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Bott-Chern-Aeppli, Dolbeault, and Frolicher
on compact complex 3-folds

Abstract.We give the complete Bott-Chern-Aeppli cohomology for
compact complex 3-folds in terms of Dolbeault, Frolicher, a bi-degree
de Rham-like type of cohomology, KP4, defined as

ker(9) N ker(0)

K = @) M kher(d) + im(8) 1 ker(d)

and H'(PH). (Here PH is the sheaf of phuri-harmonic functions.) We
then work out the complete Bott-Chern-Aeppli cohomology in some ex-
amples. We give the Bott-Chern-Aeppli cohomology for a hypothet-
ical complex structure on S° in terms of Dolbeault and Frolicher. We
also give the Bott-Chern-Aeppli cohomology on a Calabi-Eckmann 3-fold
concurring with the calculations of Angella and Tomassini [5]. Finally,
we show agreement of our results with the calculation by Angella [3] of
the Bott-Chern-Aeppli cohomology for small Kuranishi deformations of
the Iwasawa manifold.
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1 - Introduction

On a differentiable manifold, X, the de Rham cohomology,

_ ker(d: EP(X) — EPHL(X))

0 = e 1(X) = &)

depends only on the topological structure of the manifold. (Here, EP(X) denotes
the set of smooth complex-valued p-forms on X, as this is more convenient for
the following discussion of cohomology on complex manifolds.)

On a complex manifold, we also have the Dolbeault cohomology,

P — ker(?— P EPA(X) = EPITH(X))
9 im(0 : EP1—1(X) — EP4(X))

which depends only on the complex structure of the manifold. When a com-
pact complex manifold is Kéahler or satisfies the d0-lemma, we have the Hodge
141 ~ p,q
decomposition, H" = @p_HI:r HZ™.
On a complex manifold of dimension n, there are also the Frolicher spectral
sequences, FP'?. For r = 1, EP? = Hg’q and for 0 < ¢ < n we have the

sequences,

) ) 8 ) o
0—>Hg’q—>H$’q—>H§’q—>...—>Hg’q—>0.

So, for r = 2, we have the definition,
EY? = ker(H?Y % HYYY) fim(HP T & HP)

There are further definitions for the Frolicher spectral sequences for r > 2 and
EP? for r > 3, which we will not be using in this article.
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The Aeppli cohomology of a complex manifold is defined by the vector
spaces (see Aeppli [1] and also Angella [3] and Popovici [15]) :

ker(90 : EPI(X) — EPHLHL(X))

HY" = (im(0 : EP~19(X) — EPA(X)) +im (D : EPIHX) — EP4(X)) )

The Bott-Chern cohomology of a complex manifold is defined by the vector
spaces (see Bott and Chern [8] and also Angella [3] and Popovici [15]) :

_ ker(9: EPI(X) — EPHHU(X) ) Nker(D : EPU(X) — EPITH(X))

Hp’q _
BC im(00 : Er—14-1(X) — EPa(X))

On compact complex manifolds, there is a harmonic theory due to Schweit-
zer [16] for each of these cohomologies which ensures that they are finite di-
mensional complex vector spaces. Schweitzer’s harmonic theory shows that
the two cohomologies are dual to each other. Let h%? = dim(H%?) and
hpt = dim(HYE). We have then(see Schweitzer [16] and also Angella [3]
and Popovici [15]) that h%? = h%P, AL = h%P, and W5? = K", We
mention as a historical note that results on compact complex manifolds about
finiteness and duality between Aeppli and Bott-Chern cohomology also appear
in Bigolin [7].

Bott-Chern/Aeppli cohomology has been studied extensively by a number
of mathematicians. Popovici [15] utilizes Aeppli cohomology, in particular,
Hzfl’nfl, to study Gauduchon metrics on complex manifolds. Tseng and Yau
[20] point out the importance of understanding Bott-Chern/Aeppli cohomology,
in particular, HJQB%, for the study of Strominger’s system of supersymmetric
equations in type IIB theory on complex 3-folds.

For compact complex surfaces, the de Rham and Dolbeault cohomologies
determine the Bott-Chern and Aeppli cohomologies. This is due to a result
of Teleman, (Lemma 2.3 in [18]) which gives hglc for an arbitrary compact
complex surface in terms of dimgr(HY!(R)), where HY1(R) is the subgroup of
H?(R) of de Rham classes which have a representative which is a real d-closed
1, 1-form. The other Bott-Chern Hodge numbers can easily be calculated and
shown to be given in terms of Dolbeault cohomology. (One can do so, for
example, by using the straightforward formulas derived in Section 3 and Section
4 of the present work. See also the discussion in MathOverflow [11].) Bott-
Chern cohomology of compact complex surfaces diffeomorphic to solvmanifolds
have also been calculated by Angella, Dloussky and Tomassini [6].

Angella [3] has given an example of two different complex 3-folds with the
same de Rham and Dolbeault cohomologies but different Bott-Chern/Aeppli
cohomologies. In this article we give the complete Bott-Chern-Aeppli coho-
mology for compact complex 3-folds in terms of Hg’q, E;”l, H LPH) and a
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bi-degree de Rham-like type of cohomology, KP4, defined as

_ ker(0: EP9(X) — EPTLI(X)) Nker(d : EP9(X) — EPITL(X))

K im(9) N ker(9) + im(9) N ker(0)

We set kP4 = dimc(KP9). Tt can easily be shown that kP4 < pPTa, fPd < hg’q,

kP2 < hi? = h1P. We also see that K7 embeds into H by the obvious map,

[k]x > [k]a. This is easily seen to be one-to-one. Thus k77 < hf?. Since

im(99) C (im(d) + im(0)), we have kP9 < W3 from the definitions of HZ

and KP4, We also easily have from the definition of KP4 that kP? = k9P,
Our main result is given in the following table:

Bott-Chern cohomology on a compact complex 3-fold

h%qc qg=20 qg=1 q="2 q=3
p=0| 1 10 h2? >0
p=1]| KW RYPH) | hy? + byt — k20 hY?
p=2| n2° | hy?+hyt — k20 hye D e
p=3| k> hy? D S 1

where hg’l = dz’m(c(Eg”l), and h%é is given by:

2,2 _ il 0,1 0,2 1,0 1,1
hpe = —h"PH)+hy' —hp? —hs” + hy
+hi? + h20 4 2hyt 4+ kN — kY2 2k20

We also note that by a result of Tosatti [19] which is covered later in the article
we have

hpe = h'(PH) = 2h%1 — b + dimg (H " (R))

where HU1(R) is the subgroup of H?(R) of deRham classes which have a
representative which is a real d-closed 1, 1-form.

An understanding of Bott-Chern and Aeppli cohomologies through the
decomposition of the double complex of forms on a complex manifolds into
“zigrags” and “squares” has been achieved by Stelzig [17]. The dimensions of
the Bott-Chern, Aeppli, and Dolbeault cohomologies are given by the number
of zigzags of particular types passing through the point, (p,q), in the double
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complex. A more complete comprehension of these cohomologies would be ob-
tained by viewing the present work in terms of Stelzig’s results. Unfortunately,
we do not do so here but hope to do so in a future work. I would like to thank
the anonymous referee for this observation.

In Section 2, we derive some useful “almost exact” sequences of cohomology
on compact complex mandifolds of any dimension that prove useful in the
calculation of Bott-Chern/Aeppli cohomology. In Section 3, we derive Bott-
Chern/Aeppli cohomology Hodge numbers, h}g’%, h%&l’o, and h%’g on compact
complex n-manifolds. In Section 4, we derive Bott-Chern/Aeppli cohomology
Hodge numbers, h%% and h%g on compact complex n-manifolds. In Section 5,
we give a decomposition of HY? into subspaces Hy?/im(0), G5, and L9 on
compact complex n-manifolds that proves crucial in our calculation of H %’g on
compact complex 3-folds. In Section 6, we first derive a formula for h%’lc on a
compact complex n-manifold. We then restrict to compact complex 3-folds, to
calculate the complete Bott-Chern/Aeppli cohomology, H g’g. In Section 7 we
show how our table of Bott-Chern/Aeppli cohomology on a compact complex
3-fold applies to a hypothetical complex structure on S® and on how it is in
agreement with Angella and Tomassini’s calculation on a Calabi-Eckman 3-
fold [5] and with Angella’s calculation for small Kuranishi deformations of the

Iwasawa manifold [3].

2 - Sequences of maps of cohomology

We first note that there is a natural projection map, 75 : H%g — Hg’q
where for a d-closed p, g-form, 6, we have 0/im(99) — 6/im(d) . Similiarly, we
have the projection map, w4 : Hg’q — Hﬁ’q where for a 0-closed p, g-form, 6,
we have 0/im(9) + 0/(im(9) + im(9)) .

Consider the following sequences of maps of cohomology on a compact
n-dimensional complex manifold X with, p =0,--- ,n,

p,0 T p,0 A p0 9 rrp1 5
0—Hg, —Hy" —Hy —Hp, —--
5

p,q 7o p,g A pa O pppa+l
= Hpge, — Hy® — Hy" — Hg, — -

TA p’n’fl 5 p,n T p,n TA p,n
— H — Hpe — Hy" — Hy —0.
The above sequence of maps for the case of X, a hypothetical complex

3-fold diffeomorphic to S®, was also given in McHugh [13]. It is pretty straight
forward to show the sequence of maps above is exact at H g’g. Namely,

ker(mg : Hd, — H2Y) = im(9 : HY'™' — HYL).
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It is also straight forward to show the sequence of maps above is exact at H Z’q.
Namely,
im(ma s HP? — HY) = ker(0 : HY? — HEE™)

We have the following “almost” exactness at HJ":
Proposition 2.1.
dim(im(ry : HRE — Hg’q)) = kP9 + dim(ker(ma : Hg’q — HY?).
Proof. We first show that
ker(my : Hg’q — HY?) Cim(ry : Hpd — Hg’q) .

Indeed, if we have a O-closed p, g-form, ¢ such that ¢ = O\ + Oy, then O\ is
O-closed and represents the same element as ¢ in Hg’q. Clearly, O\ € ker(9) N

ker(0) and thus
[(ﬁ] = [8)\] S im(ﬂg : Hgg N ng)-

Denote VP? = im(my : Hpl — HZ?). We also have by what we have just
shown that

If we apply the Rank Theorem from basic Linear Algebra, to w4 : VP4 — H Z’q
we get the result of our proposition:

dim(VP9) = dim(ker(ma : VP9 — HYY)) + dim(im(mq - VP9 — HYY))

or
dim(im(ry : HREL — Hg’q))

ker(9) N ker(0)
im(9) + im(0)

).

O

= dim(ker(ma : Hy'" — HY?)) + dim(

Using the Rank theorem from basic Linear Algebra we have for 0 < p < n
and 0<g<n:

hpt = dim(Ker(mg: HRL — Hg’q)) + dim(im(rg : HRE — Hg’q)) ,
kP9 + hg’q = kP94 dim(Ker(my : Hg’q — HY))
+ dim(im(ma : Hg’q — HY7)),

MR = dim(ker(9 : HY? — HEE) + dim(im(9 : HY? — HEE™)).
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Notice that we have trivially added kP'? to both sides of the equation from the
Rank theorem for hg’q. Creating an alternating sum over g of both sides of the
equations above and using the lemmas and proposition on exactness, we have:

(1) D (=1)URGL — (R2T + kPT) + hBT) = 0
q=0
or using the duality, hli‘vq — h%—cp,n—q’

n n

S (U ) = S ).
q=0 q=0

Using the Riemann-Roch-Hirzebruch Theorem, we can also write this equation
as

S (DIEBL + WP kP = (—1)7he
q=0 q=0
= x(©)
_ / Ch(QP)td(X)
X

where QP is the bundle of holomorphic p, 0-forms. Thus,

Proposition 2.2. On an n-dimensional compact complex manifold, X,

SO (1)L + P 0 — ) = / ch(QP)td(X)
q=0 X

is a “topological” invariant of our compact complex manifold (in that it depends
only on the topological structure of QP and TX ).

We shall use the (almost exact) sequences above in calculating the Bott-
Chern cohomology. In more specific situations the sequences split into two or
more useful sequences.

3 - Some general results for Aeppli/Bott-Chern cohomology

Let X be a compact complex manifold of dimension n. We have the follow-
ing straight forward result (see McHugh [13]) when b! = 0

Proposition 3.1. Ifb' =0 then Hé’g = H%é = Hffl’n = HZ’nfl =0
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Proof. Let [¢] € H;g, where ¢ is a 1,0-form such that ¢ = 0 and
0¢ = 0. Specifically, d¢ = 0 and so since b' = 0 we have ¢ = df for some global
function f. Now ¢ = Of + 0f. Since ¢ is a 1,0-form, we have 9f = 0. Thus,
f is a global holomorphic function on a compact complex manifold and thus
must be a constant function. Hence, 9f = 0, and we have ¢ = 0. O

We can generalize this to the case b' # 0. Consider the following portion of
our sequence of maps:

0,0 0,0 0,0 0,1 0,1
0= Hgo—Hy — Hy = Hgo, —Hy —....

For a (connected) compact complex manifold, b = h%’o = k%0 =1, and it is
easy to see that h%% = 1. Thus the image of the map, Hg’o — Hg’o is one-

dimensional. Also, Hg’o consists of all pluri-harmonic scalar functions on our
compact manifold. These must be constant by the maximum modulus theorem
SO hg’o = 1. ( I thank Michael Albanese for pointing this out to me. [2]) By

exactness, the kernel of the map, H%’(lj — Hg’l is zero. Since,

K% = (ker(d) n %Y/ (im(
= (ker(d) N &%)/ (im(

) NEY +im(d) N EM)
)N &Y,
we have,

Proposition 3.2. On a compact complex manifold with b* # 0, h%é =
KoL,

We will also show the following:

Proposition 3.3. For any n-dimensional compact complex manifold, X,
hn—l,O o hn—l,O
BC T ") :
Before we prove this we need the following lemma:

Lemma 3.1. For an n-dimensional compact complex manifold, X, a O-
closed, 0-exact n,0-form is zero. Explicitly, let ¢ be an n — 1,0-form. If O¢ is
0-closed, then 0¢ = 0.

Proof. Following in the same manner almost verbatim as Lemma 2.2 in
Brown [9],

/ d6NDG = (—1)( / 506 A ) / (3(00) A § )
X X X
= (0 / d(96 A §) — / (B0 Ad )= (~1)"(0+0) =0
X

X
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by Stokes theorem.
Locally, 0¢ = fdz' A--- Adz™ and so

/améé = /|f|2d21/\~~-/\dz”/\d21/\---/\d2”
X

X
= /(—1)n<n21)]f]2dar1/\dy1/\---/\da?"/\dy"—O
X
Thus f =0 and 9¢ = 0. O

Proof[of Proposition]. We have the sequence,
n—1,0 n—1,0 n—1,0
0= Hp," — Hy — H) —

which is exact at Hg,al’o. Thus Hg,g,l’o — Hg_l’o injectively. We shall show

that the map is surjective. B )
Let [¢] € Hg_l’o, with of course, d¢ = 0. We have that d¢ is a 0-closed,

d-exact n,0-form and thus 0¢ = 0. We have ¢ € ker(d) N ker(9) and [¢]5 =
o([dlnc). Hence B = By~ and nigch® = 1y 0

We shall also show in almost exactly the same way that
n0 _ ;n0 ,0
hpe = hy™ = k" .
We repeat the argument for completeness. See also Angella [3], Section 1.4.4.
Proposition 3.4. For an n-dimensional compact complex manifold, X,
n0 _ 1n0 _ ,0
hpe =hy" = k™Y
Proof. We have the sequence,
n,0 n,0 n,0
0= Hpe = Hy" — Hy" — -

which is exact at Hg’g. Thus Hg’g s Hg’o injectively. We shall show that the
map is surjective.

Let [¢] € Hg’o, with of course, ¢ = 0. We have that d¢ = 0 since ¢
is an n,0-form. We have ¢ € ker(d) Nker(d) and [¢]5 = m5([¢]pc). Hence
HyY = H2 and W2 = h20.

BC o BC o

Define the projection map, g : Hid, — KP? where for a d-closed p,¢-
form, 0, we have 6/im(00) — 6/(im(0) + im(9)). Now consider a nonzero,
[PlBc € Hg’g. By our lemma above, ¢ is not d-exact. Thus the map, 7 :
Hg’g — K™Y is injective and h%’g < k™Y Combining this together we get
e < k™0 < b0 = Wil and thus hipg = hp® = &m0, O



34 ANDREW MCHUGH |10]

4 - Some more general results for Aeppli/Bott-Chern cohomology:
Calculating h%% and hi’o

Recall the following results just shown above.
On an n-dimensional compact complex manifold with o' = 0, H}B’(OJ =
0,1 _ rzmm—1n _ rpnn—-1 __
Hg=Hy, =H, =0. o
On a compact complex manifold with b # 0, h Be = k0L,
For any n-dimensional complex manifold, X, h%&m = hg_l’o and h%’g =
n,0 _ 1.n,0
hg™ = k™"

We will be deriving the “extreme” rows/columns of our Bott-Chern and
Aeppli cohomology tables, i.e. h’goc and hg’o for all p. We first derive a formula
for h’goc. We have the beginning of the sequence,

HP,O HILO HP,O
0= Hpo = Hy" = Hy" — -
We can consider the sequence,
0— H2Y — HP? — im(my - HP® — HP?) = 0
BC 5 A-Hg A

which is exact except in the middle with the non-exactness measured by K.
Thus

B — (15 + KPO) + dim(im(r4)) - HY” — HY")) =0

and
(2) hgoc = hg’o — (dim(im(my : Hg’o N Hﬁvo)) _ kp,O) .
We claim that
dim(im(ma : Hg’o N HZ,O)) _ 0 — dim(im(9 : Hg,o N H§+1’0))

where 0 : H g,o — H§+1’0 is the map from the Frolicher spectral sequence. Note
that we may consider the embedding,

KPO < im(mq : HPO — HRY))
and thus
dim(im(ra : HY® — HY")) — kPO = dim(im(na : HE® — HY")/KP0) .
We will thus show that

dim(im(ma : H?° — HPO)/KP9) = dim(im(0 : H?® — HPTHOY)) |
o A o o
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Consider an non-zero element,
[0]a/KP0 € im(ma : HE® — HY) /KPP

for 6, a nonzero J-closed, p,0-form. We will show that 9[f]5 # 0. We can not
have 90 = Qv as this is a p + 1,0 form and if we have 99 = 0 then [0]4 € KP
contradicting [0]4/KP° # 0. Thus

; . ,0 +1,0
90l € im(0: Hy” — HET7)
and is nonzero. This is thus an injective linear map from
im(my Hgo N Hi’o)/Kp’o to im(a : Hg,o N H§+1,0) .

We still need to show it is onto. Clearly, the map is well defined.
Now consider a nonzero element,

0y € im(0 : HY® — HET!Y)

for ¢, a nonzero d-closed, p, 0-form. If [¢]4/KP¥ = 0, then ¢ = k + I where &
is a representative of KP¥. But then 9¢ = 0 and this is a contradiction. Hence,
[#]4/ KPP is non-zero and thus d[¢]g is in the image of our map just above.
Our map is onto. Thus we have an isomorphism,

z'm(wA : Hg’o N HZ,O)/Kp,O — zm(a . Hgo N H§+1’0)
and
dim(im(m4 : Hgo — H%O)) — kP0 = dim(im(d Hg’o _ Hngl,O)) ‘

We now calculate dim(im(0 : Hg’o — H§+1’0)). Recall the Frolicher Se-

quence,

a9 9 a 9 P
0—>Hg’0—>-~—>H§’O—>H§+1’O—>---—>Hg’0—>0

where the non-exactness is measured by the spectral sequence terms,
,0 0 0 +1,0 /- —-1,0 9 0
Ed" = Ker(Hg — Hg )/zm(Hg — Hg ) .

Let ker, = dim(Ker(Hg’O LA Hngl’O)) and im, = dim(im(Hgfl’o 5 HLY)

and thus hg’o = kery —img. Using,

70 > > q70 >
hy" = kerg +imgy1 = img + h3" 4 imgia
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we have,
q70 q70 — 7 Y
hg™ —hy" =img +imgy1

Thus, performing a telescoping alternating sum,

. 0 0 1,0 —-1,0
imypiy = (W5 = BE°) = (W0 = 15 0) 4

_ 1,0 1,0 0,0 0,0
(1P (g — )+ (-1~ 15°)
For compact complex manifolds, h%’o = hg,o =1, so we can write
(3) impi1 = > (=17 (R0 — )
j=1

Finally, using equation (2), we have

=

0 _ 1p0 +7 (13,0 J,0
0 = W — S (1P (10— )
j=1
We now derive formulas for hﬁ’o = h%’gfp . We will proceed by induction on
q for calculating h%’(q). We start the induction by deriving h%’é. We know from
Proposition 3.4 that hZ’O = h%g = h%’g = k™0, Thus the map, 0 : HZ’O — Hgé
is zero and we have the clipped sequence,

n,l n,1 n,1 n,2
0= Hpo—Hy” - Hy — Hpo— - .
Hence, Hgé embeds into Hg’l. We have

dim(H)") = dim(Ker(ra - Hy'' — H)) + dim(im(ra : Hy'' — HyY))

so that

n, . . n, n, n . . n,1 n,1
h Y = dim(im(ry : HBé — Hj N — k™ + dim(im(m - Hy" — Hy"))

= Wy + dim(im(ra : HY' — Hy') — k™

We claim that
dim(im(ma : Hy'' — Hy') — k™t =0

Note that we may consider

K™ im(ma: Hy'' — HY'Y)
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and thus
dim(im(ma : Hy'' = HY'Y) — k™! = dim(im(ma : HY' — HYY /K™
Indeed, consider an element,
014/ K™ € im(mq : HY' — HY'Y) /K™

for #, a nonzero O-closed, but not d-exact, n, 1-form. We automatically have
that 96 = 0 as it is an n, 1-form. Thus df = 0 and [0]4 € K™ with § =
K+ Ou+ Ov and [0]4/K™! = 0.

Hence
dim(im(ma : Hg’l N HZvl)/Kn,l) —0
and
dim(im(ﬂ'A : Hg’l — HZ:I)) _ gl — g,
Thus
(4) WG = bl = hpt

We shall now proceed with our induction on ¢ in Alg}. Assume that we can
write formulas for h%’é in terms of hg’*, hy™, and k**, for 0 < j < g. We note
that we already can write formulas for hZ’j , 0 < j < n, in such terms since
hZ’j = h%’g_j = h%_cj’o. Consider again the sequence,

n,1 n,q n,q n,q
0= Hgo— - = Hgo > Hy" — H,
— Hg’gfl — Hg’qJrl — HZ"’“ — e
and shorten it to
n,1 7,9 n,q 7,9
0—=Hpo—- = Hgo — Hy” — Hy
— Hpd - Hg’q+1 — im(ma Hg’q+1 — HY" Y 0.
We shall show that im(m4 : Hg’QH — HP7Y) = K0+ Tt is clear that
Kmatl C im(ma Hg,qﬂ - HZ,qul) )

If [p]la € im(ma : Hg’q+1 — HZ’Q—H) then 0¢ = 0 and ¢ = 0 since ¢ is an
n,q + 1-form. Thus [¢p]4 € K™% and

y . n7Q+1 n’q+1 n,q+1
zm(ﬂA.Hé - H,")CK )
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Thus
m(my : Hg7q+1 N HZ,qH) — Kmatl

We have then that
_ n,l n,l n, n,l
S (=DM hie — (b3 + B 4+ B
=1

+ (_1)q(h7§g+1 _ (hg#l-f—l +kn,q+1) _’_kn,q—I—l) -0

and hence,
(5) AR h"q+1+z D (WG — (R + k™) + B
and

(6) hzfp,o _ ho,p_l_z p 1+1 hn 1,0 (h%,nfl _I_kn,l)_‘_h%g,(]) )

We now know h’goc and hg’o in terms of hg’*, hy™, and k** for all p such that
0<p<n.

5 - Decomposition of H}Y

In this section we define some vector spaces associated with Hf"q and prove
some results with regard to these spaces. These will be helpful in some later sec-
tions in calculating further Bott-Chern/Aeppli cohomology of compact complex
3-folds.

Consider the map: 9 : HY? — Hg“” where [0]4 — [00]5 . We define

G =ker(0: HY! — Hgﬂ’q) ,

GBT = G fim( a2 HE — HDY) |

and

Pa _ g joPsa
Lyt = HY /6"

Here, 74 is the obvious projection map from H}? to HY}? exactly similar to

: H?? — HL9. Following terminology of Popovici [15], we suggest call-
mg Gp (?, strongly Gauduchon cohomology and calling L2, weakly Gauduchon
cohomology. (Popovici [15] calls an hermitian metric on a complex n-fold,
strongly Gauduchon, if the n — 1 power of its associated 1, 1-form, w, is such
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that 9(w™ ') = On for some n,n — 2-form, n.) We also define the Hodge num-
bers, g5 = dimc(G3") and 15 = dimc(Ly").

We define gg’q, Gg’q, Lg’q, gg’q, and lg’q completely analagously:
gg’q = ker(0 : H}Y? — Hg’qH) ,
Gg’q = gg’q/im( TA: Hg’q — HYY)

and
Lg:q — Hz’q/gqu

with also gg’q = dimC(G%’b) and lg’q = dimc(L%’b). We note that g5¢ = g%’p,
D= 137, gt = gtth0 and 7P = RN B9 kLA The first two
equations are obvious from the definitions. We shall give a proof of the last
equation later on. We give a proof of the third equation now.

Proposition 5.1.
) +17 -1
ot = githat
Proof. We shall show an isomorphism, ¢, between G5 and Gg+1’q_1.
Indeed, let [M]Gg’q € G5, where p is a p, g-form such that dp = Ov for some
p+1,q— 1-form v. Note that we may consider [v] p+1.4-1 € Gg+1’q_1. Thus we
4]

will show
b Ggq N GngLq—l

Ol Hlage) = Pgroa

is a well defined and bijective linear map. Let us proceed to show that it is well
defined.

If i is another p, g-form such that [ﬂ]Gg,q = [M]Gqu, then ji = p+x+00+07
where Oy = 0. Thus, dji = O(v — 97) and

B [ilagr) = v = 0Tl gpina = Wgroar

Our map, ¢ is clearly linear. Now to show ¢ is one-to-one. If [,&]Gg,q is such
that gZ)( [ﬂ]Gqu) = [Z/]Gg+1,q71 then
1]

Ou—0p=0v—09(v+0r) .

Thus i = p+x—0T for some p, ¢-form, x such that Oy = 0 and [[L]Gg,q = [M]Gg"l .
Thus our map is one-to-one.
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To show our map is onto, let [V] pt+1.4-1 € Ggﬂ’q_l. Then Ov = Ou for
]
some p, ¢-form . We see that [u]gra € G5? and that ¢([u]gra ) = [v]ge+ra-1.
5]

Thus our map is onto. Thus we have that Gg’q is isomorphic to Ggﬂ’q*l. O

Underlying much of our analysis will be the following decompositions of
H Jg’(q) and H f"q (dependent on some, always existing, choice of hermitian metric):

Lemma 5.1.
Rl = dim(0GP~ 1) + dim(OLP~ 1Y) + dim(OLP4™ 1) + kP 7
W2l = dim (9GP~ Y) + dim(JLPIY) + dim(OLP~1T) 4 kP9
Wy = dim( HY/(OLEIY)) + ght + 157
Wy = dim( H2/(OLEY) ) + gt + 127

and thus
Hgg ~ 9GP M @ JLP 1 @ OLP I @ KP

Hgg ~ 9GPl @ gLPtt @ L1 @ P ’
H%q o Hg,q/(ngq—l) @ Gza?,q @ qu 7
Hf"q o~ Hg,q/(aLg,qfl) e G%q e qu )

Proof. We shall just prove the first four statements with regard to equal-
ity of dimensions. The proof of the second two statements of these four is
straightforward from definitions. We give a proof of the first two statements:
We notice that

dimg(im(9 « HY? — HBE)) = ghd + 124

since
W59 = dime(ker(d : HY? — HSEM) + dime (im(9 « HY? — HELH))

dimc (ker(0 : HY? — HBEM)) = dime(im(H2? — HYY))

and
W = dim(im(H2Y = HEY)) + g2 + 27

We also know that

- gt = dime (im(mp : HRE — HET)
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By the exactness of our sequence at H %’gﬂ we have
; _ . gpbatl Pa+ly _ g | jpg
dimc(ker( m5: Hgd™ — Hg") = 5% + 15

and by the rank theorem,

hp qa+l gg,q l;g,q lp*LqH +kp,q+1
96 ,q+1_|_lp 1,q+1+lpq+kpq+1‘
or
hpc 7ggq 1 lg,qfl _i_lg*l,q_kkp,q
and

hz];qc_gp 1,q+lp 17q+lpq 1 + kP4

We also give here the formulas from the decompositions for HYY:

hpq hpq Zg,qfl +gg,q+lg,q

and
hz;{q _ hgq . lg,q—l + gg,q + lg,q )

We have the following result which gives the formula:
Lemma 5.2. For0<p<n-—2and0<q <n, we have:
n—p—2n—q _ 1 p+lyg D,q +1,
ly = hy — Iyt — kP
Proof. Consider the portion of our sequence
s HRPDO o gy PN gt
We have by our exactness results
(H%El’q N Hp+17q) 8qu @ Kptha

Thus

1 1,g—1 1
0— HEEN — o BN o ghEL o 9LB @ KPT 0

and
lpq + kp+17q hp+1,q hi+1,Q*1 4.+ ( ) ( )thrl ,0 .

41
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In a similiar manner we consider the portion of our sequence:
n—p—1,n—q n—p—1,n—q n—p—1,n—q
... = Hpd —>H5 — H), — ...

and with Ker(Hgfpfl’"fq — H7P7E0) = 9L P73 we have

e p—2m— —p—1.n— —p—1.n— —p—
0—aLy " 2n q—>Hg p=ln T HyPT s L HYP n 4o,

Thus,
lg—p—ln—q - hg—p—l,n—q _ hz—p—lm—q 4ot (_1)6(f1)+1h2—p—17n
_ hgﬂ,q _ h%-kclﬂ +.. 4 (_1)e(q)+1h;§61,0 .
Thus

lgfpflnfq _ h:zg+1,q o lzg,q _ pptla
5 .
O

We need a further decomposition of Hfl’q that we develop here. Denote
HE?/im(0) = HE? and similiarly, H}?/im(0) = H}“. Define

D,q g _ /P4 D4 _ 1D,
We also have the short filtration:

D,q D,q D,q D,q D,q
We also define

and

MBI LG = (W) /(5 N G

Thus, we have the decomposition,

HE? = (HE'NHYY) © (HF'NGYY) @ (HE'nLyY) .

Consider the filtration,

We can define
gqu |—| 7_[57(] — (g§7q m Hqu) ,



119] ON COMPACT COMPLEX 3-FOLDS

GEIMHET = (G2 NHEY) /(B N HE)

and

Recall that
HEA N GBY = (M0 G59) /(HDT N HEY)

and so we define
GPI G = (G2 1 GBY)/(HEA 1 GEY)

We also define

Recall that
HEA O LG = M2 (HE 0 GBY)

and so we define
Thus we can write the decomposition,

Gl = (GRINHEY) @ (GR'NGHY) & (GRINLYY).

Continuing, we define
Lqu M gg7q — gg7q (g§7q N gqu) ,

and
LB L = (L5 /(L M GhY)

Thus we have the decomposition

P9 = (IBYNHEY) @ (IZINGYY) @ (IZ9nLEY).

We will use the following:

Lemma 5.3.

Ker(0: HY — HPYH) = GHIn (HE! /im(9)) & KP1 & oLh M.



44 ANDREW MCHUGH 120

Proof. Recall from Lemma 5.1 the decompsoition of HRZ, :
Hgg ~ 9GP @ gLPI @ 9LP 11 @ KPP 7
and thus that
im(my « Hpd — HET) = KP9 @ oLP~H1 .
We see that
im(my : HRL — Hg’q) C Ker(0: Hg’q — Hngl’q) :
We also have that

HET = HE/im(9) © OLP~ 11
HY/(im(9)) M HE /im(9) & G511 H2 /im ()

Ly N HE /im(9) & oLP~1
>~ KP9gGYIn HE/im(0) & Ly N HE /im(9) & oLV~

12

where we have used the fact that
KPP = (Hg’q/im(é)) N (Hg’q/im(a)) .
By the definitions of G5¢ and L? we see that

Ker(d: HY — HE'M) = GBI 0 (HR/im(9)) & KP7 @ OLY ™.

6 - BC-A cohomology on generic compact complex 3-folds

We shall now complete a table for a generic compact complex 3-fold. Using
the formulas above for h%’% and hl3/,, one obtains:

0,0 _ 1,0 _ 71,0 20 _ ;20 ;33 __
hBC_l’hBC_k 7hBC’_hé’hBC’_l’
30 _ 730 _ 13,0
hBC - hé =k ’

31 ;31 _ ;0,2
hBC’ - hé - hé )

32 _ ;0,1 2,0 3.1
hpe =hot + b0 — k>t
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Using the Bigolin resolution [7] [22] of the sheaf of pluri-harmonic functions,
PH, we can also derive a formula for h}g’é for any compact complex manifold:

Theorem 6.1. For an n-dimensional compact complex manifold, H}gé =
HY(PH) . Thus, hpe, = h'y """ = dim(H' (PH)) .

Proof. Let EP4 denote the sheaf of C* p, g-forms. The Bigolin resolution
for PH,
0 PH s 00 % gLl d o214 012 Coker(d) — 0
is acyclic (except at the last term, Coker(d)). Thus
ker(d:T(EYY) — T(EX @ £12))
im(00 : T(£00) — T'(ELY))

ker(d: C®Ll — C*21 g C>12)
im (90 : C°0.0 — CooLl)

HY (PH)

1,1
= HBC

Following Bigolin [7], we note that
PH=0+0
and that we have the short exact sequence
0C—-080—-0+0—0

or

0-C—-030—>PH—O0.

Hence we have the following portion of the subsequent long exact sequence,
0— H°(C) » H(O® 0) — H (PH) —

H'(C) - H'(O® 0) —» H'(PH) — H*(C) — ---

which on a compact complex manifold becomes (using the fact that global
holomorphic, global anti-holomorphic and global pluri-harmonic functions are
constant)

0-C—-CaeC—C— H(C)—
HY(O)® HY (O) - H' (PH) — H*(C) — - --
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Exactness at the first three terms of the sequence gives that the map C —
H'(C) must be the zero map. Hence we have the clipped long exact sequence,

0— H'(C) —» HY(O)® HY(O) — H' (PH) - H*(C) — --- .
We rewrite this as,
0— HY(C) > Hy' © Hy® — Hp, — H*(C) — -+
If b = 0 then H?(C) = 0 and we have the short exact sequence,
0— HY(C) = Hy' @ Hy® — Hyt, — 0.
Thus,
Theorem 6.2. On a compact complex manifold with b*> = 0, we have
hpe =W "t =20t — bt

Our formula for hgé generalizes even further by results of Tosatti [19]
which we follow here virtually verbatim . Tosatti gives the short exact sequence
of sheaves,

0-R->0DPS0

where P is the sheaf of real valued pluriharmonic functions. He thus also gives
the resulting, long exact sequence in sheaf cohomoloby,

0— H(R) — H°(O) = H(P)

— HYR) - HYO) - HY(P) = H*R) — --- .

The first three terms form a short exact sequence,
0-R—-R* >R =0
so that one has,
1 1 1 2 02 2
0—-H(R)—H(O)—-H (P)— H*R) - H(O) = --- .

The map, 7%2, is the projection to the 0,2 part of H*(R) = H3 .. (R)
followed by the isomorphism, H?(0O) = Hg’2. We have

ker(n%?) = HYY(R)
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where HY1(R) is the subgroup of H%(R) of de Rham classes which have a rep-
resentative which is a real d-closed 1, 1-form. Thus one has the exact sequence
of real vector spaces,

0— H'(R) - HY(O) - H'(P) - H"'(R) - 0 .

Note that

dimgr(H'(R)) = dimc(H'(C)) =b!

dimp(H'(0)) = 2dimc(H'(0)) = 2h)"
and

dimp (H'(P)) = dimc(H' (PH)) = hp .
Thus

b — 2hd" + hige — dimr(H'Y (R)) = 0

and

Theorem 6.3. On a compact complex manifold, we have
hpe = 2hy" —b' + dimr(H"'(R)) .
On a compact complex 3-fold, if we can calculate hgé or h%zc then we can

know the BC-A cohomology completely in terms of Dolbeault and Frolicher
terms. Consider the following expression of hi’l,

21 _ ;21 120, 21, 521
L S - L - L
12 502, 21, ;21
= B0 g2 R
We know from the almost exact sequence
0— Lg’l — Hg’l — Hf;l — H%é — H%Q — Hf;z —0
(which we note is exact at each term except at H%Q) that
21 _ ;31 331 | 132 32 | 132 3,2

We have from equation (5) and equation (4) that

3,2 3,2 3,1 3,1 3,1
Wpo = hy™ + (=1)*(hge — (5 + k1) + )
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_ 401 31 ;31 120 2,0
=hg +hy —hj K57+ hy
_ 201 120 2,0
= hy k5 +hg™
Plugging this into the expression for lg’l just above, we have
2,1 _ ;02 2,0 0,1 2,0 2,0 ;0,1 3,2 1,0
ly" =hg” —hy" +hg — k2" + hy (hg + E5%) + k

_ 102 _ ;720
=hg" — k> .

Notice that this calculation follows through without using the assumptions,
b' =0 or b = 0. We have instead used the fact that k32 = kL0, from a Serre
duality that can be proved using harmonic representations of H4 and Hpc :

KP4 = HY lim(0) N HY? /im(9) € HY?

and thus
*vaq — Kn_pvn_q C Hgapfn*q .

We will now show gg’l = 0. We know that

21 30 _ 03
9o =95 =95 -

Consider the following expression of ho’?’,
03 _ ;03 02, 03, 103
=1

Previously, we proved that for any n-dimensional complex manifold, X, a 0-
closed, 0-exact n,0-form is zero. Explicitly, let ¢ be an n — 1,0-form. If ¢
is O-closed, then ¢ = 0. In other words, for any compact complex manifold,
0 — . Thus,we have above, lg’o = 0. We also showed previously that
h?f’ = h%’?’ = k93, Thus gg’l = gg’?’ =0 and lg’?’ =0.

We proceed to calculate lg’z. Recall that

lgfpflnfq — hgﬂ,q _ lygq _ pptla

Thus
0,2 ;21 1,1 2,1
la = hg — la — k.

To calculate lé’l we consider the equation,

Ker(9: HJ" — HJ™) = G701 (B} /im(@) © KP4 © oLy
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with p,q = 2,1 . Thus
dim(Ker(0: Ho' — H)')) = k*' + dim(G5' 1 (H2 /im(9))) + 15" .
We have gg’l =0 so
dim(G3' N (H2' /im(9))) =0 .

Thus
1,1 . 72,1 3,1 ,
Iy =dim(Ker(d: Hy' — Hy")) — k>' .

Define as temporary shorthand,
kerp,q = dim(Ker(9: Hy? — Hgﬂ,q))

so that we have,
15" = kergq — k>'.

Also define as temporary shorthand,
imp,q = dim(im(0 : Hgﬂ’q — Hy) .

We shall calculate kers; from the Frolicher spectral sequence as we did above
for imyp 0. We have
Ryt = kerpq — imyp,q

and
7 . +1,
hgq = kerpq +impy1,q = kerpq + kerpr1q — hg ‘.
Thus,
P9 _ p+1lq
hg® = kerpg+ kerpiiq— hy
1, 2,
hg+ 1= kerpiigtkerpiog — hg+ !
hg_l’q = kerp_14+ kerpq— hy?
nqg
hg® = kerng
and
n n—1
J=ppid _ j—rpitla
D (1P = kery g — > (1) PRy
j:p j:p
Thus,

n

n—1

—_— i,

kerp, = E (=1 7PhI + E (=1)7PpyTo1 .
Jj=p Jj=p
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For n =3 and p,q = 2,1 this is simply,

Hence,

and

Finally,

Thus

_ 321 31 3,1

L1 21 3,1 3,1 2,1
ly’ =hy —hy +hy —k

2 = ht—lpt -k
= nZt— (3 - hyt 4 byt — k) = kP
3,1 3,1
= ¥ —n3t.
Wyt o= n -1 gyt + 1
hy? — (21— h3h) + 0+ (h? — k)

hy? +hyt — k20

Proposition 6.1. On a general compact complex three-fold,

1,2 ;12 3,1 2,0
hie = hy? +hy' — k0

Equation (1) with n = 3 and p = 2 gives

22 _
hBC' -

So,

—he + (05" + K20) = B30 + hp — (5 + k™)

+h124,1 + (h§,2 + k2,2) _ h124,2 + h%% _ (h%3 + k2,3) + h[Q4,3

—h20 + hZ0 + k20 — h)? + by + byt — kPO — B3t — kP

+hg,2 + hg,l . kQ,O + hg,l + kLl _ th,l + bl

—dimR(Hl’l(R)) + h%’l + h%ﬂ _ 20 hg,() _ Lo + L1.0
2,0 1,2 0,2 1,1 1,0 0,1 1

—dimp (H"'(R)) + 23" — 2k>0 + k11 — 2

0,1 0,2 1,0 1,1 1,2 2,0 3,1 1,1

—kM2 2120 4 b! — dimp (H'(R)) .
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We also note for future use that we can just as easily write the formula for h%é
in terms of hk BC = h'(PH), Dolbeault, Frohlicher and k% :

22 1,1 0,1 0,2 1,0 1,1
hge = _hBC+h5 —hg —hg —|—h5
+h(1§,2 + h%o + th,l + ]{31’1 _ ]{31’2 _ 2k2,0 .
We summarize with a table of our results.
Bott-Chern cohomology on a compact complex 3-fold
pt | ¢=0 g=1 qg=2 q=3
— 1,0 2,0 3,0
p=20 1 k hj k
1 1,2 3 0,2
p=1]| kY hpe hg? + byt — k20 hyy
2,0 2 3,1 2,2 0,1 2,0
p=2 hé het + hy — k20 h5e h2t 4+ k2" — k20
— 3,0 0,2 0,1 20 _ 120
p=3]| k hg hé + hé k 1
where
hie = 2hy" — b + dimgr(H'"(R))

and h%é is given in terms of b', dimgr (H"*(R)), Dolbeault, Frélicher and kP-4
in equation (7) .

7 - Examples of Bott-Chern/Aeppli cohomology on compact com-
plex 3-folds

7.1 - BC-A cohomology on hypothetical complex S°

For a hypothetical complex structure on S, it has been shown by Gray [12&
that h>° = 0 and by Ugarte [21] that hy' = 1+ho? hy' = 1+hs*+hy" —hZ
and that hg’l = hg’Q. (See also Brown [9].) We also note of course that since
b =0for 0 < j <6, wehave kPI=0for 0 <p+g<6.

So for hypothetical complex S% we can write from our results Just above,

h}aé = hl 2+h0 2 We can also write from our results just above, hY BC = 2h0
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24 Qh%’2 and

Moo = —hpe+hyt —hd? —hl0 4+ hpt + hp? + 120 + 203"

= —2-200" + 1+ h? — b2 — hL0 + it + hp? + 020+ 2h)!
= —1-2h0% —hi"+ (L+ hy® + hy® — h2°%) + hy® + 020 + 2Ry
= 2h;” +2hy% —2h)%

We note that these agree with the formula h}élc + h%zc = Qh}ézc + 2 derived by
the author in [13]. We summarize this with a table:

Bott-Chern cohomology on hypothetical complex S °

h%’qc q=20 q=1 q=2 q=3
p=0| 1 0 h2? 0

_ 0,2 1,2 0,2 0,2
p=1| 0 2+ 2h) hg” + hy hY
p=2| hZ° | hy®+hy? 2h5? + 2hy? — 2k 1+ hY? + b2’
p=3| 0 ho? 1+ hy? + h2’ 1

We note that a calculation of the Bott-Chern and Aeppli cohomologies on a
hypothetical complex structure on S® can be made using the structure of its
double complex given in Angella [4]. Angella’s construction is based on the
triviality of the de Rham cohomology and the computation of the Dolbeault
cohomology and the Frolicher spectral sequence done by Ugarte [21]. T would
again like to thank the anonymous referee for this observation.

7.2 - Bott-Chern Aeppli cohomology of a Calabi-Eckmann 3-fold

We shall compute the Bott-Chern/Aeppli cohomology for a more concrete
case. Consider the Calabi-Eckmann 3-fold, diffeomorphic to S3 x S3. We
will calculate the Bott-Chern/Aeppli cohomology in this case, replicating the
calculation of Angella and Tomassini [5]. The Dolbeault cohomology of Calabi-
Eckmann manifolds was originally calculated by Borel. For our particular
Calabi-Eckmann complex 3-fold (see for example Cirici [10]) the Dolbeault
cohomology is
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Dolbeault cohomology of the Calabi-Eckmann complex 3-fold

hg’q q=0qg=1|qg=2|q=3
p=0 1 1 0 0
p=1 0 1 1 0
p=2 0 1 1 0
p=3 0 0 1 1

Note, that we have b! = 6% = 0, h2" =1 and h* = h)' = 0. Thus hy' = 0.
We also must have k12 = 0 or k"2 = 1. We show that k2 = 0. Indeed, the
Dolbeault cohomology in this case (see [5]) has nonzero, § € Hg’l and nonzero
00 € H(%’l. One can check that Hg’l is generated by 00 = 9(09). Thus the
map Hg’l — Hi’l in our sequence above is the 0-map and we conclude that
k> = k12 = 0. Thus our table for Bott-Chern cohomology is given by

Bott-Chern cohomology of the Calabi-Eckmann 3-fold

h%qc qg=0|qg=1|qg=2|q¢q=3
p=20 1 0 0 0
p=1 0 2 1 0
p=2 0 1 1 1
p=3 0 0 1 1

This agrees with the calculation of the Bott-Chern cohomology for the Calabi-
Eckmann 3-fold done by Angella and Tomassini [5].

7.3 - Comparison with Angella’s calculation on the Iwasawa manifold and
its small deformations

Angella [3] gives the De Rham and Dolbeault cohomologies and calculates
the Bott-Chern/Aeppli cohomolgies on the Iwasawa manifold, I3, and its small
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deformations in the Kuranishi family of deformations due to Nakamura [14].
We will be following this presentation closely, using similiar notation in order to
show agreement with our results. Thus please see Angella [3] for fuller details
and clarification.

The Iwasawa manifold is a holomorphically parallelizable compact complex
three-fold with a global holomorphic coframe given by (see Angella [3], p.39)
ot =d2t, $*=d?, P =dt - 21d
where 2!, 22, 23 are local coordinates given from I3 being a quotient space of

C3 by a discrete group action. The structure equations are easily seen to be

dot =0, d¢? =0, do>=—¢'Aep?.

For small deformations in the Kuranishi family of deformations of I3, there is
a global coframe of /\1’0 | ER

{1, 97,07},

where t = (t11,t12,t21,t22,%31,t32) € A(e,0) C C® and A(e,0) denotes an

open ball of radius € centered at 0 . Define D(t) = CH ?2> . The different
21 122

classes of the small Kuranishi deformations of I3 are defined according to the

parameter, ¢:

(7): t11 = t1g = to1 = too = 0 (note, generically, we have tg; # 0);
(Zl) : (tn, t12, t21, t22) 7& (0, 0, 0, 0), D(t) =0 N
(1i1): D(t) #0.
Define
g 011 023 091 013
011 023 021 013

where 012 and o7, ¢ = 1,2, j = 1,2 will be defined below in the structure

equations for classes i) and i) (see equation (8)).
The subclasses (ii.a) and (zi.b) of class (ii) are defined by

(t3.a): D(t) =0 and S has rank 1.

(i1.b): D(t) =0 and S has rank 2.
Similiarly, the subclasses (iii.a) and (iii.b) of class (iii) are defined by
(t4i.a) : D(t) # 0 and S has rank 1.

(i73.b) : D(t) # 0 and S has rank 2.
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Define Ctj =2+ Zi:l tixz® for j = 1,2, and

2
1
CtS = z3+2(t3k+t2kzl)2k+§(t11t21(21)2+2t11t222122+t12t22(22)2)+D(t)23 .
k=1

Thus, define qﬁg = d(g for 7 = 1,2 and
¢ = dG} — 2'dG} — (ta12! + t222%)d(] .
The structure equations for class (7) are:

doy =0, dg} =0, do}=—d; NG} .
For classes (ii) and (ii), the structure equations are given by

(8) dp; = 0, d¢?=0,

dp7 = o120) A GF + 010t A G + o130t A P
+09107 N ¢ + 0207 A 7

where 012 € C and o € C,1=1,2, j =1,2 are complex numbers depending
only on t. B

We shall be using notation as in Angella [3]: ¢!/ = ¢t A - A ¢ A @A
.-+ A ¢Ja for multi-indices, I and J.

One can check that hg’l = 2 for all the classes of deformations of I3: One
can check that, a priori, Hg’l = ker(0) and that,

3,1 1231 ;1232
Hy =C < ;T >

: 2,1 1,193 4131 4132 4231 .232 ,
Since, Hy" C C < o1, of22, o3t o132, 231 9232 > for class (i) and

) ¥t — 7t ¥t —t >
012

2,1 1 ) 1 095 3 5 097 3
Héa C C < ¢%21 %22 131 Y22 ,123 132  “21 ¢123
012

231 012 4123 232 011 ,123 >
t — %Yt »¥t — %t
012 012

for classes (ii) and (iii), we see that O acts on Hg’l as the zero map. Thus
im(0: Hy' — Hy') =0 and hy' = 2.

We see from the 2,1 -forms above, that ¢}2! = 9¢}' and ¢}?? = 9¢32 and
thus k%1 < 4. We shall show that k12 = 4 on the Iwasawa manifold and its
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classes of deformations (i), (ii) and (iii). In fact, Angella [3] shows that the
2,1 -forms,
(O13T, 9132, o231 5232

for class (i) and

{ 131 022 ;123 ;132 921 ;123 ,231 912 ;123 232 011 123}
gb t %t - %t » ¥t - %t »¥t JE—
712 012 012 012

for classes (i) and (iii), are J;,-harmonic with respect to the hermitian metric
= 31 O &y + 6 O 6} + 6 © 6.
We can show that for the class of deformations (7), the 2, 1-forms

{¢131 132 2317 ¢?32}

are also dy,-harmonic: It is easy to see from the structure equations that these
are O-closed. Now observe that (using the notation of Wells [22])

13T = 2% 132 = _ 213

5o = _ 123, 5232 = pl13
and that these are also O-closed. Thus these 2, 1-forms for class (i)- are 0*-
closed and hence J,-harmonic. Since they are also dj,-harmonic, we know
that C < ¢f31, 9132, 9231, $732 > is orthogonal to im(9) + im(d). We conclude
that k>! > 4 for the class (7). Thus, k%! = 4 for class (7).

For deformation classes, (i7) and (i), consider the five dimensional complex
vector space,
W=0C< ¢123 131 %32 ?31 gsi S

)

One can check that this is also

_ A« ;1212 ;131 922 ;123 ;132 921 ,123
W=C<0¢" % ¢" — ==&, 97" — ==,
012 012

231 912 4123 ,232 011 123 o
t 0_—12 t ¥t 0_—12 t
Recalling the orthogonal decomposition, £%! = 7—[%’1 @ im(9) ©im(9*) , we see
that W is orthogonal to im(d).
We also have

131 , 011 4123 132 |, 921 ;123
W =C <0, ¢ + i, 0% 4“2l
012 012

231 |, 912 ;123 ;232 | 922 ,123
;o N

n >
2
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noting that for the first basis element we have
00)" = 01201 ™ + TG + Tk + TG + TRd,

and that the other four basis elements are 0-harmonic. Thus we see that W N
im(9) = C < 9¢33 >. We also have that

1 2 T 095 3 5 Oo7 3

_ 33 ;131 22 ;123 ;132 21 ;123

W =C < —0¢;°, 9> — ===, 9> — ==, ",
g12 g12 g12

231 012 ,123 ,232 011 ,123
7 — — >

— Y — Pt
012 012
since for small ¢, the matrix,
1 022 091 013 041
012 012 012 012
T
| 0 0 0
g12
T
20 1 0 0
g12
7
12 0 1 0
012
5=
29 0 0 1
012

has non-zero determinant. Note that the basis elements
{ 131 922 ;123 132 021 ;123 ,231  O12 ;123 ,232  Oii 123}
¢t - —%t ¥t - —%t sVt - —%t »¥t - —¢t
012 012 012 012

are O-closed and O-closed. Denote,

_ 131 022 123 ;132 921 ;123 231 012 ,123 232 011 ,123
V=C< ¢ — =070 — =7, 017 — = 7,077 — —¢p 7 > .
012 012 012 012

Thus, V/(V N (im(d) +im(9))) C K*! . Since
V/(V N (im(d) + im(9)) = V/(V N C < 0> >)

we have that dimc(V/(V N (im(9) +im(9)))) = 4 and k*' > 4. We conclude
that k*! = 4 for deformation classes, (ii) and (4ii).

It is clear from Hg’l =C< <z§,},¢}2 > that k10 = k%1 = 2.
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We now calculate k2 for each of the three classes. For class (i), we have
that
2,0 12 413 23
Hg - C < ¢t s Py Py >

where we note that these basis elements are also d-closed and that ¢}? = 9¢3.
Thus for class (i), k2" = 2.
For class (ii), we have that

H3" = C < ¢, a0 + foi° >

with a and 8 not both zero. As before, the generators are also 0-closed and
12 = 0¢3. Thus for class (ii), k>0 = 1.
For class (7it), we have that H;’O = C < ¢}? > and as before, ;2 = 063.
Thus for class (ii4), k% = 0.

We now calculate k:ll1 for each of the three classes. For class (i), K L1 has
a basis consisting of {¢1!, ¢}2, ¢71, $72}. Thus, kbt = 4 for class (7).
For classes (ii.a) and (iii.a),

0P} = o110t + 0120¢” + 09187 + 09307

and
06} = —(For + 731" + 01367 +00;)
are non-zero but linearly dependent over C (since S has rank 1) and thus a
non-zero linear combination of {¢t!, ¢f2, ¢21, $72} is in im(9) + im(9). Hence,
kb =3 in classes (ii.a) and (iii.a).
For classes (ii.b) and (#ii.b),

0P} = o110t + 0120¢” + 09187 + 09307

and
0} = — (o101 + 0510y +o10% +03307")
are non-zero and linearly independent over C. Thus two linearly independent
non-zero linear combinations of {¢;!, ¢12, ¢t ¢22} are in im(9)+im(9). Hence,
k'l =4 —2=2in classes (ii.b) and (iii.b).
Clearly, k30 = h%g = 1 for all the classes of small deformations of the
Iwasawa manifold being considered. We summarize the k*/ with the table,
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Table of k¥ for Classes of Deformations of the Iwasawa manifold

ki,j kl,O kl,l k1,2 kQ,O kS,O

@ | 2 4 4 2 1
(i) | 2 3 4 1 1
@by | 2 2 4 1 1
(iiia) | 2 3 4 0 1

(iiib) | 2 2 4 0 1

We also include here the calculation of the Dolbeault cohomology for the
classes of small deformations of the Iwasawa manifold originally done by Naka-
mura [14]. (See also Angella [3]),

Table of hgj for Classes of Deformations of the Iwasawa manifold

,] 1,0 0,1 1,1 1,2 0,2 2,0 3,0
hg | hg™ hg hg  hyT hgT hyT by

G |3 2 6 6 2 3 1
(ia) | 2 2 5 5 2 2 1
Gip) | 2 2 5 5 2 2 1

(iia) | 2 2 5 4 2 1 1

Gii) | 2 2 5 4 2 1 1

Let us calculate hglc for all the classes of small Kuranishi deformations of
Z3. We have
hpe = 2hy' —b' + dimg (H 5 (R)) .

One can check that for all five classes of deformations we have that
R <o igi?, 012 — o7l i(67% + 67') > C Hyp(R) .

Thus, dimR(H;}%(R)) > 4. We wish to show dimR(H;}%(R)) = 4 for all the
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classes of deformations. Any d-closed 1,1-form must also be O-closed and 6-
closed. Such a 1, 1-form independent of

R <igil igf, o — ¢f'i(¢) + ¢7') >
will be written as
1/J:a¢13+5¢23 _’_,Y¢3i+5¢32_’_6¢33

where the «, 8,7, 4 and € are global smooth complex valued functions. Applying
0 and O-closedness and projecting onto

112 ;212 ;121 122
C<o 50" 07,07 >

gives the matrix equation

—o012 0 —o013 —oy1 o 0
0 —012 —095 —091 Bl |0
12 —011 012 0 o 0

0o  —091 0 0192 1) 0

We note that this is similiar to the equation in Angella [3], p.47. The matrix
above has rank 4 for small deformations in classes (7), (i7), and (i73). Thus we
must have « = =~y = § = 0. We then can easily show that ¢ = 0:

A(ed®) = (0e) A %% — €' + ¢ A (06%) =0 .

Each of these three terms are linearly independent, i.e. the only term in qﬁm‘a’,
when all expanded, is the middle term. Thus we must have ¢ = 0. Hence
we conclude that for the Iwasawa manifold and its small deformations in the
Kuranishi family, dz’mR(Hcll}% (R)) = 4. One can see that we obtain for all the
classes of deformation (i), (i), and (i7),

h}éé = 2h%’1 — ! +dimR(H;}%(R)) =2%x2—-4+4=4.

This agrees with Angella [3] p. 49.
Using this value of h}élc, the values for £/ in the table above, Angella’s
calculations of 777 in the above table for h, we get agreement with Angella’s

calculation of the rest of the Bott-Chern cohomology. For example,
22 11 01 ;02 ;1,0 1,1 1,2 2,0
hge = —hpe+hy —hy” —hy" +hg +hg" +hy

+2hot 4 kB — kb2 - k20
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For the different classes of deformations, the reader can check that this is:

Class (7) (tia) (43b) (tita) (4i1b)
h%e, 8 7 6 7 6

The reader can also check the calculation of h}é%, for each of the three classes
(i), (4i), and (i7i) using the equation, h}é% = h(1§72 + hg’l — k29 which produces
the following values:

Class (7) (44) (13i)
hie 6 6 6
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