(X, ♯gβ) + g(Y, ♯gα)]

− 2

p2 + 4q
[g(JX, ♯gβ) + g(JY, ♯gα)]

= g(X,Y ) + g(♯gα, ♯gβ) +
p

p2 + 4q
(α(Y ) + β(X))

− 2

p2 + 4q
(α(JY ) + β(JX)),

for any X, Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M) and we have the following:

P r o p o s i t i o n 6.1. Let (M,J, g) be a metallic pseudo-Riemannian man-

ifold such that J2 = pJ + qI with p2 + 4q �= 0. Then (Ĵ , ĝ) is a generalized

metallic pseudo-Riemannian structure with Ĵ given by (7) and ĝ given by (8).

P r o o f. For any X + α, Y + β ∈ C∞(TM ⊕ T ∗M), we have:

ĝ(Ĵ(X + α), Y + β) = ĝ(JX + ♭g(X) − J∗(α) + pα, Y + β)

= g(JX, Y ) + β(X)− g(♯gJ
∗(α), ♯gβ) + pg(♯gα, ♯gβ)

+ p

p2+4q
[β(JX) + g(X,Y )− α(JY ) + pα(Y )]− 2

p2+4q
[pβ(JX) + qβ(X)

+ g(X,JY )− qα(Y )]

and

ĝ(X + α, Ĵ(Y + β)) = g(X + α, JY + ♭g(Y )− J∗(β) + pβ)

= g(X,JY ) + α(Y )− g(♯gJ
∗(β), ♯gα) + pg(♯gα, ♯gβ)

+ p

p2+4q
[α(JY ) + g(X,Y )− β(JX) + pβ(X)]

− 2

p2+4q
[pα(JY ) + qα(Y ) + g(Y, JX) − qβ(X)].

Since (M,J, g) is a metallic pseudo-Riemannian manifold and J∗ = ♭gJ♯g
we get the statement. �

De f i n i t i o n 6.4. Let (M,J, g) be a metallic pseudo-Riemannian manifold.
The pair (Ĵ , ĝ) defined by (7) and (8) is called the generalized metallic pseudo-

Riemannian structure defined by (J, g).
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More generally, we can construct generalized metallic pseudo-Riemannian
structures by using a pseudo-Riemannian metric g on M and an arbitrary g-
symmetric endomorphism J of the tangent bundle as in the followings.

T h e o r em 6.1. Let g be a pseudo-Riemannian metric on M and let J be

an arbitrary endomorphism of the tangent bundle which is g-symmetric. Then

(J̌ , ǧ) is a generalized metallic pseudo-Riemannian structure, where

(9) J̌ :=

(

J (−J2 + pJ + qI)♯g
♭g −J∗ + pI

)

and

(10) ǧ(X + α, Y + β) :=

= g(X,Y ) +
p2 + 4q

4
g(♯gα, ♯gβ) +

p

4
(α(Y ) + β(X)) − 1

2
(α(JY ) + β(JX)),

for any X, Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M) and p and q any fixed real

numbers.

Moreover, J̌ satisfies:

(J̌(X + α), Y + β) + (X + α, J̌(Y + β)) = p · (X + α, Y + β),

where

(11) (X + α, Y + β) := −1

2
(α(Y )− β(X))

is the natural symplectic structure on TM ⊕ T ∗M .

P r o o f. A direct computation gives J̌2 = pJ̌ + qI.
Moreover, for any X + α ∈ C∞(TM ⊕ T ∗M), we have:

J̌(X + α) = JX − J2(♯gα) + pJ(♯gα) + q♯gα+ ♭g(X) − J∗(α) + pα

and using the definition of (·, ·) we get the last statement.
Now, for any X + α, Y + β ∈ C∞(TM ⊕ T ∗M), we have:

ǧ(J̌(X + α), Y + β) = g(JX, Y )− g(J2(♯gα), Y ) + pg(J(♯gα), Y )

+ qg(♯gα, Y ) + p2+4q
4

g(X, ♯gβ)− p2+4q
4

g(♯gJ
∗(α), ♯gβ) +

p2+4q
4

pg(♯gα, ♯gβ)

+ p
4
[g(X,Y )− α(JY ) + pα(Y ) + β(JX)− β(J2(♯gα)) + pβ(J(♯gα)) + qβ(♯gα)]

− 1

2
[g(X,JY )− α(J2Y ) + pα(JY ) + β(J2X)− β(J3(♯gα)) + pβ(J2(♯gα))

+ qβ(J(♯gα))]
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and

ǧ(X + α, J̌(Y + β)) = g(JY,X) − g(J2(♯gβ),X) + pg(J(♯gβ),X)

+ qg(♯gβ,X) + p2+4q
4

g(Y, ♯gα)− p2+4q
4

g(♯gJ
∗(β), ♯gα) +

p2+4q
4

pg(♯gβ, ♯gα)

+ p
4
[g(Y,X) − β(JX) + pβ(X) + α(JY )− α(J2(♯gβ)) + pα(J(♯gβ)) + qα(♯gβ)]

− 1

2
[g(Y, JX) − β(J2X) + pβ(JX) + α(J2Y )− α(J3(♯gβ)) + pα(J2(♯gβ))

+ qα(J(♯gβ))].

Since J is g-symmetric and J∗ = ♭gJ♯g we get the statement. �

Rema r k 6.1. i) For p = 0, the structure J̌ is anti-calibrated with respect
to (11).

ii) In particular, for p = 0 and q = 1 we get the generalized product structure

J̌p :=

(

J (−J2 + I)♯g
♭g −J∗

)

and for p = 0 and q = −1 we get the generalized complex structure

J̌c :=

(

J (−J2 − I)♯g
♭g −J∗

)

which are both anti-calibrated.
iii) If J is a metallic structure with J2 = pJ + qI, then J̌ = Ĵ .

R ema r k 6.2. i) Notice that if (J, g) is a metallic pseudo-Riemannian struc-
ture such that J2 = pJ+qI with p2+4q < 0, then Ĵ ′ obtained from Ĵa,b (beside

Ĵ) and given by:

(12) Ĵ ′ :=

(

−J + pI 0
♭g J∗

)

is a generalized metallic structure with:

Ĵ ′2 = pĴ ′ + qI.

Moreover, the two structures Ĵ and Ĵ ′ coincide with the ones obtained by
considering first the Norden structures J± induced by J and then defining the
generalized metallic structures

(13) Ĵa,b :=

(

aJ± + bI 0
♭g −aJ∗

±
+ bI

)

,
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where a = ±
√

−p2−4q

2
and b = p

2
.

ii) The structure J̌ ′ defined by:

(14) J̌ ′ :=

�

−J + pI (−J2 + pJ + qI)♯g
♭g J∗

�

is also a generalized metallic structure and for the particular case when J is
metallic with J2 = pJ + qI, it is precisely Ĵ ′.

R ema r k 6.3. Let (M,g) be a pseudo-Riemannian manifold and let J be
an arbitrary g-symmetric endomorphism of the tangent bundle. Then for any
p and q real numbers with p2 + 4q < 0:

J̌± := ±(
2

�

−p2 − 4q
J̌ − p

�

−p2 − 4q
I)

are generalized Norden structures with respect to the metric ǧ.

6.2 - Generalized metallic natural connection

Let (M,J, g) be a metallic pseudo-Riemannian manifold and let D be the
metallic natural connection given by (3). We define:

D̂ : C∞(TM ⊕ T ∗M)× C∞(TM ⊕ T ∗M) → C∞(TM ⊕ T ∗M)

by:

(15) D̂X+α(Y + β) := DXY +DXβ,

for any X, Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M) and we have:

T h e o r em 6.2. The linear connection D̂ satisfies the following conditions:

(16)







D̂Ĵ = 0

D̂ĝ = 0.

Moreover, T D̂(X + α, Y + β) = TD(X,Y ), for any X, Y ∈ C∞(TM) and α,
β ∈ C∞(T ∗M), and D̂ is flat if and only if D is flat.

P r o o f. From the definition of Ĵ and from the properties of D we get:

(D̂X+αĴ)(Y + β) = D̂X+α(JY + ♭g(Y )− J∗(β) + pβ)

= DXJY +DX(♭g(Y )− J∗(β) + pβ)

= J(DXY ) + ♭g(DXY )− J∗(DXβ) + pDXβ = Ĵ(DXY ) + Ĵ(DXβ)

= Ĵ(D̂X+α(Y + β)),
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for any X, Y ∈ C∞(TM) and α, β ∈ C∞(T ∗M).

Moreover, from the definition of ĝ we get:

X(ĝ(Y + β,Z + γ))− ĝ(D̂X+α(Y + β), Z + γ)− ĝ(Y + β, D̂X+α(Z + γ))

= X(g(Y,Z) + g(♯gβ, ♯gγ) +
p

p2+4q
(β(Z) + γ(Y ))− 2

p2+4q
(β(JZ) + γ(JY ))

− [g(DXY,Z) + g(♯g(DXβ), ♯gγ) +
p

p2+4q
((DXβ)Z + γ(DXY ))

− 2

p2+4q
((DXβ)(JZ) + γ(J(DXY )))] − [g(Y,DXZ) + g(♯gβ, ♯g(DXγ))

+ p

p2+4q
((DXγ)Y + β(DXZ))− 2

p2+4q
((DXγ)(JY ) + β(J(DXZ)))] = 0

for any X, Y , Z ∈ C∞(TM) and α, β, γ ∈ C∞(T ∗M).

If we define by:

T D̂(X + α, Y + β) := D̂X+α(Y + β)− D̂Y+β(X + α)− [X + α, Y + β]D

the torsion of D̂, where

[X + α, Y + β]D := [X,Y ] +DXβ −DY α,

we have:

T D̂(X + α, Y + β) = TD(X,Y ).

Also, if we define by:

RD̂(X + α, Y + β)(Z + γ) :=

= D̂X+αD̂Y+β(Z + γ)− D̂Y+βD̂X+α(Z + γ)− D̂[X+α,Y+β]D
(Z + γ)

the curvature of D̂, we have:

RD̂(X + α, Y + β)(Z + γ) = RD(X,Y )Z +RD(X,Y )γ

and we get the statement. �

De f i n i t i o n 6.5. The linear connection D̂ defined by (15) is called the
generalized metallic natural connection of (TM ⊕ T ∗M, Ĵ, ĝ).
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7 - Metallic pseudo-Riemannian structures on tangent and cotan-
gent bundles

7.1 - Metallic pseudo-Riemannian structures on the tangent bundle

Let (M,g) be a pseudo-Riemannian manifold and let ∇ be a linear connec-
tion on M . Then ∇ defines the decomposition into the horizontal and vertical
subbundles of T (TM):

T (TM) = TH(TM)⊕ T V (TM).

Let π : TM → M be the canonical projection and π∗ : T (TM) → TM be
the tangent map of π. If a ∈ TM and A ∈ Ta(TM), then π∗(A) ∈ Tπ(a)M and
we denote by χa the standard identification between Tπ(a)M and its tangent
space Ta(Tπ(a)M).

Let Ψ∇ : TM ⊕ T ∗M → T (TM) be the bundle morphism defined by:

Ψ∇(X + α) := XH
a + χa(♯gα),

where a ∈ TM and XH
a is the horizontal lifting of X ∈ Tπ(a)M .

Let
{

x1, ..., xn
}

be local coordinates on M , let
{

x̃1, ..., x̃n, y1, ..., yn
}

be respectively the corresponding local coordinates on TM and let

{X1, ...,Xn,
∂

∂y1
, ..,

∂

∂yn
} be a local frame on T (TM), where Xi =

∂

∂x̃i
.

We have:

Ψ∇

(

∂

∂xi

)

= XH
i

Ψ∇
(

dxj
)

= gjk
∂

∂yk
.

Let J be an arbitrary g-symmetric endomorphism on the tangent bundle.
For any p and q real numbers, let

J̌ :=

(

J (−J2 + pJ + qI)♯g
♭g −J∗ + pI

)

be the generalized metallic pseudo-Riemannian structure defined by (J, g) with
the pseudo-Riemannian metric ǧ defined by (10). The isomorphism Ψ∇ allows
us to construct a natural metallic structure J̄ and a natural pseudo-Riemannian
metric ḡ on TM in the following way.

We define J̄ : T (TM) → T (TM) by

J̄ := (Ψ∇) ◦ Ĵ ◦ (Ψ∇)−1
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and the pseudo-Riemannian metric ḡ on TM by

ḡ := ((Ψ∇)−1)∗(ĝ).

P r op o s i t i o n 7.1. (TM, J̄ , ḡ) is a metallic pseudo-Riemannian manifold.

P r o o f. From the definition it follows that J̄2 = pJ̄ + qI and ḡ(J̄X, Y ) =
ḡ(X, J̄Y ), for any X,Y ∈ C∞(T (TM)). �

In local coordinates, we have the following expressions for J̄ and ḡ:















J̄
�

XH
i

�

= Jk
i X

H
k +

∂

∂yi

J̄

�

∂

∂yj

�

= (−J2 + pJ + qI)kjX
H
k − Jk

j

∂

∂yk
+ p

∂

∂yj

and






























ḡ
�

XH
i ,XH

j

�

= gij

ḡ

�

XH
i ,

∂

∂yj

�

=
p

p2 + 4q
gij −

2

p2 + 4q
gjlJ

l
i

ḡ

�

∂

∂yi
,

∂

∂yj

�

= gij .

Computing the Nijenhuis tensor of J̄ , in the case when J is metallic with
J2 = pJ + qI and ∇ is the Levi-Civita connection of g, we get:

NJ̄

�

∂

∂yi
,

∂

∂yj

�

= 0

NJ̄

�

XH
i ,

∂

∂yj

�

= ((∇JXi
J)Xj − J (∇Xi

J)Xj)
k ∂

∂yk

NJ̄

�

XH
i ,XH

j

�

= (NJ (Xi,Xj))
kXH

k

−ys
�

Jk
i J

h
j R

r
khs − Jr

l J
k
i R

l
kjs − Jh

j J
r
l R

l
ihs + pJr

l R
l
ijs + qRr

ijs

� ∂

∂yr
.

Therefore we can state the following:

P r o p o s i t i o n 7.2. Let (M,J, g) be a flat locally metallic pseudo-Rieman-

nian manifold. If ∇ is the Levi-Civita connection of g, then (J̄ , ḡ) is an inte-

grable metallic pseudo-Riemannian structure on TM .
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7.2 - Metallic pseudo-Riemannian structures on the cotangent bundle

Let (M,g) be a pseudo-Riemannian manifold and let ∇ be a linear connec-
tion on M . Then ∇ defines the decomposition into the horizontal and vertical
subbundles of T (T ∗M):

T (T ∗M) = TH(T ∗M)⊕ T V (T ∗M).

Let π : T ∗M → M be the canonical projection and π∗ : T (T
∗M) → TM be

the tangent map of π. If a ∈ T ∗M and A ∈ Ta(T
∗M), then π∗(A) ∈ Tπ(a)M and

we denote by χa the standard identification between T ∗

π(a)
M and its tangent

space Ta(T
∗

π(a)
M).

Let Φ∇ : TM ⊕ T ∗M → T (T ∗M) be the bundle morphism defined by:

Φ∇(X + α) := XH
a + χa(α),

where a ∈ T ∗M and XH
a is the horizontal lifting of X ∈ Tπ(a)M .

Let
{

x1, ..., xn
}

be local coordinates on M , let
{

x̃1, ..., x̃n, y1, ..., yn
}

be respectively the corresponding local coordinates on T ∗M and let

{X1, ...,Xn,
∂

∂y1
, ..,

∂

∂yn
} be a local frame on T (T ∗M), where Xi =

∂

∂x̃i
.

We have:

Φ∇

(

∂

∂xi

)

= XH
i

Φ∇
(

dxj
)

=
∂

∂yj
.

Let J be an arbitrary g-symmetric endomorphism on the tangent bundle.
For any p and q real numbers, let

J̌ :=

(

J (−J2 + pJ + qI)♯g
♭g −J∗ + pI

)

be the generalized metallic pseudo-Riemannian structure defined by (J, g) with
the pseudo-Riemannian metric ǧ defined by (10). The isomorphism Φ∇ allows
us to construct a natural metallic structure J̃ and a natural pseudo-Riemannian
metric g̃ on T ∗M in the following way.

We define J̃ : T (T ∗M) → T (T ∗M) by

J̃ := (Φ∇) ◦ Ĵ ◦ (Φ∇)−1

and the pseudo-Riemannian metric g̃ on T ∗M by

g̃ := ((Φ∇)−1)∗(ĝ).
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P r o p o s i t i o n 7.3. (T ∗M, J̃, g̃) is a metallic pseudo-Riemannian mani-

fold.

P r o o f. From the definition it follows that J̃2 = pJ̃ + qI and g̃(J̃X, Y ) =
g̃(X, J̃Y ), for any X,Y ∈ C∞(T (T ∗M)). �

In local coordinates, we have the following expressions for J̃ and g̃:














J̃
�

XH
i

�

= Jk
i X

H
k + gik

∂

∂yk

J̃

�

∂

∂yj

�

= (−J2 + pJ + qI)lkg
jk ∂

∂yl
− J j

k

∂

∂yk
+ p

∂

∂yj

and


































g̃
�

XH
i ,XH

j

�

= gij

g̃

�

XH
i ,

∂

∂yj

�

= p
4
δij − 1

2
J j
i

g̃

�

∂

∂yi
,

∂

∂yj

�

= gij .

Computing the Nijenhuis tensor of J̃ , in the case when J is metallic with
J2 = pJ + qI and ∇ is the Levi-Civita connection of g, we get:

N
J̃

�

∂

∂yi
,

∂

∂yj

�

= 0

N
J̃

�

XH
i ,

∂

∂yj

�

= ((∇JXi
J)Xk − J (∇Xi

J)Xk)
j ∂

∂yk

N
J̃

�

XH
i ,XH

j

�

= (NJ (Xi,Xj))
kXH

k

+yl

�

Jk
i J

h
j R

l
khs − Jr

sJ
k
i R

l
kjr − Jr

sJ
k
j R

l
ikr + pJk

sR
l
ijk + qRl

ijs

� ∂

∂ys
.

Therefore we can state the following:

P r o p o s i t i o n 7.4. Let (M,J, g) be a flat locally metallic pseudo-Rieman-

nian manifold. If ∇ is the Levi-Civita connection of g, then (J̃ , g̃) is an inte-

grable metallic pseudo-Riemannian structure on T ∗M .

Rema r k 7.1. The metallic structures J̄ and J̃ on the tangent and cotan-
gent bundles respectively, satisfy:

J̄ ◦ (Ψ∇ ◦ (Φ∇)−1) = (Ψ∇ ◦ (Φ∇)−1) ◦ J̃ .
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