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On the geometry of metallic pseudo-Riemannian structures

Abstract. We generalize the notion of metallic structure in the pseudo-
Riemannian setting, define the metallic Norden structure and study its
integrability. We consider metallic maps between metallic manifolds
and give conditions under which they are constant. We also construct
a metallic natural connection recovering as particular case the Ganchev
and Mihova connection, which we extend to a metallic natural connec-
tion on the generalized tangent bundle. Moreover, we construct metallic
pseudo-Riemannian structures on the tangent and cotangent bundles.
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1 - Introduction

On a smooth manifold, M, the concept of almost complex structure can
be generalized to almost product, almost tangent and to some other general
polynomial structures, as C* tensor fields J, of (1, 1)-type, such that:

J" 4+ an 1 J" Va4 agl =0,

where [ is the identity on the Lie algebra of vector fields on M, C*°(TM),
ag, ..., an_1 are real numbers and n > 2.
In this paper we consider the case n = 2:

J? =pJ +ql,

where p and ¢ are real numbers. In particular, for p = 0 and ¢ = —1, J is an
almost complex structure on M.
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We recall that, for fixed positive integer numbers p and g, the (p, q)-metallic
number stands for the positive solution of the equation 2> — pxr — ¢ = 0 and it
is equal to

P+ Vp?+4q

1 —
(1) Op,q 9

For particular values of p and ¢, some important members of the metallic
mean family [6] are the followings: the Golden mean ¢ = # forp=¢qg=1,
the Silver mean o9 = 021 = 1 + V2 for ¢ = 1 and p = 2, the Bronze mean
OBr = 031 = %ﬂ for ¢ =1 and p = 3, the Subtle mean 041 = 2 + V5 = @3
for p =4 and q = 1, the Copper mean oc, = 012 = 2 for p =1 and q = 2, the
Nickel mean on; = 013 = % for p=1 and ¢ = 3 and so on.

Extending this idea to tensor fields, C.-E. Hretcanu and M. Crasmareanu
introduced the notion of metallic structure:

Definition 1.1. [3] A (1,1)-tensor field J on M is called a metallic
structure if it satisfies the equation:

(2) J? =pJ +ql,

for p and ¢ positive integer numbers, where I is the identity operator on
C>(TM). In this case, the pair (M, J) is called a metallic manifold. More-
over, if g is a Riemannian metric on M such that J is g—symmetric, that is
9(JX)Y) = g(X,JY), for any X, Y € C®(TM), we call the pair (J,g) a
metallic Riemannian structure and (M, J, g) a metallic Riemannian manifold.

From the definition, we immediately get that a metallic Riemannian struc-

ture satisfies
g(JX,JY) =pg(X,Y) + q9(X,JY),

for any X, Y € C>*(T'M).

(1,1)-tensor fields on M, which are g-symmetric, have applications in Gen-
eralized Geometry since they naturally define (pseudo-)calibrated generalized
complex structures ([4], [5]).

In this paper we generalize the notion of metallic structure in the pseudo-
Riemannian setting in order to include Norden structures. We define the con-
cept of metallic Norden structure and study its integrability. We consider metal-
lic maps between metallic manifolds and give conditions under which they are
constant. We also construct a metallic natural connection recovering, as par-
ticular case, the Ganchev and Mihova connection defined for Norden structures
and we extend it to a metallic natural connection on the generalized tangent
bundle. Moreover, we construct metallic pseudo-Riemannian structures on the
tangent and cotangent bundles.
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2 - Metallic pseudo-Riemannian manifolds

The notion of metallic Riemannian manifold can be generalized to a metallic
pseudo-Riemannian manifold. We pose the following:

Definition 2.1. Let (M, g) be a pseudo-Riemannian manifold and let J
be a g-symmetric (1,1)-tensor field on M such that J? = pJ + ¢, for some p
and g real numbers. Then the pair (J, g) is called a metallic pseudo-Riemannian
structure on M and (M, J, g) is called a metallic pseudo-Riemannian manifold.

Fix now a metallic structure J on M and define the associated linear con-
nections as follows:

Definition 2.2. i) A linear connection V on M is called J-connection if
J is covariantly constant with respect to V, namely VJ = 0.

ii) A metallic pseudo-Riemannian manifold (M, J,g) such that the Levi-
Civita connection V with respect to ¢ is a J-connection is called a locally
metallic pseudo-Riemannian manifold.

The concept of integrability is defined in the classical manner:

Definition 2.3. A metallic structure J is called integrable if its Nijenhuis
tensor field N vanishes, where N;(X,Y) := [JX,JY |- J[JX,Y]|—-J[X,JY ]|+
J?[X,Y], for X, Y € C®(TM).

Lemma 2.1. If (M, J,g) is a locally metallic pseudo-Riemannian manifold,
then J is integrable.

Proof. We have:
Ny (X,Y)=(VyxJ)Y = (Vyy )X + J(VyJ)X — J(VxJ)Y,

for any X, Y € C*°(T'M). Then the statement. O

Remark 2.1. Every pseudo-Riemannian manifold admits locally metallic

++/ p2+4 .
PEVPH iy

pseudo-Riemannian structures, namely J = pl, where p =
p® +4q > 0.

Definition 2.4. J:= ul, where u = pEVPTHAY ”gQHq with p? +4q > 0, is called
a trivial metallic structure.

Definition 2.5. A metallic pseudo-Riemannian manifold (M, J,g) such
that the Levi-Civita connection V with respect to g satisfies the condition

(VxJ)Y + (VyJ)X =0,
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for any X, Y € C*(T M), is called a nearly locally metallic pseudo-Riemannian
manifold.

Proposition 2.1. A nearly locally metallic pseudo-Riemannian manifold
(M, J,g) such that J? = pJ + qI with p*> +4q > 0 is a locally metallic pseudo-
Riemannian manifold if and only if J is integrable.

Proof. Forany X,Y € C*(TM), we have:
Ny(X,Y) = (Vyx )Y — (Voy X + J(Vy )X — J(VxJ)Y

=—(Vy)JX + (VxJ)JY + J(VyJ)X — J(VxJ)Y

= —(VyJ2X) +2(JVy )X + J2Vy X + (VxJ?Y) = 2(JVxJ)Y — J?VxY
= =2p(Vy )X +4J(Vy )X =2(2J — pI)(VyJ)X.

We observe that g is not an eigenvalue of J because p? + 4q > 0, thus we get

that if J is nearly locally metallic, then
N;y=0«<—VJ=0

and the proof is complete. ]

3 - Metallic natural connection

Theorem 3.1. Let (M, J,g) be a metallic pseudo-Riemannian manifold
such that J? = pJ + ql with p*> +4q # 0. Let V be the Levi-Civita connection
of g and let D be the linear connection defined by:

b
3 D:=V+ J(VJ) — VJ).
3) g (V) = (V)
Then
DJ=0
(4) {Dg:().

Proof. We have:

DJ—JD = VJ—JV—I—m@JVﬂ—2qVJ—pVJ2—2J2VJ—|—pJ2V+2qJV)

=VJ = IV + 132 (2¢JV = 2¢VJ — p*VJ —2qVJ + p* IV +2¢J V)
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=VJ—-JV+ p2i4q [(4q + p*)JV — (4q + p*)V.J] = 0.

Moreover, for any X, Y, Z € C*(T'M), we have:

(Dxg)(Y, Z2) = X(9(Y, Z)) = g(DxY, Z) — g(Y, Dx Z)

= 111 20((VX DY, T Z)=pg(Vx J)Y, Z)+29(JY, (Vx ) Z)~pg(Y, (Vx J) Z)]
= i1y 20(Vx JY, JZ) = pg(VxY, JZ) = 2q9(Vx Y, Z) = pg(Vx JY, Z)+
+29(JY,VxJZ) —pg(JY,VxZ) = 2q9(Y,Vx Z) — pg(Y,VxJZ)]
=212, 2X (I, I Z)) = pX (9(Y, Z)) = pX (9(JY, Z)) = 24X (9(Y, 2))]
= o 12X (p9(Y, I Z) + qg(Y, Z)) — pX (9(Y, T Z)) — aX (9(Y. Z))] = 0.

Then the proof is complete. O

Definition 3.1. The linear connection D defined by (3) is called the
metallic natural connection of (M, J, g).

A direct computation gives the following expression for the torsion TP of
the natural connection D:

TO(X.Y) = A2 = pD)(TxTY = Vv JX) = (0] + 240X, Y]}

for any X, Y € C*(T'M).
Thus we get the following:

Proposition 3.1. Let (M, J,g) be a metallic pseudo-Riemannian man-
ifold such that J*> = pJ + qI with p*> + 4q # 0. Then the torsion TP of the
natural connection D satisfies the following relation:

TP(JX,Y) +TP(X,JY) - pTP(X,Y) = (2J — pI)N;(X,Y),
for any X, Y € C®°(TM). In particular, if J is integrable, then:
TP(IX,Y)+TP(X,JY) = pTP(X,Y).

Remark 3.1. If p=0, g = —1 and J is integrable, then the natural con-
nection D coincides with the natural canonical connection defined by Ganchev
and Mihova in [2].
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4 - Metallic Norden structures

Recall that a Norden manifold (M, J,g) is an almost complex manifold
(M, J) with a neutral pseudo-Riemannian metric g such that ¢g(JX,Y) =
9(X,JY), for any X, Y € C®°(TM). We can state:

Proposition 4.1. If (M,J,g) is a Norden manifold, then for any real
numbers a and b,
Jap = aJ + bl

are metallic pseudo-Riemannian structures on M.
Proof. We have:
T2y =2bJap — (a® + b°)1.
Moreover, for any X, Y € C*°(T M), we have:
9(Jap X, Y) = g(X, JopY).
Then the statement. g

We remark that J = Jp .
Also, from VJ,, = aVJ and NJayb = a’N;, we get the following:

Proposition 4.2. Assume that a # 0. Then:

1. Jup is integrable if and only if J is integrable.

2. Jap 18 locally metallic if and only if J is Kdhler.

3. Jup is nearly locally metallic if and only if J is nearly Kdhler.
Conversely, we have:

Proposition 4.3. If (M, J, g) is a metallic pseudo-Riemannian manifold
such that J* = pJ + qI with p*> + 4q < 0, then

2 P
Jy =+ J— I
- (\/—p2—4q V-p2 —4q )

are Norden structures on M and J = aJy + bl with a = +(——2—)"" and

) VvV —pt-4q
b=-1L.
2
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Proof. We have:

1
J2 = ———  (4J% —4pJ + p*I) = ———(4qI + p*I) = —1I.

Moreover, for any X, Y € C*°(TM), we have:
g(J:I:X7Y) = g(X7 J:I:Y)

Finally, we have:

2 - p
J=4(———x—=)' - 7L
_p2 —4q 2

Then the statement. 0
We give the following definition:

Definition 4.1. Let (M, J, g) be a metallic pseudo-Riemannian manifold
such that J? = pJ + ¢I with p?> +4q < 0. Then J is called a metallic Norden
structure on M and (M, J, g) is called a metallic Norden manifold.

5 - Metallic maps

Definition 5.1. A smooth map f : (M, J1) — (Ma,J2) between two
metallic manifolds is called a metallic map if:

(5) feodi=Jyo fu.

Remark 5.1. If f : (Miy,JJ1) — (Ma,Jz) is a metallic map and J? =
pid; + ¢;I with p; and g; real numbers, ¢ = 1,2, then:

i) foo 2Rl = J2k+lo £ for any k e N;

i) ([(p3 + q2) — (07 + @1)]J1 + (p2g2 — prq1)I)(T'My) C ker fy;

iii) in the particular case when one the structure is product and the other
one is complex, then ImJ; C ker f,.

Then we can state the following:

Proposition 5.1. Let f: (My,J1) — (Ma, J2) be a metallic map between
q1—q2 # in\/ 1;224—4(12’ th@n f

two connected metallic manifolds. If py # pa and pres—
is constant. Moreover, if p1 = pa but q1 # qo, then f is constant.
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Proof. From f, o J; = Js o f,, we get:
Jyo froJi=Jsof,
thus
fuo i =J3o f.

or
Plf* OJl +(J1f* :p2J2 Of* +CI2f*

equivalent to
(p1 —p2)J20 fu+ (1 —q2) fs =0

and to
((p1 — p2)J2 + (g1 — g2)I) o fx = 0.

In particular, if ((p1 — p2)J2 + (¢1 — g2)1) is invertible, then f, = 0.

Now, (p1 — p2)Jo + (g1 — g2)I is invertible if and only if g;:g? is not an
eigenvalue of Jo, or p1 = po but ¢ # go.
Then the statement. 0

6 - Induced structures on TM & T*M
6.1 - Generalized metallic pseudo-Riemannian structures

In [1] we introduced the following notions of generalized metallic structure
and generalized metallic Riemannian structure. Let TM & T*M be the gener-
alized tangent bundle of a smooth manifold M.

Definition 6.1. A generalized metallic structure J on M is an endomor-
phism J: TM & T*M — TM & T*M satisfying

J? = pj +ql
for some real numbers p, q.

Definition 6.2. A pair (J,§) of a generalized metallic structure J and
a Riemannian metric g, on TM & T*M, such that J is g-symmetric is called a
generalized metallic Riemannian structure on M.

We pose the following:
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Definition 6.3. A pair (J,§) of a generalized metallic structure J and a
pseudo-Riemannian metric § such that J is g-symmetric is called a generalized
metallic pseudo-Riemannian structure. If J? = pj + ¢I with p? +4¢ < 0, then
J is called a generalized metallic Norden structure.

Let (M, .J, g) be a Norden manifold and let (.7, §) be the generalized Norden

structure defined in [5]:
= J 0
7=, )

(6) GOX + .Y + ) 1= g(X, V) + 290IX,168) + So(tgct, TY) + gltya ),

for any X, Y € C*(TM) and o, € C*°(T*M). Then J defines the following
family of generalized metallic Norden structures:

ja,b = aJ + bl = (aJ+bI 0 ),

abg —aJ* 4+ bl
where a and b are real numbers, since
jg,b = pJap+al
with p = 2b and ¢ = —(a? + b?) and
3(Jap(0),7) = (0, Jup (7)),

for any o, 7 € C°(TM & T*M).
We remark that, up to rescaling the metric, instead of .J, 3, we can consider

the family:
G aJ + bl 0
W\ b, —aJ* bl

Moreover, if (M, J,g) is a metallic pseudo-Riemannian manifold with J? =
pJ +qlI, for p =2b and ¢ = —(a® + b?), we immediately have that

A J 0
(7) Ji= (bg —J*—i—p[)

is a generalized metallic structure with:

jQ:pj—i—qI.
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If we assume p? +4q # 0, generalizing (6), we define the pseudo-Riemannian
metric:

(8) WX +a,Y +8) =

= 900Y) + gltg01B) + 7 [9(X 1) + 9V tge)
2

vy [9(JX,448) + g(JY, )]

= 900Y) + gltg 1) + e (V) + BX))
2

T g (a(JY) + B(J X)),

for any X, Y € C®°(TM) and «, f € C*(T*M) and we have the following:

Proposition 6.1. Let (M,J,g) be a metallic pseudo-Riemannian man-
ifold such that J?> = pJ + qI with p*> + 4q # 0. Then (J,§) is a generalized
metallic pseudo-Riemannian structure with J given by (7) and g given by (8).

Proof. Forany X +a, Y + 8 € C®(TM & T*M), we have:
G(J(X +),Y +B) = G(JX +by(X) — J*(a) + pa, Y + )
= g(JX,Y) + B(X) — (8" (), §48) + pg(§gcx, )
+ AL BIX) + g(X,Y) — a(JY) +pa(Y)] - i pB(IX) + B(X)

+9(X, JY) — qa(Y)]

and

I(X +a,J(Y 4+ B) = g(X +a,JY +b,(Y) — J*(B) + pB)
= g9(X,JY) + oY) — g(85J7(B), fga) + pg(Hgcx. g 3)

7 a(JY) + g(X,Y) = B(JX) + pB(X)]

[pa(JY) + qa(Y) + g(Y, JX) — ¢B(X)].

+

__2
p*+4q
Since (M, J,g) is a metallic pseudo-Riemannian manifold and J* = b,J4,

we get the statement. O

Definition 6.4. Let (M, J, g) be a metallic pseudo-Riemannian manifold.
The pair (J, ) defined by (7) and (8) is called the generalized metallic pseudo-
Riemannian structure defined by (J,g).
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More generally, we can construct generalized metallic pseudo-Riemannian
structures by using a pseudo-Riemannian metric g on M and an arbitrary g-
symmetric endomorphism J of the tangent bundle as in the followings.

Theorem 6.1. Let g be a pseudo-Riemannian metric on M and let J be
an arbitrary endomorphism of the tangent bundle which is g-symmetric. Then
(J,3g) is a generalized metallic pseudo-Riemannian structure, where

o T ()
and
(10) JX +a,Y+p):=

P’ +4q

T 45,0, 848) + L (a(Y) + A(X) — S(a(Y) + H(IX)

forany X, Y € C®(TM) and o, p € C®(T*M) and p and q any fized real
numbers.
Moreover, J satisfies:

=g9(X,Y) +

(J(X+a),Y +8)+ (X +a,JY +8)=p- (X +a,Y +5),

where

(1) (X +a,¥ + ) i= —5(a(Y) - B(X))

is the natural symplectic structure on TM & T*M.

Proof. A direct computation gives J? = pJ + ¢I.
Moreover, for any X +a € C°(TM & T*M), we have:

J(X +a) = JX = J2(850) + pJ (850) + ghga + 5g(X) = J*(@) + pa

and using the definition of (-,-) we get the last statement.
Now, for any X +«, Y + € C®(TM © T*M), we have:

JJ(X +0),Y +8) = g(JX,Y) — g(J2(t40), Y) + pg(J (150), Y)

+ag(tg,Y) + EHg(X, 48) — (5, T%(0), £48) + B pg(tga, e )

+29(X,Y) = a(JY) + pal(Y) + BJX) — B(J2(80)) + pB(I (t40)) + qB(Eg0)

— Hg(X,JY) = a(J?Y) + pa(JY) + B(J2X) = B(J3(240)) + pB(J(H40))
+aB(J (Hg))]
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and

J(X +a, (Y + B) = g(JY, X) — g(J2(£48), X) + pg(J (45), X)

+ag(teB, X) + EHg (Y fy0) — B0 (5,0%(8), tg0) + B pg (8, t40)
+Blg(Y, X) = BUIX) + pB(X) + a(JY) — a(J2(448)) + pa(J (1,8)) + qalteB)]
— Hg(Y, JX) = BJ2X) + pB(IX) + a(J2Y) = a(J(1,8)) + pal(J*(£s5))

+qa(J(8g5))]-

Since J is g-symmetric and J* = b, J,; we get the statement. O

Remark 6.1. i) For p = 0, the structure J is anti-calibrated with respect
to (11).
ii) In particular, for p = 0 and ¢ = 1 we get the generalized product structure

J, = <J (—J2+I)ﬁg>

by —J*
and for p = 0 and ¢ = —1 we get the generalized complex structure
; (J (=%~ I)tig>
Je 1= N
by —J

which are both anti-calibrated.
i) If .J is a metallic structure with J? = pJ + ¢I, then J = J.

Remark 6.2. i) Notice that if (J, g) is a metallic pseudo-Riemannian struc-
ture such that J? = pJ+qI with p?+4q < 0, then J’ obtained from Jap (beside
J) and given by:

s (—=J+pl 0O
(12) J = < b, g+
is a generalized metallic structure with:
J? = pj' +ql.

Moreover, the two structures J and J' coincide with the ones obtained by
considering first the Norden structures Ji induced by J and then defining the
generalized metallic structures

. aJ+ + bl 0
(13) Jap = < by —aJt + bI) ’
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where a = :Izi”w;%q and b= 15
ii) The structure .J' defined by:
_ 72
(14) Foo ( Jb—i-pf (—J +pJ{+qI)ﬁg)
9

is also a generalized metallic structure and for the particular case when J is
metallic with J2 = pJ + ¢I, it is precisely J'.

Remark 6.3. Let (M, g) be a pseudo-Riemannian manifold and let J be
an arbitrary g-symmetric endomorphism of the tangent bundle. Then for any
p and ¢ real numbers with p? + 4¢q < 0:

. 2 . P
Ji = +( J- 1)
VP —dq  /-p?—4g

are generalized Norden structures with respect to the metric g.

6.2 - Generalized metallic natural connection
Let (M, J,g) be a metallic pseudo-Riemannian manifold and let D be the
metallic natural connection given by (3). We define:
D:C®(TM &T*M) x C*(TM &T*M) — C®°(TM & T*M)
by:
(15) Dy alY + ) = DxY + DB,
forany X, Y € C*(T'M) and «, g € C*°(T*M) and we have:

Theorem 6.2. The linear connection D satisfies the following conditions:

N

DJ=0

16 .
(16) Dg =o.

Moreover, Tﬁ(X +a,Y +B) =TP(X,Y), for any X, Y € C®(TM) and «a,
B e C®(T*M), and D is flat if and only if D is flat.

Proof. From the definition of J and from the properties of D we get:
(Dxad)(Y + B) = Dx1a(JY +by(Y) = J*(8) + pB)
= DxJY + Dx (04(Y) = J*(8) + pP)
= J(DxY) +by(DxY) = J*(Dx ) + pDx 3 = J(DxY) + J (Dx )
= J(Dx+a(Y +6)),



82 ADARA M. BLAGA and ANTONELLA NANNICINI |14]

for any X, Y € C®(TM) and «, § € C®(T*M).

Moreover, from the definition of § we get:

X@GY +B,Z+479) = 4(Dx1aY +8), Z+7) = 3(Y + B, Dx1a(Z + 7))
= X (9(Y, Z) + g(848,897) + 72255 (B(Z) +7(Y)) = 525, (B(IZ) + 7(JY))
—[9(DxY, 2) + g(tg(DxB), tg7) + 725 (DxB)Z + v(DxY))

— =25 ((DxB)(IZ) + /(T (DxY)))] = [9(Y, Dx Z) + g(84 8, £4(Dx7))

+ =2 (Dx7)Y + B(Dx Z)) = 721 (Dxy)(JY) + B(J(Dx 2)))] = 0

for any X, Y, Z € C®°(TM) and «, 8, v € C°(T*M).

If we define by:

TP(X +a,Y + ) = Dx1a(Y + B) = Dy45(X +0) = [X +a,Y + 8p
the torsion of 15, where
[X—f—Oz,Y-f—/B]D = [X,Y] + Dxf — Dya,

we have:
TP(X +a,Y +8)=TP(X,Y).

Also, if we define by:
RP(X +a,Y 4+ B)(Z +7) =

= [)X—i—abYJr,B(Z +7) — bYJrﬁ[)X—i—a(Z +7) - b[X+a,Y+,B]D(Z +7)

the curvature of f), we have:

RP(X +a,Y +8)(Z+~) = RP(X,Y)Z + RP(X,Y )y

and we get the statement. O

Definition 6.5. The linear connection D defined by (15) is called the
generalized metallic natural connection of (TM &T*M, J, ).
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7 - Metallic pseudo-Riemannian structures on tangent and cotan-
gent bundles

7.1 - Metallic pseudo-Riemannian structures on the tangent bundle

Let (M, g) be a pseudo-Riemannian manifold and let V be a linear connec-
tion on M. Then V defines the decomposition into the horizontal and vertical
subbundles of T'(T'M):

T(TM) =T"(TM)® TV (TM).

Let m: TM — M be the canonical projection and 7, : T(T'M) — TM be
the tangent map of w. If a € TM and A € T,(T'M), then m,(A) € Ty(yM and
we denote by X, the standard identification between T7(,)M and its tangent
space To(TrqyM).

Let UV : TM @ T*M — T(TM) be the bundle morphism defined by:

UY(X +a) = X'+ xaltga),

where a € TM and X is the horizontal lifting of X € Tr)M.
Let {:Ul,...,x”} be local coordinates on M, let {il,...,:ﬁ”,yl,...,y”}
be respectively the corresponding local coordinates on TM and let

{X1,..,X %} be a local frame on T'(T'M), where X; = 0
Y

; naaylv"v 85‘61
0
v H
v <8SUZ> =4

We have:

Let J be an arbitrary g-symmetric endomorphism on the tangent bundle.
For any p and ¢ real numbers, let

j.o (7 P4 +al
©\by —J*+pl

be the generalized metallic pseudo-Riemannian structure defined by (.J, g) with
the pseudo-Riemannian metric § defined by (10). The isomorphism ¥V allows
us to construct a natural metallic structure J and a natural pseudo-Riemannian
metric g on T'M in the following way.

We define J : T(TM) — T(TM) by

J = (V)0 Jo (V) !
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and the pseudo-Riemannian metric g on T'M by
3= ((Y)")"()-
Proposition 7.1. (TM,J,g) is a metallic pseudo-Riemannian manifold.

Proof. From the definition it follows that J2 = p.J 4+ ¢I and g(JX,Y) =
(X, JY), for any X,Y € C®(T(TM)). O

In local coordinates, we have the following expressions for J and g:

- 0
XH) = JkxH :
J( z) Jz k +8yz
7 9 2 kyH k 9 9
J(a—?ﬂ)_(_J +pJ+qI)ij —J]W"i‘pa—yj

and

Computing the Nijenhuis tensor of J, in the case when J is metallic with
J? = pJ + ql and V is the Levi-Civita connection of g, we get:

0 0
N7 s ==
J(W’@y]) !

0 0
N (Xf , @) = (V) Xy = (V) X

Ny (XH, X1 = (N (X, X)) e X!

—y* (JETE Ry — T JERL,, — JEJT R, + pJURY, + aRY,) 5

Therefore we can state the following:

Proposition 7.2. Let (M, J,g) be a flat locally metallic pseudo-Rieman-
nian manifold. If V is the Levi-Civita connection of g, then (J,g) is an inte-
grable metallic pseudo-Riemannian structure on T'M.
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7.2 - Metallic pseudo-Riemannian structures on the cotangent bundle

Let (M, g) be a pseudo-Riemannian manifold and let V be a linear connec-
tion on M. Then V defines the decomposition into the horizontal and vertical
subbundles of T(T*M):

T(T*M) = TH(T*M) & TV (T*M).

Let 7w : T*M — M be the canonical projection and 7, : T(T*M) — T'M be
the tangent map of 7. If a € T*M and A € To(T* M), then m.(A) € Ty (oM and
we denote by x, the standard identification between T;(Q)M and its tangent

space Ta(T:(a)M).
Let ®V : TM & T*M — T(T*M) be the bundle morphism defined by:

QJV(X +a):= Xf + Xa(®),

where a € T*M and X! is the horizontal lifting of X € Tra)M.
Let {xl, ,x"} be local coordinates on M, let {iﬁ sy T YT, ,yn}
be respectively the corresponding local coordinates on T*M and let

{X1, ..., Xn, 9 y i} be a local frame on T'(T*M ), where X; = i

dy1” 7 Oy, oz’
0
v H
® (856’) =X

We have:
; 0
i (dxj) = —.
dy;
Let J be an arbitrary g-symmetric endomorphism on the tangent bundle.
For any p and ¢ real numbers, let

g (7] I+ +al),
by —J*+pl

be the generalized metallic pseudo-Riemannian structure defined by (J, g) with
the pseudo-Riemannian metric § defined by (10). The isomorphism ®V allows
us to construct a natural metallic structure J and a natural pseudo-Riemannian
metric g on T*M in the following way.

We define J : T(T*M) — T(T*M) by

J:=(@®V)oJo(®V)!
and the pseudo-Riemannian metric g on T*M by

g=((2Y)71)" ()



86 ADARA M. BLAGA and ANTONELLA NANNICINI 18]

Proposition 7.3. (T*M, J,g) s a metallic pseudo-Riemannian mani-
fold.
Proof. From the definition it follows that J?2 =pJ+ql and §(JX,Y) =
9(X,JY), for any X, Y € C®(T(T*M)). O

In local coordinates, we have the following expressions for J and §:

~ 0

XY = gkxH L
J( z) Jz k +gzkayk

0 0 o, 0
— | = (=P +pJ+ql)lg*— —J — +p—
(3%) ( PI+aDg oy “Foyy payj

S

g 7 7

and )
(XH7 XH) = 9ij

- 0 ;
g <XiH7 3—yj> = 0o — 5J]

. <i i) _ i

Computing the Nijenhuis tensor of J, in the case when J is metallic with
J? = pJ +qI and V is the Levi-Civita connection of g, we get:

0 0
JN O A
J<5yi’<9yj) 0

0 -0
N; XH,—): Vix,J) Xp —J(Vx,J) X)) =—
J( C By (Vix,J) Xe — J (Vx,J) Xp) o

Ny (XH X = (N (X, X)X

o (JETE Ry = JLIERY,, — JLIERY, + pIERL, + aRY,) B
S
Therefore we can state the following:

Proposition 7.4. Let (M, J,g) be a flat locally metallic pseudo-Rieman-
nian manifold. If V is the Levi-Civita connection of g, then (J,g) is an inte-
grable metallic pseudo-Riemannian structure on T*M .

Remark 7.1. The metallic structures J and J on the tangent and cotan-

gent bundles respectively, satisfy:
Jo(TVo (V) ™) = (Vo (V) ol



ON THE GEOMETRY OF METALLIC PSEUDO-RIEMANNIAN STRUCTURES 87

References

A. M. BrAcA and A. NANNICINI, Generalized metallic structures, Rev. Un.
Mat. Argentina, to appear.

G. GANCHEV and V. M1HOVA, Canonical connection and the canonical con-
formal group on an almost complex manifold with B-metric, Annuaire Univ.
Sofia Fac. Math. Inform. 81 (1987), 195-206.

C.-E. HRETCANU and M. CRASMAREANU, Metallic structures on Riemannian
manifolds, Rev. Un. Mat. Argentina 54 (2013), 15-27.

A. NANNICINI, Calibrated complex structures on the generalized tangent bundle
of a Riemannian manifold, J. Geom. Phys. 56 (2006), 903-916.

A. NANNICINI, Norden structures on cotangent bundles, Boll. Unione Mat. Ital.
12 (2019), 165-175.

V. W. DE SPINADEL, On characterization of the onset to chaos, Chaos Solitons
Fractals 8 (1997), 1631-1643.

ADARA M. BLAGA

West University of Timigoara
Department of Mathematics
Bld. V. Parvan nr. 4

300223, Timigoara, Romania
e-mail: adarablaga@yahoo.com

ANTONELLA NANNICINI

University of Florence

Department of Mathematics and Informatics “U. Dini”
Viale Morgagni, 67/a

50134, Firenze, Italy

e-mail: antonella.nannicini@Qunifi.it



