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rate CR manifold M, and admitting shearfree null geodesic congruences
N. This class of metrics is obtained by a lifting procedure from M to M x
R devised by I. Robinson and A. Trautman (cf. [71]-[72]) and notably
radiative gravitational fields are searched for (cf. e.g. R.K. Sachs, [74])
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Graham-Sparling construction (cf. [40], [77]) is shown to be a particular
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with two complemented frames obtained as a covariant derivative of the
given null Killing vector field N.
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1 - CR versus Lorentzian geometry and CR embedding problem

The purpose of this expository paper! is to review the geometric ingredients
needed to describe the interaction between CR and pseudohermitian geometry
(such as discovered by S. M. Webster, [84], and N. Tanaka, [78]) on one hand,
and space-time physics on the other. Said interaction has two sources i.e. it has
been discovered independently within two distinct areas of scientific investiga-
tion, which are mathematical analysis of functions of several complex variables,
and general relativity and gravitation theory coupled with electromagnetism.
Given a smoothly bounded strictly pseudoconvex domain Q C C", let K(z,w)
be the Bergman kernel of €2 and let us set

U(z¢) = [¢[/" Y K (2,270 | 2 e, ¢eC)\{o}.

!Extended version of the lecture given at the meeting Complex Analysis and Geometry in
Pisa, October 5-6, 2018.
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By a result of C. Fefferman (cf. [33])

" 9%U

G = —_dJ od, =,
— 02) 0k
J,k=0

is a semi-Kéhlerian metric on Q x (C\{0}). If j : @ x S' < Q x (C\ {0}) is the
inclusion then, in the limit as z — 052, the metric j*G tends to a Lorentzian
metric ¢ on 9Q x S' whose restricted conformal class [g] = {e""g : u €
C> (052, R)} is a biholomorphic invariant (here m : 9Q x St — 9Q is the
projection). This is Fefferman’s metric as first discovered in [33]. An open
problem left by C. Fefferman at the time [33] was written, was whether one
may build a Lorentzian metric g on M x S! for any strictly pseudoconvex real
hypersurface M C C™ in such a manner that the restricted conformal class [g]
be a CR invariant. The problem was solved by J. M. Lee (cf. [53]) who built a
Lorentzian metric F;, € Lor(C(M)) on the total space C(M) of the canonical

circle bundle S — C(M) =+ M over a strictly pseudoconvex CR manifold M,
not necessarily embedded, endowed with a positively oriented contact form 7.
When M is a real hypersurface in C" the canonical circle bundle is trivial [i.e.
C(M) ~ M x S', a principal bundle isomorphism]. The construction in [53] is
such that there is a conformal isometry of (C (89), F,,)) onto (6Q x ST, g).

Another scheme for associating a Lorentzian metric g € Lor(M x R) to any
3-dimensional CR, manifold M was devised by I. Robinson and A. Trautman
(cf. [71]-[72]) and A. Trautman (cf. [82]), cf. (15) in Section §2.6.1 below,
producing Lorentzian metrics g = g(n, o, P, H, W) € Lor(M x R) associated
to a given pseudohermitian structure 7, a globally defined C* section ¢ : M —
T1,0(M), and a parameter (C*° function)

(P,H,W): M xR— (R\{0}) xRxC.

The construction of the assignment (77, o, P, H, W) — g(n, o, P, H, W) doesn’t
require additional assumptions on the Levi form G, (i.e. it is general enough
to include the case of a Levi flat CR manifold M) and it is explained in detail
by C.D. Hill and J. Lewandowski and P. Nurowski (cf. [42]), although stripped
of the flag and optical geometry background in [71]-[72], to the purpose of
ingeniously applying the construction to the CR embedding problem.

The embedding problem for 3-dimensional CR manifolds is to build two func-
tionally independent CR functions u, : U — C, a € {1,2}, defined on some
neighbourhood U C M of any given point g € M, such that (u1 , uz) U — C?
be a CR immersion. The problem admits an obvious global version, besides
from the local version just stated. Any real analytic CR manifold is locally
embeddable, essentially by applying the Cauchy-Kowalewski theorem to the
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tangential Cauchy-Riemann equations dyu = 0. This is a celebrated result by
A. Andreotti and C.D. Hill (cf. [2]). By a result of A. Andreotti and G.A.
Fredricks (cf. [3]) real analytic CR manifolds are also globally realizable, as CR
submanifolds of some complex manifold, perhaps other than C2. In the C™
category however, not even the local problem is always solvable. Indeed, by a
result of L. Nirenberg (cf. [61]) a certain perturbation L + ¢ /0t of the Lewy
operator L (cf. e.g. [45], p. 235) on R3 furnishes a 3-dimensional CR manifold
which is not embeddable in any neighbourhood of the origin. Our discussion is
confined to the case of 3-dimensional CR manifolds so we only mention briefly
that positive results for higher dimensional CR manifolds were obtained by M.
Kuranishi (any strictly pseudoconvex CR manifold of dimension 2n +1 > 9
is locally embeddable in C"1, cf. [52]) while T. Akahori solved (cf. [1]) the
problem in dimension 2n + 1 = 7, and the CR embedding problem is open in
dimension 2n 4+ 1 = 5. Going back to the 3-dimensional case, one may not over
emphasise the importance of the work by C.D. Hill and J. Lewandowski and
P. Nurowski (cf. [42]) who focused on the close relationship between local em-
beddability of 3-dimensional CR manifolds M and the existence of Lorentzian
metrics on M x R satisfying Einstein’s equations R,, = Ag,,. The subtle
approach in [42] is to write the Cartan structure equations (for the Einstein
field g at hand)

1
dr"y + TV A% = = Ry % A eF

with respect to a special coframe {©# : 0 < p < 3} [where 0%, a € {1,2},
are complex 1-forms and ©°, b € {3, 4}, are real 1-forms such that g admits the
particularly simple representation g12 = g21 = 1 and go3 = g30 = 1 and g, =0
otherwise] and find indices (uo , V()) such that the complex Pfaffian system

P/to vg — 0

is (as a consequence of Einstein’s equations) involutive on (an open subset
of) M x R. Then (by the real Frobenius theorem together with existence of
isothermal coordinates on a Riemann surface) one may show that

Lo = hdg

for some real function h and some complex function ¢ such that d¢ A d¢ # 0.
The projection of ¢ on M gives a first CR function u;. To obtain a second CR
function ug (such that duj A dug # 0) one assumes (again cf. [42]) that, besides
from the existence of a Lorentzian metric g satisfying Einstein’s equations

(1) Roo =0, Roy=0, Ry =0,
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[where g is derived, from the given strictly pseudoconvex CR structure T7 (M)
together with a vector field N € X(M x R) tangent to the R term, by a lifting
procedure that we describe in §2.6.1] there also exits a nonvanishing Maxwell
field F = F 41 % F ie.

(2) dF =0, dxF =0,

which is both null (i.e. FAF = 0) and aligned with the congruence N (i.e.
F = fn A6, One uses in an essential manner 1) the fact that the field
equations Ric(g) = A g split (as a consequence of the choice of coframe {©#})
into three types of equations, which are (1) above and (3)-(4) below

(3) R12 = Aa R34 - A7

(4) R33 = Ra3 =0,

and 2) a beautiful result by I. Robinson (cf. [69]) producing null anti-selfdual
2-forms F = fnA6#' which satisfy Maxwell’s equations (2) if and only if Lf = 0
(where L is Lewy’s operator). See also the survey by A. Trautman, [83].

By a result of J. M. Lee (cf. [53]) the Fefferman metric F), is never Einstein,
hence it may not be used to produce CR functions along the scheme in [42].
However the same choice of special coframe {©#} as in [42] proved effective in
the mathematical analysis of the gravitational field equations on C'(Hj) in the
presence of the matter distribution described by the energy-momentum tensor
Ric(F,,) — 3 Scal(F,,) Fy, (cf. E. Barletta et al., [14]). On the other hand the
properties of the Fefferman metric F), are certainly related to the embeddability
of the given CR manifold M, since for M to embed so should Fefferman’s space
(C(M), F,), yielding constrains on the Pontrjagin forms of F,,. Indeed, by a
result of the authors (cf. [10]) if g = (9 —9)|z|? then (C(S*"*1), F,,) admits
a conformal embedding in the semi-Euclidean space R3"™* (e.g. implying the
vanishing of the first Pontrjagin form of ).

The paper is organized as follows. In Sections §2.1 to §2.5 we collect a few
basic notions and facts in CR and pseudohermitian geometry. We follow the
exposition in [31] and [13]. Section §2.6 is devoted to a lifting procedure, due
to I. Robinson and A. Trautman (cf. [71]) and A. Trautman (cf. [83]), of a
strictly pseudoconvex CR structure T o(M) to a Lorentzian metric g on M xR
and to showing that the Fefferman metric of the Heisenberg group (Hj, 1)
is locally a particular instance of such g. In Sections §2 up to §4 we review
elements of flag and optical geometry. In Sections §5.1 to §5.2 we exhibit
the main finding by G. Sparling (cf. [77]) and C. R. Graham ( [40]) that every
Lorentzian manifold (91, g) admitting a null Killing vector field N € X(9) with
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N |W =0and N | C =0 carries a natural f-structure with two complemented
frames (J, N, V, 0, o) where J = VN.

The concept of an f-structure (here J? + J = 0) is the classical one in K.
Yano (cf. [85]) yet none of the results by D. E. Blair and G. D. Ludden and K.
Yano (cf. [20]) apply, in part because of the lack of compactness, but mainly
because the work [20] is a priori confined to Riemannian geometry. Recovering
results from [17]-[19], [20], [24], [39], from the realm of Riemannian geometry
to that of Lorentzian geometry is certainly desirable, and perhaps feasible, but
an open problem as yet. Nonetheless we believe that the cultural identifica-
tion of the studies in [77] and [40] as work on the geometry of f-structures on
Lorentzian manifolds will prompt new developments of the field. For instance,
the very explicit calculations in classical tensor notation, as performed in Sec-
tions §5.1 to §5.2 (by following [40]), may provide an answer to the question
“what is a Finslerian CR structure?” For previous attempts in this direction
one may see [29].

Graham-Sparling construction is paralleled to Robinson-Trautman
construction in Section §5.3.3 and recognized as a particular instance of the
latter. In Section §7 we follow work by M. Arminjon and F. Reifler ([7]) and
N. Kamran and R. G. McLenaghan (cf. [46]) to respectively show how Dirac’s
equation in quantum mechanics may be formulated on a curved space-time (as
generalizing the classical formulation on Minkowski space) and indicate an in-
stance where the occurrence of two independent null Killing vector fields N,
a € {1,2}, allows for separation of variables in the massive charged Dirac equa-
tion on a curved space-time 9. The background Lorentzian metric needed
in [46] belongs to the class defined by formula (15) (in our Section §2.6.1) and,
under appropriate assumptions, the shear free null geodesic congruences deter-
mined by N, give rise to two strictly pseudoconvex CR structures 17 o(M,) on
the orbit spaces M, = M/N,. While the role played by CR geometry versus
physics of radiative Einstein and Maxwell fields is well explained in [42], in
a language accessible to the more mathematics oriented reader, the relevance
of the CR structures T} o(M,) in devising separation of variables for Dirac’s
equation is not fully understood, and their further investigation is proposed as
an open problem.

2 - CR structures
2.1 - Tangential Cauchy-Riemann equations

Let M be a (2n + 1)-dimensional C* manifold. An almost CR structure
of CR dimension n is a complex rank n subbundle T} (M) C T'(M) ® C such
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(5) Tyo(M)NTy1(M) = (0),

where Ty (M) = T1,0(M) and an overbar denotes complex conjugation. An
almost CR structure is (formally) integrable if

(6) Z,W e COO(U, Tl,o(M)) - [Z, W] S COO(U, TLQ(M))

for any open subset U C M. An integrable almost CR structure 77 (M)
is a CR structure and a pair (M,T;o(M)) consisting of a manifold M and
an (almost) CR structure of CR dimension n is an (almost) CR manifold, of
CR dimension n. The tangential Cauchy-Riemann operator is the first order
differential operator

gb : Cl (M, (C) — C(To}l(M)*), (51{&)7 = 7(u),

for any C! function u : M — C and any Z € Ty o(M). The tangential C-R
equations are

(7) 5bu =0

and a C! solution u to (7) is a CR function. Let CR¥(M) be the space of all
CR functions of class C* (k € NU {00, w}). Given an (almost) CR manifold
(M, Ty o(M)) its Levi distribution is

H(M) =Re{T1,0(M) & To,1(M)}.
The Levi distribution carries the complex structure
J:HM)—HM), J(Z+Z)=i(Z2-2), ZeTioM).
The conormal bundle is the real line subbundle H(M)+ c T*(M) given by
H(M): ={weTHM): Ker(w) D HM),}, =€ M.

A pseudohermitian structure on M is a globally defined, nowhere zero, cross
section n € C*° (H (M )L) Pseudohermitian structures are merely differential 1-
forms n € Q'(M) such that Ker(n) = H(M). When M is orientable (which will
be assumed through the paper) the conormal bundle is trivial (i.e. H(M)*+ ~
M x R, a vector bundle isomorphism) hence pseudohermitian structures do
exist. The Levi form is

Gp(X,Y) = (dn)(X,JY), XY e HM).
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A CR manifold (M, T;,0(M)) is nondegenerate (respectively strictly pseudocon-
vex) if the Levi form G, is nondegenerate (respectively positive-definite) for
some pseudohermitian structure 7. If M is nondegenerate then every pseudo-
hermitian structure 7 is a contact form i.e. n A (dn)™ is a volume form on M.
A CR manifold is Levi flat if G,) = 0 for some 7, and thus for all. Equivalently
the Levi distribution is completely integrable.

Theorem 2.1 (T. Levi-Civita, [55]). Every Levi flat CR manifold
(M, Tho(M)) of CR dimension n carries a codimension one foliation F by
complex n-dimensional manifolds such that T'(F) = H(M).

Theorem 2.1 is an immediate corollary of the classical Frobenius theorem [on
the integrability of involutive Pffafian systems, such as H(M)] together with
Newlander-Nirenberg theorem (on the integrability of almost complex struc-
tures with vanishing Nijenhuis torsion). Newlander-Nirenberg theorem was un-
known at the time [55] was written (a direct proof to Theorem 2.1 is provided
in [55]). The local defining submersions (cf. e.g. [59], p. 15) of the foliation F
in Theorem 2.1 are real valued CR functions. Therefore the (obvious) analogy
between holomorphic functions (on complex manifolds) and CR functions (on
CR manifolds) is confined to the nondegenerate case (where any real valued
CR function may be shown to be constant).

Given two (almost) CR manifolds (M, T} 0(M)) and (N, T10(N)) a CR iso-
morphism is a C*° diffeomorphism F' : M — N such that (d,F)T10(M); =
Tr(z)(N) for any x € M. This is equivalent to F' preserving the Levi distribu-
tions (d,F')H(M), = H(N)p() and commuting with the complex structures
(deF) o Jne = Inp(z) © (de F) for any 2 € M. A C*° diffeomorphism of M
preserving H (M) is customarily referred to as a contact transfomation (even
though M may not be a contact manifold).

2.2 - Real hypersurfaces

Examples of (almost) CR manifolds appear as real hypersurfaces of (almost)
complex manifolds. For instance let M C C"*! be a real hypersurfce and let
T1,0(M) be defined by

(8) Tio(M), = [To(M) @r C) NTHYO(C™Y) |, 2w e M,

where TH9(C"™) = {X —iJX : X € T(C"™)} (i = v/—1) is the holomorphic
tangent bundle over C"*! (the span of {0/927 : 1 < j <n+1}) and J denotes
the complex structure on C"**. Then T} o(M) is a CR structure on M, of CR
dimension n, induced on M by the complex structure of C**1. The integrability
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of Ty (M) is inherited by (8) from the integrability property of the complex
structure J. If Q C C"*! is an open set, f : Q — C is a holomorphic function,
and v = f o is the trace of f on U = QN M, then u € CR*(U). In particular
smooth boundaries of domains @ C C"*! are real hypersurfaces and hence
CR manifolds, with the induced CR structure (8). For instance the sphere
S2ntl — 9B"FL | as the boundary of the unit ball B"*! = {z € C"*! : |2| < 1},
and the Heisenberg group H, = C" x R as F((,t) = (C, t+ i|C|2) is a C®
diffeomorphism H,, ~ dS"*! onto the boundary of the Siegel domain S"*! =
{zeC! : Im(z"*) >0, ‘zo“z}.

Let © ¢ C"*! be a bounded domain. By a classical result of C. Fefferman
(cf. [32]) if M = 9 is a C*™ real hypersurface in C""! whose induced CR
structure (8) is strictly pseudoconvex, then every biholomorphic transforma-
tion ® € Hol(Q2) extends smoothly to the boundary and its boundary values
F =&y, : M — M is a CR isomorphism, and in particular a contact trans-
formation. Let K (z,() be the Bergman kernel of Q (cf. e.g. S. Bergman, [16]).
The Bergman metric is the Kéhlerian metric on €2 given by

_ 9*log K(z,2)

kT g oE
Let w = 790 log K (z, z) be the corresponding symplectic structure of the Kéhle-
rian manifold (€2, g). Every biholomorphic transformation of €2 is an isometry of
(2, g) i.e. Hol(Q2) C Isom(£2, g) (cf. e.g. S. Helgason, [41]). As each ® € Hol(Q2)
preserves the complex structure on €2 to start with, one also has ®*w = w i.e.
® is a symplectomorphism. Conversely, if ® : 2 — Q is a symplectomorphism
of (£2, w) which is not a biholomorphism (so that Fefferman’s theorem doesn’t
apply) yet ® extends smoothly to the boundary, then, by a result of A. Kordny
and H. M. Reimann (cf. [51]) the boundary values F of ® is a contact trans-
formation of (02, H(02)) in itself. The proof in [51] relies on Fefferman’s
asymptotic expansion of the Bergman kernel (cf. [32]) as well as the proof of
Fefferman’s theorem, so the assumption of strict pseudoconvexity on M = 9f2
should be in force.

As a typical approach in complex analysis of functions of several complex
variables, when building the induced CR structure T3 (M) one disregards all
geometric structures on C"*1, except for its complex structure J. An alterna-
tive “metric” approach to the same CR structure is however available, and typ-
ical in differential geometry [of submanifolds of (almost) Hermitian manifolds).
Precisely let gg be the natural flat Kihler metric of C**! and let g = 1*gg be the
induced metric, or first fundamental form of the given immersion ¢ : M c C"**1.

Let us assume that M is orientable and choose a globally defined unit normal
field v on M

gg(y, 1/) =1, gO(X, 1/) =0, XeX(M).
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Then £ = —Jv is tangent to M and n(X) = g(X, &) is a differential 1-form on
M. Moreover H(M ) = Ker(n) C T(M) is a distribution of hyperplanes and the
restriction of J to H(M) is H(M )-valued. Consequently J : H(M) — H(M)
is a complex structure on H(M) i.e. J?X = —X for any X € H(M). Let
J be the C-linear extension of J to H(M) ® C. Then (Jc)gV = —V for any
V € H(M) ® C hence Spec(J¢) = {&i}. Finally T} (M) = Eigen(JC, 7).

It should be observed, within the same class of examples, that J : H(M) —
H (M) may be extended to a rank 2n tensor field ¢ of type (1,1) on M given
by

¢(€) =0, ¢(X)=JX, XeHM)

followed by linear extension to the whole of T(M) = H(M) @ R{. Then the

synthetic object (¢, &,n, g) is an almost contact metric structure on M (in the
sense of D. E. Blair, [17]).

2.3 - Contact Riemannian manifolds

The last observation in Section §2.2 suggests that the same construction
may be performed on any contact Riemannian manifold (M , (o, &m, g)) Here
M is a (2n + 1)-dimensional manifold, not necessarily embedded in some com-
plex manifold, ¢ : (M) — T'(M) is a vector bundle endomorphism, £ € X(M)
is a tangent vector field, n € Q(M) is a differential 1-form, and g is a Rieman-
nian metric on M, obeying to the following axioms

¢ =-I+n®E ¢€) =0, nop=0,
9(¢X, ¢Y) = g(X,Y) = n(X)n(Y),
dn=2®, ®(X,Y)=g(X, ¢Y).
Then ¢ descends to a complex structure J : Ker(n) — Ker(n) and
(9) T10(M) = Eigen(JC, i) C Ker(n) ® C

is an almost CR structure on M yet T} o(M) is integrable if and only if Q =0
where @ is the Tanno tensor i.e.

Qjr' = Vid'; +n5¢"x —mk Vi€ + & V..

Cf. S. Tanno, [79]. The first to consider the almost CR structure (9) was S.
Tanug (cf. [44]) who also gave a sufficient condition for its integrability: if the
contact Riemannian structure (¢,&,7,g) is normal i.e. [¢p, ¢] + 2(dn) ® £ =0,
then (9) is integrable. The characterisation above (in terms of the vanishing of
the Tanno tensor) is however a finding by the authors (cf. [12]).
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2.4 - Tangent sphere bundle

In this section we give another example of an (almost) CR structure, related
to the geometry of the tangent bundle of a given m-dimensional Riemannian
manifold (N,h). Let S™ ! — U(N) — N be the tangent sphere bundle i.e.
U(N)p ={v € T(N) : hy(v,v) = 1} for any p € N. Let II:T(N) —> N be the
projection. For every local coordinate system (U, z*) on N let ( )
be the induced local coordinates on T'(N) and £ = y' (9/9z)!! the Lzoumlle
vector (a section in the pullback bundle II7'T(N) — T(N)). Here X ¢
X(T(M)) [the natural lift of X € X(N)] is given by X = Xri(yy for any
v € T(N). Let h'' = II7'h and V! = II7'V be respectively the pullbacks by IT
of the Riemannian metric h and of its Levi-Civita connection V [respectively a
Riemannian bundle metric and a connection in the pullback bundle IT"1T(V)].
For each v € T(N) let M, consist of all w € T,,(T(M)) such that (V%}VE)U =0
where W € X(T'(N)) is an arbitrary C*° extension of w i.e. W, = w. Then 0N
is a nonlinear connection on N i.e. a C* distribution on T(N) such that

(10) T,(T(N)) = M, ® Ker(d,II), v e T(N).

If W € X(T(N)) then ILLW € C*®(II"'TN) is given by (H*W)v = (d,I)W,
for any v € T(N). Let v : II"YT(N) — T(T(N)) be the vertical lift i.e. locally
Yo (O/O:Bi)n(v) = (a/ﬁyi)v for any v € II"Y(U). Then 7 is Ker(dII)-valued and
gives a vector bundle isomorphism II7'T(N) ~ Ker(dIl). Let K : T(T(N)) —
II-!T(N) be the Dombowski map i.e. K =y 'oV where V : T(T(N)) —
Ker(dII) is the natural projection [associated to the decomposition (10)]. The
total space T'(IV) of the tangent bundle carries the Riemannian metric g given
by
9(A,B) = W''(ILA, IL.B) + i (KA, KB), A,B e X(T(N)),

[the Sasaki metric of (N, h)]. If

J jk oxt  Oxt

then {§/6z" : 1 <i < m} is a local frame in 9 — T(N), defined on the open
set II71(U). Let B : II~'T(N) — M be the horizontal lift i.e. the vector bundle
isomorphism locally given by

9 N .
ﬁv <@>H(v) a <@>v el (U)

The total space T'(N) of the tangent bundle also carries the natural almost
complex structure J given by

JyX = BX, JBX =—yX, X eC®(I'TN),

i, 17—1 i_ i k g _ 9 J 9
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compatible to the Sasaki metric g so that (T(N), g, J) is an almost Hermitian
manifold. The almost complex structure J is integrable if and only if (N, h)
is locally Euclidean (cf. P. Dombrowski, [28]). The total space M = U(N)
of the tangent sphere bundle is an orientable real hypersurface in T'(N). Let
T1,0(M) be the almost CR structure induced by (g, J) on M = U(N). While
in general T} o(M) fails to be integrable, for any space form N = N™(1) [any
Riemannian manifold N of constant sectional curvature 1] T1o(U(N™(1))) is
a strictly pseudoconvex CR structure (cf. the authors, [9]).

2.5 - Pseudohermitian geometry

Let M be a (2n+ 1)-dimensional orientable nondegenerate CR manifold M,
of CR dimension n, and let 1 be a pseudohermitian structure on M, and hence
a contact form. Let & € X(M) be the Reeb vector of (M,n) i.e. the nowhere
zero tangent vector field £, transverse to the Levi distribution, determined by
n(§) =1 and & | dnp = 0. The Webster metric is the semi-Riemannian metric g,
on M given by

gﬁ(Xay) = Gﬁ(Xay)a gﬁ(XaE) = 07 gﬂ(gag) = 1a

for any X,Y € H(M). By a result of S.M. Webster (cf. [84]) and N. Tanaka
(cf. [78]) there is a unique linear connection V on M [the Tanaka- Webster
connection of (M,n)] such that i) the Levi distribution H (M) is parallel with
respect to V, ii) Vg, =0, VJ = 0, and iii) the torsion Ty of V satisfies

Tv(Z,W) =0, Ty(Z,W)=2iG,(Z,W)&, ToJ+JoT=0,

for any Z, W € Tjo(M), where 7(X) = Ty ({, X) for any X € X(M) [T is
the pseudohermitian torsion of V]. Given a local frame {7, : 1 < p < n} C
C>*(U,T1o(M)) we set

9ag = Cn(Ta, Tg), [9""] = [gu] ™

Then

(11) dn =2ig,50N0".

Let RY be the curvature tensor field of V and let us set
ReP 4pTp = RY(Ta, Tp)Tc .

As to the range of indices the conventions are

A,B,C,"'G{O,1,"',7L,T,"',ﬁ}, Tozfa aaﬁa’y’"'e{la"'an}‘



[13] ROBINSON-SPARLING CONSTRUCTION OF CR STRUCTURES 21

The pseudohermitian Ricci tensor and pseudohermitian scalar curvature are
o v
R;W:Ra UV R:gﬂ Ruﬁ-

An adapted coframe consists of complex valued 1-forms {6 : 1 < p < n} such
that
o*(T,) = ot , 0"(Ty) =0, 6"(¢) =0.

For all local calculations one also sets
VI =wsTy, wg= F%BHA, 00 =n, 6%=0~,

so that w®g and Fgc are respectively the connection 1-forms and the connection
coefficients [with respect to the local frame {T'4} in T'(M)®C]. Let us consider
the (locally defined) differential 2-forms

P, =doPy —wa AW’ 0, =T1°, — 200, ATP +2i7, NO°,

where

T = A%QB, T¢=T9, 1,= gaBTﬁ, T(TB) = A%Ta, O = gagﬁﬁ.
By a result of S.M. Webster (cf. [84])
(12) OF = R 5z 0 AOF + WP 00 Ap— WP _16M A
(compare to (1.90) in [31], p. 55) where
Wﬂa)\ = gBE VAo ) Wﬁax = gBE vaAX3 .

Covariant derivatives are meant with respect to the Tanaka-Webster connection
V of (M,n). A contact form n on M is pseudo-FEinstein if the pseudohermitian
Ricci tensor is proportional to the Levi form i.e.

R
(13) Ruy = E QW .
Cf. J.M. Lee, [54]. Odd dimensional spheres $?"*! c C"*!, (total spaces of)
tangent sphere bundles U(N m(l)) over Riemannian space forms N (1), nonde-
generate 3-dimensional CR manifolds [for which the pseudo-Einstein condition
(13) is trivially satisfied] are examples of strictly pseudoconvex CR manifolds
admitting (globally defined) pseudo-Einstein contact forms.

Lemma 2.1. For any 3-dimensional orientable nondegenerate CR manifold
M its CR structure Th o(M) is a trivial complez line bundle.
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Proof. The Tanaka-Webster connection V of (M,n) parallelizes H (M)
and J hence it descends to a connection in the vector bundle T} o(M). Therefore
one may use the curvature of V in order to compute characteristic forms of
T o(M) (cf. [47], Vol. II, pp. 307-308). Indeed the first Chern class of T o(M)
is represented by

1

2w

ie. c(Tip(M)) = [n] € H*(M,C). Compare to [31], p. 298. For any
pseudo-Einstein contact form 7

= {Roa 0" N 07+ W00 03 Ny = WO 07 A}

where R, = T, (R). Hence (for n = 1)
omim :RgH@l/\@T—%R191/\n—%RT9T/\77

=Ry 0" NO' — % (dR) Ay = %RdnJr 2% (dR) A
so that 71 = (1/4w)d(Rn). This is exact, hence ¢;(T1,0(M)) = 0. Finally, a
complex line bundle over an oriented manifold is trivial if and only if its first
Chern class vanishes. O

2.6 - CR geometry versus Lorentzian geometry
2.6.1 - Radiative gravitational fields

Let (M, T1,0(M)) be an orientable nondegenerate 3-dimensional CR man-
ifold (of CR dimension n = 1). Let n be a pseudohermitian structure on M.
Let £ € X(M) be the Reeb vector of (M, n). By Lemma 2.1 the complex line
bundle T o(M) is trivial [i.e. Tj (M)~ M x C, a complex vector bundle iso-
morphism|. Given a (globally defined) cross section o : M — T3 o(M) we set
as customary Ty , = o(z) for any 2 € M. Let 6! be the complex 1-form on M
determined by

0'(Ty) =1, 60'(Ty) =0, 6'(¢) =0,
where Ty = T4 i.e. {0#'} is an adapted coframe. Let MM = M x R and let
w9 — M be the projection. Let us consider the tangent vector field

(14) N p € C®(M, R\ {0}),

_,9
_patJ
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where t : 9T — R is the projection. Given a pseudohermitian structure n on
M, a C* section o : M — T o(M), and C* functions

P:M—>R\{0}, H:M >R, W:M—C,

we consider the (0, 2)-tensor field g = 9(77, o, P, H, W) on 9 defined by

(15) g=2P*{(x°0") © (x0")
+(7*n) © <;') dt + W 0" + W o' + H7r*77> }

where §1 = 6. Compare to (1.5) in [42], p. 3135. As it turns out g € Lor(9%)
and solutions of the form (15) to (a class of) gravitational field equations are

known to describe gravitational radiation, cf. I. Robinson and A. Trautman,
[71]-[72], R.K. Sachs, [73]-[74], and A. Trautman, [82].

To consider the family of Lorentzian metrics (15) we followed the work by
C.D. Hill and J. Lewandowski and P. Nurowski (cf. [42]). The basic properties
of the metrics (15) are also described in [42], pp. 3135-3137, yet avoiding the
language of flag and optical structures (cf. I. Robinson and A. Trautman, [71]).
The construction in [42] is more general [it includes Levi flat CR manifolds
(M, Ty o(M))] yet only the case of a nondegenerate CR structure is of interest
for the present paper. The notations and conventions in Theorem 2.2 below
are made precise in Sections §2-§3 where we also review the basic facts about
flag and optical geometries, and their adapted Lorentzian metrics.

Given a metric g € Lor(9t) and a tangent vector field k € X(9M) let g(k) =
k> € QY(9N) be the differential 1-form given by

F(X) =gk, X), XeX().

Theorem 2.2. Let K C T(M) and L C T*(IM) be the real line subbundles

given by
K, =RN,, L,=Rg(N),, z¢cM,

where N € X(9M) is given by (14) and g = g(n, o, P, H, W) € Lor(9M) is the
Lorentzian metric associated to the data (77, o, P, H, W) as in (15). Then

i) (K, L) is a flag structure on M.

ii) g € A i.e. g is adapted to (K, L).
Moreover let B C A be the class mod R such that g € B and let us set E =
Ker(L)/K. Let ¢ : E — E be the complex structure given by

(16) ¢z (u+ Kp) = Jpz)(dem)u, u € Ker(L)y, z €M
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Let GL(1,C) — O — 9 be the orientation of E determined by ¢. Then
iii) ((K, L), B, (9) s an optical structure on M.
iv) If ¢ =g(n', o', P, H , W) then ¢’ € B.
Proof. i) Follows from g(N,N) = 0.

ii) For arbitrary sections k € C*°(K) and A € C*°(L) there exist functions
K, v € C®(M, R) such that K =k N and A = v g(N). By the very definitions
(14)—(15) one has g(N) = P?7*n. Hence g(k) AX=01ie. g€ A Q.ed.

iii) Let A € C°°(L) so that [by Lemma 3.1 in §2]
E, =Ker(\;)/K,, zeM

As A = y P2 7*n, for each u € Ker()\;) one has (d,7)u € Ker(n,) = H(M),.
Hence there is a natural vector bundle epimorphism F — H(M) so that J [the
complex structure on the Levi distribution H (M)] lifts to a complex structure
¢ on E [given by (16)].

iv) Let ¢’ = g(v', o', P', H', W') be the Lorentzian metric on 9 deter-
mined by the data (77’, o, P, H, W’). Let us set 7] , = o'(x) for any x € 9.
As both n and i’ are nowhere zero C° sections of the same real line bundle
the conormal bundle H(M)* — M] there is f € C*(M, R\ {0}) such that
n" = fn. Then the Reeb vector & of (M, ') is related to & by

Y PR L
(17) ¢ = (645 T 5 1),

fP=g"fr. fi=Tf), ¢" =Var, g1=0(T1, Ty).
Let {6"'} be the adapted frame of T} o(M)* determined by
o (1)) =1, ¢'(1y) =0, ¢'(¢)=0.
If T{ = (1/h) Ty for some h € C°°(M, R\ {0}) then [by (17)]
.hfl
1 0" = no =2
(18) MG b y:

Next, substitution from (18) into

g =2P*{(x0") (0"

1 o —
+(m*n) © (5 dt + Wm0t + W 't + H' 7r*77’> }
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leads to
(19) g =atg+g(N)oy
where a = |h| P'/P and
2P )
w—ﬁ(f—lhl)dt
2hP/2 > 7 xnl 2EP,2 77 17\ —*pl
+?(p+fW’—hW)779+ P2 (p+fW’—hW)7r9
2Pl2 2 ! =Ti77 2 ! 2 *
+}ﬂ(m|+me+J¢W”+f£{—M|H)wn

As a consequence of (19) for every A = vy g(N) € C*°(L)
/ 2 — 1
g =a"g+poA w=2 e

so that [by Proposition 4.3 in §2] ¢’ is equivalent to ¢ mod R. Q.e.d. O

2.6.2 - Fefferman type metrics

Let (M, T1,0(M)) be a strictly pseudoconvex (2n+ 1)-dimensional CR man-
ifold, of CR dimension n. A complex valued differential p-form w € QP(M) is
of type (p,0) if To1 (M) |w = 0. Let AP°(M) — M be the relevant bundle and
let us set K (M) = A"TLO(M) (the canonical line bundle). Sections in K (M)
are top degree forms of type (p,0) i.e. p = n+ 1. There is a natural action
of Ry = GL™(1,R) (the positive reals) on K (M) \ {zero section} so that the
quotient space

C(M) = [K (M) \ {zero section}] /R

is the total space of a principal circle bundle S* — C(M) 5 M (the canonical
circle bundle). Let 1 be a positively oriented contact form on M and G, the
corresponding Levi form. If £ is the Reeb vector of (M,n) then we extend G,
to a (degenerate) bilinear form G, defined on the whole of T'(M) by requiring
that ) .

GW(Xa Y) = Gn(Xa Y)> Gn(Va 5) =0,

for any X,Y € H(M) and V € T(M). Next let F}, be the (0,2)-tensor field on
M = C(M) defined by

(20) FE,=7*G,+2(7*n) ®o,
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1 A R
21 - d *iw,P — = g dgp — —— 7
(21) 7 n+2{ s+ <W“ 29 9u 4(n+1)77>}

where s is a local fibre coordinate on 9t. Then F,, € Lor(9M) [F), is the Fefferman
metric of (M,n)] (cf. [31], p. 128) whose restricted conformal class {€"°™ F), :
u € C®(M,R)} is a CR invariant. By a result of C.R. Graham (cf. [40]) o is
a connection 1-form in the principal bundle S* — 9t — M. Let XT € X(9M)
be the horizontal lift of X € X(M) with respect to o i.e.

X; € Ker(op), (de)X; =Xrp, pEM

Let N € X(9) be the tangent to the S action. The vector field ¢T — N is time-
like, hence the Lorentzian manifold (9, F;,) is time-oriented. In particular, if
M is 3-dimensional then (sm, F,, &N ) is a space-time. The Heisenberg
group M = H; = C x R is customarily endowed with the pseudohermitian
structure

ng = dt + fi(sz — Edz)

whose corresponding Reeb vector is {g = 0/0t. Let us set

[the (unsolvable) Lewy operator] so that 11 = L is a (globally defined) frame in
T1,0(H;) and 0! = dz is an adapted coframe. If 917 = G (T1 , TT) then g7 =1
hence the 1-form o = oy given by (21) reads

1
o) = gds

Assume the local fibre coordinate s is chosen such that N = (3/2) 9/0s. Hence
oo(N) = 1/2 and (20) for n = 1y becomes

(22) Fy, =2 {(77*91) ©) (F*QT) + % (m*no) ® ds} :

As Hj =~ 08; (a CR isomorphism, cf. Section §2.2) the canonical circle bundle
is trivial i.e. C'(Hy) ~ H; x S! (a principal bundle isomoprhism). Since

C(Hy)e = {[AmoA0"), ] : e C\{0}}, zeH,

an explicit principal bundle isomorphism F : C(H;) — H; x S is given by

F(net),)) = (o 5
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For every 79 € R let us set U(y9) = {€” : |y — 70| < 7} and let us consider
the parametrization ., : ("}/0 —m, Yo+ 7r) — St given by 9(y) = €?7. Next let
us cover S1 by the local charts ., = %1 :U() = (vo—m, v+ 7). The
local fibre coordinate in (21) is

s: PV x U10) = R, s([Ao A 8Y]) = org <&> .

Next let us consider the map
f=F"o(lm x1y) :Hi x (y0 —m, 70 +7) = C(Hy)

(a C*° diffeomorphism on the image). As a consequence of (22) the Lorentzian
metric g = f*F),, belongs to the Robinson-Trautmann class (15).

By a result of C.R. Graham (cf. [40]) the Fefferman metric F), of an arbi-
trary strictly pseudoconvex CR manifold M satisfies

i) N is null i.e. F)(N,N) =0 and N, # 0 for any p € C(M).
if) LyF, = 0.

iii) Ricg, (IV, N) = 2n.

iv) N |W =0and N |C = 0.

Compare to Theorem 2.1 in [40], p. 856. Here W and C are respectively
the Weyl and Cotton tensor fields of (C'(M), F;) [cf. our §5.1 below]. By
a Fefferman type metric we mean a Lorentzian metric g on some (2n + 2)-
dimensional manifold 9t which may be organized as the total space of a circle
bundle S' — 9 — M over a strictly pseudoconvex CR manifold such that
(M, g) is conformally isometric to (C(M), F;;). By an unpublished result of
G. Sparling (cf. [77]) the properties (i)-(iv) provide a local characterization
of Fefferman type metrics, and a globally defined conformal isometry may be
produced provided a certain cohomology class in H'(M,S') (discovered by
C.R. Graham, cf. [40], p. 872) vanishes.

3 - Flag structures and adapted Lorentzian metrics

Let 9 be a 4-dimensional C'°° manifold. A pair (K, L) of real line sub-
bundles K C T'(OM) and L C T*(IM) is a flag structure on M if o(u) = 0 for
any « € L, and u € K, and x € 9. Let Lor(9) be the set of all Lorentzian
metrics on M. A Lorentzian metric g € Lor(9M) is adapted to the flag structure
(K, L) if g(N) AA=0 for any N € C°(K) and X\ € C*°(L). We shall need
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Lemma 3.1. Let (K,L) be a flag structure and g € Lor(9M) an adapted
metric. Then for every x € M the line K, is null i.e. g;(u,u) = 0 for any
u € K. Moreover for any A € C*°(L)

(23) Ker[A(z)] = Kt

where K- = {v € T,(M) : g;(u,v) =0, u € K,}. In particular the bundle
Uzeom Ker[A(z)] doesn’t depend upon the choice of A € C*(L).

Cf. I. Robinson and A. Trautman, [71], p. 318. A differential p-form
F € QP(OM) with p € {1,2,3} is adapted to the flag structure (K, L) if

N|F=0, AANF=0,

for any N € C*°(K) and A € C*°(L). If g is an adapted metric then g(N) is an
adapted 1-form. If (K, L) is a flag structure then L is invariant with respect
to K if A\ALyA =0 for any N € C*°(K) and A\ € C*°(L), where Ly denotes
the Lie derivative. The invariance property is described by

Theorem 3.1. Let (K, L) be a flag structure on M. The following state-
ments are equivalent

i) L is invariant with respect to K.

ii) A AdA is adapted to (K, L) for every A € C*°(L).

iii) For every N € C®(K) and any x € M the curves Cy(t) = o} (z) are
null geodesics with respect to any metric g € Lor(9M) adapted to (K, L).

iv) If I € Q*(OM) is adapted then AN F =0 for any A € C>®(L).

Cf. 1. Robinson and A. Trautman, [70]. Here {¢}' }; <. is the local 1-
parameter group of local transformations generated by N € X(9). A flag struc-
ture (K, L) possessing one of the equivalent properties (i)-(iv) is referred to as a
geodesic flag structure. By Lemma 3.1 the notation Ker(L) = (J,cqn Ker[A ()]
[with A € C°(0M)] is legitimate. The distribution Ker(L) is integrable if
ANdA =0 for any A € C*(L).

Proposition 3.1. If Ker(L) is integrable then (K, L) is geodesic.

Cf. 1. Robinson and A. Trautman, [71], p. 319. According to the termi-
nology adopted in theoretical physics, given a geodesic flag structure (K, L),
an adapted metric g € Lor(9), and a vector field N € C*°(K), the family of
orbits of N [consisting of null geodesics of g, by (iii) in Theorem 3.1] is referred
to as a congruence of null geodesics on 9. The congruence in question is said
to be twisting if Ker(L) is not integrable.
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4 - Optical structures

Let (K, L) be a flag structure and let A C Lor(9) be the set of all
Lorentzian metrics adapted to (K, L). Given g € Lor(I) let x4, : QP(M) —
Q4P(M) be the corresponding Hodge operator.

Proposition 4.1. If g € A and F € QP(IM) is an adapted p-form (p €
{1,2,3}) then x4 F € QYP(M) is an adapted (4 — p)-form.

Cf. 1. Robinson and A. Trautman, [71], p. 319. Let F € Q%(9) be an
adapted 2-form such that F, # 0 for any x € 9. Let us consider the relation
R C A x A given by

R={(g9, )€ Ax A : %y F =xy F}.
Then R is an equivalence relation on A. The definition of R doesn’t depend
upon the choice of (nowhere vanishing, adapted) 2-from F', as a consequence of
dim(9) = 4. An optical structure is a synthetic object
{(K, L), B, 0}

consisting of a flag structure (K, L), an equivalence class B € A/R, and an
orientation O of the real rank 2 vector bundle E = Ker(L)/K — 9. The given
orientation of F = Ker(L)/K — 9 is a principal subbundle G — O — 9 of the
principal bundle GL(2,R) — L(E) — 9 of all frames (R-linear isomorphisms)
u:R? = E, with € 9, where G € GL™(2,R) (a Lie subgroup).

Proposition 4.2. The data (B, O) is equivalent to the prescription of a
complez structure on Ker(L)/K i.e. an endomorphism

J:E—E, J*=-I

We take into account
Lemma 4.1. Let g € B and let § be given by
Go (i, 0) = go(u,v),

t=u+K,, v=v+K,, wu,veKer(L),.

Then § is a Riemannian bundle metric on E = Ker(L)/K — 9.
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By Lemma 4.1 the metric § gives rise to a principal subbundle O(2) —
O(E, g) — M of GL(2,R) — L(F) — M ie. each u € O(E, §), is a frame
u € L(E), such that

gm(u(ej)’ u(ek)) = Ojk » 1< jak < 2a

where {e1, ea} C R? is the canonical linear basis. We may then outline the
construction of J in Proposition 4.2 as follows. For every x € 9 and u €
O N O(E, g)x we consider

(24) Jy By — By,

(25) Jz(u(er)) =ulez), Jz(u(e2)) = —u(er).

To build J, one only uses frames at = adapted to GLT(2,R) N O(2) — On
O(E, g) — 9 so that J, is well defined. Indeed let J¥ be a new temporary
name for the map (24)—(25). If v € O,NO(E, g)x is another frame then v = ua
for some a € GLT(2,R) N O(2) i.e.

v(eg) = CL{C u(ej), a= [ai], al=al, det(a) = 1.

Then
Ti (vier)) = aj, T (ule))) = aj ulez) — af u(er)
2
= [ay (a™1)3 —af (a™" = [apa} —aiaj] v(ey)
7j=1
and
0 if j=1 —det if j=1
ofa? - dta) = PRI BT R o i
det(a) if j =2, 0 if j=2,

hence J' = JY. Q.e.d.

Let ((K, L), B, (’)) be an optical structure on 9. By Proposition 4.2 the
vector bundle E = Ker(L)/K may be organized as a complex line bundle over
9N, in a natural manner.

Proposition 4.3. Let ((K, L), B, (9) be an optical structure on M and
let g€ B and g € A. The following statements are equivalent

i) ¢ € B.

ii) For any A € C*°(L) there exist a C* function p : M — (0,4+00) and a
differential 1-form p € QY (9N) such that

(26) d=pg+2p0 A



23] ROBINSON-SPARLING CONSTRUCTION OF CR STRUCTURES 31

Cf. [71], pp. 319-320. Let M and 9 be two 4-dimensional manifolds
equipped with the optical structures ((K, L), B, (’)) and ((K’, L, B, (’)’).
A C* diffeomorphism f : 9 — 9N is an isomorphism of optical structures if

B =B, f'L'=L (df)K, =K}, & =M,

and the vector bundle morphism f, : K — f~'K’ descends to an orientation
preserving vector bundle morphism

fo :E— f7'E', E=Ker(L)/K, E =Xer(L')/K'.
Orientations @ and O’ are principal subbundles

GLT(2,R)—» O < L(E) <« GL(2,R)

+ +
m m
i 4 f
0 0
T T

GLT(2,R) —» O < L(E") + GL(2,R)
The pair ( f* , f) induces a principal bundle morphism
L(f): L(E) = f'L(E'), L(fleu=1u'€L(E)py, zeM,

u:R2—>Ex, u/:R2—>E}(x), u,:(f*)xou.

Then the “orientation preserving” condition above is L(f )((’)) =[O

Given a 4-dimensional manifold 91 it is customary to define an optical
structure on 9 by fixing a Lorentzian metric g € Lor(9) and a null vector
field N € X(91) and setting

K,=RN,, L,=RN’, zem,

where b : X(OM) — QY(9M) is the musical isomorphism associated to g. Then
specifying an orientation of Ker(L)/K gives an optical structure on 9.

Let ((K, L), B, (9) be an optical structure on 91 and let ¢ € B be an
adapted Lorentzian metric. Let us consider Mazwell’s equations

(27) dF =0, d+, F =0,

where solutions F' € Q2?(9) are to be looked for among 2-forms F adapted to
(K, L).
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Proposition 4.4. Let F be a solution to Mazwell’s equations (27). Then
(28) LyF =0, Lyx*xF =0,
for any N € C*(K).

Cf. [71], p. 320. In particular both F' and %,F" are invariant by the flow of

N ie.
(W) F=F (o) (%g F) = #4F.

By the second of these relations, together with the properties of the Hodge star

_ (N _ .

*gF— (th ) (*gF) = *(‘pi\,) gF'
Provided that F' is a nowhere vanishing solution, this means that the metrics
g and (cpiv )* g are equivalent (mod R). Hence each ¢ is an optical automor-
phism. In particular L is invariant with respect to K hence the flag structure
(K, L) is geodesic.

Proposition 4.5. Let ((K, L), B, (’)) be an optical structure and let
N € C®(K) and g € B. The following statements are equivalent

i) (g, (goiv)*g) € R for every t.

ii) For every A € C*°(L) there exist a C* function o : M — R and a 1-form
v € QM) such that

(29) Lng=0g+2UOA.

Cf. [71], p. 320. An optical structure satisfying one of the equivalent re-
quirements (i)—(ii) in Proposition 4.5 is said to be shear-free. We close the
section by recalling a result by H. Bateman, [15] (emphasising the importance
of optical structures)

Theorem 4.1. An optical isomorphism maps any adapted solution F' to
Maxwell’s equations into another adapted solution.

The modern formulation of Bateman’s theorem (within optical geometry)
is due to A. Trautman, [81].
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5 - CR structures associated to shear-free optical structures
5.1 - Curvature properties

Let 9t be a real m-dimensional C'°*° manifold and let g € Lor(9) be a
Lorentzian manifold. Let (U, z*) be a local coordinate system on 90 and let g;;
be the local components of g with respect to (U, x?). Let V be the Levi-Civita
connection of (90, g) and let RV be the curvature tensor field of V i.e.

RV(X, Y) = [VX, VY] - V[X,Y} .
We adopt the following convention as to the local components of RY
(30) Ry'i;00 = RY (0;, 0;) Oy,

where 0; is short for 9/0x%. Given a tangent vector field V € X(9M) let V;V7
be the local components of the covariant derivative VV i.e.

Vo,V = (ViV7)0;.

Given a (1, 1)-tensor field J one denotes by .J;7 and Viij respectively the local
components of J and VJ i.e.

JO; = J70;, (Vo,J)0; = (ViJ;*) 0.

The second order covariant derivative VVV of a tangent vector field V is the
(first order) covariant derivative of the (1,1)-tensor field J = VV' [whose local
components are J;7 = ViVj]. Its local components are denoted by ViVij i.e.

(ViV,;VF)0, = (Vo,VV)0; .
The convention (30) was chosen such that
V,V,VF -V, V,VE = VERF,, .
The Ricci curvature of V is
Ricy (X, Y) = trace {V — RV (V, Y)X}
and we set R;; = Ricy(0;, 0;) so that
R;; = Rikkj = " Riu; .

The scalar curvature is R = ¢ R;;. We shall need the Weyl and Cotton tensor
fields

Wijke = Rijke — Ljk gie — Lie 9jk + Ljo gir. + Lik g0



34 ELISABETTA BARLETTA and SORIN DRAGOMIR [26]

Cire = VyLjp — VL,
where
1
b= |

We shall need the following

Lemma 5.1 (C.R. Graham, [40]). Let (9, g) be a (2n + 2)-dimensional
Lorentzian manifold admiting a tangent vector field N € X(9M) which is both
null (i.e. g(N,N) =0) and Killing (i.e. Lng=0). If N |[W =0and N |C =0
then Ricy (N, N) is a constant.

Throughout it is tacitly assumed that N, # 0 for any x € 9. Indeed, by a
result of M. Sancez (cf. [75]) if K € X(90) is a non-spacelike [i.e. g(K,K) <0
everywhere on M| Killing vector field with K,, = 0 for some xy € 9 then
K = 0 everywhere. It should be also observed that the assumptions in Lemma
5.1 are conformally invariant.

We give a proof of Lemma 5.1 by following the calculations in [40], pp. 860
862. Let n’ be the local components of N with respect to (U, z%) i.e. N = n' 9.
Here m = 2n + 2 hence the tensor field L is given by

on | 9% 2020+ 1) Tk

Ljx =

Let us contract with n/n* and use gjknj n* = 0. We obtain
ok L ik
Ljgn’n" = o ik’ n
or
(31) D = 2n Ljn/n”
where we have set D = Ricy (N, N) € C*°(9M). We also adopt the notation
v; = Lijnj

so that equation (31) becomes
(32) D = 2nyn*.

We claim that

(33) ani = —ij
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where V;n; = g Vin*. Equation (33) is the local expression of the Killing
condition Lyg = 0. Indeed (by Vg = 0)

0= (Lng)(X,Y) = N(9(X,Y)) = g(LnX,Y) — g(X,LNY)
=g9(VNX,Y) +g(X,VNY) = g([N, X]Y) — (X, [N,Y])
or (by Ty = 0)
(34) g(VxN,Y)+g(X,VyN) =0.
Next (34) for X = 0; and Y = 0; gives
0=9(Vy,N,0;) +9(0;,Vo,N) = (Vin®) gij + gir (V)

yielding (33). This proves the claim. Starting from g(N, N) = 0 one has (by
Vxg=0)
0= X(g(N,N)) =29(Vx N, N)

yielding (for X = 0;)
0= g(VaiN, N) = (ij) nkgjk

or

(35) n¥ Ving, = 0.

Let us contract with n/ in V;n; + V;n; = 0 and use (35). We obtain
(36) n! Vn; = 0.

The following property of Killing vector fields will be needed in the sequel
(37) Vij n; = —Rijkg ng .

Cf. [40], p. 861. C.R. Graham attributes (37) to [47] (cf. Proposition 2.6,
p. 235). However i) the quoted result in [47] is stated solely for Riemannian
metrics and ii) (37) is but a corollary of Proposition 2.6 (in [47], p. 235) i.e.
(37) is not explicitly reported there. Nevertheless the generalization (from
Riemannian to Lorentzian geometry) of the result in [47] [and the proof of (37)
as a corollary to that] is straightforward. Next let us contract with n’ in

Wijke = Rijke — (Ljk 9ie + Lie gjk — Lje gir. — Lik g5¢)
and take into account that W;jren® =0 (by N | W = 0). We obtain
(38) 0= Rijeen’ — Ljgni — Lign® gk + Ljen® gix + Likn;
where n; = giyn’. Let us substitute from (37) into (38) so that to obtain
(39) ViVjng = =Lk n; — v; gjk + Vi gir + Li j -
Compare to (3.2) in [40], p. 861. Moreover we shall need
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Lemma 5.2. (C.R. Graham, [40]) The following identities hold

(40) (V]nz) (anj) = —nj Vijni = —(55 nj Vj + l/k n; + v; nk .

Compare to (3.3) in [40], p. 861. The first identity in (40) follows by taking
the covariant derivative of the product n/ V;n; and making use of (36) i.e.

(Vmi) (VEn7) = g™ (Vins) (Vo)
= 9" [V (0 Vjni) =0’ VVjni| = —n? V'V jn;.
To prove the second identity in (40) one conducts the following calculation
n! V*Vin; = ¥ nI v,V n; =
[by (39) with k = /]
— gké n’ [—Ljeni — vi gje + vj gie + Lignj] =

[as nin; = 0] ‘
= " [—veni — ving + 1l v; gif]

or
n’ Vkvjni = —vFn, —uynf + 557 n! vj.

Q.e.d.
Let us contract i and k in (V;n;) (V*n/) and use (40) in Lemma 5.2. We
obtain o ' ‘ ‘
(ani) (Vln]) = —(2n + 2) n]Vj + vt n; + v; n'

or
(41) (Vin) (Vinj) =—-2nnlv;.
Let us substitute from (32)-(33) into (41). We obtain
(42) D = (V;n;) (V/n').

Compare to (3.4) in [40], p. 861. Next let us differentiate in (42) with respect
to #. As D is a scalar field 9D /02" = V,;D hence [by (42)]

) .
o = Ve [(Vymi) (V)]

= (VeV;n) (VIn') + (Vn;) (Ve Vn')
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and the last term is
(Vn:) (VeVIn') = gir gjs (Vo07) (VVIR') = (V") (V,Vsn,)

hence

op
ozt

Let us replace V,V;n; from (39) [with k = /] into (43)

(43) =2 (ngjni) (ani).

on

dzt
[by taking into account the identities (35) i.e. (VZn‘)n; = 0 and (36) i.e.
(Vin')n; = 0]

=2 (ani) [=Ljeni — vigje + vj gie + Lign;] =

=2 (anl) [l/j giv —V; gjg]
or [as V/n' is skew symmetric]

oD

(44)

At this point we also differentiate in (31) with respect to ¢ so that

oD ;
= ViD=V, (L nt) =
las Ljj, is symmetric]

= 2n nf nF Vi Lj, +4n Ly n* Ve n’

or

oD

(45) 92l

=2nn/nF v, L +4n v, AV

Now let us replace v; Vyn/ from (44) into (45) so that to obtain

oD - oD
W:?nnjn Vngk—nW
or
oD 2n
(46) W:nJrl”]”kWLj""

Next let us contract by n/ in Cike = Vy¢Lj, — Vi Lj and use Cjpy nd = 0. We
obtain ' '
0= nJVngk —n’ VkL]g .
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Let us contract again by n*
0=n/nk VL — n n¥ ViLje.
Hence
nd n¥ VL = n n¥ VL = nk Vi (nj ng) —nk Lj, Vien?
or [by (36) i.e. n* Vin! = 0]
(47) nd n¥ VoL, = n* V.
Let us substitute n/ n* V,L;j, from (47) into (46). We obtain

o0 _
ort  n+1

(48) nk Vk Vy.

Summing up [by (43) and (48), as Vyn; is skew symmetric]

oD 2n 4
(49) W:n+1nkkag:4VZVmg.

Compare to (3.5) in [40], p. 861. Next
Vjuj =gk Vivj =
[by taking the covariant derivative of v; = Lj,n’]
= " Vi (Lyen’) = ¢7* [0 ViLio + Ly Vin!

= ne Vj ng + ng Vj ne

or [by Lje VJint =0, as a contraction of the symmetric tensor field Lj; by the
skew symmetric tensor field V7 nf]

(50) Viv; =n*ViLj.
We claim that the right hand term in (50) vanishes i.e.
Lemma 5.3 (C.R. Graham, [40]).

(51) Vj Vj =0.
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Proof. Relation (51) is a consequence of the curvature properties of
(M, g). We start from the second Bianchi identity

(52) > (VxR)(Y.Z2) =0

XYZ

where ) vy, is the cyclic sum over X, Y, Z. We adopt the following convention
as to local calculations

(Vo,R)(0; , 0k)0r = (Vi Re®j) Os -
Then (52) for X = 0;, Y = 0; and Z = 0y, reads
ViR jp + ViR’ + Vi Re®y5 =0
or [by contraction with ¢"*]
(53) Vi Rerji + Vi Repgi + Vi Rypij = 0.
We shall also make use of the symmetries of the Riemann-Christoffel tensor
(54) Repjr = —Rerkj s Rerjk = —Regjk,  Rerji = Rjrer -
Next let us contract with ¢"* in (53) so that to obtain [by (54)]
~ViRyj+Vj Ry + Vi R = 0.
Contracting once more with g% yields
(55) ~ViR+V;RI; +V,, R*; =0
and
R* = ¢"RF* = ¢ " Rogij = ¢" 6" Ryyji = " Ry = R,
so that (55) becomes

OR A
0t ip..
(56) oni =2V Rji.

Taking the covariant derivative of L, and using V; g;; = 0 we obtain

1 OR

1
VeLjkr=— |ViRj — =—— 7 0j
ERIk = gp | VTR 2(2n +1) Bzt ik
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hence [by contracting with gﬂ]

: 1 ; 1 OR

I — — NI Ry — — — I
(57) V7 Lik 4n V7 Bk 2(2n + 1) Ox*
Let us replace OR/9z* from (56) into (57). This yields

1 OR

JT ., = iahd
(58) V7 Lik 2(2n 4+ 1) dzk -

Let us contract by n* in (58). The resulting identity, together with (50), may
be written

L O

)n Dk

59 Iy, =nfYI L., =
(59) VI =n" VY L 2(2n + 1

On the other hand the fact that N is Killing (Lyg = 0) yields N(R) = 0 i.e.
locally n* (9R/02%) = 0. Then Lemma 5.3 follows from (59). Q.e.d. O

The formula (40) in Lemma 5.3
(ani) (anj) = —(anj) 55 + v nk 4k n;
may now be used together with D = 2nv; n/ to yield
; 1
(Vjmi) (VEnd) = ~5 5F D+uvn® + 1M n;.
Let us apply the covariant derivative V, so that to obtain

(VeVing) (VFn?) + (Ving) (VeVind)

1
= ~on 51’-C VD + (Vgl/,-) n* + v; Vy n* + (Vg 1/"”) n; + vk Ven;.
Next let us contract k& and ¢

(60) (VeVms) (VFn?) + (Vjni) (ViVin?)

- _% ViD + (Vivi) n* + (Vier*) ng + vF Vin,
and use

n+1
2n

1
Virk =0, vFVin, = 1 ViD, (Vivs) n" = VD,



[33] ROBINSON-SPARLING CONSTRUCTION OF CR STRUCTURES 41

to substitute into (60). This yields

(61) (ViVm) (V¥n) + (V) (Ve 94n) = 2 0D,

On the other hand we may invoke (39)

ViVn; = —Ljkn; — Vi gjk + V5 Gir + Li
contract with ¢/*

ViVFn, = —LFn, — (2n+2)v; +v; + Ly nk
followed by contraction with g%/
(62) ViVEind = —(2n + )09 + L nk — LF nd.
Moreover, let us use (39) and (62) to conduct the following calculation
(VeVjni) (VEn?) + (Vng) (Ve VFn/)
= [vj 9ik — Vi gjk + Liknj — Ljini] VFni
+(ij) {—(271 +1) v+ Lnf — LF, nj}
=v; Vind —1v; Vn? + Lign; VI —n; L, VFnd

—(2n+1) (V) v7 + (Vjng) L g — LFnd Vi, .
The last expression greatly simplifies by observing that V;n/ = 0 (as V;n; is
skew-symmetric) n; V*n/ = 0 [by (35)] L;r, V¥n/ = 0 (as a contraction of a

symmetric tensor with an skew-symmetric tensor) n/ V;n; = 0 [by (36)] and
L7, n*F = 17 (by the very definition of 1;). In the end

(VeVjni) (VEn7) + (Vng) (VeVFn/)
=Vj ij — (277, + 1) (V]n,) l/j + l/j ani =
(once again because V;n; is skew)

=—(2n+1) (V) =

[as 17 Vn; = iViD by (44)]

2n+1
=- V:D.
Summing up
(63) (Vi) (V50 + (Vyme) (Ve0hnd) = - 2190

Finally we may substitute from (63) into (61) to obtain 9D /dz" = 0 so that D
is locally constant, and then constant (90t is tacitly assumed to be connected).
Lemma 5.1 is proved.
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5.2 - f-Structures

Let 9 be a real (2n + s)-dimensional C* manifold. An f-structure on
9 is a (1,1)-tensor field f of rank 2n such that f3 + f = 0. An f-structure
with s complemented frames is a synthetic object (f, {ga, Ng : 1 <a< 8})
consisting of an f-structure and s vector fields &, € X(9) and s differential
1-forms n® € QY(9M) such that

(64) f&) =0, n%(&) =0, n"of=0, fP=-T+n"®¢E.

An f-structure with s complemented frames is normal if

(65) [f, f] + () @& = 0.

As a consequence of (65) the structure vector fields £, commute (i.e. [&,, &] =
0). A Riemannian metric g on 9 is compatible to the f-structure (f, {{a, Na
1<a< s}) if

gUX fY) =g(X,Y) =D na(X)1a(Y)
a=1

for any X,Y € X(9). Given a compatible Riemannian metric g, let us consider
the differential 2-form
QX,Y) =g(X, fY).

A K-structure is a normal f-structure with Q closed (i.e. d2 = 0). A theory
of f-structures with complemented frames, in the presence of a compatible
Riemannian metric g, was built by D. E. Blair (cf. [18]-[19]) and D. E. Blair
and G.D. Ludden and K. Yano (cf. [20]) though confined to the case of a
compact manifold 9. A prototypical result is

Theorem 5.1 (D.E. Blair et al., [20]). Let 9 be a (2n + s)-dimensional
compact, connected manifold with a regular normal f-structure. Then M is

the bundle space of a principal toroidal bundle over a complex n-dimensional
manifold N. If in addition M is a K-manifold then N is a Kahler manifold.

The theory of f-structures wasn’t new? and the papers [18] —[20] certainly
build on previous work by S. I. Goldberg (cf. [37]), S. I. Goldberg and K. Yano
(cf. [39]), and A. Morimoto (cf. [60]).

Recovering the results by D. E. Blair and collaborators (cf. op. cit.) to
f-structures in the presence of a Lorentzian metric g, compatible to the given

2Perhaps the first to explicitly introduce the notion of a f-structure in differential geometry
practice was K. Yano, [85]. Cf. also K. Yano and S. Ishihara, [86]. Previous to that, credit
ought to be given to S. S. Chern, [24].
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f-structure in an appropriate manner, is an open problem. To motivate the
necessity of an attempt one has the discovery by G. Sparling (cf. [77]) and
C. R. Graham (cf. [40]) that a (2n+ 2)-dimensional Lorentzian manifold (9, g)
admitting a null Killing vector field N such that N |[W =0 and N |C =0
carries a natural f-structure (J, N, V, 0, o) with two complemented frames
to which ¢ is compatible in the sense that

g(JX,JY) =g(X,Y)-2(0®0)(X,Y)

for any X,Y € X(9M). As (by Lemma 5.1) Ric(IV,N) is constant we may
normalise NV such that Ric(/N, N) = 2n and then

(66) vind =1.

Let V € X(M) and 0, o € Q1(IM) be the tangent vector field and differential
1-forms on 97 locally given by

V=09, 0=njdx', o=uv;da".
Next let J : T'(9Mt) — T'(9M) be the (1, 1)-tensor field defined by
JX =VxN, X eX(m).
If Jo; = Jij 0; then Jij = V]-ni. For further use let us set
H = Ker(8) N Ker(o).
We collect a few properties of J in the following

Proposition 5.1 (C.R. Graham, [40]).

i) JV =0 and JN = 0.

ii)foJ =0 and oo J =0 ie Range(J) C H.
iii) J2=-T1+60®V +0®N.

iv) J2=—1I on H.

Proof. i) By (44) and Lemma 5.1

: ; 10D
JV:yj(vjn)ai:ZOZL‘i:O

Similarly [by (36)] , ,
JN =n’ (V;n') 9; = 0.

ii) By (35) and (44)
G(JOJ) = (V]nl) n; = 0, O‘(J 6]) = (anz) v, = 0.
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iii) One has

J28j = (V]nk) (anz) 81
and [by (40)] 4 4
(Vin") (Vin') = " gjs (Vine) (V0)

:g"gjs [—Vgn£5§+uTns+usnT] = —Ugne(S;- —I—Z/inj+ujni
hence (by vy n’ = 1)
J28j = (—(5;-+Vi’rlj+ani)8i.

Q.ed.
iv) Follows from (ii)—(iii). O

As a consequence of Proposition 5.1
(67) T(M)=H®RN RV

and the f-structure J respects the decomposition (67) i.e. J annihilates N and
V' and determines a complex structure on H.

Lemma 5.4. V is null i.e. g(V,V)=0.
Proof. As JV =0 and (V) = 1 one has [by (iii) in Proposition 5.1]
0=JV=-V+0V)V+o(V)N=0(V)N
hence (as N, # 0 for any = € I)
0=0c(V)=vy' =g(V,V).
Q.e.d. 0

Let us set for further use
QX,Y)=9(X,JY), XY €X(M).
Lemma 5.5. Q= —d6.

Proof. One has

(d6)(9: , 0;) = % {0:(00;) = 0;(00,) } = 5 (Vin; — Vjni) = Vin;

N =

as V;n; is skew. On the other hand

9(J0:, 0;) = (Vin*) g = Vin;
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so that

(68) g(JX,Y) = (d0)(X,Y).

Q.ed.

For further use let us define Gy by setting
Go(X,Y) = (d)(X,JY)
for any X,Y € X(9M).
Lemma 5.6. For any X,Y € X(IM)
(69) 9(J X, JY) = g(X,Y) = 0(X) o(Y) = 0(Y) o(X),

g=Gyp+2000.

In particular the bilinear form Gy is positive definite on H.
Proof. First of all note that

Moreover
g(JX,JY) = [by replacing Y — JY in (68)]

= (d6)(X,JY) = —(df)(JY, X) =
[by replacing X — JY and Y — X in (68)]
=9(Y,X) - 0(Y) g(X,V) —o(Y) g(N, X)
followed by use of (70). Q.e.d.
Next [by (69)]
g(X,Y) = g(JX,JY)+200 ©0)(X,Y) =

[by (68)]
= (dO)(X,JY) +2(0 © 0)(X,Y)

45

yielding the second statement in Lemma 5.6. Finally, as the decomposition
T(M) = H ® RN & RV is orthogonal with respect to g and g has signature
(2n 4+ 1,1) it must be that Gy has signature (2n,0) so it is positive definite

on H. Q.e.d.

O
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As N is everywhere nonzero it determines a codimension 3 foliation F of 9t
whose leaves are the maximal integral curves of N. Let v(F) = T(9)/T(F)
be the transverse bundle and 7 : T'(9) — v(F) the canonical projection. Let

0% (F) 28 ok (F) 28 0%(F) L o%(F)

be the basic complex of (I, F). Cf. e.g. Ph. Tondeur, [80], p. 119. Let us set
Xy = C™(T(F)). Elements f € Q%(F) are basic functions i.e. C* functions
f:9M — R such that X(f) = 0 for any X € Xz. An element w € QX (F)
is a basic k-form (1 < k < 3) i.e. a differential k-form w € QF(9) such that
X]w =0and X |dw = 0 (equivalently® X |w = 0 and Lxw = 0) for any
X € Xr. The following result holds (compare to [40], p. 864)

Lemma 5.7. 1) 6(N) = 0 and N | df = 0 hence 8 is a basic 1-form i.e.
0 € QL(F).
ii) One has

Lnyg=0, LyJ=0, LyQ=0, Lyoc=0,
hence g, J, Q and o are invariant under sliding along the leaves of F.
Proof. i) Locally (N) = n;n’ = g(N,N) = 0 and [by (68) and JN = 0]
(d0)(N, X) =g(JN,X) =0.

ii) Lyg = 0 by our assumption that N is Killing. Moreover (by the very
definition of the Lie derivative)

g((Ly )X, Y) = (Lydb)(X,Y) — (Lng)(JX,Y) =0

for any X,Y € X(9M). Yet g is nondegenerate hence (LyJ)X = 0. Similarly
(LNQ)(X,Y) = (Lng) (X, JY) + g(X, (LnJ)Y) = 0.

To prove the last statement in (ii) of Lemma 5.7 we first observe that

(71) [N,V]=0.

Indeed

LoV ond B
[N,V] = <n 9 Y 3:&) 0; =

(as V is torsion-free)

= (nZ Viuj - Vi ij) 8j =0

3By Cartan’s formula Lx =ix od+doix.
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because of n’ V;17 = 0 [a consequence of (49) and D = constant] and v V;n/ =
0 [following from (44) and the fact that V;n; is skew]. Finally

(Lyo)X =N(ocX) —o(LnX) = [by (70)]
=N(g(X,V)) —g(LyX,V) = [by Lyg =0 and (71)]
= g(X, [,NV) = 0.
Q.e.d. U

Recall that N | 0 = 1 so that (despite Lyo = 0) o is not a basic 1-form on
(m, F).

By Proposition 5.1 the restriction of J : T'(9) — T'(IM) to H is H-valued
and J : H — H is a complex structure along H. Let J® be the C-linear
extension of J to H®C. Then J?X = —X for any X € H yields (Jc)gZ =—7
for any Z € H ® C so that Spec(J®) = {#i} (with i = \/—1). Let

HY = Eigen(JC; z'), HO = Eigen(JC; —z'),
be the corresponding eigenbundles. It may be shown that

Theorem 5.2. Let (M, g) be a (2n + 2)-dimensional Lorentzian manifold
admitting a nowhere zero null Killing vector field N such that N |W =0 and
N|C = 0. Let F be the foliation tangent to N and 7 : T (M) — v(F) the
projection. Then

i) H=mH" C v(F)®C is a transverse CR structure on (M, F).

ii) If the leaf space O = M/ F is an orbifold then H'C projects on a CR
structure Ty o(O) C T(O) ® C.

For a discussion of foliations with a transverse CR structure one may see the
authors [10]. CR structures on orbifolds (or V-manifolds, cf. 1. Satake, [76])
were studied by I. Masamune et al., [30]. We do not prove Theorem 5.2 here
and only report on the particular case considered by C.R. Graham (cf. [40])
where N is regular (in the sense of R.S. Palais, [64]) so that the leaf space
M = M/F is a C* manifold. To start with we recall a few elements of R. S.
Palais theory (cf. op. cit.). Let 9 be a m-dimensional C*° manifold. A local

coordinate system y = (:El , xm) : U — R™ is cubical, of breath 2a, centered
at xg € U, if x(z9) = 0 and

xO)={(t", - t™) eR™ : |¥]| <a, 1<j<m}.
Let 1<p<m-—1landt= (tp+1, S tm) € R™7P such that ‘tj’ < a for any

1 <j <m—p. The set

Yy={zeU: 2P (x)=t""7, 1<j<m-p}
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is a p-dimensional slice of (U, x). A tangent vector field N € X(IM) is regular
if there is a C atlas A such that every local chart (U, z%) € A is cubical and
the intersection of U with each maximal integral curve of IV is a 1-dimensional
slice of (U, z"). We recall the following

Theorem 5.3 (R. S. Palais, [64]). If N is reqular then the leaf space /N
admits a C* manifold structure such that the projection II : M — M/N is a
C* map.

Next we recall a few elements of Boothby-Wang theory (cf. [23]). By Propo-
sition 1.5 in [47], p. 13, for each point zy € 9 there is an open neighborhood
U C M of xg, a positive number € > 0, and a local 1-parameter group of local
transformations ¢; : U — M, |t| < €, inducing N i.e.

dCy,
dt

The local 1-parameter group {@t}|t\<e is generated by N and N is complete if it
generates a global 1-parameter group of transformations ¢, : 9 — M, t € R.
Compactness of M implies completeness of V. The tangent vector field IV is
closed if C), is a closed curve for any x € 9. The period function Ay : 9 — R
of a closed regular vector field IV is defined by

(O) =N;, ze€U, Cx(t) = ‘Pt(l‘)a ‘t‘ <€

An(z) =inf {t >0 : p(z) =2}, zeM

As a consequence of regularity A\y(x) > 0 for every x € 9. By a result in [23]
the period function is smooth i.e. Ay € C°°(9M, R). The relevance of the period
function is emphasised by

Theorem 5.4 (A. Morimoto, [60]). Let (¢, &, n) be a normal almost
contact structure on MM whose structure vector £ is closed and regular, and has
a constant period function \¢. Then there exist a complex manifold N and a
C* map II : M — N such that

i) 9M is the total space of a principal circle bundle S* — M Loy,

ii) n is a connection 1-form on M.

iii) € is a vertical vector field i.e. £ € Ker(dII).

5.3 - CR structures
5.3.1 - Graham-Sparling construction

W. M. Boothby’s results (cf. op. cit.) do not apply to the situation at
hand, as # is not a contact form and the compactness assumption is dropped,
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in general. Neither does Theorem 5.4 apply, as (J, N, 6) is not an almost
contact structure, to start with. To avoid the abrupt generalization of the
results in [23], [60] and [20] to the realm of Lorentzian geometry, or confine the
discussion to purely local considerations, the approach in [40] only deals with
the case where (9, g) is a (2n+2)-dimensional Lorentzian manifold, admitting
a null Killing vector field N such that N |W = 0, N |C = 0, the leaf space
M = /N is a (2n + 1)-dimensional C'* manifold, the canonical projection
w9 — M is C* and readily organizes 9T as the total space of a principal
circle bundle S — 9 " M whose vertical bundle Ker(dr) — 9t is the span
of N ie. Ker(dr) = RN. If this is the case then, by the main construction
in [77] and [40], the data (J, N, V, 6, o) induces a nondegenerate CR structure
on M. It is our purpose in the present section to recall Sparling’s construction
of an almost CR structure T o(M) C T (M) @ C [got by projecting (H,J) on
M] and prove its integrability.

Let p € M and u € Ty(M). Let x € 7~1(p). As 90 is a principal S!-bundle
over M, its projection 7 is a C'*® submersion, so there is v € T, (901) such that
(dym)v = u. Next we define n € Q!(M) by setting

The definition of 7,(u) doesn’t depend upon the choice of x and v. Indeed if
y € 7 1(p) and w € T, (M) with (d,m)w = u then there is a unique a € S* such
that y = x - a and 7™ o R, = 7 thus yielding

(dym)w = u = (dym)v = (dym) o (dyRy)v

hence w = v + AN, for some A € R. Finally N |6 = 0 implies 0,(v) = 0,(w).
Q.e.d.

Let us set H(M) = Ker(n) and define Jy : H(M) — H(M) by
I, pu = (dym)Jpv,

peEM, zer (p), uecTyM), ve (dm) " (u).

Similar to the above Jys,u is well defined because of JN = 0. Next J2=—T1
on H yields Ji;, = —Ip; on H(M), where Iy is the identical transformation of
H(M). We set as customary

T10(M) = Eigen(Jj;, i) € H(M) ® C.

Proposition 5.2 (C.R. Graham, [40]). T (M) is a strictly pseudocon-
vexr CR structure on M, of CR dimension n.
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Proof. If we set Tp1(M) = Eigen(J§;, —i) then Ty (M) = Tyo(M)
where an overbar denotes complex conjugation. Hence

Ti,0(M)NTh,(M) = (0)
i.e. Ty0(M) is an almost CR structure on M. To prove integrability
Z,W e C®(To(M)) = [Z,W] € C®(T1o(M))
we ought to compute the Nijenhuis tensor field of J
Ny(X,Y) = [JX,JY]+ 2 X,Y] - J{[JX,Y] + [X, Y]},
X,Y € X(M).
Locally
Nyt = J Vod e = T NeJ = T VT + T Vi
= (V;n") Vo Vin' — (Vint) VoV;n'
—(Ven') V;Vnt + (Ven') Vi V;nt.

Let us substitute the covariant derivatives of N = n’9; from (39) and observe
the cancellation of terms. We obtain

(72) Njp' = 20" Vin; + (Ljp Vign® — Ly Vyn®) o'
+(L* V' — L'y Vin®) nj+ (L' Vijn' — LY Vn') ny .
Lemma 5.8. If 0(X) =06(Y) =0 then N;(X,Y) € Span{N, V}.

Proof. Let us contract with X7Y* in (72) and use n; X7 = n,Y* = 0. We
obtain

Ny(X,Y)=2{(Vy0)X} V +{L(X, VyN) — L(VxN,Y)} N.

Q.e.d. (|

Lemma 5.9.

[C®(Ty0(M)), C(T1,0(M))] € C*(H(M) ® C).
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Proof. Let X,Y € C®°(H(M)) and let X, Y € C°°(H) be respectively
lifts of X and Y i.e.

(dom) Xy = Xnz), (dam)Yy = Yoy, €M
The identities
(dO)(JX, JY) = (dO)(X,Y), (dO)(JX,Y)=—(d0)(X, JY),
yield
(dn)(Ju X, JnY) = (dn)(X,Y), (dn)(JuX,Y) = —(dn)(X, JnY),

so that
(dn)(X —iJyX, Y —iJyY)=0.

Hence [as n(X —iJyX) =n(Y —iJyY) = 0]
1
0= (dn)(X —iJyX, Y —iJyY) = -5 n([X —iJX, Y —iJyY])
ie. [ X —iJX, Y —iJyY]€Ker(n) @ C=H(M)®C. Q.ed. O

Let us set
Z= [X_wz, ff—uﬂ

so that Z is a lift of Z = [X —iJy X, Y —iJyY]. Then
Z+iJZ=
=[X,Y] - [JX,JY]+J[JX,Y]+J[X, JY]
+i{J[X V] - J[X, Y] - 1%, V] - (X, 7]} =
by J2=—-1+0®V +0®N and J? + J = 0)
=(-J?+0®V+0eN)[X,Y]
~[JX, JY]+J[JX, Y]+ J[X, JY]
+i{-P[X, V] - I, Y]
+(J2—00V —0@N) ([JX,Y/] + pz,m)}
or [by the very definition of N]

(73) Z+iJZ=-N;(X,Y)—iJN;(X,Y)
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+0([X,Y] —i[JX, Y] —i[X,JY])V
+o([X,Y]—i[JX,Y]—i[X,JY])N.

Yet X, Y € H hence §(X) = 0(Y) = 0 yielding (by Lemma 5.8) N, (X,Y) e
RN @ RV. Together with (73) this yields

(74) Z+iJZ € CN @ CV.

Previously one has shown that LxV = [N, V] = 0 so that V projects on M i.e.
there is a tangent vector field T € X(M) such that

(dxﬂ')v = Tﬂ(z) , xeM.
Then (74) yields
(75) Z+iJyZ € CT

ie. Z+iJyZ = fT for some C* function f: M — C. On the other hand (by
Lemma 5.9) Z € H(M) ® C [and H(M) = Ker(n)] hence

0=n(Z+iJuZ)=fnT)=f

(as (1) r(z) = 0(V)e = 1). It follows that Z +iJyZ = 0 hence Z € T o(M)
or
(X —iJuX,Y —iJuY]| € T o(M).

Q.e.d. Finally the Levi form
Gy(X,Y) = (dn)(X, JuY), XY € H(M),

is positive definite because Gy is positive definite on H (cf. Lemma 5.6 above).
Q.e.d. O

5.3.2 - Robinson-Trautman construction

Let 9 be a 4-dimensional (i.e. n = 1) manifold and (K, L) a flag structure
on M. Let us assume that (K, L) is geodesic, so that [by Theorem 3.1] every
section N € C* (K 0) is a null Killing vector field with respect to any adapted
metric g € A C Lor(9M). Here K = K \ {zero section}. Moreover, we assume
there is a section N € C® (K 0) which is a regular vector field, in the sense
of R. Palais (cf. [64] and our Section §5.2). Then [by Theorem 5.3] the leaf
space M = /N may be organized as a C'™ manifold such that the canonical
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projection m : M — M is a C*° submersion. As (K, L) is geodesic, L is
invariant with respect to K so that A A LyA =0 for any A € C*°(L) and then
L is invariant with respect to the flow {p¥ }¢|<e generated by N. Consequently
L C T*(9M) projects on a line bundle Ly C T%(M) such that for any section
A € C*(Ly) the pullback of A by 7 is a section in L i.e. 7%\ € C*°(L). Given
A € C*(Ly) is a nowhere zero section in Ly we set as customary

Ker(Ln), = Ker(/\p), peM,

so that Ker(Ly) — M is a rank 2 subbundle of (M) — M [which doesn’t
depend upon the choice of A].

Let now ((K, L), J) be a shear free optical structure, based on the flag
structure (K, L). Here J : E — E is a complex structure on £ = Ker(L)/K.
As J is invariant with respect to the flow {p}¥ }¢|<e it projects onto a complex
structure Jys : Ker(Ly) — Ker(Ly) hence Ty (M) = {X—iJy X : X € T(M)}
is a CR structure on M.

5.3.3 - Graham-Sparling and Robinson-Trautman constructions com-
pared

We may parallel the Graham-Sparling and Robinson-Trautman construc-
tions, as follows. Let 9t be a 4-dimensional manifold. Let g € Lor(9t) be a
Lorentzian metric on 9% and let N € X(9M) be a nowhere zero Killing vec-
tor field on (9, g) i.e. Lyg = 0. Next, let us assume that N is null [i.e.
g(N,N) = 0] and that N |[W =0 and N | C = 0 where W are respectively the
Weyl and Cotton tensor fields of (9, g). This is of course the starting data in
the Graham-Sparling construction (with n = 1). Let § € Q'(9) be defined by

(76) 0(X) =g(X,N), X eX(M),
and let us consider the line subbundles
KcT®), LcCT*(Mm),

Kx:{aNx : aG]R}, Lx:{a% : aE]R}, x € M.

As O(N) = 0 the pair (K, L) is a flag structure on 9. By the very definition
(76) one has N” = 6 hence trivially N’ A0 = 0 i.e. g is adapted to (K,L). If k €
C*(K) and A € C*°(L) then k = pN and A = f6 for some p, f € C(M,R)
so that

LA = LN\ =pLNA,

LN\ = EN(fQ) =N(f)0+ fLnO,
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AN LA= 20N Lnb,

and Ly0 = 0 [as 0 € QL(F), cf. Section §5.2]. Then A A LxA = 0, or L is
invariant with respect to K i.e. the flag structure (K, L) is geodesic. Also

ANdN= 20 Adb

hence Ker(L) isn’t integrable. That is, the congruence by null curves defined
by the flow is twisting. Let J : T'(9t) — T'(9M) be the (1, 1)-tensor field defined
by

(77) JX =VxN, X e€XO).

Then [by Proposition 5.1] J is an f-structure on 9t and (J, N, V, 0, o) is an
f-structure with two complemented frames. Next let us consider the real rank 2
bundle £ = Ker(L)/K. As 6 o J = 0 the bundle morphism J is Ker(L)-valued.
Also, as JN = 0 the endomorphism J : Ker(L) — Ker(L) descends to a vector
bundle morphism J : E — E with J?> = —I i.e. a complex structure on E.
Therefore {(K, L), J} is an optical structure on M. Let B C A be the class
(mod R) of g (which makes sense because g is already adapted). Also let O be
the natural orientation of F determined by the complex structure J : E — E so
that the optical structure {(K ,L), J } may also be thought of as the synthetic
object {(K,L), B, O}. Let A = ff € C*(L) be an arbitrary nowhere zero
section [hence f(x) # 0 for any x € 9. Then for any k = p N € C*(K)

Lrg=2v0O A

which is (29) with 0 = 0 (and v = f~!dp). Thus the optical structure
{(K,L), J} is shear-free.

Finally, let us assume now that the given null Killing vector is also regular
(in the sense of R. Palais) so that M = 9t/N is a manifold and 7 : 9t — M
is C*°. Then L projects (by the invariance of L with respect to K) on a line
bundle Ly € T*(M) and (by JN =0, LyJ =0) J : E — E projects on a
complex structure J : Ker(Ly) — Ker(Ly) leading to the CR structure on M
arising from the Robinson-Trautman construction. Therefore, aside from being
confined to the case of 4-dimensional manifolds 91, the Robinson-Trautman is
more general in the sense that it associates a CR structure on the orbit space
M = 9/N to any complex structure J : Ker(L)/K — Ker(L)/L (provided
that J is invariant by the flow of N) rather than to the particular complex
structure (77) alone.
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6 - Petrov classification
6.1 - Petrov classification

Petrov’s classification (also known as the Petrov-Pirani-Penrose classifica-
tion) as discovered by A.Z. Petrov (cf. [66]) and F. Pirani (cf. [67]) introduces
six types

(78) I, I, D, 1, N, O,

for the Weyl tensor Wy,qp(2) at a point z € 9 of the given space-time. The
Weyl tensor is algebraically general at x if it is of Petrov type I at x, while in the
remaining cases the Weyl tensor is algebraically special. Rather than providing
the definition of the Petrov classes (78) we recall their description due to L.
Bel and R. Debever (cf. e.g. M. Ortaggio, [63]). Let W}, be the dual of the

vop

Weyl tensor (cf. e.g. M.N. Novello and J. Duarte De Oliveira, [62]). Let T
be one of the types (78). If Wy, is of type T at x we write W € T,. Then
(cf. [63])

Ank (Op)2 € T (M) \ {0}
W eN, < ¢ gu(z)n*n” =0,
Wowep(x)nf = 0.

If W & N, then

I (Ou)a € To(M) \ {0}
Guv(x)nFn” =0,
Wowep(x)n¥nf =0,

Wiop(@)nnf = 0.

W e lll, <—

Moreover

31 (Op)x € Tu(M) \ {0}
Ja, f R\ {0}

W ell, < ¢ gu(z)n*n” =0,
Wiwep(x)n¥nf = anyng ,

Wiop(@)n'nf = Byyn, .
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It (O)z, n*(04)a € To(MM) \ {0}
Ja, B, 7,6 € R\ {0}

n* (Ou)z , n'*(9y)y linearly independent
W eD, Guv(x)nkn” =0, g,“,(x)n’“n’” =0,
Wowep(x)n’nf = anyng ,

W/jl/ap (x)nl/np =p nune ,
Wwep(z)n'n'? =~yn' /s,
Wi op(x)n n' =dn/n's .

W e Oz <= Wop(x) = 0.

The result (obtained independently) in [66] and [67] is that the Weyl tensor
of a given Lorentzian metric falls (at a point x) in one of the six classes (78).
The proof is a linear algebra inspection of the spectrum of the mapping v"*" =
Wovep(2)v7? on 2-vectors [i.e. on (2,0)-tensor fields at a point x| determined
by the Weyl tensor at x.

6.2 - Goldberg-Sachs theorem

For our needs in Section §6 we recall the Goldberg-Sachs theorem according
to which a vacuum solution of the Einstein field equations admits a shearfree
null geodesic congruence if and only if the Weyl tensor is algebraically spe-
cial (cf. J.N. Goldberg and R.K. Sachs, [38]). It should be mentioned that
Goldberg-Sachs theorem doesn’t include linearized gravity: by a result of S.
Dain and O.M. Moreschi (cf. [25]) there exist solutions to linearized Einstein
field equations admitting a shearfree null geodesic congruence which aren’t al-
gebraically special.

7 - Dirac equation and shearfree geodesic null congruences
7.1 - Dirac equation on a curved space-time
The classical* Dirac equation is

mc

4That is the four component wave equation as discovered by P. Dirac himself, cf. [27].
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The conserved probability current is
(80) JH=cUT A" 0.

An early study of (79)—(80) in a Minkowski space-time was performed by W.
Pauli (cf. [65]) and W. Kofink (cf. [50]). In this context, if M = (R*, go) is
the 4-dimensional Minkowski space-time®

3
gozz:e#dfc“@dx“, c=1=—¢, je{l,2,3},
pn=0

then the Dirac field ¥, governed by equation (79), is a function ¥ : 9t — C*
and we set 0,¥ = 9V/9z#. The Dirac gamma matrices v* act® on ¥ and
satisfy the anticommutation formula

(81) A+t =291y

where .
[77#”] = [nuu]

Also m, ¢ and & denote respectively mass, speed of light and Planck’s constant,

while T is the complex conjugate transpose of U and A is the hermitizing

matriz (for the Dirac gamma matrices y*) i.e.

s Nuv = € 5;w , Ip= [5uu]-

(82) A=AY ()T = Ayt A7t
The similarity transformation (or spin-base transformation) is
(83) U=S5"1y F¢=514rs A=85tAS,

where S is a constant 4 x 4 matrix with complex entries. Equations (79)—(82)
are invariant under any similarity transformation (83).

To generalize Dirac’s equation to an arbitrary space-time, in a manner con-
sistent with its Minkowski space-time version, one replaces the ordinary partials
Oy by covariant derivatives D,, = 0, +1',, where I';, are 4 x 4 complex matrices
(the spin connection matrices) acting on the Dirac field . Also Minkowski
4-space is replaced by an arbitrary 4-dimensional Lorentzian manifold (90, g)
so that the Minkowski metric gg = 7, dz* ® dz” is replaced by an arbitrary

5The reader should be warned that through section § 7 we switch from signature convention
(= 4+ ++) [for a given Lorentzian metric] to convention (+ — ——). A unified presentation
is of course desirable yet, since we give no proofs, we wish to respect the conventions in the
sources (such as [46]) quoted through §7.

6That is 4" are 4 x 4 matrices with complex entries.
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Lorentzian metric g = g, dz* ® x” on 9 i.e. one replaces 7" by ¢g"” in the
anticommutation formula (81) for the Dirac gamma matrices

(84) YA+ =29" 14

It is customary (cf. e.g. M. Arminjon and F. Reifler, [7]) to additionally request
that ggo > 0 and that the 3 x 3 matrix [gjk] be negative definite. While these
are considered to be mild restrictions imposed on g, satisfied by most space-
times appearing in mathematical practice, they notably do not hold for Godel’s
(cf. [36]) space-time.

One further generalizes Dirac’s equation by allowing the coefficient matrices
(v*, A) to be functions of the space-time point x € 9. Moreover, to get the
right invariance properties of equation (79) one adds to (83) the transformation
law of the spin connection matrices I';, under similarity transformations (asso-
ciated to matrices S which are also allowed to be functions of the space-time
point)

(85) T,=8"1(9,+T,)8

so that covariant derivatives transform as 15# =51 D, S. According to the
terminology adopted in [7] the transformations given by (83) and (85) are re-
ferred to as local similarity transformations of the first kind. Local similarity
transformations of the second kind are defined by adding to (83) the transfor-
mation law

(86) r,=T,

instead of (85). For transformations of the form (83) and (86) one has D, = D,,.
Two Dirac equations are (classically) equivalent if there is a local similarity
transformation of any of the two kinds above which maps solutions to one
equation into solutions of the other.

The Dirac Lagrangian is

(87) L(zt, U, 9,V)
Al 2
S awe; % [+ Ay (D, ) — (D, W)+ Ayl + % iUt AY]
with G = det[g,,|. The Euler-Lagrange equations of the variational principle
5/L(:c“, v, 0,¥)d'z =0
are

1
(88) P Dp¥ 5 AT'D, (AT = ——— T
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where
D,V =0,V +T,7,
D" =V +Tyy” =T,
DyA=08,A-TFA—- AT,

and V, is the covariant derivative with respect to the Levi-Civita connection
of g ie.

V¥ =0,9,
R L S T
wY = 0uY {P,U« }’Y )
VA =0,A,

where { :u } are the Christoffel symbols of g,,,. Equation (88) is the (gener-

alized) Dirac equation. According to the terminology adopted by M. Arminjon
and F. Reifler (cf. [5]) the class QRD-0 consists of the generalized Dirac equa-
tions (88) with I' = 0 where I' = 4#T',, is the contracted spin connection matrix.
Dirac equations in the class QRD-0 read

1 .
(89) PO + 5 ATV, (A1) = T

If V,,(Ay") = 0 then (89) takes the normal form

(90) waﬂz—%?w

We recall

Theorem 7.1 (M. Arminjon and F. Reifler, [7]). Let (U,z") be a local
coordinate system on a space-time (M, g) such that goo(z) > 0 and the matriz
[gjk(x)]1<jk<3 is positive definite, for any x € U. Then for any choice of C™
coefficient fields (v*, A) and any choice of covariant derivatives D, = 0, + 1T,
acting on C°° Dirac fields ¥ defined on U, there exist a C* local similarity
transformation S of the first kind and a C* local similarity transformation T
of the second kind such that W +—— (T.S)~'U transforms the generalized Dirac
equation (88) with coefficient fields (v*, A, I',) into an equivalent normal Dirac
equation (90) of class QRD-0, in some open neighborhood of each point xo € U.

By Theorem 7.1 one may think of normal QRD-0 equations (90) as canonical
forms for the (generalized) Dirac equations (88), in an open neighborhood of
each point of the given space-time. The proof of Theorem 7.1 relies on the
theory of linear hyperbolic PDEs (cf. e.g. R. Geroch, [34]).
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7.2 - Separation of variables for Dirac equation

The successful treatment of the relativistic hydrogen atom problem (cf.
P.A.M. Dirac, [27]) relies on the fact that Dirac’s equation on Minkowski
space can be solved by separation of variables (in spherical coordinates). The
purpose of this section is to review the basic geometric structure needed to
study the separability properties of the massive charged Dirac equation on a
curved space-time

HpV =0,

(91) Hp¥ = [mﬂ (Dy—ie Ay) —V2meI| 0,

where {7/} is a set of Dirac matrices associated to a Lorentzian metric g,,,, and
D,, denotes covariant differentiation with respect to a connection (cf. e.g. A.
Lichnerowicz, [56]) on four-spinors corresponding to the choice of v# and to the
Levi-Civita connection of g,,, and where A = A, dz" is a differential 1-form.
We follow the work by N. Kamran and R. G. McLenaghan (cf. [46]) and argue
that the needed geometric background is a space-time admitting a 2-parameter
abelian orthogonally transitive isometry group and a pair of shearfree geodesic
null congruences. Precisely we consider the class of Lorentzian metrics g of the
form

(92) g=2(0'0e*-0e°ce?)
where
L |z o) [ pww) !
(93) 0" = V2T (w,2) {Z(w,x) [€1 du+m(az)dv]—|—g2 W (w) dw},
2 ‘Z(w,x)‘l/2 W(w B f
O O ) Sy e o)l = il
5 ‘Z(w,x)‘l/Q X(x) e du W) dol —
) = L o e+ )] — e}
(96) o' =03,
and
_ T'(w, ) H(w) 1 2 ﬁ 3 4
A Rz L U0+ 0%)+ S @0 .
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(98) Z(w,z) =€ p(w) —eam(z), g= 7 (1+ fg)l/2 :

Here €1, €2, f € R are constants with (61, 62) # (0,0). Also (x“) = (u, v, W, a:)
All functions involved are real valued.

By a result of R. Debever (cf. [26]) the class of Lorentzian metrics (92)
consists precisely of all Lorentzian metrics that admit

i) a 2-dimensional abelian group of local isometries acting orthogonally and
transitively,

ii) two shear-free congruences of null geodesics.

Let ® be the class of all solutions to Einstein’s vacuum and electrovac field
equations with cosmological constant

1 1
(99) R,uy_QRQ,LLV“‘AQ;W:FupFup_ZguuFapFJpa

(100) VYFu, =0, Vb, =0, F,=2V,A4,,
[where we have set as customary
V[UFW,} =Vol +V,Foy +V, Fyps,
VA =V, A, =V, Ay,
and we allow for the cosmological constant and the electromagnetic tensor field
to vanish i.e. we allow for A = 0 and F,, = 0] that satisfy the following
requirements

(H1) The Weyl tensor is everywhere of Petrov type D,

(H2) If the Maxwell tensor F,, is nonzero then it is nonsingular and its
principal null directions are aligned with the repeated principal null directions
of the Weyl tensor,

(H3) The assumptions in the generalized Goldberg-Sachs theorem are sat-
isfied, insuring that the null congruences associated to the principal directions
of the Weyl tensor are geodesic and shearfree.

Theorem 7.2. For every (g, F') € D and every point xg € M there is a
local coordinate system (U, xH), (a:“) = (u, v, W, a:), and a local frame {©% :
1 <a <4} C C®U, T*(M) @ C) of complex valued null 1-forms such that
xo € U and

g=2(0'06e’-0ce?),
F =DB(w,z) (0' An0%-0°r06%),
for some complex valued C*° function B(w,x), where the 1-forms ©% and the
real vector potential A are respectively given by (93)—(96) and (97)—(98).



62 ELISABETTA BARLETTA and SORIN DRAGOMIR [54]

The result is due to R. Debever and N. Kamran and R. G. MacLenaghan (cf.
Theorem 1 in [46], p. 1020). Theorem 7.2 is the reason for which separability
properties of Dirac’s equation HpW = 0 are studied for solutions (g, F') € © to
equations (99)-(100). Equations (99)-(100) were solved by the same authors,
producing the general solution expressed in terms of the tetrad {©%} and the
local coordinates (u,v,w,z) in Theorem 7.2. We recall

Theorem 7.3 (N. Kamran and R. G. MacLenaghan, [46]).
Let (g, F) € D. The following statements are equivalent

1) The Dirac equation (91) admits a solution of the form
(101) U — ei(au—i—ﬁv) T3/2 Z—1/4

where o, B € R are arbitrary constants and where

(102) dB = é [exm/(z) dw + ex p' (w) da] .

2) i) The Petrov type D condition (H1) is satisfied.

ii) There exist real valued functions h(w) and g(x) such that
(103) ZY2 7718 = p(w) 4 ig(x).

It should be emphasized that under the requirement (H1) the equation
(102) possesses solutions B. The relevance of the CR manifolds M, (a € {1,2})
associated to the two shearfree null geodesic congruences [such as springing from
assumptions (H1)-(H3) above] is as yet unclear. The detailed analysis of the CR
and pseudohermitian geometry of M, is missing in the present mathematical
physics literature.
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