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On a nonhomogeneous sublinear-superlinear
fractional equation in RV

Abstract. The existence of a positive solution to a nonhomogeneous
fractional sublinear-superlinear problem in the whole space is proved by
combining a minimization method, Nehari manifold and the fibering map
methods, and the concentration-compactness lemma. We also study the
continuity of solutions in the perturbation parameter f at 0.
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1 - Introduction

In this paper we focus our attention on the existence of positive solutions to the
following nonhomogeneous sublinear-superlinear fractional Laplacian problem

{ (A u+ [ul ~2u = [ut=2u+ f in RV,

1) u e H*(RN) N LIY(RN),

with s € (0,1), N > 25,1 < ¢ < 2 < r < 2., where 2, =

fractional critical exponent, and f is a perturbative term that satisfies
2

(f) fe LiT(RY)NLE-1(RY) and f > 0 ae. in RV,

The nonlocal operator (—A)® appearing in (1.1) is the well-known fractional
Laplacian operator which is defined for any u : RN — R smooth enough by

(—A)°u(z) = ensPV. / % dy,
RN

is the
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where .

1 — cos(z1)

RN

We can also give the definition of fractional Laplacian by means of Fourier
transform

F((=A)u)(k) = [k[*F(u)(k), kR,

for any u belonging to the Schwarz class S(RY). For more details on the frac-
tional Laplacian we refer the interested reader to |21, 34].

One of the main reasons to face with problem (1.1) comes from the study of
standing wave solutions, that is solutions of the form (¢, z) = e *“‘u(x) where
c is a constant, to the nonlinear time-dependent fractional Schrédinger equation

8w:

(1.2) G

(—A)»Y + V(2)p —g(z, [¢0]), (tz) eRxRY,

where V' is an external potential and ¢ is a suitable nonlinearity. Equation
(1.2) has been introduced by Laskin in [31,32] due to its relevance in fractional
quantum mechanics in the study of particles on stochastic fields modeled by
Lévy processes; see [19] for more details. When s = 1, eq. (1.1) reduces to a
classical nonlinear Schrédinger equation of the form

(1.3) —Au+V(z)u=g(z,u) inRY,

which has been extensively studied in the last twenty years by many authors; see
[3,11,13,26,37| and the references therein for some existence and multiplicity
results under different assumptions on the potential V' and the nonlinearity g.
In particular, a great interest [1,2,10,12,15,17,30,41,42| has been devoted
to the study of (1.3) when g(z,u) = f(z,u) + h(z) and h # 0 is a suitable
integrable function. In this case, (1.3) does not admit the trivial solution and
its study is rather tricky. Indeed, while there are some general methods to study
the analogue of (1.3) in bounded domains (see |9,36,39,40]|), these arguments
break down in the whole space due to the lack of the compactness of Sobolev
embedding, and then a more delicate investigation is needed to obtain existence
and multiplicity results.

Coming back to the fractional setting, we would like to point out that re-
cently a remarkable attention has been devoted to the study of fractional Schro-
dinger equations. Indeed, several existence and multiplicity results have been
established. For instance, Felmer, Quaas and Tan [24] (see also [22]) studied
the existence and symmetry of positive solutions to (—A)*u + u = f(u), when
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f has subcritical growth and satisfies the Ambrosetti-Rabinowitz condition.
Dévila, del Pino and Wei [20] proved the existence of standing-wave solutions
to a fractional nonlinear Schrédinger equation by using the Lyapunov-Schmidt
reduction method. Figueiredo and Siciliano [25] obtained a multiplicity result
for a fractional Schrodinger equation via Ljusternick-Schnirelmann and Morse
theory. Ambrosio |7]| considered the existence of positive solutions for a frac-
tional Schrédinger equation under the assumption that the nonlinearity is either
asymptotically linear or superlinear at infinity.

Differently from the local case, only few papers considered fractional Schro-
dinger equations in presence of a perturbative term. For instance, Pucci, Xiang
and Zhang [35] investigated the existence of multiple solutions for a nonho-
mogeneous fractional p-Laplacian equation of Schrodinger-Kirchhoff type in-
volving a nonlinearity satisfying the Ambrosetti-Rabinowitz condition, a pos-
itive potential V satisfying suitable assumptions, and in presence of a Lii-
perturbation term; see also [6,27]| and the references therein for some interest-
ing results involving (—A);. Ambrosio and Hajaiej [8] proved the existence of
at least two positive solutions to the following fractional Schrédinger equation
(—A)u+u=k(z)f(u) + h(x), provided that |h|s is sufficiently small. In [28|
the author studied the existence and uniqueness of a positive solution for a
sublinear fractional equation with a L2-perturbation term; see also [29] for a
multiplicity result for this kind of problems. We also mention [4, 18, 38| for
some multiplicity results for nonhomogeneous fractional problems in bounded
domains, whose techniques are not adaptable in our situation due to the un-
boundedness of the domain.

Motivated by the above results, in this paper we aim to continue the study
started in [28,29] related to nonhomogeneous fractional problems. In this paper,
we deal with sublinear-superlinear nonlinearities. Our main result can be stated
as follows:

Theorem 1.1. Assume that (f) holds true. Then, problem (1.1) has a
positive weak solution u € H*(RN)NLI(RN) that converges to zero in H*(RN)N
LIYRN) as |f| o tends to zero.

LT (RN)

Problem (1.1) involves the fractional Laplacian (—A)®, with 0 < s < 1,
which is a nonlocal operator. To study these kind of problems many authors
used the Caffarelli-Silvestre [14] extension method which permits to transform
(1.1) into a local degenerate elliptic equation in one more dimension with a
nonlinear Neumann boundary condition. Anyway, in this paper we prefer to
investigate (1.1) directly in H*(R") via suitable variational methods, in order
to resemble some arguments developed to study the case s = 1. Clearly, a more
accurate inspection will be needed with respect to the classical case and some
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ideas contained in |28,29] will play a fundamental role to achieve the desired
result. In order to investigate the existence of positive solutions for (1.1) we
will combine a minimization argument, Nehari manifold and the fibering map
methods [23], and the concentration-compactness by Lions [33].

The paper is organized as follows. In Section 2 we give some preliminary
results and we develop our variational arguments. Section 3 is devoted to the
proof of the main result of this work.

2 - Preliminary
2.1 - Fractional Sobolev spaces

In this section, we give some basic properties of the fractional Sobolev spaces
that will be used in this paper.

Let 1 < p < oo and A C RY. We denote by |uls(4) the LP(A)-norm of a
function u : R — R belonging to LP(A). When A = RN we simply write |ul,.

For any s € (0,1) we define D%?(R") as the completion of the C>°*(RY)-
functions under the norm

‘x _ y’N-‘rQS
R2N

and we denote by H*(R"Y) the Sobolev space defined by

N+2s

HS(RN) — {UEL2(RN)Z |fr’(x)_|u(y)| EL2(R2N)}
x—y| 2

endowed with the natural norm
2
el ey = [0 + .

We recall the following embeddings of the fractional Sobolev spaces into
Lebesgue spaces.

Theorem 2.1 ([21]). Let s € (0,1) and N > 2s. Then there exists a sharp
constant S, > 0 such that for any u € D*2(RY)

Jul3e < S [ul?-

Moreover H*(RY) is continuously embedded in L'(RN) for any t € [2,2] and
compactly in Lt (RN) for any t € [1,27).

loc
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Lemma 2.1 ([24]). Let N > 25 and r € [2,2.). If {un}nen is a bounded
sequence in H*(RYN) and if

lim sup /\un\’"daﬁ—o

n—o0 yERN
Br(y)

where R > 0, then u, — 0 in LYRN) for all t € (2,2]).
Now we introduce the space E := H*(RY)NL4(RY) endowed with the norm

Jull := llulle = [u]s + [ulg-
The functional associated with (1.1) is given by
1 2

T(u) = - [u]

1 1
S+ lulr = cfuly [ fuds

RN

It is easy to see that Z € C!(E,R) and its differential Z’ is given by

(T (), ) _t//’Odw)-U(y»(wtﬁ)—-@Qo)dxdy%_j[|uv_zu¢dx

|(13 _ y|N+25
R2N RN

—/\u|q_2u<pdx—/f<pda:,
RN RN

for any u, ¢ € E. Clearly, the solutions to (1.1) correspond to critical points of
ZinE.

2.2 - Mintmization argument

Before considering (1.1), we investigate the following homogeneous problem

(—A)u + |u]""?u = |u|? %y in RN

(2.1)
u € H5(RN) N LYRN).

Then, we can see that

Lemma 2.2. Problem (2.1) only possesses the trivial solution in E.

Proof. Let u be a weak solution to (2.1). Using the Pohozaev identity for
the fractional Laplacian [5,16| and recalling that 1 < ¢ < 2, we can see that

N-2s 1\ . (1 1Y\, ,
< 5N —5> [u] + <;—a> lulr =0,
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which implies that u = 0. U

From now on, we will consider (1.1) looking for critical points of Z. Since Z
is not bounded below on E, we introduce a suitable open set of E. Take a > 1

and define
No={u€E:[u}+u, —aul>0 and (T'(u),u)=0}.
For any v € E\{0}, we introduce the fibering map h,, : [0, +00) — R as follows:
hy(t) = Z(tu).
Then we can prove that

Lemma 2.3. N, # 0.

Proof. Let T be the unique root of the equation
(2.2) [Tu)? 4 |Tul" — a|Tull = 0.

Let ¢ € C°(RYM) such that ¢ > 0 and ) # 0. Let ¢ > 0 be a constant and
consider the function u(x) = 1 (o(x — zp)). Then we have

1 1 .
(2.3) [u]? = oN-2s [W]7 and |ul} = SN [l with ¢ € {g,r}.

Taking into account that f > 0 a.e. in R, there exists 29 € RY such that
f(xg) > 0, therefore

/fudx—g%/f(xo—i—g)w(w)dxz&
RN RN

Moreover, there exists a positive R independent of ¢ such that

R
(2.4) / f (wo + E) Y(z)dr > R and / Judx > — for o large enough.
o o
RN RN
Putting together (2.2) and (2.3), and taking into account that 1 < ¢ <2 <r <
2., we deduce that T € (0,1] and

alyly 7
(2 r<(pamr)
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In the light of the definition of h,, and gathering (2.4) and (2.5) we can infer
(D) = (' (T ) ) = Tl + 77 alp = 07l [ fuds
RN

= (a— 1)Tq_1|u]g - /fudm < 0.
RN

Now, since hl,(0) < 0 and h,(t) — 400 as t — 0o, we deduce that there exists
a minimum ¢, > T of h,(t), that is (Z'(t,u),u) = 0. Combining the fact that
t, > T and the definition of T" we get

[tuul? + [tuul, > altyuld.

This implies that v := t,u € N,. O

Since we are looking for critical points of Z, we need the following result.

Lemma 2.4. Let {uy}tnen C E be such that (Z'(uy),u,) =0 for anyn € N
and {Z(up) tnen is bounded. Then {u,}nen is bounded in E.

Proof. Using Holder and Young inequality we can infer

Sy )+

11 11 o1 LY, . (1 Lo
ol (g ol (G =) (= )iz = (g =) b
1 1 , 1 1 . (1 1 =
sl (1=l - (1) (1- 1) 12

which gives the boundedness of {uy,}nen in H*(RY) and also in L"(RY).
Now, combining (Z'(uy), u,) = 0 and the definition of Z(u,,) we get

1 r—
5[ nl2 + ,

1 1
]l + T(utn) = (1 - q) 2,

and taking into account that {u,}nen is bounded in H*(R") and in L"(RY),
and that {Z(u,)}nen is bounded, we deduce the thesis. O
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Now, let A/, be the closure of NV, and set

(2.6) c:= inf Z(u).
uENa

Lemma 2.5. —co<ec<0.

Proof. Taking v = t,u € N, (as in Lemma 2.3) and using the fact that
t,, is a minimum for h,, we can infer

¢ <Z(v) = hy(ty) < hy(0) =0,

that is ¢ < 0. Now we prove that ¢ > —oc.

Assume by contradiction that there exists a sequence {uy,}neny C N, such
that Z(u,) — —oo. Taking into account that (Z'(u,),u,) =0and 1 < ¢ <2 <
r, we get

Z(un) = L(up) — (' (un), tn)

1 1 1
=gl (5= 1)l (1= 1)
1 1

thus [un)? + |un | — +oo. Exploiting again (Z'(uy),u,) = 0 and u,, € N, we

have
2+ / Fun da / Fup de
[un]2 + \un\" RN 1 RN
@D = B - R el S a BTk
nls nlr nls nlr nls nir

Now, we distinguish two cases. If [u,]s — 0o, then using the Holder inequality
and Theorem (2.1) we have
fu

nd |f| 2k |, 2 | f] 2k
RN 25 —1 25 —1
< = < = — 0 as n— co.

*
2

Let us assume |uy,|, — 0o. Observing that from f € Lot (RN) N L2 -1 (RY) it
follows that f € L™1(RY), we can apply the Holder inequality to infer

/fun dx

RN 1—7r
= < r_|u — 0 as n— oo.
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Therefore, taking the limit as n — oo in (2.7) we deduce that o < 1, and this
leads to a contradiction. O

In the next lemma we show that inf Z(u) = inf Z(u) for some a > 1.
’U,EN& uENa

Lemma 2.6. Let o =1+ ¢, with € > 0 sufficiently small. Then we have

= inf Z(u).
A

Proof. Let {u,}neny C N g be asequence such that Z(uy,) — ¢, (T (uy), uy)
=0 and

[Un]g + [unl; — O“un‘g =0.

Clearly, since {uy }nen is bounded in E we can find M > 0 such that |u,|d < M
for any n € N. Let us note that

() = Zun) (7)) = =2+ (= 1) ol 4 (1 )

v

|
7N
|-
|
SR
+
Q

|
—_
N—— —
2
3
2

IV

|
7N

| =

|

| o

+

Q

|

[S—y

1
where f—g—l—a—1>0.
q r
Now, let n € CSO(RN) be such that

(2.8) M < [n%+nm < [nld  and /fndm > 0.
]RN

We can see that hy(0) < 0, hy(1) < 0 and h; () — 400 as t — oo, thus there
exists Ty > 1 such that h)(T1) = 0 and v := T1n € N,. In particular, it follows
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from (2.8) that |v|¢ > M. Now,
1 1 1
2(0) = ~0l2 + (7~ 1) ke + (1- ) o

(0%
) jofg

/T\
|
N | —
N———
=
S
_|_
N
=
|
| =
|
2o |

1
s—(—o‘+a—1>M§I(un),

and taking into account that N, C N, we have

c= inf Z(u) < inf Z(u) <Z(v) <e,
UENQ ’LLGNa

which gives a contradiction. Therefore u,, € N, for any n € N. O

3 - Proof of Theorem 1.1

Applying Ekeland’s variational principle to (2.6), we deduce the existence
of two sequences {uy, }neny C Ny and {A\, }nen C R such that

Z(up)—c and  I'(up) — M I (up) =0 in E

where

T (ttn) = [tn]2 + Jtm]] — ]2 — / Fun d.
RN

Similarly to Lemma 3.5 in 28] it is possible to prove the following.

Lemma 3.1. Let « be fized as in Lemma 2.6. Then, any (PS)-sequence
{tn }nen at level ¢ for T restricted to Ny, is a (PS)-sequence for T on E.

Now we are ready to prove the following result.

Theorem 3.1. Under the same assumptions of Theorem 1.1, problem (1.1)
admits a positive solution u € N with Z(u) = ¢ and

(3.1) [u]? + |u|" — aluld > 0.
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Proof. Using Lemma 3.1 we can assume that there exists {uy tnen C Ny
with Z(uy,) — ¢ and (Z'(uy), u,) = 0. Taking into account Lemma 2.4 we have
that

U, = u in E,
(3.2) Up —u in Li (RY), for any ¢ € [1,2]),

Up, — U a.e. in RY.

First, we prove that u is a critical point for Z in E. From Lemma 3.1 we
know that {u, }nen is a (P.S)-sequence for Z on E. Now, let n € C°(RY), then
(Z'(uy),n) — 0. From (3.2) we can infer that

// (un(z) —‘Zn(y))(n(x) =) gy + / "2y d

_ y‘NJrZs
R2N RN
(u(z) — u(y))(n(z) —n(y)) 2
_>R[N/ g2 dxdy —G—R{ |u|""“un dx.

Taking into account that u, —wu in L%(suppn), there exist a subsequence, still
denoted by {uy,}nen, and a function h € LI(RY) such that |u,| < |h| and

[t |7 2upn — w7 %un  ae. in RY,
ol | < [BI| € L' (RY),
and applying the Dominated Convergence Theorem we can infer that
/ |t |9 2w d — / lu|?2un dz.
RN RN

Thus we can conclude that (Z'(uy,),n) —(Z'(u),n) = 0.
Now, we aim to prove that Z(u) = ¢. We know that

(3.3) [ w| < liminf [, .
n— oo

In order to show that the equality holds in (3.3), let us suppose by contradiction
that
|lu|| < liminf |luy]|.
n— oo

Set vy, () := up(z) — u(x) such that v, — 0 in E. First, we prove that there
exists an unbounded sequence {y, }nen € RY such that

(3.4) vp(z+yn) ~v#0 in E.
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Assume by contradiction that for any R > 0

sup /|Un|qdl'—>0 as n — 00.
yeRN
Br(y)

Then, by Lemma 2.1 we have that v, — 0 in LY(RY) for all ¢ € [q,25). Taking
into account that {u, }nen is a (PS).-sequence for Z, we have that (Z'(uy,), vy,)
— 0, that is

[y e

R2N RN

(3.5) —/|un|q2unvndm—/fvndm—>0.
RN RN

Recalling that v, — 0 in E, we have
[ tual el da < fualg el < Cloaly .

RN

and

[ 1rlloalds < 1£1 2 only 0.
N

Thus from (3.5) we deduce that

(3.6) // Un(@) = un(y))(Vn () = va(y)) dmdy+/|un|T2unvndﬂc—>O.

|CL' _ y|N+2s
R2N RN

Moreover, let us also observe that

(3.7) // \x = (T;\lf(fz)s_ Un(y)) dxdy + / |u|" 2 uw, dx — 0.

R2N RN

Putting together (3.6) and (3.7) we get

[ Mate) = o) = () ) =00
|

T — y’N-i-Qs

R2N

+ /(|un|T2un — |u|""2u)v, dz — 0.
RN
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Being r > 2 we can use the following inequality
Crlz —y|" < (Je| " r — |y *y,x —y) Va,y e RY,
to deduce that
/(|un|’"_2un — |u|""2u)v, dz > Cyluy — ul.
RN
Then, recalling that v,, = u, — u, we can see that
[n — u)? + |up — ul —0

that is ||ug|| — |Ju|, and this gives a contradiction. Thus, there exist R > 0,
B> 0, and a sequence {yy, }nen C RY such that

/]vn]qu >[5 >0,
N

therefore we have
/ lon (2 + yo)|? d / |7 dz > B> 0,
Br(0) RN

which gives v # 0 in E.

Now we prove that {y, }nen is not bounded. Assume by contradiction that
{Yn}tnen is bounded. Then, up to a subsequence y, —y. Let ¢ € C(RY).
Since y, —y and v,(z) — 0 in E, it follows that

(3.9) / (& — yo)on(@) dz — 0

RN

and using (3.4) we can infer

/¢m—ynvn dm—/qS ) Un (T + Yn) dm—>/¢ z)dr Yo e CORNM).

Combining (3.8) and (3.9) we deduce that

/¢ z)dr =0 VY¢e CXRY).



180 TERESA ISERNIA |14]

This gives a contradiction in view of (3.4).
Now, we aim to prove that
(3.10) Un(- +yn) v in E.

From the boundedness of {u, }nen it follows that u(x + yy,) is bounded in E, so
there exists w € E such that u(z +y,) — w(z) in E and for all ¢ € C°(RY) we

have

/u(w—l—yn)qﬁ(m)da}—)/w x)o(z) dx
RN RN

Recalling that |y,| — oo we also have

/ u(z + yo) () dz O,
RN
and combining the previous relations we deduce that

/w(m)qb(m) dzx =0,
RN
that implies that w = 0 a.e. in RY. Thus, (3.10) holds true.
Since {up }nen is a (PS)-sequence for Z, we have that (Z'(uy,), ¢(-—yn)) — 0,
or equivalently

// Un (T 4+ yn) — un(y + yn))(d(x) — ¢(y)) drdy

| _ |N+25

R2N

+ / (@ + )t (& + ) $(e) do

—/!un(x—l—yn)!q_zun(x—i—yn x)dx —/f d(x — yn) dz — 0.

From (3.10) we can infer

// (@ + o) = iy + y0))(O(@) = 6W) 4

|z — y|N+2s

R2N

+ / i (2 + o) [" 2t (& + y) D) dx

)(6(z) - 6(v))
-~ // |g;_ y|N+2s dzdy +R[ [v(x)|"“v(x)p(z) de.
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Furthermore,

L/Wun<x-Fyn>w-2un<x-Fyn>¢cr>dm—»t/'hmm>w—2v@»¢<m>dx

Indeed, since u,(x + y,) = v(z) in LI(supp ¢), there exist a subsequence, still
denoted by u,, and a function h € LI(RY) such that |u,(z + yn)|?"2 u, (z +
y) 6(z) — [(@)T20(@) d(z) ae. in RY and |up (@ + yo) " |$(2)] <
|h(z)|7 Y p(z)| € L*(RY). At this point, applying the Dominated Convergence
Theorem we get the thesis.

Finally, we note that,

/ f(z)p(x — yp) dx— 0.

Gathering the above relations of limit we have

// = NEED =20 gaay+ [ o) 2ete)ote) o
RN

—/hmmq%@W@Mx—m
RN

that is v is a weak solution to (2.1), and from Lemma 2.2 we deduce that v = 0
a.e. in R, This gives a contradiction. Hence we have that the equality holds
n (3.3), and, up to a subsequence we can infer that ||u|| = lim,, _  ||un||. Now,

< Timi <1
[ulg < lim inf fun < limsup fun|q
< limsup ([un]s + |unlq) — lim influy,]s
n— oo n—00

< ([us + lulg) —liminflun] < Julg,

therefore u,, —u in LI(RY).
On the other hand |ju|| = lim,, -  [|un]|, sO

/ z — y’NJrQs d dy—> |N+2s d dy.
R2N

Applying the Brezis-Lieb Lemma we can infer that

[un — “]g = [un]g - [U]g + on(1),
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thus [u, —u]s — 0 and we can conclude that w, —wu in E. Let us also note that
by interpolation we can also see that |u, — ul; < [up — ulp*un — ulgél_a) —0

in view of (3.2). Finally,

/fundm%/fudm,
RN RN

therefore Z(u,) = Z(u) = ¢ as n — 0.
Our aim is to prove that u is a nonnegative weak solution to (1.1). Indeed,
let us consider the function hyy(t). We can see that hiu|(0) < 0andh| (t)— oo

|ul

as t— oo, thus there exists ¢|,) > 0 such that hiul(t|u|) = 0 and Ay () =
inftZO h|u|(t) NOW,

) = [ s fuhds <o
RN

If by contradiction him(l) < 0, then t},; > 1 which together with (3.1) implies
that t),|u| € N,. Hence we have

e < Ity lul) = by () < by (1) =Z(ju]) < Z(u) =«

which is a contradiction. Therefore hiu|(1) =0 and / f(u —|ul)dz = 0. Using

RN
the fact that f > 0 a.e. in RY, we can infer that u = |u| a.e. in RY, and
applying the maximum principle we get that u is a positive solution to (1.1).
It remains to prove that (3.1) holds true. Combining the boundedness of
{tn}neny C E and (Z'(up), uy) = 0, we have

/fun da = [un)? + [unl; — [un]d > (o — 1) Jup g
RN
and using (3.2) we can infer that
/fu dr > (e —1) lilrr_lglof [un|d > (o — 1) |uld.
RN
Therefore we can conclude that
l? +July ~ fuly = [ Fude > (o~ 1)uly

RN
(]

Finally, we deal with the continuity of solutions in the perturbation param-
eter f at 0.
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Theorem 3.2. Under the assumptions of Theorem 1.1, let uy be the solu-
tion of (1.1) given by Lemma 3.1. If f =0 in Lot (RN), then up—0 in E.

Proof. Let {f,}nen be a sequence such that |f,| « — 0 and let uy, be a

q—1 o
solution to (1.1) given by Lemma 3.1. Taking into account that uy, € Ny, we
can infer that

(3.11) g, |9+ / futtg, dx = [ug, 2+ Jug, [} > afug, |0
RN

and recalling that uy, is positive, we deduce

(@ = Dlug, |g < [ fol o lug,[3,

qg—1

that is |ugf,|q—0 as |fn|i1 — 0. Combining this and (3.11) it follows that
=
uyp, —0in E. U
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