Riv. Mat. Univ. Parma, Vol. 10 (2019), 351-446

CLAUDIA NEGULESCU

Analytical and numerical aspects of the linear
and non-linear Schrodinger equation

Abstract. The subject-matter of these lecture notes, presented in 2016
at the Ravello Summer School on “Mathematical Physics” as well as
in 2018 at the Universita degli Studi di Napoli Federico II, as a PhD
Course at the Doctoral School “Mathematics and Applications”, is a
presentation of several numerical techniques for the simulation of the
linear respectively non-linear Schrodinger equation, arising in a variety
of physical and biological contexts. In particular, the author is inter-
ested in the design and ensuing mathematical and numerical study of
multi-scale schemes, as for ex. Asymptotic-Preserving schemes, for the
resolution of the Schrédinger equation in several regimes, as for example
the semi-classical regime. The lectures are based on articles, which were
chosen to illustrate different techniques in the construction of such ef-
ficient numerical schemes for singular perturbation problems. However,
the here developped techniques can also be applied for various other sin-
gular perturbation problems and these notes can serve as an introduction
to more elaborate works on the subject

Keywords. Schrodinger equation, Multi-scale problems, Asymptotic
analysis, Asymptotic-preserving schemes.

Mathematics Subject Classification (2010): 34140, 34E05, 34E20,
35Q41, 42B20, 65L20, 656M06, 81522.

Contents

0 Introduction 353
0.1 Outline . . . . . . . s 364

Received: October 2, 2018; accepted in revised form: April 3, 2019.
This work has been supported by the CNRS-PICS project “MANUS” (Modelling and
numerics of Spintronics and Graphenes, 2016-2018).




352

1

CLAUDIA NEGULESCU 12]
Multi-scale problems 365
1.1 Single-scale and Multi-scale approaches . . . . . .. .. .. ... 367
1.2 Asymptotic-Preserving schemes . . . . . . . ... ... ... ... 368
Stationary Schrodinger equation in the semi-classical limit 371

2.1 The mathematical problem . . . .. ... ... ... ... .... 371

2.1.1  The WKB-technique . . . . . ... ... ... ... .... 374

2.2 Domain decomposition of the Schrédinger boundary value problem375

2.3 Hybrid WKB-method and error estimates . . . .. ... .. ... 379
2.3.1 Variational formulation and FEM for the evanescent re-

gion BVP . . . ..o 379

2.3.2 IVP and marching method for the oscillatory region (14) 381
2.3.3 Convergence results for the overall hybrid WKB method . 385

2.4 Numerical tests of the hybrid WKB-method . . . . . . . ... .. 386
Two-body Schrodinger equation modelling the decoherence 388
3.1 The mathematical problem . . ... ... ... ... ....... 388
3.2 A multi-scale asymptotic resolution of the two-body Schrédinger
system (35) . . ... 391
3.2.1 Asymptotic approximations . . . . . . ... ... ... .. 393
3.2.2  One-dimensional systems. Computation of Z,, . . . . . . . 396
3.2.3 Particular potentials of interest. . . .. ... ... .. .. 397
3.3 Numerical simulations . . . . . .. ... ... ... ... .. 398
3.3.1 Model and initial data . . . . . . ... ... L. 399
3.3.2 Numerical domain and discretization . . . . . . . ... .. 400
3.3.3 Numerical results and interpretation . . . . ... ... .. 402

Nonlinear Schrédinger equation with Delta-Dirac point inter-

action. 406
4.1 The mathematical problem . . . ... ... ... ... ...... 407
4.1.1 Linear point interactions - Symmetric double well . . . . 410
4.1.2  Linear point interactions - Asymmetric double well . . . . 413
4.1.3 Nonlinear point interactions . . . . . . . ... .. ... .. 414
4.2  The numerical discretization of the Volterra-system . . . . . . . . 414
4.2.1 The free Schrodinger evolution . . . .. ... .. ... .. 415
4.2.2 The Abelintegral . . . . . . . . ... ... ... .. 418
4.2.3 The Highly-oscillating integral . . . .. .. ... ... .. 419
4.2.4 The Non-linearity . . . ... ... ... ... ... ... 423
4.3 Numerical simulation of the beating phenomenon . . . . . .. .. 424
4.3.1 The symmetric linear case . . . . . . .. . ... ... ... 425

4.3.2 The asymmetric linear case . . . . . .. .. ... ... .. 425



13 LINEAR AND NON-LINEAR SCHRODINGER EQUATION 353

4.3.3 The non-linear case . . . . ... .. ... ... ... .. 427

5 Cubic nonlinear Schrédinger equation for the BEC 428
5.1 The Bose-Einstein condensate . . . . . . . .. .. ... ... ... 430
5.2 Scaling of the Gross-Pitaevskii equation . . . .. ... ... ... 431
5.3 Splitting schemes . . . . . . . . . ... ... o 433
5.3.1 Lie and Strang splitting procedures . . . . . . . . ... .. 435

5.4 Numerical approximation of the GPE in the semi-classical limit . 437

References 440

0 - Introduction

The central theme of this course deals with the presentation of several
numerical schemes for the discretization of the linear/non-linear Schrodinger
equation occurring in various application fields.

The non-linear Schrodinger equation (NLSE) furnishes a general model per-
mitting to describe, briefly speaking, a large class of wave propagation phenom-
ena in non-linear media, more precisely it provides a description of the envelope
dynamics of waves in a weakly non-linear dispersive medium, when dissipative
processes are negligible. In particular, the Schrédinger equation involves a dy-
namical balance between a linear dispersion or spreading (generated by the
Laplacian term A) and a non-linear (focusing or defocusing) self-interaction
of the wave (generated by the non-linear term «|1|? ¢). This equation (in its
several forms) arises in apparently rather different fields of application, such as
quantum mechanics, nanotechnology, nonlinear optics, hydrodynamics, plasma
physics, biology and so on. As it permits to capture the physics of some in-
teresting and stimulating non-linear phenomena and as it incorporates some
specific mathematical and numerical difficulties and curiosities, the Schrédinger
equation has had and still has more than its share of attention in the scien-
tific community. All this shall be specified in a few words in this introduction
and we shall pick up in the next sections some typical applications, modelled
by the Schrédinger equation, in order to examine its distinguishing behaviour.
But first, let us concisely overview the fields where the (non-)linear Schodinger
equation occurs. I will give here only some examples, the list being really not
exhaustive, and I will leave the most important example, which is the quantum
mechanics, for the end.

Let us mention at this point, that the physical domains where the Schrédin-
ger equation occurs, can be divided into two categories. In the first category
enter the problems which manifest some kind of quantum behaviour, as for
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example interference effects, such that the most appropriate model for their
description is the linear Schrodinger equation, which is the fundamental equa-
tion of quantum mechanics. In the second category can be put the (classical)
problems, whose complex description requires some simplification for a sketchy
investigation and for which the non-linear Schrédinger equation offers an unin-
volved approach. However, let us remark here that any determinsitic non-linear
generalization of the Schrodinger equation (latter cases) is incompatible with
quantum mechanics. It can be seen as an approximation of open quantum
systems or simply as a classical non-linear wave-model.

Non-linear optics [10,51].

The field of non-linear optics is an active area of research since several years,
with some important applications in communication systems, high power laser
technology, optical tomography, fiber-optic sensor devices and so on. Optical
fibers, made of pure glass, as well as optical amplifiers are used as waveguides to
transmit light-waves (signals) over large distances without losses and attenua-
tion (see Fig. 1). To model non-linear phenomena in fiber optics, it is necessary
to consider the field of electromagnetic wave propagation in dispersive media,
the wave-propagation being governed by Maxwell’s equations. These equations
provide a general framework to study the nonlinear effects in optical fibers, how-
ever, because of their complexity, it is often necessary to make some simplifying
approximations, which lead finally to the nonlinear equation

(1) i0,A + BOyA—iaA+~]APA=0, a,fB,v€R,

which coincides with the non-linear Schréodinger equation (NLSE) for o = 0.
The focusing case corresponds to S~ > 0, otherwise we are in the defo-
cusing case. This equation describes the evolution of the (slowly varying)
pulse-envelope A(t, z) of a mono-chromatic plane-wave electric field E(t,r) =
R [A(t, z)ei(ko Z_wot)], where z is here the longitudinal propagation direction, ¢
the time and kg resp. wg represent the pilot wave-number resp. the frequency
of the plane-wave. The term iaA includes the effects of the fiber losses, 50 A
the chromatic dispersion and | A|? A represents the fiber non-linearity. In fiber
optics, the soliton solutions of (1) (with @ = 0) are notable solutions, as they
represent traveling wave-pulses with a remarkable stability, due to the balance
between two forces: the linear dispersive force and the nonlinear, focusing force.
This inbuilt stability property enables in principle solitons to travel over rather
long distances without changes, such that they can be used to carry information
in communication systems.

Hydrodynamics [61,78,79].
Waves of extremely large size (giant or rogue waves, height over 10 m) are
essentially non-linear objects. These deep-water waves are very steep and high
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Fig. 1. Optical fibers and lasers.

and can appear right away from a relatively calm sea (see Fig. 2), due to the
non-linear Benjamin-Feir instability and wave focusing; important damage can
be caused consequently on ships and oil platforms. The dynamics of such sur-
face gravity waves is usually described by the Navier-Stokes equations (or Euler
equations under some suitable approximations and assumptions). Due to their
complexity, it could be however advantageous to find a simpler approximation
model, in order to investigate some particular features of these waves. In this
context, the nonlinear Schédinger equation of focusing type

2) i0,A + a0, A+ BIAPA=0, a,BER,

provides a good description of the envelope dynamics of these surface giant
waves. The function A(t,x) represents the complex wave envelope, connected
to the surface elevation 7n(t,x) via the formula

n(t,z) =R |At, z)elFor—«t)| (¢ z) e Rt xR,

with kg the wave-number, wy the frequency of the carrier wave, and the coef-

2
ficients given by o = ;T%’ 8= w°2k°. The Schrodinger equation is in this case
0

just the first term in a hierarchy of envelope equations, describing such surface
waves. It is clear however that such giant non-linear wave phenomena cannot
be correctly modeled in terms of only envelope equations, but this description
gives some valuable information about the formation of such waves, in particu-
lar it contains the two basic ingredients of surface dynamics: non-linearity and
dispersion. One particular class of solutions of (2), so-called “breather”-type
solutions, are considered as prototypes of rogue waves in oceans.

Plasma physics [34,81,83,87].
Fusion plasmas are an inherently non-linear medium and far from being in
thermodynamic equilibrium, due to the high temperatures needed to maintain
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Fig. 2. Rogue waves and their big distructive power.

the plasma. A certain amount of energy is thus stored in a plasma, under differ-
ent forms converting one into another through violent, non-linear phenomena
like instabilities and turbulences. Several types of non-linear waves develop
during such processes in fusion plasmas, as a manifestation of such abundant
energy. An archetype of such waves are the Langmuir waves (electrostatic elec-
tron waves), where the energy is swinging between the kinetic particle energy
and the electric field energy. These waves correspond to rapid oscillations of the
electron density around a perturbed equilibrium state, thus also called electron
plasma waves. At the basis of the description of Langmuir waves are the fluid
equations (continuity and momentum equations, coupled to Poisson equation),
however, the simplest model for the description of the propagation of the low
frequency Langmuir wave-envelope is the NLSE for the electric field E(¢, x)

’U2 Wpe€O
3 i0, F th AE+ 22" |EI?E =0 E=-V

where vy, is the electron thermal velocity, T, the electron temperature, wpe
the electron plasma frequency (related to the Langmuir oscillations), €y the
permitivity of vacuum and kp the Boltzmann constant.

Another typical specimen of plasma waves are the Alfvén waves (electro-
magnetic ion waves), where the converted energy forms are the kinetic particle
energy and the magnetic field energy (see Fig. 3). Using the MHD model
(Magneto-Hydrodynamics), it is possible to describe the propagation of these
low frequency electromagnetic modes in a plasma. But, as for the former waves,
due to the considerable complexity of the multi-dimensional MHD equations,
an approximate, simpler model for their partial description is provided by the
NLSE, which is similar to (3), with the electric field E replaced by the magnetic
field B(t,z) and different constants, depicting the evolution of the magnetic-
field envelope-function, propagating in the medium.
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Fig. 3. Creation of an Alfvén wave, propagating between two levels of the solar
atmosphere.

Biology [71,72,73|.

The cubic NLSE furnishes also an approximate description for various pulse-
propagation phenomena in biological systems. In Bioenergetics for example,
the question is how cells generate and transfer their supply energy. In this con-
text the NLSE gives a simplified model for the a-Helix protein dynamics. In
Neuroscience, the NLSE describes the electric pulse propagation, or simply the
electrical activity in nerve cells (neurons), permitting thus the investigation and
understanding of the brain functioning. In Cardiology the NLSE serves as a
model for the description of a traveling pulse, representing for example a heart-
beat, or simply the propagation of an excitation in the human heart. Standard
(classical) models for the description of the spatial propagation of potential
pulses along nerve-systems are the Hodgkin-Huxley or the FitzHugh-Nagumo
models, the NLSE however furnishes a simplified model for the description of
the envelope propagation of the wave-front only and has the form

100U + Ot — 2Jul> u + ®(t, 2, u)u =0,

where wu(t, z) represents the action potential response of cells/neurons and @ is
a given (potential) function.

To understand better the relation between neurons and electricity, let us
bring up here some words for clarity. The brain and the central nervous system
control the organs via two distinct mechanisms: the hormonal system (which
releases chemicals into the bloodstream, influencing thus particular organs)
and the nervous system (which works via the very fast transmission of electro-
chemical pulses down specific paths between the brain and the organs). These
pathways are called nerves and are constituted of thousands of neurons. A
typical neuron (cell) can be seen in Fig. 4. The electric activity in nerve cells,
as well as in heart muscle cells (myocyte), is generated by means of a simple
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mechanism, in particular via the motion of sodium ions (Na™) and potassium
ions (K ™) across the cell membranes (see Fig. 4). The imbalance in ion con-
centration (between the surrounding medium and the interiour of the axon)
generates then the so-called action potential, which is then propagated as a
wavefront down the axon.

Extracellular Cytosol Extracellular
fuid fluid

Sodium

Collateral
branch

Myelin
sheath

Fig. 4. Left: A neuron. Right: Ions crossing the membran through protein pores
(ion channels) and creating hence the action potential.

Quantum mechanics

Let us come now to the main thematics of this course. At the heart of quan-
tum mechanics stands the linear Schodinger equation, describing the particles
as waves (particle-wave dualism) propagating through space and time. The
manner in which the Schrodinger equation describes the behaviour of the par-
ticles is very different from the corresponding description in classical mechanics.
In classical mechanics a particle is characterized by its position z € R3, which
evolves in time ¢t € RT. The thus obtained trajectory of a classical particle z(t)
obeys Newton’s law

(4) mi(t) = F(t,r,), teR",

with F' a force term (gravitational force, electromagnetic force, etc). In quan-
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tum mechanics, a particle has no longer a well-defined trajectory x(t). Instead,
each particle is considered as a wave, in particular it is described by means of
a wave-function (¢, x), where |)(t, z)|? dx represents the probability of finding
the particle at time ¢ in the space-volume dx around x. The equation which
describes the evolution of this wave-function is the Schrédinger equation, which
is the quantum analogue of Newton’s laws (4). For a single particle of mass m,
moving in a given external potential V' this linear Schrédinger equation reads

2
(5) ihoy) = —Qh—mmp +eVy, (tz) eRT x R3,

where h = h/2m is the reduced Planck constant and e the particle elementary
charge. The Hamilton operator H := —%A + eV is the observable corre-
sponding to the total energy of the quantum-mechanical particle, consisting
of a kinetic energy operator (free Hamiltonian Hy := —%A) and a potential
energy operator. The wave-function t(¢,x) contains all the necessary infor-
mation to determine completely the state of a physical system. In particular,
the macroscopic quantities, so-called observables, are calculated via this wave-
function, for example the density of the (single) particle n(¢, z) and the current
density j(t,x) are given by

n(to) = D), () = L@ V().

3

If the potential is created selfconsistently, the Schrodinger equation (5) has to
be coupled with the Poisson equation

—AV =n(t,z), (t,z) € RT x R3.

The statistical interpretation of the wave-function (¢, z) introduces however a
sort of indeterminacy into quantum mechanics, which is different from the com-
pletely determined classical picture, where the exact position and momentum
of a particle are entirely known by the initial conditions. In quantum mechanics
you have only a statistical information about the position and momentum of
the particle. In fact, Heisenberg’s uncertainty principle

Az Ap > h/2,

where Az and Ap are the uncertainties in space and momentum, gives a theo-
retical limitation on the accuracy of a simultaneous measurement of the position
and momentum of a particle, or other pairs of observables with operators which
do not commute (time and energy for example). It is a fundamental principle,
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which has nothing to do with technical imperfections of the measurement appa-
ratus. One can remark now that the Planck constant is a fundamental parame-
ter which enables to pass from the quantum-mechanical picture to the classical
picture, when A — 0. This simply means that the limitation predicted by
Heisenberg’s principle is not observable at the macroscopic level, where h < 1
meaning that & is small with respect to other variables. The limit A — 0 is the
so-called “semi-classical” limit and is related to the high-frequency limit of the
Schrédinger equation. In reality one has A = 10734 Js.

Briefly, the Schrodinger equation is an appropriate model to describe physi-
cal phenomena which exhibit some sort of quantum behaviour with no classical
explanations. Such typical quantum effects, are for example:

e Energy-level quantization, visible for ex. in low-dimensional systems;

Tunneling through a thin insulating region (RTDs, MOSFETS);

Interference effects between two different wave-packets (electron paths);

Quantum Hall effects, which are Landau levels formed via a high magnetic

field;

Superconductivity in hetero-structures, obtained by phase-coherent ef-
fects.

This course will be mainly concerned with the following three applications:

Particle transport in nanoscale semiconductor devices [68,69,70].

Semiconductor devices are today’s most essential components in electronic
industry. Some examples of such devices are photodiodes, laserdiodes, resonant-
tunneling diodes (RTD), field-effect transistors (MOSFET) etc, generally em-
ployed as detectors, amplifiers, modulators, electronic switches and so on. The
increasing need of new reliable devices, which are more functional, less energy-
consuming and high speed, requires a better comprehension of the multitude of
physical phenomena arising in such structures. One of the reasons for the great
success of semi-conductor devices is their very small, nano-scale size, allowing
higher electron mobilities. At this nano-metric scales, quantum effects start to
play an important role, such that the most appropriate model to describe the
electron transport is a fully quantum, ballistic model, based on the Schrédinger
equation.

Section 2 will be concerned with an application in this field, namely the mod-
eling of the electron transport through a RTD (Resonant Tunelling Diode) via
stationary, one-particle Schrodinger equations. Despite their simple structures,
RTDs are still intensively studied because they constitute a good prototype for
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electron-wave tests, which permit to investigate several manifestations of quan-
tum transport in semi-conductor structures. Besides, the study of RTDs enable
to investigate more complex and advanced quantum systems, such as for exam-
ple MOSFET-transistors, and have potential applications in very high-speed
devices and circuits. For all these reasons, we shall concentrate in Section 2 on
an RTD-example to treat numerically highly oscillating, linear and stationary
Schrodinger equations with an appropriate multi-scale scheme.

Quantum chemistry [29,67].

One of the goals of quantum chemistry is to understand matter at its most
fundamental level, for example by investigating the electronic structures of
atoms and study thus the properties of molecules, like stability, atom arrange-
ments, magnetization, etc.

At the atomic level, the force governing the system is the Coulomb inter-
action force (Coulomb potential V') between the charged particles. The whole
N-particle system (electrons+nuclei) can then be described by means of the
time-dependent, linear many-body Schrodinger equation of the form

] h? h?

iho(t,z, X) = —%AI\P — WAX\IJ +V(z, X))V,
for all (t,z, X) € RT x (R?)Ne x (R3)Nn and where U(t,z, X) is here the wave-
function describing the evolution of the whole system, consisting of NV, electrons,
with mass m and positions z; € R?, and N,, nuclei, with mass M and positions
X, € R3. For many-particle system (N := N.+ N,, > 1) a numerical resolution
of this equation is very expensive or even out of reach. Several approximations
can then be considered.

Let us mention here the Born-Oppenheimer approximation, which corre-
sponds to assuming that the nuclei are much more heavier than the electrons,
such that they are considered as stationary, forming a frozen charged back-
ground, while the electrons are evolving. Doing so, the rapid electron dynamics
is separated from the rest of the system, and these electrons are governed by
one N.-body Schrodinger equation, which is coupled to the nuclei dynamics via
the interaction potential V.

The new electronic many-body problem can still be too expensive to be
solved numerically. This time, a different approximation can render the problem
simpler. In particular, the Hartree-Fock approximation corresponds to the
approximation of the N.-body electron system by several (V) single-particle
Schrodinger equations, each particle evolving now in an averaged (mean-field)
potential, determined by the position of the other particles.

In this context, Section 3 will be concerned with the numerical resolution of
a two-body Schrodinger equation in the aim to better understand the so-called
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decoherence phenomenon.

Condensed matter physics [25,82].

The study of Bose-Einstein condensates (BEC) has become a very active
research field, firstly for its importance in fundamental research. A BEC is
a macroscopic, purely quantum mechanical phenomenon, being related to the
way of how particles interact to each other. In more details, a BEC consists of
a macroscopic ensemble of atoms, confined in a potential trap and occupying
the same one-particle quantum-state (bosons). At very small temperatures
(beyond some critical temperature T.) the BEC is well-described by a single-
particle wave-function (¢, z) whose evolution is governed by the NLSE, also
called in this context “Gross-Pitaevskii” equation (GPE)

2
ihath—j—mAervarﬂWw, (t,z) eRT xR3, ~eR.

This equation is a mean-field approximation of the many-body Schrédinger
equation, describing the collection of a multitude of interacting bosons [90].
The study of a BEC is very interesting, as after the cooling process, the con-
densate acquires some special, typical quantum-mechanical properties, as for
example the superfluidity or the creation of vortices. These features have cer-
tain quantum mechanical pecularities (quantization for vortices for example),
which can be seen as a manifestation of quantum effects on a macroscopic scale.

The BEC are also the object of intense studies, due to possible (future) ap-
plications, as for example in precision measurement (replacing the lasers?), or
in quantum information processes (vortices as bits?). However, we are still
far away from seeing clearly, what for BEC can be used. Section 5 shall
present a numerical scheme for an efficient resolution of a one-dimensional
Gross-Pitaevskii equation, suitable for this context.

Mathematical and numerical particularities [32,33,96].

The nonlinear Schrédinger equation (NLSE) belongs to the family of non-
linear dispersive equations of Hamiltonian type, such as the Sine-Gordon, the
Klein-Gordon equations, the KdV equations, the Gross-Pitaevskii equation and
so on. It can take slightly different forms, however all these forms share com-
mon characteristics, as for example the conservation of mass, energy and other
specific features. In particular, the following mathematical questions are crucial
in the study of the nonlinear Schrédinger equation as well as more generally in
the study of nonlinear wave phenomena, and raised a lot of interest in the last
years:

e well-posedness: existence/uniqueness results as well as stability criteria
for solutions (blow up); IST-methods;
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e conservation of several macroscopic quantities (mass/energy);

e study of solitons, which are particular solutions of the NLSE emerging
due to a balance between the nonlinearity and the dispersion property;

e study of the semi-classical regimes (asymptotic analysis) as A — 0;
quantum-to-classical transition;

e study of the many-body asymptotics (Born-Oppenheimer, Hartree-Fock,
mean-field limits).

Special attention is paid often to soliton solutions or simply solitons, which are
local traveling wave-structures with remarkable stability properties. Soliton-like
behaviours have been observed in fiber optics, water waves, biological systems
etc, which explains somehow the appearance of the Schrédinger equation as a
model in all the above mentioned fields.

One of the goals of a numerical scientist is to develop efficient as well as
precise numerical schemes (accurate, not time- and not memory-consuming) for
the discretization of a given mathematical problem, arising from the modeling
of a physical/ biological /chemical phenomenon. The numerical simulation is an
important tool, additional to the theoretical study, for getting deep insight into
a given problem, for example understanding better a certain phenomenon, as
an instability or turbulences etc. Furthermore simulations have many advan-
tages as compared to experiments, for example the advantage of being secure,
design-flexible, having controllable environments, high reproducibility, high ef-
ficiency when thinking of the cost-benefit ratio. However, experiments will
always be needed, in order to validate the mathematical models and the nu-
merical schemes.

It is usually a big challenge to develop numerical schemes which balance
well the two rather contradictory requirements of ”efficiency” and ”precision”.
Usually one has to make a compromise between these two quantities, meaning
that one has to avoid unnecessary computations to be performant, however
trying at the same time to attain the required accuracy. Another difficulty
in the numerical science is the treatment of multi-scale problems. Multi-scale
problems arise very often in nature, and are characterized by the fact that the
solution contains multiple dynamics or behaviours, which have to be captured in
an adequate manner by the scheme without so much numerical effort. We shall
go into more details on multi-scale problems and their numerical treatment in
the next section. For the moment, let us only mention here the typical numerical
difficulties one encounters when dealing with the numerical resolution of the
(non-linear) Schédinger equation in one of the above mentioned applications:

e the high dimensionality of the problems (many-body problems);
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e the balance or competition between dispersive effects and non-linearity
(soliton solutions);

e the occurrence of highly oscillating wave-functions (semi-classical limit);

e the numerical preservation of various properties (mass/energy conserva-
tion);

e the prescription of appropriate boundary conditions (avoiding spurious,
non-physical effects).

0.1 - Outline

The present work is a review of several numerical schemes (in particular
multi-scale and Asymptotic-Preserving schemes), constructed for the resolution
of the linear/ non-linear Schodinger equation in different contexts or applica-
tions. Inevitably, the choice of the model problems is related to the author’s
knowledge and to the concept of providing the reader with the most impor-
tant features of multi-scale and AP-schemes. Such schemes are not specific for
the here presented equations, but can be employed for several other singularly
perturbed problems, that admit asymptotic regimes.

An overview of the subject of this manuscript is:

e Section 1 introduces the concept of multi-scale problems and numerical
schemes;

e Section 2 deals with the stationary, linear Schodinger equation in the
semi-classical regime; the concerned application is the simulation of the
electron transport in a RTD;

e Section 3 discusses the time-dependent, linear Schédinger equation in an
anisotropic two-dynamics or two-body framework; aim is to study the
so-called “decoherence-effect”;

e Section 4 considers a time-dependent non-linear Schrédinger equation
with Delta-Dirac point interactions to describe the so-called “beating-
effect” in an ammonia molecule;

e Section 5 deals finally with the cubic non-linear Schoédinger equation,
applied to the modeling of BECs.
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1 - Multi-scale problems

Before embarking on a detailed description of numerical schemes for the
linear /non-linear Schrodinger equation, it may be useful to take a wider look at
the so-called multi-scale problems, which are at the basis of all the mathematical
problems investigated in the sequel.

Multi-scale problems arise very often in nature. When we say that a problem
is multi-scale, we broadly mean that it involves phenomena at disparate spatial
and /or temporal scales, spanning over several orders of magnitude. More im-
portantly, these phenomena all play key roles in the problem, so that we cannot
correctly model the problem under study without explicitly accounting for all
these different scales.

To mention only some examples, we can think of fluid dynamics, which is
a broad field, emerging in aeronautics, medicine, biology, meteorology, elec-
tronics, astrophysics etc and which is characterized by the existence of several
length and temporal scales, ranging over a wide spectrum. Indeed, turbulent
flows (high Reynolds numbers flows) can be defined as multi-scale, dynamic and
chaotic phenomena, where vortices of various sizes appear chaotically. Multiple
scales exist also in laminar flows (low Reynolds numbers), for example in the oc-
currence of boundary layers at the interface with a wall. Furthermore, in shear
flows (laminar or turbulent) a big discrepancy exists between the “diffusive”
length scale across the flow and the “convective” length scale along the flow,
discrepancy which leads to interesting approximations as well as difficulties in
numerics.

Biological systems involve also a large variety of spatial as well as temporal
scales. Looking upon from the lowest to the highest scales, we can mention at
the atomic/molecular level the DNA-processes (described via quantum mechan-
ics and evolving on time-scales of approx. 1076 s), at the cellular scale one has
the metabolism-processes (1073 — 10" 5), at the tissue scale the cell-migration
and cell-division (10° — 103 s), at the organ-scale the familiar heart-beating,
breathing, the neuronal signaling processes (10° — 10%s) and finally at the
macroscopic level, the population dynamics, social interactions and epidemics
(103 — 10°s). In Fig. 5 one can get a look at the different scales present in
biological systems, as for example the human body. Plasma dynamics reveals
on its turn a vast range of time and space scales. Indeed, magnetism creates
anisotropy, which means that the properties of the plasma are rather different
when considered in the parallel or in the transverse direction with respect to
the magnetic field lines. This anisotropy contributes, jointly with other phe-
nomena, to the multi-scale dynamics of the plasma. As an example, concerning
the temporary scales, one can pass from the fast electron plasma frequency
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Fig. 5. Different time and space scales in biological systems.

wp, to the fast Larmor gyromotion w, further to the collisional frequencies v; .
and finally to the confinement time 7g, as observed in Fig. 6. Concerning
the spatial scales, it ranges from the small Debye length Ap, to the electron
Larmor radius p., further to the mean free path of the particles and finally to
the spacial extent of the tokamak L. In chemistry, the chemical reactions can

Hybrid models

Kinetic models

Tpe,pi: Inv. electr./ion plasma freq. Ta: Alfven wave period
Tee,ci: Electr./ion cyclotron period Tes: lon sound period
Tei: Electr-ion collision time
Ap: Debye length
pe,i: Electr./ion Larmor radius Wpe,pi: Electr./ion plasma frequency
de,i = ¢/wpe,pi: Electr./ion skin depth  ¢: sound speed

AD Pe de Pi 5; L

Fig. 6. Different time and space scales occurring in a fusion plasma.

take seconds or hours, while the vibrations of atoms and molecules occurs in
femto-seconds. In wave-mechanics, propagation of wave-packets contains short
wave-lengths (corresponding to the underlying fast plane-wave modes) and the
slowly-varying scale of the envelope-evolution. A multitude of other problems
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in nature exhibit multi-scale behaviours, which can be rather different in char-
acter. One can divide these problems in two categories. On one hand we have
problems which exhibit local singularities, like for example boundary or internal
layers, shocks, dislocations and so on. On the other hand we have problems,
where microscopic and macroscopic scales coexist in the whole domain, as for
example porous media flows, turbulent flows, highly oscillating problems etc.
A general, unified treatment of all these problems is impossible, such that a lot
of techniques have been developed in literature, each one being adapted to a
particular situation.

1.1 - Single-scale and Multi-scale approaches

When several scales occur in a physical problem, it is no more adequate to
use the so-called “traditional approaches” which describe the phenomenon on a
single scale. Describing the problem on a microscopic level is physically very ac-
curate, however from a computational point of view unfeasible. Using a macro-
scopic description, which means a model which uses explicit equations for the
macroscopic scale, eliminating the other scales, is also inappropriate. Indeed,
this procedure uses often empirical closures for the elimination/description of
the microscopic scales, that are not justified nor well understood, as for exam-
ple the viscosity tensor terms in turbulent flows. In all these cases, one has
to proceed to multi-scale modeling, for example using different models, which
describe the various phenomena on their different scales; and all this by taking
care to achieve a balance between accuracy of the numerical results and effi-
ciency of the numerical method. Briefly, the main goal of multiscale techniques
is to design microscopic-macroscopic numerical methods, which are more effi-
cient than solving the full microscopic model and at the same time furnish the
desired accuracy.

To be more precise, suppose we are interested in the evolution of a macro-
scopic quantity, say U, but we do not have an explicit macroscopic model for
the description of U, which is valid everywhere. This can be either because we
lack the constitutive relation or because the macroscopic model is invalid due
to the presence of localized singularities for example. However, we dispose of a
microscopic model, describing the dynamics of a microscopic quantity «, which
is related to U by a relation F(u) = U. Our goal is to accurately approximate
the variable U, using a macroscopic grid, in order to be efficient from a compu-
tational point of view. A standard method would require to use a fine grid, in
order to resolve the small scales of the problem, obtaining thus u, and comput-
ing then the correct macroscopic solution via the function F(-). However, this
is usually a computationally phenomenal and unfeasible work. And moreover,
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for most engineering purposes, it is even unnecessary to know all the details of
u. Engineers are often contented with accurate time-averaged properties of the
flow, as the averaged velocities, pressures etc.

Multi-scale methods were thus introduced in literature, based on different
ideas, however with the same aim, which is to capture the macroscopic evo-
lution, using the necessary /required microscopic information, without however
having to resolve in detail the microscopic behaviour. Some analytical tech-
niques to cope with multiscale problems are for example the “matched asymp-
totics method”, used for problems which undergo rapid variations in localized
regions, or the “homogenization methods”, employed in the case of problems
with oscillating coefficients and based on asymptotic expansions. Among the
numerical approaches can be counted the multigrid methods and the adaptive
mesh refinements, which are efficient techniques for the resolution of the small-
scale behaviour of the solution. Furthermore, domain decomposition methods
aim to couple different mathematical descriptions, corresponding to different
regions of the domain, where the physics is distinct. And finally, multiscale fi-
nite element methods employ basis functions, which incorporate the small-scale
information, permitting thus the use of coarse grids. For a detailed description
of all these methods, we refer to the textbooks [42,52,64] as well as all the
references therein.

To summarize briefly the advantages of multi-scale techniques, let us men-
tion here, that for the fine-scale scientist, a multi-scale approach allows to study
much larger systems or longer times, than could be studied using the fine-scale
model. For the coarse-scale scientist, the multi-scale model is viewed as a way
to establish the constitutive laws of the problem from first principles, or at least
from the coarse-scale alone.

1.2 - Asymptotic-Preserving schemes

The solutions of singularly perturbed problems reveal a typical multiscale
character, and their numerical resolution presents some major difficulties. Sin-
gular perturbation problems are mathematical problems characterized by the
occurrence of one or several small parameters, denoted in this section by 0 <
€ <« 1, and where mathematical as well as numerical difficulties arise due to
a change in type of the equation as € — 0. The solutions of a singularly per-
turbed problem show a non-uniform behaviour as the parameter tends to zero,
for instance the character of the limiting solution is different in nature from
that of the solutions for finite values of € > 0. Examples of such singularly
perturbed problems are viscous flows with large Reynolds numbers, convective
heat transport with large Peclet numbers, low Mach number flows, diffusive
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relaxation in kinetic models and so on.

Asymptotic-Preserving schemes are efficient procedures for solving singu-
larly perturbed problems, denoted here by P¢. The solution of P¢ is supposed
to converge, as the perturbation parameter tends to zero, towards the solution
of a limit problem P°, which is a well-posed problem. However, the fact that
the singular limit P® —._,o P? leads to a change in the type of the equation,
explains somehow the difficulties encountered when trying to solve P¢ for too
small e-values. The use of standard numerical schemes for the resolution of
singularly perturbed problems requires, due to stability reasons, very restric-
tive time and space dicretization step conditions, of the type At, Az ~ O(g)
or At, Az ~ O(£?). This becomes rapidly too costly from a numerical point of
view and consequently a numerical asymptotic study and even numerical simu-
lations for small e-values, are out of reach. Moreover, standard implicit schemes
(even if computationally heavy) may be uniformly stable for 0 < & < 1, but yet
provide a wrong solution in the limit € — 0, which means that the scheme is
not consistent with the limit problem P°. Thus the design of robust numerical
methods for singularly perturbed problems, whose accuracy does not depend
on the parameter € (hence on the local scales of the singularity), allowing even
to capture the limit € — 0, becomes an important task.

In order to tackle such problems, several methods were introduced in litera-
ture. One approach can be to solve directly the limit problem P instead of P?,
if £ is small. However, in some situations, the parameter ¢ can vary within the
simulation domain, making thus this approach unusable. Indeed, ¢ is the ratio
of two characteristic lengths, which can vary in space as well as in time. In
this case, hybrid techniques can be employed, solving P¢ there where ¢ ~ O(1)
and PY where ¢ is rather small. Several difficulties can be encountered with
this approach, for example how to locate the interface between P¢ and P° and
what type of interface conditions to use. Thus, this approach can be difficult
to implement in practice.

Asymptotic-Preserving schemes were introduced the first time by S. Jin [59]
with the aim to cope with such singularly perturbed problems, in particular in
the framework of kinetic models in a diffusive regime. The construction of these
AP-schemes necessitates the existence of a well-posed limit problem P°, which
has to be identified beforehand. The main feature of these schemes is that they
permit a precise, e-independent, resolution of the problem P¢ as well as of its
limit problem P, with no huge computational effort. The main idea for the
construction of AP-schemes is based on asymptotic arguments and consists in
a mathematical reformulation of the singularly perturbed problem P into an
equivalent problem (AP), which is a regular perturbation of the limit problem
PY. The equivalent reformulation of P® into (AP)? is a sort of “reorganization”
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of the problem into a form which is better suited for the numerical discretiza-
tion, and permits to approach for € — 0 the limit model in a mathematically
regular manner. The same numerical scheme is then used for the discretiza-
tion of (AP)% as well as for P, which means that they allow for an automatic
numerical transition from P? to P’. Remark that the AP-reformulation is by
no means unique, and several AP-schemes can be conceived/designed for the
same problem. It is necessary to underline here that the asymptotic preserv-
ing techniques are not used to derive a simplified “macroscopic” model, which
is then solved numerically. Rather the objective is to construct a numerical
scheme, using asymptotic techniques, whose solution does not deteriorate as
the singular limit is approached.
To summarise, the essential properties of AP-schemes are (see Fig. 7):

e for fixed € > 0, the AP-scheme, denoted in this diagram P", is a consis-
tent discretization of the continuous problem P, where h = (At, Ax)

e the stability condition is independent of ¢

e for fixed discretization parameters h = (At, Ax), the AP-scheme P5"
provides in the limit € — 0 a consistent discretization of the limit problem

PO
peh h—0 . pe
M [©)
{ +
(e} (e}
POk h—0 . po

Fig. 7. Properties of AP-schemes.

Thus, the asymptotic-preserving approach consists somehow in trying to mimic
on the discrete level the asymptotic behaviour of the singularly perturbed prob-
lem solutions. It is thus very important to have a full understanding of the
solutions behaviour. Remark that the AP-techniques have to be distinguished
from the multiscale techniques, as the former solve the micro-scales when the
(spacial or/and temporal) mesh-sizes resolve these scales and automatically
switch to the macroscopic behaviour when the mesh-sizes do not resolve the
micro-scales. In other words, the AP-schemes catch the numerical transition
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from microscopic to macroscopic scales, in some difficult situations as for sin-
gularly perturbed problems, however their primary focus is not to reduce the
computational costs, as the multiscale methods do.

2 - Stationary Schroédinger equation in the semi-classical limit

Section based on the articles [14,15,75]

Highly oscillating phenomena occur in several fields of application, as for
example quantum mechanics, electro-magnetics, fluid dynamics, acoustics, elec-
trodynamics, plasma transport, molecular dynamics and so on. The difficulty
with high oscillations becomes immediately visible if one attempts to produce
accurate numerical results. In principle, increasing the resolution of the com-
putation by choosing finer and finer grids, improves the precision of the results.
However this procedure requires huge computational resources and long sim-
ulation times, which become rapidly unacceptable. An adequate treatment of
such problems requires hence a multi-scale approach.

In the focus of this section stands the stationary linear Schrédinger equation
in the semi-classical regime

(6) e (z) +a(z)y(z) =0, zeR,

where 0 < ¢ < 1 is a very small parameter and a(x) a piecewise, sufficiently
smooth function. An equation of this form describes the ballistic electron trans-
port through nanoscale devices like resonant tunnel diodes (RTD) or MOSFET
transistors (see next Section). The here introduced multi-scale treatment of
the problem is based on WKB-basis functions, permitting to filter out the os-
cillations and transform the problem into a smoother one.

2.1 - The mathematical problem

The application we are interested in here, stems from the electron transport
in nanoscale semiconductor devices. In a 1D model setting, which is appropri-
ate for RTDs or for the longitudinal dynamics in each transversal mode in
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MOSFETsS, the governing equation is the stationary Schrodinger equation:
—2"(x) + V(2)y(x) = By(x), w€(0,1),

0/ (0) + iy/a(0)(0) = 0,  if a(0) > 0,
(7) a(z) == E—V(z),

—/|a(0)](0) =0, ifa(0) <0,
e’ (1) —iva(1) (1) = —2i\/a(1).

This equation describes the state of an electron that is injected with the pre-
scribed energy E > 0 from the right lead into an electronic device, modelled
on the interval [0,1]. The corresponding (complex valued) wave function is
denoted by v(x), where [¢(x)|? is related to the spatial probability density of
the electron.

The boundary conditions in (7) are the so called open or transparent bound-
ary conditions, permitting an electron wave to enter or leave the device without
reflections [65]. For this we assumed that the given electrostatic potential V' is
constant outside the device. To allow for an injection at = 1, we have to re-
quire that a(1) > 0. In fact, E > V(z) characterises the oscillatory, classically
allowed regime, whereas E' < V(x) characterises the evanescent, classically for-
bidden regime. Fig. 8 sketches a tunneling structure similar to the one we shall
consider, including both regimes.

»
T

V(x)

N

Re(1))

@

° UUUUUUUU*

Fig. 8. Tunnelling structure with injection of a plane wave from the right (z = 1). Red
curve: piecewise linear potential V(z) with applied bias. Blue curve: R(¢(x)), real part of
the wave function that is partly transmitted, but mainly reflected in this example; ¢ = 0.01.
Green line: energy of the injected plane wave with E < max V (z).

The goal of this section is to introduce a numerical method coupling the
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oscillatory and evanescent regimes of our device via WKB-ansatz functions for
both situations. On the one hand, for a(x) > 0, the solution is highly oscillatory,

with the small (local) wave length A\(z) = \/2% On the other hand, for a(z) <

0, the wave function ¢ is (essentially) exponentially de/increasing, typically

exhibiting a thin boundary layer with thickness of the order (9( ‘ s(x” ) A key

aspect of this work is that a(x) takes both signs, such that we have to cope with
a classical multi-scale problem, combining different types of arduousnesses and
multi-scale behaviours. Numerically, we aim at recovering these fine structures
of the solution, without having to use a fine spatial grid. For this we shall
develop a (non-overlapping) domain decomposition method (DDM) to separate
the oscillatory and evanescent regions, as they require very different numerical
approaches.

In the oscillatory regime we shall use the marching scheme from [14], and
in the evanescent regime a FEM like in [75]. In the first case, the key idea is
to eliminate analytically the dominant oscillations of the solution to (6). The
transformed problem then has a much smoother solution, in the sense that
the amplitude of the residual oscillations is much smaller than in the original
problem — often by many orders of magnitude. Hence, the new problem can
be solved numerically on a coarse grid, still yielding a very accurate approxi-
mation. In the evanescent regime, the key idea of the WKB-FEM method is
to use WKB-ansatz functions (of exponential type), rather than the standard
polynomials. The strategy is the same as in the oscillatory region: filter out the
boundary layers via well-chosen basis functions. Since WKB-basis functions are
asymptotic solutions to (6) (as € — 0), this method is very accurate on coarse
grids.

For the solvability of the model (7), the following simple result holds:

Proposition 2.1. [15] Leta € L>(0,1) with a(0) # 0 and a(1) > 0.1
Then the boundary value problem (7) has a unique solution v € W2>°(0,1) <
c1o,1].

Let us remark here that for the WKB-technique presented in the following,
turning points (zeros of the function a) have to be excluded, so that we shall
concentrate on devices with abrupt jumps in a. The reason for this is that the
WKB-approximation presented below is not valid at turning points.

'Here and in the sequel, a(0) and a(1) are not meant as the point values of the function
a (which would not be defined for an L°°—function), but rather as the const. pot. in the left
and right leads.



374 CLAUDIA NEGULESCU |24]

2.1.1 - The WKB-technique

Both parts of the hybrid numerical method we shall introduce in §2.3 are
based on WKB functions. Hence, let us first review the well-known WKB-
approximation (cf. [62]) for the singularly perturbed ODE (6). In the standard
approach, for the oscillatory regime (i.e. a > 0), the WKB-ansatz

(8) 9(w) ~exp | - Po(a) |
p=0

is inserted in (6) and after comparison of the eP-terms, leads to

po(x) = ﬂ:i/\/a(y)dy—&-const.,
0

9) p1(x) = Ina(z)™Y* + const.

1

gzl

p2(z) = :Fi/,B(y) dy-+const. , 8=
0

Truncating the ansatz (8) after p = 0, 1, or 2, yields the asymptotic approxi-
mation ¢(r) ~ Cp)®(z), with the following oscillatory WKB-functions:

1
exp ig/\/a(y)dy ,

eo’(x) =
0
exp (! [y Valy) dy
(10) o (x) = ( fam ),
exp (£2 [ [Va(y) —2B(y)] dy
o3 (x) = (24 : >.

a(x)

Proceeding analogously for the evanescent regime (i.e. a < 0) yields the
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following evanescent WKB-functions (of the three lowest orders in €):
ev 1 f
a0 = ew £ [ ViaWldy | .
0
exp (1 [ V/a(y) dy)

Vla(z)]
exp (i% Is [Vla@)] +€*8(y)] dy)
Vla(z)]

In the hybrid numerical method analysed in §2.3 we shall use the first order
WKB ansatz functions ¢{* for the FEM in the evanescent region. And in the
oscillatory region we shall use the second order WKB functions ¢9° to transform
(6) into a smoother problem that can be solved accurately and efficiently on a
coarse grid. The choice of a first order WKB-method in the evanescent region is
due to the reduction of the complexity of the numerical scheme. Furthermore
the choice of a second order WKB-method in the oscillatory region is done
in order to use the results from [14]. Anyhow, our hybrid method is second
order with respect to h and asymptotically accurate with respect to €. More
accurate methods can naturally be developped by working more and choosing
5" as FEM-basis functions.

(11) pi’(z) =

9

w5’ (x) =

2.2 - Domain decomposition of the Schrédinger boundary value problem

Let us now consider the Schrodinger BVP (7) with a given coefficient func-
tion a(x) as illustrated in Figure 9: It consists of three regimes, two oscillatory
regions at the interval boundaries and an evanescent region in the middle. Since
we shall exclude turning points for the WKB-technique, a is assumed to have
jump discontinuities (and sign changes) at the interfaces z = z, and =z = xq4,
satisfying furthermore:

Hypothesis al. Let a € L*(0,1) with a|(xc’xd) < 0, a|(
a(0) >0, and a(1) > 0.

Following the basic idea from [14] we shall solve the BVP (7) as an IVP-
BVP-IVP problem in the opposite direction of the injection direction, i.e. start-
ing at x = 0. In contrast to [14], (7) includes the evanescent region (2), cf.
Fig. 9, which still has to be formulated as a BVP. For efficiency reasons it
would be more intersting to solve the whole problem as an IVP, by using the
marching method. However, the solution in the evanescent region is a linear
combination of exponentially in/decreasing functions. Stability reasons impose

0.z0)Uza1) > U
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w vle) = ax(a) | V(@) = aglx)
| T
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c a(z) <0 2 a(r) >0 1

0 a(x)>0 %

Fig. 9. Tunnelling structure: While electrons are injected from the right boundary with
energy F, the decomposed problem has to be solved from left to right (as an IVP-BVP-IVP).
a(z) :=E —V(x).

then the solution of a BVP in that region. This leads to the following domain
decomposition and coupling for the auxiliary wave functions ¢, x, ¢:

Step 1 — IVP for ¢ in region (1):

€2<H($) + a(m){(x) =0, =ze€ (07x0) )
(12) ¢(0)=1, (auxiliary Dirichlet BC)
eC’(0) = —i/a(0). (due to the left BC in (7))

Step 2 — BVP for x in region (2):

(13)

ex"(z) +a(z)x(z) =0, @€ (zc,q),

((ze)x(ze) — C(z)X (zc) = 0, (Robin BC for x implies continuity of % at x.)

ex'(zq) = 1. (auxiliary Neumann BC)
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Step 3 — IVP for ¢ in region (3):

e2¢"(x) + a()p(x) =0, x € (zq4,1),
(14) o(rg) = x(xq), (implies continuity of ¢ at z4)

¢ (xq) = X' (z4q) - (implies continuity of ¢’ at x,)

Step 4 — scaling of the auxiliary wave functions:

pl(x), we(0x),
(15) (@) =9 ax(@), @€ (rq),
ap(r), z€(zal),

with the scaling parameters «, 8 € C still to be defined.

This procedure can be explained as follows: First we note that the BCs of
(12) imply £¢’(0)+i4/a(0)¢(0) = 0, just as in the left BC of the BVP (7). Hence,
the IVP (12) coincides on region (1) with the BVP (7), except for the auxiliary
Dirichlet BC ¢(0) = 1. The true solution of (7) satisfies instead (0) = /8
with some a-priori unknown 5 € C. Hence, the auxiliary wave function ( is
related to ¢ by the scaling w‘[owc] = S, as postulated in the first line of (15).

Clearly, this implies %/ = % on [0,z.]. In the above Step 2, the Robin BC
allows to carry over this relation to region (2): % = XY/’ and the auxiliary wave
function x is related to 1 by the scaling w}[%xd] = ax, with some o € C to be
determined. The initial conditions for the auxiliary wave function ¢ in Step 3
imply C'—continuity of 1 when using again the scaling w’[a:d,l] = ap.

So far, the wave function ¢ defined in (15) neither satisfies continuity at x.
nor the right BC from (7). Therefore we define the scaling parameters «, 8 € C
via

(16) a[e' (1) —i/a(1) o(1)] = —2iy/a(1), (due to the right BC in (7))
(17) B¢(ze) = ax(zc) . (implies continuity of ¥ at z.)

Remark 2.2. The key aspect of the above algorithm is to prescribe in the
BVP (13) the continuity of % to Xy at x.. Note that this continuity is invariant
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under the scaling (15). Hence it is inherited by %l, implying (with the continuity

of ) the required C—continuity of 1. The simpler alternative to prescribe in
(13) continuity of ¢ to x would typically be paired with a discontinuity of ¢’ to
X' at x = x. (as a result of solving the BVP). Then, the scaling of (15) would
lead to an unwanted discontinuity of ¢ at x = x..

Lemm a 2.3. Let Hypothesis al be satisfied. Then:
(i) The IVPs (12), resp. (14) admit Ve > 0 unique solutions ( € W2>(0, z..)
C CY0,z.], resp. ¢ € W2 (z4,1) C Clzg,1].
(ii) The BVP (13) has Ve > 0 a unique solution x € W (x.,14) C C[x., 14].
(i) The scaling parameters o, B € C\ {0} are well-defined by (16), (17).

P r oo f. Part (i) is straightforward. For (ii), let us first consider the IVP
(12). TIts unique solution ¢ has the property: ((z.) and (’(z.) are linearly
independent over R. Otherwise, the backward IVP (starting at z.) would yield
“final values” ¢(0) and ¢’(0) that are linearly dependent over R, which is in
contradiction with the initial condition in (12).

To solve the BVP (13), let x1, x2 be a (real valued) basis of solutions for
that Schrodinger equation on (x., z4), with

) )
) )

Setting x = c1x1 + cax2 with some c;, ¢o € C, the BCs of (13) give rise to the
following linear equation:

Xl( 17 Xll(
0, x5

Te Te 0,
X2 (. Te 1.

(18) ((ze)  —C(xe) a1 _ 0

exi(zq) exb(zq) ca 1

The determinant of this system satisfies €[¢’(x¢) x5 (za) +{(ze) X (xq)] # 0, since
X12(za) € R, but ((z.) and ('(x.) are linearly independent over R. Hence, (18)
is uniquely solvable for c¢;, ¢z, thus providing the unique solution to (13).

For part (iii) we shall first argue that (16) yields a well-defined a € C '\
{0}. For this, prove that e¢'(1) # iy/a(1) (1), using the quantum mechanical
current of model (7):

(19) j(z) = eS[(z) ¥’ (2)].
Assume now that e¢’(1) = iy/a(1) p(1). Then, (15) implies on the one hand

(20) i) = ela® S[p(1) @' (1)] = al* VVa(1) [p(1)]* > 0.
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But, on the other hand, (12) yields
3(0) = €lAI*1C(0) ¢'(0)] = ~(B*v/a(0) [c(0)* < 0.

Since the current in a stationary quantum model is constant in z, this implies
j = 0. Since a(1) > 0 and « # 0 (otherwise (1) = ¢'(1) = 0 would contra-
dict the BC at x = 1 in (7)), (20) shows that ¢(1) = 0, and hence —by our
assumption— ¢'(1) = 0. But this leads to a contradiction in the BC at x =1 in
(7). Hence, (16) yields indeed a unique a € C\ {0}.

Finally, (17) yields a well-defined 8 € C since ((z.) and ('(z.) are linearly
independent over R. Moreover, 5 # 0 since x(x.) = ¢1 # 0 (otherwise the first
line of (18) would also yield ¢y = 0). O

The above lemma shows that the domain decomposition algorithm (12)-
(17) yields a unique function 1 that is piecewise in W2 and piecewise (on the
three regions) a solution to the Schrodinger equation (7). Moreover, one has
the proposition:

Proposition 2.1. Let Hypothesis al be satisfied. Then the function

Y obtained from (12)-(17) belongs to W2°°(0,1) and is the unique solution of
(7) (as guaranteed by Proposition 2.1).

P r o o f. The matching conditions in (13) and (17) imply C'-continuity
of 1 at x., and the initial conditions in (14) imply C'-continuity of ¢ at zg4.
Hence, 1) € C'[0,1], and this proves the claim. O

2.3 - Hybrid WKB-method and error estimates

Let us now present the hybrid WKB-method we developed and give the
corresponding error-estimate.

2.3.1 - Variational formulation and FEM for the evanescent region
BVP

We start by introducing the variational formulation of the evanescent region
problem (13), on which the FEM shall be based. As pointed out previously,
we consider in the current work only situations with an abrupt potential jump,
avoiding turning points, such that we shall suppose:

Hypothesis a2. Let V € W2>®(x.,24), 0 < € < 1 be arbitrary and E > 0
satisfy
0<Tew < —a(z) =V(z)— E< My, Vre (z,zq).
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We are now searching for a weak solution of (13) in the Hilbert space

V = Hl (1'07 :Cd) y (X, 0)]} = (X, G)LQ(ZE(;,CUd) + 82(X/7 0/)L2($C7xd) .

This e-dependent norm gives rise to the following weighted Sobolev embedding,
where the Gagliardo-Nirenberg inequality for bounded domains is used in the
first estimate:

5‘|X‘|Qc[mc,xd] < CHXHL2(aEc,xd) (gHX/HL2($C7$d))+C€‘|X‘|%2(a}c7xd)

IN

C(HXH%%%M) + 52HX/H%2(xc,xd)) = CHXH%
The variational formulation reads now: Find x € V, solution of
(22) b(x,0) = L(6), WO €V,

with the sesquilinear form b : ¥V x V — C and the antilinear form L : V — C
defined as

b(x,0) =& /X'(x) 0/(37) dx — /a(af) x(z) 0(z) dx

+e/]a(z)| x(ze) 0(z.), Vx,0 €V
L) =cl(zq), VOEV.

The BVP (13) is a standard elliptic problem, meaning that the forms b(-,-) and
L(-) are continuous and b(-,-) is coercive, i.e. there exists a constant C' > 0
independent of ¢, such that for all x,6 € V one has

0O < Clixlv 19y, [LO)] < CVeldlly,  b(0,0) > min{l, e} 0]

The Lax-Milgram theorem implies then for each £ > 0 the existence and unique-
ness of a weak solution x € V of (22).

The multi-scale WKB-FEM method we shall use for an efficient resolution
of the evanescent region problem (13) is now based on (22) as well as on a spe-
cific choice of WKB-basis functions from (11), in particular ¢§’. In more detail,
the Hilbert space V will be approximated by an appropriate finite-dimensional
Hilbert space V}, C V, spanned by well chosen basis functions, and the continu-
ous problem (22) will be approximated by the following discrete problem: Find
Xn € Vh, solution of

(24) b(Xh, Hh) = L(gh) , V@h eEVy.
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To introduce the finite-dimensional space Vy, let us partition the interval [z, z4]
intox, =21 < 9 < --- < xy = x4 and denote the mesh size by h,, :== 11 —2n
as well as h := max,—1,.. N—1{hn}. The appropriate Hilbert space V}, is then
defined as

N
Vi = {HhEV ‘ Hh(x):zzngn(x)7 ZNE(C} )
n=1

with the WKB-hat functions defined as
Un—1(x), T € [Tp-1,Tn],
(25) (@) = wa(®), T € [Tn,Tp11],
0, otherwise .

Here we used the notation

wn@) = @ an(®) 3 onl@) = o) dna (2),

an(e) =~ ST, (g s ()
(26) 1 x 1 Tn41

onle) = [ViaWldy s =1 [ Vawldy.

(V(xn) — E)'*
(V(x) = B/

qn(x) =

To summarize, the FEM for the evanescent region BVP (13) corresponds
to the formulae (24)-(26).

2.3.2 - IVP and marching method for the oscillatory region (14)

In this subsection we shall first investigate the IVP (14) on the continuous
level, in particular rewrite it in vectorial form, via a non-standard transforma-
tion that is appropriate for the subsequent numerical WKB-marching method.
For the next analysis let us make the following assumptions on the potential:

Hypothesis a3. Let V € C®[x4,1] and E > 0 satisfy the bounds

0<7os <alx):=FE—-V(z)< My, Vré€lrgl].
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Following [14] it is convenient to pass from the second-order differential

equation to a system of first-order, introducing the following notation for ¢ (z)
on [zg4,1]:
(27)

@ Uy a'/*o(z) a'/*p(x)
U x) = = a1/4 " =
Uy g( af;)( ) Z_:(ia—5/4a/<p_‘_(1—1/4(10/) (l’)

The norm of U is equivalent to the norm of the vector (¢, e’ )T. Indeed, the
transformation matrix between these two vectors reads
(28)
1/4
A(z) := @) ’ ie. U(z)= A(zx) i ,
ca(z)d (z) a4 (2) e

where the matrix A and its inverse are bounded, uniformly w.r.t. = and e.
Let 0er € W2(24,1) be the exact solution of (14) as guaranteed by Lemma
2.3. In the above vector notation it will be denoted by U, (z) or simply U(z),
and it is the unique solution to

U'(z) = [1A0(:c) +5A1(:U)] U(z), zg<z<1,
(29) c

U(xd) = A(xd—i_) (Xex(wd)v 1)T )

with the two matrices

Ap(z) == +/a(x) ( _01 (1) ) ;o Al(z) = < 25(21:) 8 ) .

Here, 8 = _2; 7z (a=Y*)" was already defined in (9), and the matrix elements
a(xzq+) resp. a'(zq4+) of A(xq+) denote the right-sided limit of a resp. o’ at
the jump discontinuity zg4.

Let us now come to the discretization of the IVP (29). Following [14]
the numerical method consists of two parts, first an analytic transformation
of (29) into a less oscillatory problem, and second the discretization of the
smooth problem on a coarse grid in an e-uniform manner. The analytic WKB-
transformation reviewed here is related to using oscillatory WKB-functions of
second order, ¢3°(x) (see (10)).

Part 1 — analytic transformation: The starting point is the vectorial IVP (29).
The vector function U € C? is then transformed to the new unknown Z € C?
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by introducing

and the (real valued) phase function

T

(30) o (@)= [ (Val) - =6w) dy.

Zq
This change of unknown leads to the smooth ODE-system

d—Z =eN°Z

) , Tg<x<l1,
T

(31)
Z(.%'d) = PUea:(xd) .

Here, the 2 x 2-matrix function

0 1 0 e 9@

exp(L0°) = B(a)
1 0 €

]
Né(z) := ——®° ,
(x) 5(1') eXp( e ) e%(bs(x) O

is off-diagonal and bounded independently on &, which is the main advantage as
compared to (29). This finishes the analytical transformation, and the goal of
the second part is to provide an e-uniform discretization of (31) that is second
order w.r.t. the mesh size.

Part 2 — numerical discretization: First we partition the interval [zg4, 1] into
Ty =Ny < xny1 < -+ < xpy = 1. As in §2.3.1 we denote the mesh size
by hy = Zpi1 — @y as well as h = max,—1,... y—1{hn}.

Given the initial condition Zy := PUy € C? and Uy := Uy (24) € C?, the
marching scheme for the resolution of (31) reads as follows (see [14]):

(32) Zni1 =T+ AL +A%Z,, n=N,.,M-1,
+ n n
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with the 2 x 2—-matrices

Al =
0 Bo(n)e™ T2En) _ By (2 1)e 2 P@n+1)
—ie? 5 )
60($n+1)e?l¢(m"+l) — ﬁo(l‘n)e?lﬁs(wn) 0
0 Br(wny1)e” = o@nt) — By (z,)e = 0lon)
+e3 5 )
51($n+1)€§¢($"“) -5 (:Bn)e?%(x") 0
0 —e*%ﬂwn)Hl(_gSn)
+i5452($n+1) 0
e?¢(mn)H1(§Sn) 0
0 e*%ﬂwn)Hz(_gSn)
_5553(xn+1) . ’
1 0
L = —ieH @ — ag) P Er)o(Enrt)  Blan) o)
2 0 -1
2
Hl(_gsn) 0
_5450($n)50(37n+1)
0 Hl(_Sn>
HQ(_ESTL) 0
+ie” B1 (2n41)[Bo(xn) — Bo(Tn+1)] ,
—Hy(ZS,
0 2(_5n)
Here we used the notation
p 1 ds
T aa—e2p) W = oo~ (y), k=0,1,2
/BO(y> 2(\/5_ 52,B> (y>7 Bk+1(y) 2¢,(y> dy (y), 07 , 2,

Hi(n) :=e" -1, Hjy(n) :== e — 1 —in,
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and the discrete phase increments

Tn+1

Sui= olnsn) = d(en) = [ (Valy) - 25) dy.

Tn

Remark that for notational reasons we omitted in the aforementioned descrip-
tion of the scheme the e-index. Furthermore we assumed that the two functions
¢ and f (the latter involving the derivatives @/, a”’) are explicitly “available”.
Alternatively, ¢, a’ and a” could be approximated numerically. Note that the
marching procedure (32) is obtained by combining the truncation of a Picard
iteration (explicit formula for Z(z)) with the discretization of highly oscillating
integrals via IPP.
Finally we have to transform back to the U-solution vector via

(33) Uy=P le®@) z =N+ 1,.., M.

This concludes the presentation of the WKB-marching algorithm, which corre-
sponds to (32)-(33).

2.3.3 - Convergence results for the overall hybrid WKB method

The following error-estimate result for our WKB-hybrid scheme is the main
result of the paper [15] and will be only cited here.

Theorem 21 (Convergence WKB-hybrid). Let Hypotheses a2 and
a3 be satisfied and let the phase ¢° be explicitly calculable via (30). Then 1y,
the numerical solution to the hybrid scheme (24)-(26); (32)-(33) satisfies the
following error estimates, as compared to the exact solution V., of the DDM

(12)-(17):
(34)  |lénlloe < CVh min{e*? h¥2} . £||é)||lso < CeVh min{v/e,Vh},

with the notation ép(x) = ez (x) — Yp(x) for the evanescent region; , €y =
Vew(Tn) = Ynn and €, ,, = iy (zn) — ¥y, , for the oscillatory region, and finally

enlloe := max{||éxll Lo (z0,z,) 5 max |€h,n|}-

geeny

Remark 21. As one can observe from the estimate (34), our hybrid-
method is second order in h and asymptotically correct for e — 0. [

Remark 2.2. The fact that the phase ¢° has to be explicitly (analytically)
calculable permits to avoid % — errors in the exponential term appearing in the
marching method [14]. [
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2.4 - Numerical tests of the hybrid WKB-method

The aim of this section is to present the numerical results obtained with
the WKB-coupling scheme and to compare these results with the error anal-
ysis established in Section 2.3.3. In particular, we present the results for 3
zones (oscillating-evanescent-oscillating) corresponding to the flow of electrons
through a tunnelling structure similar to the one in Fig. 8, with a piecewise
linear and, respectively, piecewise quadratic potential V' (z), chosen such that
the phase ¢°(z) is explicitly calculable. The reason for such a choice is to avoid
having to care about an hg —error term appearing in the marching method [14].
In this case, our scheme is an asymptotically correct scheme for fixed h > 0
and € — 0.

Example 1. We start with the piecewise linear potential graphed in
Fig. 8. Note the small applied bias with V' (0) =0, V(1) = 0.2.

In Fig. 10 we plotted the numerical errors of the coupling method associated
to the wave function v (left plot) and to its derivative i)’ (right plot), as
functions of the mesh size h (in log — log scale) and for three different e-values.
In the oscillating regions we chose the second order method (32)-(33) and in
the evanescent region the FEM (24). The plotted errors are the L*-errors
between the numerical solution on the whole interval [0,1] and a reference
solution, computed with the same scheme but on a finer grid of 2'8 points. It
can be observed that the slopes in these two plots are approximatively one (for
h 2> 3-107°) and improving to 1.5 for smaller values of h. For ¢ = 0.1 the
slope of the y—error even improves up to 2 for the smallest values of h. This
behaviour is in accordance with our numerical analysis in Theorem 2.1.

The e-dependence seems to be like O(1/€) (for large values of €), improving
to O(e) (for small values of €), and even O(3/2) (for small values of & and large
h). Summarizing, the error of ¥ shows to be of order O(min{h?, \/zh3/?, ch,
€3/2\/h}), which corresponds exactly to the estimates given in Theorem 2.1.
The error of €7/ shows to be of order O(min{+/eh®2, eh, £3/2y/h}), which is
even slightly better than the estimate from Theorem 2.1 (in the sense of in-
cluding also an O(y/eh?/?)-behaviour).

We mention that the obtained numerical errors are mainly those introduced
by the WKB-FEM of the evanescent region. Indeed, in this evanescent region,
the numerical error of the WKB-FEM is larger than the one obtained from the
second order WKB marching method of the oscillating region [14].

Example 2. Next we consider a piecewise quadratic potential given by

a(z) = ci(x +c2)?, Vo € 0,2 U [xq,1]; a(z) := —c1(z 4+ &2)?, Yz € (ze, 24)
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Fig. 10. Absolute error (in the L*-norm and log — log scale) between the computed
solution and a reference solution (obtained with h = 27'% ~ 4-107°), for a piecewise linear
potential. Left: ||tref — Ynumlloo- Right: [|ed)er — ehum|oco-

with z, = 0.5, g = 0.5 + 275 = 0.53125 and

E+VE?-WV E
i

E:1.5, ‘/1:‘/(1):0.2, Cy = — N C1 =

S|

The corresponding error plots are similar to those of Fig. 10 and are plotted
as well as commented in the paper [15].

Let us consider however in this case the condition number associated to
solving the discrete variational problem (24) in the (intermediate) evanescent
region. In Fig. 11 we plot this condition number as a function of h, for three
different values of e. For ¢ = 1071, 1072 it grows like O(h™2) when h — 0,
and for ¢ = 1073 it grows like O(h~!) (on the shown interval of h-values).
We remark that this behaviour is not a problem in practice: for large e, the
solution e, is mot highly oscillatory and hence does not need a high spatial
resolution. For small values of €, even a fine resolution would only lead to
moderate condition numbers. Indeed, one observes a decrease of the condition
number when € gets smaller. This important feature is somehow related to the
asymptotic-preserving property of the scheme.

To summarize, these numerical tests show clearly that the WKB-hybrid
method presented in this section provides an accurate solution of the 1D Schro-
dinger equation in the semi-classical regime, and this even on coarse grids,
chosen independently on the parameter ¢ (Planck constant). Hence the WKB-
method is an asymptotic-preserving scheme, fact which was also confirmed via
a detailed numerical analysis in [15]. To complete the scheme, one should next
treat also turning point situations.
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Fig. 11. Condition number for the discrete BVP in Ex. 2, as a function of h, for three
values of €.

3 - Two-body Schrodinger equation modelling the interaction of
a heavy particle with a light one.

Section based on the articles [6,7,75].

Systems with multiple time scales are frequently encountered in molecular
dynamics. One of the major problems in this field is the presence of both fast
and slow processes in the problem. Small time steps have hence to be chosen
to have stable numerical methods and follow accurately the rapid dynamics,
however this implies necessarly extremly large computational resources and
has to be avoided if possible. A multi-scale treatment can hence be of rescue.

In the centre of this section stands the linear, time-dependent two-body
Schrodinger equation, describing the interaction of a quantum system (modelled
by a heavy particle) with the surrounding environment (modelled by a light
particle). The interaction of a quantum system with the environment leads
to the suppression of interference patterns in the quantum system, which are
typical quantum mechanical features. This supression phenomenon is the so-
called “quantum decoherence” and is nowadays considered as the key concept
in the description of the transition from the quantum to the classical world. Its
study is the central problem of this section. Asymptotic techniques are used
here to cope with the rather different dynamics of the heavy and light particles.

3.1 - The mathematical problem

Quantum decoherence is nowadays considered as the key concept in the
description of the transition from the quantum to the classical world [24, 26,
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28,53,54,60,77].

As it is well-known, the axioms of quantum mechanics allow superposition
states, namely, normalized sums of admissible wave functions are once more
admissible wave functions. It is then possible to construct non-localized states
that lack a classical interpretation, for instance, by summing two states lo-
calized far apart from each other. The observable mark of such a quantum
mechanical superposition state is the presence of interference fringes in the
probability distribution associated to the state (see e.g. [36]). We stress that
this phenomenon does not have a classical explanation: classically, a probabil-
ity distribution evolving freely in the phase space of a single particle follows
the free Liouville equation, so, by linearity, two colliding probability densities
sum up without creating an interference pattern.

Nonetheless, at human scale no interference is revealed, so the question
arises, on how does the interference pattern disappear. Such a phenomenon is
called decoherence and its explanation lies in the fact that macroscopic objects
undergo a continuous interaction with an external environment (such as air
molecules, fields), which causes the loss of the phase relations between the
different states in the superposition. Thus, the state of the system becomes a
statistical mixture in which the quantum effects are suppressed. In this sense,
the system loses its quantum nature and consequently its state admits a classical
interpretation.

Understanding decoherence is important not only for the comprehension
of quantum mechanics, but also for more practical reasons. For example, in
quantum computation (QC), electron spin resonance (ESR), and nuclear mag-
netic resonance (NMR) it is of paramount importance to preserve the quan-
tum behaviour, so decoherence is not desired and efforts are made in order to
avoid it [92,98]. On the other hand, in quantum interference effect transistors
(QuIET) decoherence is exploited to control the quantum current flow [95]. In
such devices, decoherence acts like a switch to modulate the current flow, the
device being switched “off” in the completely coherent state and “on” when
interference disappears.

We remark that the transition from the quantum to the classical regime
due to decoherence is different from the semi-classical limit, where the classical
behaviour is recovered exploiting the smallness of Planck’s constant. Let us
stress three main differences to this regard: first, decoherence requires an open
system, i.e. a system that interacts with an environment; second, decoherence
acts at the length-scale of the interference pattern, whereas a typical semi-
classical procedure consists in evaluating a macroscopic observable on a fast
oscillating probability distribution; third, decoherence is a dynamical effect:
it grows with time, whereas the semi-classical limit can be performed in the



390 CLAUDIA NEGULESCU |40

stationary framework too. Furthermore, at least qualitatively, & plays no role
in the mechanism of decoherence: nevertheless, from a quantitative point of
view, in many models of physical relevance the time-scale of the decoherence
owes its shortness to the smallness of & (see e.g. [77]).

Our aim in this section is to analyze the dynamics of a quantum system
composed of a heavy and a light particle, interacting with each other. We con-
sider the heavy particle as the “system”, and monitor the decoherence induced
on it by the light one, that plays the role of the “environment”. According
to the axioms of non-relativistic quantum mechanics, the evolution of the two-
particle wave function . (¢, X, ) is driven by the time-dependent Schrodinger
equation

(35)

. 1 1 1+4+¢
1041 = —mAXwa — %—MA$1/]€ +

€

Viz— X)), ¥(t, X, )€ RTx R*

¥:(0,X,2) = ¢2(X, x)

where we used units in which A = 1, M is the mass and X the spatial coordinate
of the heavy particle, while e M is the mass and = the spatial coordinate of the
light one. So ¢ is the ratio between the mass of the light particle and the mass
of the heavy one, and we study the regime ¢ < 1, which we call the small mass
ratio regime.

The interaction is described by the potential %V; the uncommon coupling
constant is chosen to be of order e~! so that even a single collision leaves an
observable mark on the heavy particle; furthermore, the factor 1 + ¢ hardly
affects the dynamics and simplifies some expressions. We shall always choose a
factorized initial state, i.e. 10 will be the product of functions depending only
on the variable X and the variable x, respectively, i.e.

(36) PAX,x) = o(X)[Uo(—")x](x),

where ¢ (heavy part.) and y (light part.) are regular functions and v €
(0,1). The presence of the free propagator Up(—e~7) in the definition of the
initial state of the light particle is useful to describe a situation in which the
light particle comes from infinity and reaches x = 0 in a time of order !=7.
Physically, this means that initially the two particles are uncorrelated. We shall
always assume that 10, and consequently 1. (t), is normalized in L?(R?9).
The numerical resolution of system (35) poses extremely challenging prob-
lems. It is an example of a multi-scale problem, due to the small parameter
0 < & < 1. The light particle has a rapid dynamics (rapid dispersion), whereas
the heavy one responds on relatively long time scales. The decoherence effect,
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which is the phenomenon we want to study, appears clearly in the limit € — 0,
as explained in [5]. For very large e-values, deformation-effects eclipse the de-
sired decoherence effect. However, very small e-values lead to sever numerical
problems. We are thus in a sort of dilemma: on the one hand, for large e-values
we have precise, but uninteresting results (with deformation) and on the other
hand, very interesting decoherence results can be studied for 0 < ¢ < 1, but
much work and attention is needed to avoid numerical difficulties and to get
precise results. This leads naturally to the idea of an asymptotic study of the
solution as the parameter ¢ tends to zero, and this strategy will be adopted in
the sequel.

3.2 - A multi-scale asymptotic resolution of the two-body Schridinger sys-
tem (35)

To simplify the following composition, let us fix at the beginning some
notation.

e We denote the free Hamiltonian operator in L%(R?) by
1
Hy:=—3A, Hy: H*(RY) ¢ L*(RY) — L*(RY),

which is self-adjoint in LQ(Rd) and generates the free Schrodinger prop-
agator, denoted in the following by Uy(t). At fixed t, Uy(t) acts as the
convolution with the integral kernel

z 2
Uo(t,z) = (%;)d/ze v EeRY

e Whenever a tensor product appears, the first factor refers to the heavy
particle or to its state, while the second refers to the light particle or to
its state. The convention applies to operators and wave functions. Given
a wave function xx for the light particle, where the coordinate X of the
heavy particle enters as a parameter, ¢® x x will denote the wave function
defined by

[p @ X J(X,2) == o(X)xx (2).
e We denote by Hy the Hamiltonian
1
HV = —§A + V,

where V' is the multiplication by V(x). In all cases we consider, Hy is
self-adjoint, and Uy (t) denotes the unitary group generated by Hy, i.e.

Uy (t) == e Ve,
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e We denote by S the scattering operator corresponding to the potential

V., ie.

(37) Sy := lim Sy (t,t"), where Sy (t,t') := Ug(—t" Uy (t+t)Up(—t)
t,t —+oo

and the limit holds in the strong operator topology. In all cases we con-

sider, Sy is well-defined, unitary and relates incoming and outgoing, scat-

tered particles.

Consider the self-adjoint Hamiltonian operator Hy, its unitary group Uy
and the related scattering operator Sy. Then, the shifts by any X € R,
denoted respectively by H‘)f , Uf;( and S‘)/( , are also well-defined and share
the properties of the unshifted ones. More explicitly,

1 .
HY = —5A+V(—X),  UF(t):= e IV

S¥ = lim SY¥(t,t), where Sif(t,t) := Up(—t)Uf (t +t)Up(—t).

t,t' —+oo

When no confusion is possible, we will forget the subscript V' and use the
shorthand notation H,S,U and HX,UX, SX.

The two-particle free Hamiltonian operator and the Hamiltonian opera-
tor containing the interaction among the two particles shall be denoted
respectively by

1
2¢e

1+¢
€

V(X — ).

1 1 1
f = —— — = —— —_
H! : 2AX Ay, H,: 2AX 2€Ax+
Both are unbounded self-adjoint operators on L?(R??). The associated

unitary groups will be represented respectively by Ul (t) and Uc(t).
The unitary group generated by Hg factorizes as

Ul(t) = Uo(t) ® Uo(t/e).

The space of self-adjoint trace-class operators (see [84]) on L?(R%) or
L?(R??) is denoted by £' and the norm of a generic element p in that
space is given by

lpllzr == Txlpl, Vpe L,

where Tr denotes the trace functional (see [84]). The subspace of the
positive elements of £! is denoted by Ei.
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3.2.1 - Asymptotic approximations

Let us now provide in this section an approximate solution to the problem
(35)-(36), valid in the regime ¢ < 1 and permitting considerable computa-
tional savings both in memory and time, as compared to standard methods.
The main idea of our asymptotic approximation is based on the fact that the
characteristic evolution time is of order one for the heavy particle and of order
¢ for the light one, so the light particle diffuses almost instantaneously, while,
during the interaction, the heavy particle hardly moves. Thus, the main effect
of the interaction on the heavy particle is the reduction of the quantum inter-
ference among the two bumps. This, roughly speaking, is the content of the
celebrated Joos-Zeh'’s heuristic formula (see e.g. formula (3.43) in [60]), which
establishes that the state of the heavy particle has hardly changed, while the
state of the light particle is transformed by the action of a suitable scattering
operator. We stress that the small mass ratio hypothesis is the key aspect of
this approximation.

In Theorem 3.1 the case of a pure state (i.e. a wave function) is considered,
and we give an approximate solution in which the evolution of the heavy particle
is decoupled from the evolution of the light one, provided that the initial state
has been suitably modified. In Theorem 3.3 we generalize the result to the case
of a mixed state (i.e. a density operator), in which the problem (35)-(36) is
replaced by the operator differential equation (40). Theorem 3.3 provides an
approximate density operator for the heavy particle whose dynamics is governed
by a free evolution problem with modified initial data. The modification of the
initial data is given by the action of the collision operator Z, .

Theorem 3.1. [6] Let us assume suitable reqularity conditions on the
potential V' as well as on the initial wave-functions ¢ and x. Furthermore, let
)(t) denote the solution to (35)-(36) with M = 1; moreover let ¥¢(t) denote
the solution to the free two-body Schrodinger equation

. 1 a 1 a a
0L = — S AXYE — o Agyl = HIYL

P2(0) = p ®@ Up(—e~7) SXx.

(38)

Then, the error introduced by approximating . by ¢Y¢ is estimated as

1+¢

(30) \ws(t)—ws(tnbgol( t—s—%s—v)+cze+ogsl—n

with lim; oo C1(7,7") = 0 and the constants Co,C3 > 0 dependent only on
p, x and V.
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This theorem states that for small e-values, one can replace the resolution
of the two-body interacting Schrodinger system (35) by the free Schrodinger
equation (38) however with a modified initial condition, which contains now
the whole information about the heavy-light interaction. The light particle
is instantaneously scattered by the heavy particle, and this one evolves then
freely, after this spontaneous interaction at ¢ = 0.

Let us now generalize Theorem 3.1 to the formalism of density operators.
Such a step is necessary in order to describe the dynamics of the heavy particle
when interacting with several light particles: indeed, as we can see from (38),
the initial condition for the asymptotic model is not factorized, so after one
collision the heavy particle lies in a mixed state that has to be described by the
appropriate density operator.

Assume that the initial state of the heavy particle is given by the density
operator p(0) € £, while, as before, the light particle at time zero lies in the
state represented by the wave function Uy(—e~7)x. Then, the density operator
p<(t) that represents the state of the two-body system at time ¢ solves the Von
Neumann equation

i0ipe(t) = [He, pe(t)]

(40)
p=(0) = pM(0) @ |Up(—e™")x){Uo(—e ")xl,

where the symbol [A;, As] denotes the commutator of the operators A; and As.

For the sake of studying the dynamics of the heavy particle, the interesting
quantity is the density operator of the heavy particle, which is denoted by pé‘/f (t)
and defined as

(41) pM(t) = Trmpe(t) = > _(xilo-(®)x;),

J

where {x;}jen is a complete orthonormal set for the space L?(RY), and Try,
denotes the so-called partial trace w.r.t. the light particle.

Let us be more precise on how to compute such a partial trace. As p.(t)
is compact, it can be represented as an integral operator whose kernel can be
denoted, with a slight abuse of notation, by p(t, X, X', z,2’). The integral
kernel of the reduced density matrix for the heavy particle then reads

(42) oMt X, X') = /pg(t,X,X/,:c,:c)da?.
Rd

There is no closed equation for the time evolution of p, but, as we shall see,
as € goes to zero and for any ¢ # 0, the operator pé‘/f (t) converges to an operator
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oM *(t) that satisfies a closed equation. In order to state this result properly, we
need to introduce a further operator on £1 which we call the collision operator.

Definition 3.2 (Collision operator). Under suitable reqularity condi-
tions, we define the collision operator

(43) Iy : LYRY) — LY RY),  pM s Tr (0™ @ 1S5 x)(SY x]).

Remark 3.1. It can be verified that the operator Z, is well-defined and
completely positive (in particular it preserves positivity). Moreover, in terms
of integral kernels, the action of the collision operator reads

(44) Zpl(X, X') = p(X, X') [ (X, X"),
where the collision function I, is defined by
(45) L(X,X") = (S¥xI5%Y), X, X' eR%
[

Notice that I, reaches its maximum modulus at X = X', where it equals one.

Theorem 3.3. [6] Assume sufficient reqularity for the potential V' and
the initial condition. Denote furthermore by p(t) the solution to equation (40)

and by pM2(t) the unique solution to the problem
(46) 0™ (t) = [Ho, p™(t)]
PMA0) =Ty (0).

a

Then, the error introduced by replacing p by the solution p*2 is given by

1+e¢

1) IO -0l < G (TR ) Gas Gt
with limy 71,4 o 51(7', 7') = 0 and the constants 62, Cs >0 dependent only on
w, x and V.

This theorem, which is the main theorem of Ref. [6], states that one can
replace the resolution of the two-body interacting system (40) by the freely
evolving system (46) for the heavy particle, which embodies the information on
the heavy-light interaction in the collision operator Z, occurring in the initial
condition only. Therefore, one can get rid of any variable related to the light
particle and thus of the fast time scale. The initial multi-scale problem then
reduces to a one-scale problem, allowing a considerable gain in efficiency as
compared to the method employed in [7].
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3.2.2 - One-dimensional systems. Computation of Z,

Now, we restrict to one-dimensional problems and provide a general expres-
sion for the collision function I, (see (49), (50), (51)) whose form shows that it
depends on the reflection and transmission amplitudes associated to the poten-
tial V' and on the wave function of the light particle. Consider a particle moving
on a line under the action of the potential V. We define the transmission am-
plitude t; and the reflection amplitude 1, as the two complex coefficients s.t.
the action of the scattering operator S, defined in (37), reads

(43) <S><><x>=j2? / [t (k) + r_xR(—k)] €% dk, VY € R,
R

for any x € L?(R). We stress that definition (48) corresponds to the following
formal action on plane waves

ik —ik ik
S(e™) = rpe” " 4 tpe'™”,
which, in turn, agrees with the definition of reflection and transmission ampli-
tudes usually found in physics textbooks.

Proposition 3.1. [6] For a one-dimensional two-particle system,
endowed with an interaction potential V, the collision function I, defined in
(45) can be expressed as

(49) L(X,X")=1-0,(X — X') +iT(X) — il (X"),
with the definitions
(50) Ou(¥) = [ (1= #5) I (0P
R
(51) (X)) =i / XX Tt X(—k)X (k) dk.
R

In the case in which the initial state of the incoming light particle is repre-
sented by a Gaussian wave function, i.e.

.2
1 _(93*121) +ipx

(52) x(z) = Wﬁ’ 1o ;

where z; € R is the centre of the wave packet, o its spread, and p its mean
momentum, one has

2\ 1/4
W= (27) e,

™
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We shall make this choice of state for the light particle in Section 3.3, when
dealing with numerical simulations. In this case, definitions (50) and (51) yield
simplified expressions

2 ; 962 (k)2
O,p(Y) = O'\/;/(l—GZ ky) ri|2e 20 (=P gk |
R

2 .
Top(X) = i"\ﬁ e / tyr—g e 2 KR g,
™

R

(53)

which are more manageable for our simulations.

3.2.3 - Particular potentials of interest.

Here, we briefly introduce three particular potentials that we used in the
numerical simulations, and give the corresponding reflection and transmission
amplitudes, necessary for the computation of I, via (49), (50), (51).

Dirac’s delta potential. In the case V = «adg, with a > 0, the reflection
and transmission amplitudes are given by

! B ilk|

54 = S
(54) "k a—ilk|’ k a—ilk|’

Vk € R.

Potential barrier. A further potential for which the scattering matrix
can be explicitly computed is the potential barrier, i.e.

(07

V(.Z') = Vb]l[—a@}a Vo = %

a >0,

where 1 denotes the characteristzic function and o > 0 measures the strength
of the interaction. Letting E = % denote the energy of the incoming wave and

defining ko := /2(E — Vp) € C, the transmission and reflection amplitudes
have the forms

Ak fene—2tka
(55) th = 0¢ Vk € R\{0},

(k + ko)2e—2ikoa — (| — J)2e2ikoa ’

(kz _ k(Q])e—Qika(e—Qikoa _ eQikoa)
(k 4 ko)2e=2ikoa — (J; — ky)2e2ikoa’

(56) Tk vk € R\{0}.
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Numerical approximation for more general potentials. In the case
of more general potentials, there is no analytic expression for the amplitudes
ri and tp, however, we can compute them numerically.

We assume that the potential V' is rapidly decreases at infinity, and choose
a sufficiently large a such that we can approximate V by 0 on R\[—a,a]. To
calculate the reflection and transmission amplitudes, we look for generalized
eigenfunctions 1 of the Hamiltonian —%A + V associated to the eigenvalue

E = %2 Thanks to our approximation, these eigenfunctions are combinations
of the plane-waves ¢** and e~** outside the interval [—a,a]. For k& > 0 we
look for solutions satisfying

eth@ta) ) e—ik(zta)  for 7 <« —q,
(57) U (x) =

tetk(@—a) for =z > a.

In order to find the values of t; and 7, one must solve the stationary Schrédin-
ger equation associated with transparent boundary conditions in the interval
{—CL, CL]

—3U(x) + Vi = By, z € [—a,al,
(58) Yy (—a) + ik (—a) = 2ik,
Yy, (a) — ikp(a) = 0.

Transparent boundary conditions express the fact that the wave function as
well as its derivative are continuous at £a. Using the continuity of the wave
function and of its derivative at x = +a, it can be checked that the boundary
conditions in (58) are indeed satisfied if and only if conditions (57) are satisfied
for some 7 and t;. The reflection and transmission amplitudes are then given

by
(59) tp = ¢k(a) , Tp:i= ¢k(—a) -1, Vk>O0.

For a wave coming from the right, i.e. k¥ < 0, the procedure is analogous.

3.3 - Numerical simulations

In this section we shall finally use the approximations introduced in Section
3.2 and 3.2.2 in order to efficiently resolve the two-body Schrédinger equation
(35)-(36) in the regime ¢ < 1. The final aim is to quantify and study numer-
ically the decoherence effect induced on the heavy particle by the interaction
with the light one.
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3.3.1 - Model and initial data

According to Theorem 3.3, for small values of € we can replace the resolution
of the two-body Schrodinger equation (35)-(36) or, equivalently, of equation
(40) for density operators, by the resolution of system (46) for the reduced
density operator of the heavy particle. Rephrasing the latter as an equation for
the integral kernel pM-¢(t, X, X') of the operator p*?(t), one gets
(60)

P9 p™M(t, X, X') = L

o7 (Bx = Ax)p™(6, X, X'), (X, X") € R?, ¥t €R*

M0, X, X1) = pg! (X, XT) I (X, X7),
where the collision function I, is given by formulas (49), (50), (51), and

Pt (X, X') is the integral kernel of the operator p}!, which represents the state
of the heavy particle before the collision. We set

(61) P (X, X') i= p(X) p(X),
where
(62) P(X) == N (p-(X) + p4(X))
with
1 _(xEX)? .
_LS 2 2 %
(64) N = V2 <1+e 200 e—ZUHPH> .

The parameters Xy, pg and oy are positive and defined in Table 1. Then, the
integral kernel (61) can be rewritten as

(65) o' (0,X, X) = N?[p-(X) + ¢4 (X)] [0 (X) + 0. (X)]

= N2 |- (X)p-(X) + o (X)1 (X)) + 04 (X)p— (X)

+ o+ (X (X7

The two terms o4 (X)ps(X’) are called diagonal, while the two terms
0+ (X)px(X') are called antidiagonal. In fact, in view of definition (63) the
products ¢4 (X)p+ (X’) rapidly decay outside of a diagonal region {|X — X'| ~
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Fig. 12. Left: Probability density associated to the initial state of the heavy particle.
Right: Probability density associated to the state of the heavy particle in the case of no
interaction, at the time of maximal overlap of the two bumps.

or}, while the products ¢4 (X)p+(X’) are essentially supported in the region
{IX+X'| ~og}.

Physically, the density matrix “before the collision” py or, equivalently, the
initial wave function (62), describes a state consisting of a quantum superpo-
sition of two localized bumps centred respectively at +Xy and moving against
each other with relative speed 2pg /M, as illustrated in the left plot of Figure
12. If no light particle or, more generally, no interaction is present, then one
should use pd!(X, X') as initial data in (60). Thus, at time M Xo/py the non-
diagonal terms in (65) give rise to an interference pattern, shown in the right
plot of Figure 12. The emergence of interference is due to the non-diagonal
terms in (65). On the other hand, due to the collision, the initial data in (60)
is replaced by py*(X, X') = I (X, X")p} (X, X"). We will see in Section 3.3.3
that the presence of the factor I, damps the interference.

3.3.2 - Numerical domain and discretization

Here we give some brief explanation about the numerical resolution of equa-
tion (60).

First, we truncate the spatial domain R? to a bounded simulation domain
0% = (—H,H) x (—H,H) and impose boundary conditions on dQx. To
simplify computations, we choose homogeneous Neumann boundary conditions,
which prescribe that the particle is reflected at the boundaries. However, if
the domain is sufficiently large, the presence of the boundaries has negligible
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influence on the dynamics of the heavy particle.

Second, we discretize equation (60). For the discretization in time we
employ the Peaceman-Rachford scheme which is unconditionally stable and
second-order accurate. Let us explain in more detail the steps in the scheme.
We start by discretizing the time interval [0,7] and the simulation domain of
the heavy particle Qx = (—H, H). Let us introduce the time and space steps

T 2H

L>0, X J—1>0’ with L, J € N|
and define the homogeneous discretization t; := IAt, X; = —H + (j — 1)hx, so
that

O=tg<---<t;, <---<t,=T, -H=X;<---<X;<---<X,=H.

Then, defining the operators A, B : H C L*(Qx) — L?(2x)

1 1 )
A= —mAX, B := mAX/, H:={p € H*(Qx) / Onp =0, on 90x },
where 0, denotes the outward normal to the boundary d€Qx, the Peaceman-
Rachford scheme for the system (60) writes

(66)
Pt = (ud—%A)—l(udJr%B)(Ud—%B)—l(um%mpl, 1=0,---,L—1,

where p' (resp. péj) denotes the approximation of pM:(t;) (resp.
pMa(t;, X;, X;)). Notice that (66) is a sequence of Euler-explicit, Crank-Nicol-
son and Euler-implicit steps. Equivalently, one performs a sequential resolution
of two 1D systems

(i1d— 2By = i1+ Sy, (ira— Ly = (i1a+ Sy

Finally, we discretize the operators A and B in space via a standard second-
order centered method.

The parameters employed in the simulations are summarized in Table 1.
Let us remark here that the scheme is an alternating-direction implicit (ADI)
omethod, i.e. the actions of the two operators A and B, acting respectively on
the variable X and X', are separated, so that, compared to a direct resolution
of (60) via the Crank-Nicolson method, the computational costs are drastically
reduced.
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Table 1. Parameters used in the numerical simulations.

2% H 2% 107! J 201
T 1.92 % 1072 L 120 % 20 + 1
h 1 PH 3.4x M
M 100 P 1.25; 2.5; 3.5 % 102
om,o | 1072,2% 1072 || Xo,2; | 5%1072,2% 107!
« 0,---,40 % 102

3.3.3 - Numerical results and interpretation

Here we present some numerical results obtained via the method introduced
in the previous section for the resolution of the evolution equation (60). We shall
consider in this lecture only the Dirac’s delta interaction potential, the cases of
a potential barrier or a Gaussian potential are presented and commented in [6].
Furthermore, we shall also sketch the case with multiple light particles.

Dirac’s delta potential. Let us here consider the case V(z) = adg(z),

with @ € RT. The left plot in Figure 13 shows the quantity |p3! (X, X")| (i.e.
the state of the heavy particle before the collision with the light one). Notice
that the non-trivial values of p}! (X, X’) are concentrated in four bumps. In
accordance with the terminology introduced in Section 3.3.1, the two bumps
located around the diagonal X = X’ are called diagonal while the two oth-
ers, located around the set X = —X’, are called antidiagonal. The diagonal
bumps give the probability density associated to the state of the heavy particle,
while the antidiagonal bumps are responsible for the interference. Diagonal and
antidiagonal bumps share the same shape and the same size.
The right plot in Figure 13 displays [p™%(0, X, X")| = |L(X, X")pd (X, X")|
(i.e. the state of the heavy particle immediately after the collision) in the
test case a = 103. It is easily seen that, as an effect of the collision with the
light particle, the antidiagonal bumps are damped, thus providing the expected
attenuation of the interference.

To understand this Figure better, we devoted Fig. 14 to the collision func-
tion I,. In the left plot we show |I, (X, X’)| corresponding to the right plot of
Figure 13, while in the right plot of Figure 14 we give |I, (X, —X)| for different
values of a. One can observe that, as the strength of the potential varies, the
band width of |I, (X, —X)| remains unchanged; on the other hand, notice that
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M 3
Py 0=10 p"#(0)], a=10°

Fig. 13. Test case: Dirac potential with a = 10%. Left: Plot of |p}’ (X, X’)| before the
collision; Right: Plot of [p*®(0, X, X’)| immediately after the collision.

the more the potential is intense, the more the quantity |I, (X, —X)| is reduced
for large values of X. It is precisely this reduction which causes the damping
of the antidiagonal bumps in Figure 13.
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09

0.8

071

06

0.5

x

Il (X.=X)I

04

03

02F === == == == M Byt m -

0.1

0 L L L
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 006 0.08 0.1
X

Fig. 14. Left: Plot of |I, (X, X’)| for a = 10%. Right: Plot of |I, (X, —X)| for several
values of .

In order to examine how the decoherence effect varies with the momentum
of the light particle, in Figure 15 we plot |1,(0.05, —0.05)| for several values of o
and three different momenta p of the light particle. We observe that the larger
the momentum is, the smaller the decoherence effect on the heavy particle is.
This can be explained by the fact that most of the light particle is transmitted
when its momentum is large.
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Fig. 15. The quantity |I,(0.05, —0.05)| as a function of « for three different values of the
momentum of the light particle.

Finally, in Figure 16 we display the probability density p%(t,, X, X) asso-
ciated to the state of the heavy particle at the time ¢, = XoM /py of maximal
overlap of the two diagonal bumps. The left plot in Figure 16 corresponds to
a collision with a light particle arriving from the right with mean momentum
p = —2.5% 102, for several potential strengths . One sees that the probability
density associated to the state of the heavy particle splits into a component
that exhibits complete interference and a bump that travels with mean mo-
mentum pg + p > py towards the right without experiencing interference. We
refer to the component that displays interference as the coherent part, while the
component in which interference is absent is referred to as the decoherent part.
In the right plot, the light particle has momentum p = 0 and is located at the
centre x; = 0. The interference pattern exhibits a clear decoherence effect. In
particular, notice that inside the pattern there are no points with zero proba-
bility. The corresponding plot is similar to the ones exhibited in [7] through a
direct use of the Joos-Zeh formula. In fact, this plot too can be understood as
the simultaneous presence of a coherent and of a decoherent part, except that
here, since the momentum of the decoherent part is zero, the two components
share the same support. A theoretical explanation of the appearance of the
decoherent bumps is given in [6].

Several light particles. We suppose now that many light particles are
injected one-by-one into the computational domain, in such a way that the
heavy particle undergoes a finite sequence of collisions at times t := 4k At. At
any collision, the state of the light particle is supposed to be the same, i.e., the
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Fig. 16. Attenuation of the interference pattern of the heavy particle, in the case that
the light particle comes from the right with p = —2.5% 10? (left Fig.) resp. p = 0 (right Fig.).

k.th colliding light particle lies in the state represented by the wave function
Uo(tx, — e~ 7)x. During any time interval (¢, tx11), between two collisions, the
heavy particle evolves freely. The state of the heavy particle after each collision
p(t;) is then related to the state before collision p(t; ) by

p(tl) = Tilp(ty)].

On the left plot of Figure 17 we show the probability density p*?(t*, X, X)
associated to the state of the heavy particle at the time of maximal overlap.
The plot refers to the case of a Dirac’s delta potential with strength a = 10,
momentum of the light particle p = 0 and N = 1,2, 3 collisions. As expected,
multiple collisions enforce the destruction of the interference pattern.

All these numerical simulations permitted us to study the dynamics of a
quantum heavy particle undergoing a repulsive interaction with one or several
light particles, in the aim to better understand the so-called decoherence phe-
nomenon. If one is interested in the study of infinitly many incoming light
particles, then a significant re-scaling of the potential should be done, namely
of strength o/v/N with fixed a: with this scaling, the decoherence effect should
remain of order one (see the right plot in Figure 17). A detailed mathematical
study of this effect in the case N — oo would be an interesting forthcoming
work.
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Fig. 17.  Attenuation of the interference pattern of the heavy particle in the case of
several collisions. Test case: Dirac’s delta potential, p = 0. Left: Fixed a = 10 and several
collisions N = 1,2,3. Right: N =1,2,3 with o = 10/v/N.

4 - Nonlinear Schrodinger equation with Delta-Dirac point inter-
action.

Section based on the article [31].

Nonlinear Schrodinger equations arise in several fields of application, as have
been mentioned in the ouverture of this course. The modelling of crystals with
defects or the scattering mechanism from impurities in a crystal, motivates the
introduction of a special class of short-range nonlinearites, concentrated in a
bounded region, as for example the Delta-Dirac point interactions, also called 6-
potentials. These artificial potentials are very interesting, as they approximate
more complex, realistic potentials, and permit explicit computations.

The core of this section concerns the modelling of the quantum beating-
effect of the nitrogen nucleus N of an ammonia molecule (N H3), performed in
the double-well potential created by the hydorgen atoms. The beating-effect
is a periodic motion of the N-atom, passing from one well to the other via
tunneling effect and is a typical quantum feature. We are interested in this
section in the study of the destruction of this N-beating effect, as a consequence
of the nonlinearity of the problem (modelling the environment of the molecule),
and the ensuing localization of the N-atom in one well (classical picture).

The model we shall use for the investigation of this phenomenon is a nonlin-
ear Schrodinger equation with 2-point d-interactions, which sketches the ammo-
nia double-well potential. Highly oscillatory integrals are central to this study
and constitute essentially the most challenging part from a numerical point of
view. They have to be treated with adequate, efficient methods in order to get



|57] LINEAR AND NON-LINEAR SCHRODINGER EQUATION 407

accurate results and investigate the delicate long-time behaviour of the N-atom
wave-function.

4.1 - The mathematical problem

Quantum beating may nowadays refer to many, often quite different phe-
nomena studied in various domains of quantum physics, ranging from quantum
electrodynamics to particle physics, from solid state physics to molecular struc-
ture and dynamics. A paradigmatic example in the latter field is the inversion in
the ammonia molecule observed experimentally in 1935. The ammonia molecule
(N Hs) is pyramidally shaped. Three hydrogen atoms form the base and the
nitrogen atom is located in one of the two distinguishable states (enantiomers)
on one side or the other with respect to the base (chirality). Experimentally it
was tested that microwave radiation could induce a periodic transition from one
state to the other, phenomenon called “quantum beating” and which appears
to be a typical quantum mechanical feature. However, in non-isolated systems
like organic compounds containing ammonia-molecules, the pyramidal inver-
sion is suppressed, as a consequence of a too large pressure, and the N-nucleus
becomes localized in one of the two wells. Thus we observe in such non-isolated
systems a rather classical behaviour, which is due to the interaction of the
ammonia-molecule with the environment (decoherence phenomenon).

A theoretical explanation of the quantum beating phenomenon was obtained
by modeling the nitrogen atom as a quantum particle evolving in a double-well
potential created by the three hydrogen atoms [43,48,88]. The beating effect
appears then as a manifestation of the superposition of the ground state and the
lowest excited state, leading to a periodical motion between the two wells. To
reduce complexity, one can use two-point interactions instead of the two-well
potential, description which renders the theoretical as well as computational
aspects of the problem easier to handle. Such point-interactions represent a
non-trivial however entirely solvable limit model for potentials with very short
range. In what concerns the environment, its influence on the central system
is modelled (better said “approximated”) by introducing a non-linearity in the
Schrodinger equation. The effect of this non-linearity will be the break-down
of the initial superposition.

In order to introduce now the model describing the whole (central+environ-
ment) system, let us first briefly recall the definition of point interaction Hamil-
tonians in L?(R) (see [12] for further details). For two scatterers placed in
Y = {y1,y2} and acting with strength v = {~v1,72}, 7 € R, the formal Hamil-
tonian reads B

Hyy =" = Atp + 710y,0 + 720,90 ©,
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where the Planck constant A has been taken equal to one and the particle mass
m equal to 1/2. The wave-function (¢, x) represents here the probability of
finding at instant ¢ the nitrogen atom at the position x, the H-atoms being
situated at the origin « = 0.

A mathematical rigorous definition of H.,y in dimension d = 1 has been
given in the early days of quantum mechanics, when such kind of Hamiltonians
were extensively used to investigate the dynamics of a quantum particle in
various kinds of short range scatterer arrays. A complete characterization of
point interaction Hamiltonians in dimension d = 2,3 was only made available
in the second half of last century [12].

We shall detail in this work the case d = 1, corresponding to our physical
context. Assume that the two points are placed symmetrically with respect to
the origin with |y;| = a > 0. Then

D(t,y) = {we P®) | w=0" - 52, (1) M)A - w)

67
o ¢ e HAR)},

A de

(68) (Hyy +2) v = (—d2 + A) o

are domain and action of a selfadjoint operator in L?(R), which acts as the free
laplacian on functions supported outside the two points y; 2 = +a. In (67) the
Green function G* and the matrix Fé are defined by

e—ﬁlaﬂ
WA

and the positive real A € RT is large enough to make the matrix ny‘ invertible.

(69) GMNx) =

(13), = 5,5+ @)

It is immediate to check that the derivative of G*(z) has a jump in the origin,
equal to —1. This in turn implies that every function v belonging to the
domain D(H, y) satisfies the “boundary” or “interface” conditions in the points

Y1,2 = :|:CL, i.e.

(70) V) =) =yl i=1,2.
Additionally, let us also mention here the important property that the self-

adjoint operator H,y admits for 712 # 0 at most two eigenvalues which are
negative. To be more precise, one has that —\ € o,(H,y) C (—00,0) if and

only if det F$ = 0 and the corresponding eigenfunction is of the form

2
oNz) = ch GMx —yj), ¢ €R,
j=1
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where (c1, ¢2) is an eigenvector of the matrix F,)Y‘, corresponding to the eigenvalue
Z€ro.

To summarize, the dynamics generated by H,y is thus characterized by a
free dynamics outside the two scatterers and the fulfilment at any time of the
boundary conditions (70). Introducing now the environment in the model, via
a non-linear term, our aim in this work is to investigate the behaviour of the
solutions to the non-linear evolution problem

100w =Hyyy ¥, V(t,z) e RT xR,
(71) 1/)(0,%) = 1/)0(1‘) S D(Hl(0)7y) , VreR,
% (8) = Aty v<0, >0,

where the time dependence of v is non-linearly determined by the values of the
solution itself in the points ng_: +a.

An alternative way to examine the Cauchy problem (71) is to write down
the solution under the form of a Duhamel’s formula, with a forcing term con-
centrated on the two points y;2 = £a. In detail, let U(7,y) be the integral
kernel of the unitary group U(t) := el'®, defined as

jlul? i
Uiry) = = U0O@ = [ Utz —newdy Ve IA®).

Then from Duhamel’s formula, one gets
t
(72) (t,z) = (Ut)Yo)(x) — iVZ/U(t — s;x — y)|Y(s,y5)[P7P(s, ;) ds,
j:1 0

yielding in the scatteres y; o = +a the formula

(73) (6, 5) = U(Eo) (i) i

Jj=1

Ut yj)W)(S y])| @Z)(S,yj)ds,

o

It is easy to check that a function of the form (72) satisfies the non-linear
boundary conditions at all times (see [8] for details). Following now a standard
notation in higher dimensional cases [2], we shall introduce in this work the
two functions ¢1(t) = ¥(t, —a) and g2(t) = ¥ (t,a), which satisfy the following
coupled nonlinear Volterra integral equations, called also “charge equations”
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(74)

0(s) ()"

Vit—s
= (U(#) Po)(—a),

20
\/7/Q1 ) la1(s)] d+7\/T
Vt—s 2
20 .
\/7/612 ) lg2(s)| d+7\f
Vt—s 2V

o\ﬁ

1) ()P
Hats
- w

o\ﬁ

(t) ¢o)(a)-

Let us underline that 9(¢t,x) := (U(t)1o)(x) is the solution of the free 1D
Schrédinger equation

\

10,0 = —0ye0, V(t,z) €R* xR,
(75)

90, z) = o(z), VreR.

The solution of the Cauchy problem (71) is now simply reduced to the
computation of the free evolution (U(t)o)(+a) and the solution of the two
coupled nonlinear Volterra integral equations (74). The whole wave-function
1 is then recovered via (72). This strategy shall permit us to do considerable
savings in memory and time, as will be noticed in Sections 4.2 and 4.3. Indeed,
system (74) is only time-dependent, and the free Schrodinger equation (75) can
be simply solved via a spectral method.

In order to better understand how the beating effect occurs and the reasons
why one expects suppression of this phenomenon by nonlinear perturbation, we
study in Sections 4.1.1 and 4.1.2 a symmetric and anti-symmetric linear case
in some detail.

4.1.1 - Linear point interactions - Symmetric double well

Let us consider the symmetric linear case, corresponding to ¢ = 0 and
Y1 = v9 = . We will show that the eigenstates relative to the lowest eigenvalues
are explicitly computable for the Hamiltonian we consider.

First of all, if we consider only a one point interaction in y = 0 of strength
v, then the Hamiltonian

(76) Hyo:="%“—0p+ v dy v <0,



|61] LINEAR AND NON-LINEAR SCHRODINGER EQUATION 411

admits a unique bound state (—\, G*), meaning H, oG = —AG* (in the di-
stributional sense), with eigenvalue E = —\ < 0 and eigenfunction G* given by

e—\r)\|:c|

, A=~2%/4>0.
= v/

(77) GMNz) ==

The stationary solutions to the evolution equation

(78) iaﬂb:_ xx¢+750¢7

are hence of the form ¢(t,z) = Ne'MGA(z), with N > 0 a normalization
constant.

Coming now to our two-point interaction case, the Hamiltonian H, y admits
two bound state (—As, ¢f) and (—Ae,@e). To be more precise, —\ will be a
negative eigenvalue of H. y if and only if det (Fé) = 0. In the case of two point
interactions of the same%trength this condition reads

(79)
1 1 672\/Xa
v TaA e
det =0 <= 1+4&/y==%et2, with € :=2V\.
e—Qﬁa 1 1
oA 1 e

For v < —% there are two solutions Ay, > 0 to the previous equation. The in-
dices 7 f, e” stand for “fundamental” resp. first “excited” state. The associated
eigenfunctions are

(80) 65(x) = Ny (GM (@ +a) + G¥ (@ — a)) |

(81) be(@) = N, (G*(w +a) = G (x —a)) |

where Ny and N, are easily computable normalization factors.

In Fig.18 we plotted the two eigenstates ¢r(x) and ¢e(x), corresponding
to the ground state (symmetric function) and the first excited state (anti-
symmetric function). Notice that the two eigenstates are relative to energies
getting closer and closer as the value of |y| increases. In the same limit the
absolute values of the two eigenfunctions tend to coincide.
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Fig. 18. Plot of the functions ¢¢(z) in blue and ¢.(z) with a dashed line.

The stationary solutions corresponding to these eigenstates are given by

(82) Lf)f(t, IE) = ei)\ft¢f($) ) we(ta $> = ei /\et(be(l') .

A superposition of the two stationary states,

Yo(z) = agys(r) + B¢e(x),  a BER,
evolves as
Ut ) = adMGp(x) + el (x) .

An initial condition with oo # 0 and § # 0 gives rise to a beating dynamics. If
one of both parameters «, 8 is zero, we are in a stationary state as (82).
The special superposition

1
V2

is concentrated in the left well and will evolve in time as

(83) hoaro(®) = —= (dr(x) + de())

(84) Uhaalt.) = = (7 07(@) + € 10@))

with a probability density given by

(7 (@)* + e ()] + 265 (2)de(x) cos (A — Ae)t)] -

N |

(85) P(t,x) =
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2
A= Ae
concentrated successively on the left and on the right well, justifying hence the
definition of (84) as a beating state.

It is now clear that 1/JbLmt is an oscillating function with period T =

4.1.2 - Linear point interactions - Asymmetric double well

Let us now investigate the changes in the beating mechanism when the
two zero range potentials have different strengths v1 # v, 71 < 2. In this
asymmetric case the equation for finding the eigenvalues of the Hamiltonian
H%y is:

1,11,y
7 o2vVA 2V

(86) detT(,, ,,) = det L =0,
—6_2 Va o
2v/\ Y2 2V

leading to

o () ()G e

Defining & := 2/ the last equation can be rewritten as

2 1 1
(88) 5—+§<—+—> 1=e %9,
Y172 71 72

The number of positive solutions to (88) depends on the values of the param-
eters 7; and on the distance 2a. Straightforward computations show that (88)
admits two distinct positive solutions (£, &) in the case that both 4's are neg-
ative and 1/|y1| + 1/|72| < 2a. The corresponding eigenvalues are denoted in
this case by (=g, —A1).

The eigenfunction relative to the lowest eigenvalue Ey = —Ag < 0 as well as
to the first excited state £y > Ey, F1 = —\; < 0, have the form (see Theorem
2.1.3 in [12])

(89) ¢o(z) = co Gz + a) + c1 G (x — a),

(90) ¢1(z) = 2 GM (2 + a) + 3 GM (x — a),

where (¢, 1) and (e, c3) are the eigenvectors of the matrix T’ ﬁo’l, corresponding
to the eigenvalue zero.
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Special choices of 71, v2 permit to render ¢y orthogonal to ¢ in the sense
that ¢g(x) ¢1(x) ~ 0, leading to a suppression of the oscillating term in (85) and,
as a consequence, the beating will be locked only around one interaction point.
This symmetry-breaking and hence beating-destructing phenomenon will be
investigated numerically in Section 4.3. Starting from an initial condition of
the form

(91) wasy,o(l‘) = ¢0($) + B ¢1 (l') ) «, B € R»

the exact time-evolution of this state is given by

(92) Yasy () = et o () + Bt gy (x).

4.1.3 - Nonlinear point interactions

A detailed analytical study of the non linear case o > 0 (which is no longer
explicitly solvable) can be found in [8,9]. The authors obtained general results
about existence of solutions either local or global in time and proved existence
of blow up solutions for o larger than 2.

In Section 4.3 we present the numerical simulation results for the evolution
of a beating state, i.e., an initial state giving rise in the linear case to a beating
motion of the particle, namely

(93) wO(l') = O‘(bf(l') + B(be(l') ) Oé,ﬁ eR.

Our aim is to study how the nonlinearity influences the beating phenomenon.
As we already mentioned we expect that even if the initial condition is almost-
symmetric, the nonlinearity will have the effect of braking the symmetry. The
numerical simulations will be based on the resolution of the Volterra system
(74), as mentioned above.

Let us further observe that from [8] (Theorem 6) we know that, if 0 <o < 1
and for an initial data 19 € H'(R), the Cauchy problem has a unique solution
which is global in time. Moreover in [8] (Theorem 23) it is proved that if v < 0
and o > 1, there exist initial data such that the solutions of the Cauchy problem
will blow-up in finite time.

4.2 - The numerical discretization of the Volterra-system

Let us come now to the numerical part of this work, namely the discretiza-
tion and later on simulation of the Volterra-system (74), in order to investigate
the delicate phenomenon of beating. Linear (symmetric and asymmetric) as
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well as nonlinear cases will be treated, starting from an initial condition under
one of the forms

(94) wlfeat,o(x) = ¢f(x) + ﬂ d)e(x) ) Ql)asy,O(:L') = d’O("L‘) + ﬂ@sl (l’) 5

with some given constants a, 8 € R and (¢, ¢¢) resp. (¢o, ¢1) defined in (80)-
(81) resp. (89)-(90).

The discretization of the Volterra-system (74) passes through the discretiza-
tion of two different kind of integrals, an Abel-integral, which is of the form

(95) Ab(t) == / 90) g
0

and a highly-oscillating integral of the form

¢
o g(s) it

(96) Ho(t) := 0/ \/me i=s ds.
Besides, the free Schrodinger equation (75) has to be solved to compute the
right hand side of the Volterra system, i.e. (U(t)1p)(%a), and one has also to
take care of the non-linearity, which will be treated iteratively by means of a
linearization. The treatment of all these four steps shall be presented in the
following subsections.

For the numerics we shall consider the truncated time-space domain [0, 7] X
[~ L., L;] and impose periodic boundary conditions in space. We shall further-
more fix a homogeneous discretization of this domain, defined as

O=ti << <---<tg =T, tliz(l—l)At,
At :=T/(K —1);

—Ly=m <<z <--<ay=Ly, z;:=-L,+(i—1)Azx,
Az :=2L,/(N —1).
4.2.1 - The free Schrédinger evolution
We shall present now two different resolutions of the Schrodinger equation

(75), a numerical resolution via the Fast Fourier Transform (fft,ifft) assuming
periodic boundary conditions in space and an analytic, explicit resolution by
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means of the continuous Fourier Transform and based on the specific initial
condition we choose.
The numerical resolution starts from the partial Fourier-Transform (in space)
of (75)
O,0,(t) = —ik20,(t), VkeZ, VteRT,

01(0) = Yor, VkEZ,

where
7
n - —iwzk - l
Yok = 5L, / o(x)e dr, w: I
—L,
and hence
(97) On(t) = e 7 10,(0), V(tk) Rt xZ.

Remark that we supposed here periodic boundary conditions in the truncated
space-domain [—L,, L,|, where the appearance of the discrete Fourier-variable
k € Z. Using the fft- as well as ifft-algorithms permits hence to get from (97) a
numerical approximation of the solution 9J(¢, z) of the free Schrédinger equation
(75).

Analytically, we shall situate us in the whole space R and shall perform the
same steps explicitly, taking advantage of the initial condition, which has the
form

(98) Yo(x) == ads(x) +Boe(r), VreR, a,BfcR,

where we recall that (see (69), (80), (81))
65(x) = Ny [GM (@ +0) + GN (2~ a)|

Pe(x) = Ne [G’\"’(x +a)— G (x — a)} :

Thus one has with the definition of the Fourier-transform and its inverse

in 1 7 —izv _ 1 7 in izv
o) = Eé b(z) e 1V da, ¢<x>—ﬁ_£ b(v) v,

that

ho(v) = adr(v) + Boe(v) = Vtv)=ad;)e '+ B o(v)e iV
(t,v) e RT xR,
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Let us now compute explicitly the Fourier transform of ¢g and ¢; and finally
the inverse Fourier transform of ¥(t,v). For this, remark that one has

1 1

Coy= L wer
(V) \/ﬁ )\ + V2 Y v E Y
leading to
- 2Ny cos(va) ~ _ 2iN, sin(va)

¢f(7/) Qbe(y) =

_\/271' )\f—i‘VZ’ Vo Ae+v27

Now, in the aim to resolve numerically the Volterra-system (74), one needs only
to compute the solution of (75) in the points y; 2 = +a, which means

o) . 0 .
OéNf 1+€_21a1j _i2 ,BNE 1—6_2““/ _i.2
19 t,— = 1v td 1v td .
(t,—a) 2 / Ap+ 12 ¢ v 2 / e + V2 ¢ v
—00 —00

I(t,a) =

2 Ar+ 12 Ae + 12

—0o0

aN Ool—I-BQiC”’ s 9 B N, Ool—GQiCW s 2
f e v th _ € / e 1V th
27 ’
—o0

To compute these two integrals, we shall take advantage of the following two
formulae

[ 1 e T v
Iz::/me tdl/:ﬁeAt [1—erf( lAt)} R
% +2iav 7
A e i, cos(2av) _;,2,
IB._/)\—i—VQe dV—/me dV,

where erf(-) is the so-called error-function, defined by

xX
2
erf(x) = \/—77'(' /e_tz dt.
0
After some straightforward computations, one gets
A i)t 2V a _ . _a_
Iy = e {e [1 erf<\/1/\t+\/ﬁ)}

2V
+e_2ﬁ“ [1—erf<\/W— ﬁ)}} .
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With the two expressions I 2 and [ f‘; one has now

A

Ut)po)(—a) =I(t, —a) = o [IAf +]gf} _

1]

U(t) bo)(a) = D(t,a) = 9%§§z 1y 1Y) + ﬁ;ﬁw 1+ 1]

which permits to have the right-hand side of the Volterra-system (74) analyti-
cally.

Let us observe that the same computations hold also for the asymmetric
initial condition (91) with (¢, ¢.) replaced by (¢o, ¢1), as well as (N, Ne) by
(No, N1).

4.2.2 - The Abel integral

Let us now present a discretization of an Abel-integral of the form (95),
based on a Gaussian quadrature. The time interval [0,7] is discretized in a

homogeneous manner, as proposed above, such that one can now approximate
Ab(ty) for 1l =1,--- |, K as follows

-1 tkt1

ds =

bt /\/7 :;i / tk+§At

Now, introducing the notation

WO s l—k, oh(©) = gltn + €80, (€)=

we will use a Gaussian quadrature formula with one point and the weight-

()

function p,.’(£) to approximate the last integral as follows

1
/ P () on(€) de = w® (e,
0

with the “Gauss-points” given by

1

1 1
1 0} n
-/ an, &= | dn
(@
N EON N

(99)



[69] LINEAR AND NON-LINEAR SCHRODINGER EQUATION 419

This leads to

1-1
Ab(t)) ~ VAt Z w,(f) gty + At flgl)) .
k=1

As the function ¢ is known only at the grid points ¢, we shall linearize g
in the cell [tg,tr+1] to find finally the approximation formula we used for the
Abel-integral

(100)

-1
Ab(ty) ~ Abgun (1) = VALY w [ g+ (1 =6 gi]  Vi=1, K,
k=1
where w,(fl) and g,(f) are given by (99) and gi := g(tx). Let us remark here that
the function g(s) is known up to the instant ¢;_;, such that we have to keep in
mind that there is a term in this last formula, which is unknown, i.e. ¢g;, and
which has to be computed at this present step via the Volterra-system. This
procedure shall be explained in subsection 4.2.4, however let us here introduce
some notation, to simplify the subsequent analysis. We shall denote

-2
Abn (1) 1= VAL S w) € gea + (1= ) g

k=1
+\/Kth(l_)1(1—£l(l_)1)gl_1, Vi=1,- K,

and

Ab%um(tl) =V At’wl(l_)l fl(l_)l aq,
such that (100) becomes simply

(101) Ab(tl) ~ Abnum(tl) = Ab%um(tl) + VAL wl(l—)l gl(l—)l g, vVi=1,--- K.

4.2.3 - The Highly-oscillating integral

Let us come now to the treatment of the highly oscillatory integral (96),
which is the most delicate part of our numerical scheme. Indeed, as one can
observe from Fig. 19, the integrand function (here with g=1,t=a=1) is a
rapidly varying function such that its integration has to be done with care. We
shall present here different procedures for its computation or approximation.
The first procedure is more analytical and based on integral-tables [1]. The
second one is a numerical approach and uses integration-by-parts to cope with
the high oscillations.
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Highly-oscillating integrand-function

20 b

230 |
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Fig. 19. Evolution in time of the integrand function h(s) := \/11_75 T with s € [0,1].

The analytic procedure starts with linearizing the function ¢ in the cell

[tkatk‘-i-l]a
_ 9k+1 — Gk
9(s) = =5

in order to approximate

(s —tk)+ gk, Vs € [tg thr1],

Ho(t;) := /eitls ds

1 tei1 tri1

N z_: Gk+1 — Gk s —te i ds—l—gk/ R )
k=1 At \/tl_s \/tl_s
— L ty ty
-1 g g
k+1 — 9k k|l Kl
- +T11 +gr I, ] vi=1,--- K,
k=11t

where we denoted

tkt1 tkt1

2 2
k.l s—1 i Kl 1 ja”
I = ————e % ds 1y = et ds.
1 \/tl—S ’ 2 \/tl—s

ti

tk
The I f ’l-integral can be further developped as follows

th+1 tkt1

s—1 ot / 1
——— e usds+(t;—t
/\/tl—s (l k) t;— s
ty

ty

2

e ds = —I;f’l—i-(tl—tk) Ig’l ,

kil
"=
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where we introduced

tet1 )

I;f’l = / Vi —s i ds .

ty

The integrals Ig ! and I;f ! have now explicit expressions. Indeed, one can find,
using [1], that

(102)
Dy, F Dy,
=2 / 1?8 ge = 2 [\/—iﬂaerf< _1a>] , Dp =t —ty;
b § Dy
k+1
and

(103) kl —9 / 52 1a2/£2

D41

% [53] b1 + 4\/5 (TDk - TDk+1) >

with

3 V=i i 2 D “
Tp=|>erf(+—¢) +ep2® ——— 2+iD2} , for D= Dy, Dj.s.

Using now these explicit formulae (102)-(103) we get an approximate formula
for the highly-oscillating intergral Ho, i.e.
(104)

Z[gk+1 I +(tl_tk)l )—ngl :|7 \V/lzl,"',K,

This formula is quasi-analytical, and is based on the linearization of the function
g. This linearization is possible, if the function g itself is not highly-oscillating.
We remark here also that (104) involves the still unknown value g;.

A second idea can be used to approximate these highly oscillating integrals,
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based more on a numerical discretization. Let us start from

2

t
Hol(t;) = / i(S) EE=0
| — S
0

NCET

N1t ) 1—g k1 )
X 9(s) i~ g(s) it
= et ds+ elt=*ds
; Vii— s Z Vi — s

tx k=N

= Igy +Iga+1Ipgz, Vi=1,--- K.

This decomposition follows the evolution of the integrand-function, meaning

that the index Ni(tl) € [1,1 — 1] € N will delimitate the regions of smooth
evolution resp. rapid variation and shall permit two different treatments of the
integrals. This index is chosen in our case in the following manner:
. a2

The highly oscillating function €' %= has a period which diminishes mono-
tonically as s — t;. The extrema of this function are localized at the points
sj 1=t — j‘f—ﬁ, Jj € Nand s; =00 t;. A function is smooth in our sense, if
between two extrema we have at least 5 time-steps. Hence, letting J € N being

the index, such that 5 x At ~ s;11 — 55 = a? [l — %H} ~ 2 we define Ni(tl)

T | J T J2
such that thtz) < sy < tNi(tl)H'
Now for k < Ni(tl) the integrand function is not so oscillating, and a standard
quadrature-method (for example rectangle or trapez-method) can be used to
approximate Ir1. In particular, using the trapez-method leads to

it 2 2

At Jh+1 i Gk joo”

IHl I — |:7 e ti—thkt1 + - e ti—tk
kz::l 2 [V =tk Vir—tg

For k£ > Ni(tl) the integrand function is becoming too oscillating to use any

more standard quadrature methods, such that we shall rather make use of an
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integration-by-parts (IPP) technique, i.e.

lkt1 5
9(s) et ds
\/tl—S
173
lkt1
. + 2 2
i ia jat
(i sy (197 5 g
(cam) [ strie—a (G ) a
173
t
P 3/2]" i, i 32 i Bt
= / [g(s)(tl—s) } etlsds—?[g(s)(tl—s) etls]
tr b
N i

.2 o
<_?> [gk“ (tr = tr)*? € T — gy (8 — 1)/ elk] :

2 .
i 1 3/2 Jia?/A
el d,sN?gl_l(At)/ ela /At

tl/l \/%

Using these formulae, and remarking the telescopic summation, one gets im-
mediately

a2

_[ + _[ i (t t )3/2 itl*tN(l)
H?2 H3~ —5 g0\l — l e it
CL2 gNit ‘Ni(t)

Hence, we get altogether

Nitl>_1 At 2 5
Jk+1 i — Ik i
(105) Ho (tl) = — [ ettt I ity
- ; 2 (Vi —ten Vi =t
i 3/92 itl:tl2 (1)
T2 IN0 (t1— tNKQ) 2e " N

Remark at this point that in this case, we do not need g; for the computation
of Ho(t;).

4.2.4 - The Non-linearity

The non-linearity is treated iteratively, by linearizing the non-linear term.
To explain this procedure, let us first summarize what we performed up to now
in the discretization of the Volterra-system (74). Denoting for simplicity the

constant k := %\/g and using the approximations (101) as well as (105), we
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have for [ =1,--- , K
(106)
gh +rvVatw? &Y gl gl 1?7 + K Abz, (1) + 5O (1) = V{8, —a)

g+ i VATw® €D gh1h1% + kAL (1) + 5 Hopn () = Ot a)

where in the Abel and highly-oscillating terms we introduced a sign + in order
to underline which function g(s) = q1.2(s) |q1.2(s)|** they involve, in particular
the one corresponding to y; = —a or to y» = +a.

The resolution of the non-linear system (106) consists now in introducing
the linearization-sequence {qi’g}neN as follows
10 . 1-1
d12 =412
and where the terms qllg are solution for n > 1 of the linearized Volterra-system
(107)

¢+ rVAtw 60 gt d T R+ R ABS L (0) + K O (1) = 9(t, —a)

¢ + VAL 60 65" |y TP+ A (0) + 5 Hop () = 0(11,).

This procedure is stopped at n = M, either when two subsequent iterations do
not vary any more, meaning |q§g - q§’3_1| < 1073, or when a maximal number

of interations, as n = 10 is reached, and one defines finally
| % §
12 =412 -

Solving now the system (107) permits us to get a numerical approximation of
the solution to the Volterra-system (74) and in the next section we shall present
the simulations based on the just presented scheme.

4.3 - Numerical simulation of the beating phenomenon

Let us present in this section the numerical results obtained with the scheme
presented in Section 4.2. First we shall investigate the symmetric and asym-
metric linear case and compare the obtained results with the exact solutions
in order to validate the code. A particular attention is paid to the asymmet-
ric linear case, which does not allow for a beating motion of the particle, the
initial symmetry being destroyed. Secondly we shall pass to the non-linear sim-
ulations and study the destruction of the beating due to the manifestation of
the non-linearity.
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4.3.1 - The symmetric linear case

In this section we set 0 = 0 and consider the linear Volterra-system (74)-(75)
associated with the initial condition given in (98), namely

(108) Vbeato(t) = adp(z) + B de(z), a,fER,

and corresponding exact solution

Q(t) = ads(—a) N+ B pe(—a) et
(109) vt e RT.

0(t) = adp(a) N+ B de(a) ettt
In the following linear tests, we performed the simulations with the parameters
(110) a=3, a=v0.01, =+v0.99, ~=-0.5.

Figure 20 presents on the left the time-evolution of the numerical solutions of
the Volterra-system (74)-(75), associated to the parameters presented above,
and on the right the relative error between the exact solution and the numerical
solution. Ome can firstly observe the so-called beating motion of the system
between the two “stable” configurations, which correspond to the first two
energy states of the nitrogen atom.

Secondly, one remarks also a nice overlap of the numerical with the exact
solutions. This overlap begins to deteriorate in time, effect which comes from
the accumulation of the numerical errors, arising during the approximations
we perform in the simulation. These linear tests permitted us to validate the
linear version of our code.

4.3.2 - The asymmetric linear case

In contrast to the previous case, we shall now choose an asymmetric initial
condition of the form

wasy,O(x) ::a¢0($) +ﬂ¢l(x)> O‘aﬁ ER,

with ¢g, ¢1 defined in (89)-(90). The exact solution is equally known in this
case, and is given by similar a formula as (109) (see (92)). Two plots are
presented in Fig. 21, corresponding to the two sets of parameters:

* (A)71:_8a Y2 = —4, a:1/2a Oé:ﬂzl/\/i;
e B)y1=-10, 2=—-4, a=5, a==1/V2.
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Fig. 20. The beating effect. Left: Evolution in time of the numerical solutions |q1|?(t)
resp. |q2|(t). Right: Relative error: abs [|gi%|* — |¢i'4™ ] /1|¢5%]|oc-

As expected, the beating motion of the nitrogen atom is completely annihi-
lated, and this due to the asymmetric initial conditions. In Fig. 21 (A) one
observes that the particle remains with a certain probability in each potential
well, without crossing the barrier by tunneling and jumping in the other well.
In each well, the particle is performing a periodic motion, permitting to show
that the particle is not at rest in the well. In Fig. 21 (B) the parameters are
more extreme and the particle seems even to be at rest in the two wells.

(A) Asymmetric IC (B) Asymmetric IC

35

—la,I%®

25 —la,l%® | ]

la,,1%0

0.8 . . 0.5

t t

Fig. 21. The asym. lin. case. Left: Evolution in time of the numerical solutions |q1|*(t)
resp. |q2|?(t) with the set of parameters (A). Right: Same plots with the set of parameters (B).

The small oscillations one can observe in Fig. 21 (B) are due to numerical
errors, the exact solution is quasi constant in time, oscillating with an amplitude
of approx. 1077, as shown in the zoom of Fig. 22 for the unknown g¢». The
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relative error in this case between the exact solution and the numerical one is
of 12%.

(B) Asymmetric IC
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Fig. 22. The asym. lin. case. Evolution in time of the numerical solutions |g2|*(t) with
the set of parameters (B).

4.3.3 - The non-linear case

Let us now come to the study of the non-linear case and a detailed inves-
tigation of the destruction of the beating phenomenon. We start by choosing
the same initial condition and the same parameters as in the symmetric linear
case (108), (110) and go on by raising step by step the parameter ¢ > 0. The
following Figures correspond to the following nonlinearity exponents

c6=03; 0=06; 0=07; c0=0.8; 0d=0.9; 0 =0.98.

What has to be mentioned here, is the choice of the parameter v. We recall
that

vi(t) = v[0(t, +a)* .

Using this formula at the initial instant ¢ = 0 with v4(0) given as in the
symmetric linear case, namely 4 (0) = —0.5, permits after insertion of 1y(+a)
to choose v < 0 as follows

7= 27£(0)/[[vo(a)*” + [tho(—a)*7] .

In the following Figures 23 and 24 we plotted the numerical solutions of the
Volterra-system (74)-(75), i.e. |q7“™|(¢) resp. |¢5*™|?(t) (in blue resp. red) as



428 CLAUDIA NEGULESCU |78]

functions of time, and for the different non-linearity exponents given above. At
the same time, we plotted in the same Figures, as a reference, the exact solutions
of the symmetric linear system, i.e. |gpear1|*(t) Tesp. |Gpear2|?(t) (in cyan
resp. magenta). One remarks step by step, how the non-linearity destroies the
beating-effect. To conclude, let us remark that, as noticed by many authors, the

Nonlinear motion, 0=0.3 03 Nonlinear motion, 0=0.6
T T . T T

—la,%0
—la,l2(t)
AR

R W L)

—la,I%0
—la,1%®
19 e %0
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0.2 -

0.15

la,, 1%

0.1
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0.08 . . . 0 . . .
0 50 100 150 200 0 50 100 150 200
t t
Fig. 23.  The non-linear time-evolution of the numerical solutions |q7"“™|?(t) resp.
|g3“™|?(¢) (in blue/red full line) and corresponding linear beating solutions |gseqt,1]*(t) resp.

|gbeat,2|*(t) (in cyan/magenta dashed line), for o = 0.3 (left) and o = 0.6 (right).

quantum beating mechanism is highly unstable under perturbations breaking
the inversion symmetry of the problem. We also observed this feature in the
present work, by analyzing the suppression of the quantum beating in a non
linear, two-point, zero range potential.

We decided to perform the numerical studies of this evolution problem,
by rephrasing it as a system of two coupled, weakly-singular Volterra integral
equations. In doing this, our aim was to test the effectiveness of this reduction,
in order to simplify the numerical simulations of the Schrodinger evolution
equations. Furthermore, the very same reduction is possible in dimension two
and three, in spite of the fact that much more singular boundary conditions have
to be satisfied at any time in those cases. As a consequence, the generalization
to higher dimensions is expected to be a feasible task that we want to complete
in further works.

5 - Cubic nonlinear Schrodinger equation for the BEC

Section based on the article [16].

The cubic nonlinear Schrédinger equation arises as a model for different
phenomena. In particular, it describes the time-evolution of the Bose-Einstein
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Fig. 24.  The non-linear time-evolution of the numerical solutions |¢7“™|*(t) resp.
lg5“™|?(t) (in blue/red full line) and corresponding linear beating solutions |qpeat,1|*(t) resp.
|gbeat,2|*(t) (in cyan/magenta dashed line), for ¢ = 0.7, o = 0.8, 0 = 0.9 and ¢ = 0.98.

condensate (BEC), which is a gas of atoms evolving at very low temperatures
and trapped in a potential well. The particles condensate thus and occupy the
single lowest energy state, being not constrained by the Pauli principle (bosons).
The effects of the interactions between particles is described via a mean field
potential term which gives rise to the nonlinear term in the equation. In this
area the governing equation is called the “Gross-Pitaevskii” equation (GPE).

The study of the properties of BECs, like for example the stationary ground
states, collective excitations, superconductivity, formations of vortices etc, pa-
sses amongst others through numerical studies. Simulations of a BEC permit
in a cheap manner to explore condensed matter physics and open some new
pathes for applications.

The main difficulties in the resolution of the GPE are the dimension (3D),
the nonlinearity as well as the preservation of specific quantities. Time-splitting
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spectral methods are used in literature to cope with these problems and con-
struct efficient numerical algorithms. The presentation of such schemes is the
aim the present section. Naturally, other numerical methods have been also
proposed [18], will be however not treated here.

5.1 - The Bose-Einstein condensate

Superconductivity, superfluidity and Bose-Einstein condensation are very
captivating phenomena, which can be explained by means of quantum mechan-
ics. They occur only at very low temperatures, in particular below a certain
critical temperature 1., where quantum mechanical effects enter into play. One
of their particularities consists in the fact that these three phenomena are differ-
ent types of macroscopic quantum mechanical revelations, while other quantum
mechanical manifestations occur only at atomic or sub-atomic space-scales.

Let us focus on Bose-Einstein condensates. A BEC is a state of matter in
which a gas of atoms is cooled down to nearly zero temperature, at which the
different atoms saddle together and take the same, lowest energy state (bosons).
At this point, the atoms have all the same quantum state, can be considered
as identical, obey the Bose-Einstein statistics and start to behave as a whole.
Not all atoms give rise to a BEC, in particular at so small temperatures some
atoms nucleate or clump together to form a solid; one of those leading to a
BEC is for example the isotope of helium *He. The discovery and study of
BECs in dilute gases opened new paths to the understanding of quantum me-
chanics. Fundamental phenomena like coherence, superfluidity, quantum phase
transition, nonlinear matter-wave behaviour were studied in this new state of
matter. Some typical illustrations of these phenomena are BEC interferences,
vortices and vortex lattices, dark and light solitons and so on. In addition to
these fundamental aspects, BEC are also thought to have some practical appli-
cations, as for example BEC atom lasers for precision measurements, etching,
lithography or superposition of BECs to encode quantum bits as a basis for
quantum computation. For all these multiple reasons, the study of BECs got
very popular in the last years and a vast literature exists [49,82].

The properties of a BEC at low temperatures, smaller than the critical
temperature T, are well described by a nonlinear Schrodinger equation for the
macroscopic wave function (¢, z). Let us remark that the condensate is de-
scribed by a system of V indistinguishable particles, each one being represented
by the same wave-function (¢, z), which represents the density probability to
find a particle at instant ¢ in the position z. The evolution equation of this
wave-function, called also Gross-Pitaevskii equation (GPE), incorporates the
trapping potential of the condensate as well as the interaction between parti-
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cles, which is modelled via a nonlinear mean-field term
(111)
2

ihop(t, z) = —;—mAw—i—V(a:)w(t,x)—i—W(]w(t,a:)]Q) Y(t,x), VY(t,z)eRTXR3,

where the mean-field term is defined as

2
W) =NU ¢, Uo:= m,
m
with as the wave scattering length, IV the number of atoms in the condensate
and Uy the effective interaction-strength between the particles. There are a lot
of studies concerning the numerical resolution of the time-independent Gross-
Pitaevskii equation in order to investigate the ground-states of a condensate,
methods based on a direct minimization of the energy functional. Equally,
there are also many studies dealing with the numerical resolution of the time-
dependent equation (111), studies based among others on time-splitting spectral
methods [16,17,37,39]. These schemes are very appreciated as they have
several advantages, they are explicit, unconditionally stable, time-reversible and
conserve the particle density. In fact, spectral methods have particularly good
accuracy properties and splitting procedures simplify drastically the resolution,
permitting considerable computational time and memory savings.
The goal of this section will be to introduce such methods for the resolution
of (111). However, let us first rescale the physical equation in order to identify
interesting regimes to be studied.

5.2 - Scaling of the Gross-Pitaevskii equation

The scaling of a physical model, as for example (111), permits to identify
small parameters, describing specific regimes of the Bose-Einstein condensate.
Several asymptotic studies can then be carried out, giving rise to a hierarchy
of limit models. The scaling procedure starts by identifying the characteristic
scales of the phenomenon. Let us thus write each quantity as follows n = nn/,
where the constant 71 is the characteristic scale and n’ is the new adimensional
variable. In the following, the external trapping potential is given under the
form of a harmonic potential, i.e.

m
Vix,y,z) := B (wg, z? + ""Z > +wz 2?),

where w; are the trapping frequencies. With this notation, one has then

vi=xa, ti=tt, Yt,x) =Yt 2), V(z) =V V'(2)), W) :=WW' ().
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Denoting by w, := min{w,, wy,w.}, the characteristic length of the condensate
cloud and the chosen observation time are given by

h _
L:= , t:=1/w,.
mwy

Now, there are some relations between all these quantities, as for example
1/;2:—, V:mwfi'2, W:NUmy.

Writing now the GPE in the new dimensionless variables, yields
(112)

tw
oy (t',2') =

hot tv
;2 Aiﬁ,—i-% V/(xl)wl(t/’x/)_i_T W’(\¢'(t',x')|2)wl(t',x').

2m I
Let us finally define the regime we are interested in. For this, we introduce
the two scaling parameters € and k, defined as

2 T2
L m T2

X

which represent on one hand the ratio between the characteristic condensate
length and the observation scale and on the other hand the rescaled interaction-
strength parameter. This last parameter can be seen as the ratio between
W and the kinetic energy of the particle. Omitting the primes for simplicity
reasons, the dimensionless Gross-Pitaevskii equation writes now
(113)

2

ie0(t @) = =S A% + V(@(ta) + m bt ) B(ta), V(ta) eRY xR,

where )
Wi
V($):§(7§$2+7§y2+7§732)a %’izwfz-
*

Two different regimes can now be clearly identified, namely
e the case where ¢ ~ 1 and k < 1: weakly interacting condensate;

e the case where ¢ < 1 and x ~ 1: strongly interacting condensate, semi-
classical regime .

The first case is a regular perturbation case, and shall not be treated in the
present lecture. The study of the second case, which is a singularly perturbed
problem and hence more difficult to treat, will be the main objective of this
section.
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5.3 - Splitting schemes

Our resolution strategy for (113) will be based on a spectral splitting tech-
nique, such that we shall first rapidly recall in this section the main idea of
splitting methods for the resolution of abstract evolution equations of the type

dau(t) = Lu(t) = (A+ B)u(t), Ve (0],
u(0) = ug,

with unknown u : [0,7] — X (X Banach space) and where L : D(X) C X — X
can be seen as an abstract linear operator (e.g. differential operator), which
can be decomposed into two distinct parts, the two operators A and B. Such
type of problems arise in the modelling of complex physical situations involving
phenomena of rather different kind (convection, diffusion, reaction, etc), fact
which is translated in partial differential equations containing operators that
are mathematically very different. This difference in the various terms make the
study of these models very challenging from a theoretical as well as numerical
point of view. However, splitting techniques permit to take advantage of this
difference in the operators.

Indeed, a splitting method is a strategy consisting in the decoupling of an
initially given system (with operator L) into several sub-problems (with opera-
tors A resp. B), each one describing a different phenomenon. The aim is then
to solve iteratively each of these sub-problems, permitting in this way the use
of different analytical or numerical techniques for the respective sub-problems
and gaining thus in efficiency. Indeed, one can combine specific numerical
methods for each sub-problem, which are conceived for a particular type of
equation (parabolic, hyperbolic, ...) in the aim to gain in computational power
and reduce memory requirements. There exists a vast literature on splitting
methods, we shall only give here the main ideas and refer the interested reader
to [44,50,94].

Let us however give first some examples of models where splitting schemes
can bring some advantages:

Reaction-diffusion equations:
Reaction-diffusion equations arise in biology, epidemology, physics, chem-
istry etc, and can take the form

ou(t,z) =V - (kVu)+ f(u), V(t,z) € (0,T) xQ, QcR?,

where u(t, z) is a concentration or density function, f(u) describes a local, non-
linear reaction (birth-death, chemical reaction) and x > 0 is a diffusion matrix.
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A splitting procedure between A = V- (kV) and B = f(-) should permit to
treat the non-linearity in a different manner than the linear diffusion operator.

Convection-diffusion equations:

Models that involve a combination of convective and diffusive phenomena
arise very often in fluid mechanics, astrophysics, meteorology etc, and have
typically the form

oq(t,x)+V-flq) —V-(kVq) =0, V(t,z) € (0,T) x Q,

where ¢(t,x) is a concentration (e.g. pollutant in a river), f is a possibly non-
linear convective flux-term and x > 0 a diffusion matrix. A splitting technique
should permit to treat the two rather different phenomena of convection and
diffusion in a different way.

Viasov equation:

The Vlasov equation is an advection equation, describing for example the
evolution of a gas of charged particles (plasma) in an external or self-consistent
electro-magnetic field (E, B). It takes the form

8tf+v-fo+%(E+vxB)-VUf:O, Y(t,z,v) € (0,T) x R*

where the distribution function f(¢,x,v) stands for the density of particles
located at the position z € R? and having the velocity v € R? at instant
t > 0. A splitting procedure in the case without magnetic field B = 0 permits
for example to decompose the system into two constant coefficient advection
equations, corresponding to the operators A =v -V, and B = %E -V, which
can be solved explicitly.

Gross-Pitaevskii equation:
As we have seen, the Gross-Pitaevskii equation arises in several fields of
application, and has generally the form

2
1ho(t, o) = —;—mAz/J—i—V(a:)zp(t,x)—l—W(WJ(t,a;)|2) W(t,z), V()€ R xR

In this case, the splitting between the linear part A = —%A + V and the
non-linear part B = W (|¢(t,2)|?) 1 (t,z) or even more simpler, between the
free evolution A = —QLmA and the remaining potential-term, can bring several

advantages, as will be seen in the following.

Directional splitting (ADI):
Diffusion equations in two or three dimensions, namely

Opu(t,,y, z) = Op(ky Opu) + 0y (Ky Oyu) +0, (K, Osu) , Y(t,z,y,2) € RTxQ,
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can be very cumbersome to solve, due to the high dimensionality. It can be then
more advantageous to split the operator with respect to the different directions,
and solve instead of one 3D diffusion problem, three 1D problems with A =
Ox(Kg 02), B = 0y(ky 0y) and C' = 0,(k, 0;). This procedure reduces drastically
the memory requirements, the computational time and can be sometimes even
the only feasible method.

Splitting procedures can have several big advantages, as mentioned above.
For example reduction of the dimensionality, in the ADI-case, or different nu-
merical treatment for the different physical phenomena, like convection and
diffusion, or separation of linear and non-linear parts for a better handling.
Tailor-made numerical methods can then be used for each sub-system, increas-
ing the efficiency and permitting furthermore the consideration of more com-
plex, realistic problems involving several different physical phenomena.

There are however also some drawbacks with splitting techniques. Indeed,
the splitting introduces splitting-errors in the modelling, which have to be esti-
mated with care, in order to evaluate their magnitude as compared to the usual
discretization error magnitude. Furthermore, the splitting procedure can also
destroy some positivity or conservation properties of the initially given physical
problem. For all these reasons, one has to do a detailed study, before applying
splitting methods.

5.3.1 - Lie and Strang splitting procedures

Let us present now the two most popular splitting methods. For simplicity
reasons, we shall consider here a finite-dimensional linear framework and start
from the evolution problem

W' (t) = Lu(t) = (A+ B)u(t), vt e (0,7),
(114)
u(0) = up € R™,

with the unknown function w : (0,7) — R and where A, B € R™*™ are two
given matrices. One can imagine that these matrices are obtained via a space
semi-discretization of some spatial partial differential operators. Introducing
now the exponential-matrices

At) = e e R™ ™ B(t):=€B, Lt):=€F, vielo,T],

the unique exact solution of (114) reads u(t) = L(t)ug for all t € [0,T].
One would like now to solve the system (114) in a splitted manner, for the
reasons mentioned above. For this, let us introduce a time-discretization of our
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interval [0, T'):
O=ty< - <th < <tg=T, th,=nxAt, At:=T/K,
and pass from time-step t,, to t, 1 by solving iteratively

uy(t) = Bui(t), VteE (tn,tns1],

(L)1 .
u (t,) = ug,,
(115)
!/
u?(t) = A’UQ(t) ) \V/t € (tTL?tTH-l] )
(L)2
U?(tn) = u (tn+1) )
setting
(116) ugp =, ugjl = ug(tpt1) -

The splitting procedure (115)-(116) is called “Lie-splitting”. If we solve the two
systems (115) in an exact manner, the splitting-solution and the exact solution
of (114) at time step t"*! have the exact forms

ustl = A(AL) B(At) ul, u"t = L(At)u", VneN.

sp
If the two matrices commute, i.e. AB = BA or equivalently [A, B] = 0, then
the splitted and not-splitted solutions would be the same, namely ug, = u™ for
all n € N, due to the fact that e!(AT5) = ¢!l However, for not-commuting
matrices (or operators more generally) there will be a splitting error, which
shall be estimated in the next section.

The Lie-splitting is a first-order accurate method, in the sense that the
splitting error is of the order O(At). Let us thus introduce a second order
splitting-procedure, called “Strang-splitting”, given by the following iterative
resolution for the passage t, — t,41:

uy(t) = Aur(t), Vte (tn,tny1yal,

(S
(117) altn) = iy
2
us(tn) = wi(tnt1/2)
and
(118)
) uh(t) = Aug(t), VtE (tuy1/astntl, u, = ug,
3
U3(75n+1/2) = uz(tn+1) u?;rl = U (tni1) .
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This time the error between the exact splitting solution of (117)-(118) and the
exact solution of (114), meaning between

W = A(At/2) B(AL) A(AL/2) ul u"tt = L(At) U,

sp

is of the order O((At)?), yielding a second-order splitting technique.

It is now very complicated or impossible to compute the exponential matri-
ces A(t) resp. B(t) analytically, such that numerical discretization procedures
have to be taken into consideration. Choosing for example the implicit Euler
schemes for both systems in (115), yields the Lie-scheme
(119) uWt = (Id—AtA) P (Id-AtB) ', Wl i=wg; VYn>0.

sp sp sp

Choosing the Euler explicit method for the first system in (117), the Euler
implicit method for the second system (117) on (t,,t,41/2) only and then the
Euler explicit for the remainder of the interval (t,4;/2,tn+1), and finally the
Euler implicit method for the third system (118), gives rise to the Peaceman-
Rachford-scheme

(120) w™H = (Id - % AL (1d + % B)(Id — % B) ! (Id + % Ayul,,

sp

ugp =ug; Vn>0.

5.4 - Numerical approzimation of the GPE in the semi-classical limit

The goal of this section is now to introduce a time-splitting Fourier method
for the numerical resolution of the following Gross-Pitaevskii equation in the
semi-classical limit

(121)
iedp(t,z) = —iAl/} + V(@)(t, ) + sl )2t z), Y(t,z) e RT x R3,

where

1
V(@) =5 0Fa" +5y° +422°),  mER,

and 0 < £ < 1 is a small perturbation parameter, describing the semi-classical
asymptotics. For simplicity reasons, we shall rather focus on a 1D periodic
case, such that our starting problem reads

2 2

ié‘@ﬂb(t, l’) = _%81’1’¢ + 72 % ¢(t7 l’) + /€|”L/J(t, x)|2 ¢(t7 l’) )

(122) V(t,x) € (0,T) x (a,b)

ﬂ)(O,f’?) = ﬂ)o(f'?), Vo € ((I, b)a
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associated with periodic boundary conditions in x = @ and x = b. Let us also
introduce the discretization of our domain (0,7") x (a,b), as follows

O=ty< - <th < <tg=T, th,=nxAt, At:=T/K,

a=xg<- <z <--<zxpy=b, mi=a+ixAxr, Azx:=(b-—a)/M.

The quantity 1" shall denote in the sequel a numerical approximation of the
exact solution 9(t,, ;) for all (n,i) € [0, K] x [0, M — 1] C N2, The periodicity
conditions imply the relations

Yo =, YEi =i, YneN.

Our splitting procedure will be based on the following choice of the splitting-
operators A and B

2
x
A== 0w, By=9"" vt syl e,

such that we shall solve in a certain iterative manner (Lie or Strang) the two
systems

(123) ieo(t,x) = —% LxW(t,x),  (t,x) € (t1,t2) X (a,b),

and

22
(124) iedpp(t, z) = ~* 5 Y(t, )+ rl(t, )2 9(t,x), (t,x) € (t1,t2) x (a,b).

Equation (123), which is linear and periodic, shall be solved via a Fourier
spectral method, whereas (124) is solved explicitly, as the quantity |1 (¢, x)|?
remains invariant in time, such that (124) is equivalent to

(125) ;

igatw(twr) = 72 % w(twr) + H’”L/J(tl,l‘ﬂz 1/1(t733) ) (t,l‘) € (t17t2) X (a7 b) :

Indeed, multiplying (124) by ¢ and taking the imaginary part, yields imme-
diately that 9| (¢,z)[*> = 0. Let us present now the resolution of these two
sub-systems.

Fourier spectral method for (123):

For the Fourier method, we shall choose an odd integer M € N in the

space-discretization, denote m := # and represent the z-periodic, unknown
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function (¢, x) as a partial Fourier series, i.e.

(126)
00 1 b

w(t,l’) = kzzoo,(j)k(t)eiuﬂﬂi’ ?Z)k(t) — b_a/w(tvx)e_iWkIdxa

27 “
“ - b—a

S - 1= .

?l)(t,l'i) ~ Z wk(t) elwkfbi ’ wk(t) ~ M Z ?l)(t,fb”z‘) elwkzi )

k=—m i=

Taking now the Fourier-transform of (123) yields an evolution equation for the
functions )y, (t)

2
e Oi(t) = 5 W R D(D), V(LK) € (1) < 2.

which gives immediately
Pr(t) = e P E R G (1)) V(8 E) € (t1,t2) X Z,

permitting thus to compute ’QZ)? for all ¢ € [0, M — 1], via (126), supposing @Z)fl
known.

Ezact integration of the ODE (125):
The solution of the ODE (125) is immediately given by

W(t,x) = e = DPP /2RIt gty 2y V(Ea) € (t, 1) X (a,b) .

Global time-splitting Fourier spectral method for (122):
Altogether, using a Strang-splitting technique, our numerical scheme for the
resolution of the GPE (122) writes for allm >0,¢=10,--- ,M — 1:

Y o= e Pl 2 EIS g U= (0,2),

“ M-1

i3 (1) iwka; ) 1 o

(Sp) %(2) = Z o—i5w k2 AL ¢}(g1) ki %(Cl) = Z %(1)6 iwk g
i=0

k=—m

\ ¢§3) e [fy%%/zm\wiz’lz]%wz@)’ Yt = 1/}2(3).

For comparison, one can think to use a standard Crank-Nicolson finite dif-
ference scheme for a direct resolution of (122), which simply writes for all
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1=0,---,M —1 and n > 0 as follows

(127)
S Ul R i 0 S B ek 8
(N At 4 (Az)? (Az)?
2 ,n+l n n+1 n
2 ot oy L
+,72 % wz 5 wz +/{|¢?’2 ¢z 5 wz )

This method is unconditionally stable, time-reversible and conserves the total
particle density. The big drawback comes from the fact that a linear system
has to be solved, which in three dimensions can become very expensive.

For a detailed comparison of these two different schemes (accuracy, stability,
mesh-size strategy), we refere the interested reader to the simulation results
presented in [16].
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