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Abstract. We investigate connections between the sGG property of
compact complex manifolds, defined in earlier work by the second au-
thor and L. Ugarte by the requirement that every Gauduchon metric
be strongly Gauduchon, and a possible degeneration of the Frolicher
spectral sequence. In the first approach that we propose, we prove a
partial degeneration at Ey and we introduce a positivity cone in the Ea-
cohomology of bidegree (n — 2, n) of the manifold that we then prove to
behave lower semicontinuously under deformations of the complex struc-
ture. In the second approach that we propose, we introduce an analogue
of the 00-lemma property of compact complex manifolds for any real
non-zero constant h using the partial twisting dj,, introduced recently
by the second author, of the standard Poincaré differential d. We then
show, among other things, that this h-00-property is deformation open.
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1 - Introduction

In this paper, we explore a few connections between the metric geometry of
compact complex manifolds and some Hodge-theoretic aspects related to the
Frolicher spectral sequence (a classical object linking the differential and the
complex structures, see e.g. a reminder of the definition in §.2 below) of these
manifolds.

It is well known that the existence of a Kéhler metric implies the best possi-
ble degeneration (i.e. at the first page E7) of this spectral sequence. However,
compact complex manifolds admit only rarely Kéahler metrics and no other
metric property is currently known to imply the degeneration at some page of
this spectral sequence. The following conjecture was proposed and solved in a
special case in [Pop16].

Conjecture 1.1. Let X be a compact complex manifold. If an SKT metric
(i.e. a C positive definite (1, 1)-form w such that 00w = 0) exists on X, the
Frélicher spectral sequence of X degenerates at the second page Es.

The general case of this conjecture, that will certainly have a role to play
in the classification theory of compact complex manifolds, remains open. In
this paper, we investigate a possible variant of it in which SKT metrics are
replaced by strongly Gauduchon (sG) metrics (see reminder of their definition
below) and the degeneration issue is often confined to the cohomology of X in
a degree close to the maximal one. We take our cue from a result of Ceballos-
Otal-Ugarte-Villacampa [COUV 16, Theorem 5.6] asserting that the Frélicher
spectral sequence of any 6-real-dimensional nilmanifold endowed with an invari-
ant complex structure and carrying an sG metric degenerates at Es and from a
possible generalisation of this statement they wondered about in
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Question 1.2. ([COUV16, Question 5.7]) Does the Frélicher spectral
sequence of any 3-dimensional compact complex manifold carrying an sG metric
degenerate at Eo?

Let X be a compact complex manifold with dim¢X = n. Recall that
Hermitian metrics, defined as C* positive definite (1, 1)-forms w, always exist
on X. Even Gauduchon metrics w, defined as Hermitian metrics satisfying
the extra condition d0w™ ! = 0, always exist (cf. [Gau77]). However, strongly
Gauduchon (sG) metrics, introduced in [Pop13] in the context of deformations
of complex structures and defined by the stronger requirement that dw™ ! be 0-
exact, need not exist. Compact complex manifolds that admit sG metrics were
called strongly Gauduchon (sG) manifolds and the notion covers a wide range
of manifolds and considerably enlarges the class of compact Kahler manifolds
and their bimeromorphic models (= the so-called Fujiki class C manifolds).

Section 3 of this paper investigates elements of the E5 degeneration of the
Frolicher spectral sequence of sGG manifolds, a class of compact complex man-
ifolds introduced and studied in [PU18a]. They are defined by the requirement
that every Gauduchon metric be strongly Gauduchon. In particular, sG metrics
exist on every sGG manifold. Moreover, thanks to [PU18a, Lemma 1.3], an
n-dimensional compact complex manifold X is sGG if and only if the following
special case of the 09-lemma holds on X:

for every C> d-closed (n,n—1)-form T on X, if ' is O-exact, then I is
also 0-exact.

We exploit this fact in at least two ways in Section 3:

(1) by showing that every sGG manifold has the partial Frolicher Ey de-
generation property that the map ds acting in bidegree (n—2, n) on the second
page of its Frolicher spectral sequence vanishes identically (cf. Proposition 3.3);

(2) by introducing three versions Sy C Ey~>"(X), Sx € HZ (X, R) (cf.
Definition 3.5) and Sx C EJ~2"™(X) (cf. (15)) of a positivity cone that we call
the FosG-cone of a given compact complex n-dimensional manifold X. The
term E9sG refers to the fact that this cone consists of (double) cohomology
classes of bidegree (n — 2, n) that arise on the second page of the Frolicher
spectral sequence of X and are thus a refinement of the Dolbeault cohomology.

The surprising aspect is that we thus effectively introduce a notion of pos-
itivity for cohomology classes of bidegree (n — 2, n) that runs counter to the
familiar notions of positivity that exist in all the bidegrees (p, p) (but not (p, q)
with p # ¢) in complex geometry. This is done by using strongly Gauduchon
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metrics that enable the existing notion of positivity in bidegree (n — 1, n — 1)
to carry over to the bidegree (n — 2, n) in a natural way. The EssG-cone is
empty if the manifold X is not strongly Gauduchon. It depends on the complex
structure of X. We study this dependence by proving the following

Theorem 1.3. Let m : X — A be a holomorphic family of compact
complex n-dimensional manifolds over a ball A C CN centred at the origin.
Suppose that the fibre Xo := 7~ 1(0) is an sGG manifold.

Then, the De Rham EysG-cone Sx, C H72(X, R) of the fibre X; =
7~1(t) C X wvaries in a lower semicontinuous way with t € A varying in a
small enough neighbourhood of 0 € A.

By X we mean the smooth manifold that underlies all the fibres X; of the
family (known to be C*° trivial by the classical Ehresmann Theorem, but in
general not holomorphically trivial), so the real De Rham cohomology group
H2'2%(X, R) of degree 2n — 2 is independent of the (complex structure of
the) fibre X;. The meaning of lower semicontinuous in connection with the
dependence on ¢ of the De Rham EysG-cone Sy, is made precise in Theorem 3.9.

We also use the Serre-type duality (proved in the forthcoming joint pa-
per [PU18b] of the second author with L. Ugarte by means of the pseudo-
differential Laplacian introduced in [Pop16]) between any pair (EY9(X),
Ey7P"79(X)) of vector spaces of complementary bidegrees featuring on the
second page of the Frolicher spectral sequence of X. In this way, we prove
the following analogue in our context of Lamari’s duality [Lam99, Lemma 3.3]
between the pseudo-effective cone and the closure of the Gauduchon cone of
any compact complex manifold.

Proposition 1.4. Let X be an n-dimensional sGG compact complex
manifold on which an arbitrary Hermitian metric v has been fized. The dual of
the closure of the cone

(1)
gx = { [[F”_Q’"]g] | Jw Hermitian metric such that orn—2n — —5w”_1}
di

C By72(X)

under the duality Ey°(X) x Ey >"(X) —s C is the closed convex cone in
E2°(X) consisting of the Ea-classes [[0%°)5]a, “representable” by ~-positive
currents 750 : C°, (X, R), — R.

2,n

We refer to Proposition 3.16 for a more precise statement and to Definition
3.13 for the notion of «y-positive current of bidegree (2, 0). This is another
extension of the classical notions of positivity in complex geometry to a bidegree
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(p, q) with p # q. The bidegree (2, 0) is especially important on holomorphic
symplectic (not necessarily Kdhler) manifolds and this lead will hopefully be
investigated in future work.

Section 4 of this paper takes up the Frolicher degeneration issue and the
variation of the complex structure from a different point of view that still ties
in with the theory of sGG manifolds.

Let X be a compact complex manifold with dim¢X = n. In [Popl7], for
every positive constant h, the differential operator d = 0 + 0 associated with
the smooth structure of X was modified to

(2)  dp=ho+0:C2(X,C)— C3(X, C), ke{o,...,2n},!

by rescaling its (1, 0)-part in the splitting induced by the complex structure
of X. Unlike d, the operators dj, depend on the complex structure of X while
also sharing some properties with d. The most striking of these is that the
dp-cohomology of X, relying on the integrability property d% = 0 and defined
for every k € {0,...,2n} by

Hj, (X, C)

= ker(dj, : C}°(X, C) — Cp341(X, C))/Im (dn: CZ2,(X, C) = CP (X, C)),

is isomorphic to the De Rham cohomology of X via the isomorphism HE (X, C)
> {u}pr — {Ophu}g, € th (X, C) induced by the pointwise isomorphism

O : APIT*X — APIT*X, wuw Opu = hP u,

at the level of pure-type differential forms on X. The operators dj, capture in a
certain sense the relationships between the smooth and the complex structures
of X.

On the other hand, there exist in the literarure at least two notions of
the 00-lemma being satisfied by a compact complex manifold that capture the
smooth structure-complex structure relationship.

(a) An early notion that has been used by many authors appeared in
[DGMS75, Lemmas 5.11 and 5.15]. It defines the fulfilment of the 9d-lemma
(or of the equivalent dd°-lemma) on a compact complex manifold by the require-
ment that any smooth differential form u of any degree (but not necessarily of
pure type) that is both 0-closed and O-closed satisfies the following implication:

(3) uw€Imd = u € Im (99).

!Throughout the paper, C5°(X, C) will stand for the space of C-valued C* k-forms on X.
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This implication is actually an equivalence since the reverse implication holds
trivially on any manifold.

For example, this is what was meant by the d0-lemma holding on a given
manifold in [AT12].

(b) In [Pop14], the term d0-manifold was introduced to mean that a given
compact complex manifold X satisfies the d0-lemma if for any d-closed pure-
type form uw on X the following exactness properties are equivalent:

4) u€lImd < uwelmd <= ue€Imd <= u € Im(9I).

The last property trivially implies the others, so the above equivalences reduce
to each of the other three forms of exactness implying (90)-exactness. Since
u is of pure type, the d-closedness assumption on « is equivalent to u being
assumed both d-closed and O-closed.

On the face of it, condition (4) is more restrictive than (3), but (4) is only
required to apply to pure-type forms. It is implicit in [DGMS75, Lemma
5.15] that version (a) of the d0-lemma condition (required to hold on all, not
necessarily pure-type forms) actually implies version (b). The converse is also
true, so versions (a) and (b) are actually equivalent. This can be inferred
from the fact that version (b) implies the canonical Hodge decomposition and
symmetry, as well as the existence of canonical isomorphisms between the Bott-
Chern, Dolbeault and Aeppli cohomologies (cf. e.g. Introduction of [Pop14))
and from the Angella-Tomassini Theorem B in [AT12] asserting that if equality
holds in (29) below (reproduced from [AT12]), then version (a) of the 9-lemma
holds.

For every constant h € R\ {0}, we introduce in this paper the notion of
h-00-manifold that implies the above version (a) (hence also version (b)) of
the 00-condition. The idea is to use the operators d, to capture the interplay
between the smooth structure and the complex structure.

Definition 1.5. Let h € R\ {0} be an arbitrary constant. A compact
complex manifold X with dimcX = n is said to be an h-00-manifold if for
every k € {0,1,...,2n} and every k-form u € kerdy, Nkerd_j,-1, the following
exactness conditions are equivalent:

u€ Imdy, <= u € Imd_j,1 <= u € Imd < u € Im(d,d_,-1) = Im(90).

We prove in Corollary 4.19 that an equivalent property is obtained by the
removal of the condition v € Im d from the above sequence of equivalences. Note
that the forms u are not required to be of pure type in Definition 1.5. Unlike 0,
0 and 00, the operators dj, do not map pure-type forms to pure-type forms, so
the proof of the implication “(a), = (b),” in [DGMST5, Lemma 5.15] does
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not seem to adapt easily to yield a proof of the possible implication “version
(a) of the d0-property == the h-00-property”. Actually, we do not know
whether this last implication holds. A priori, the h-00-property is stronger
when h ¢ {—1, 1}.

Introducing dp-analogues of the standard Bott-Chern and Aeppli cohomolo-
gies and following the pattern of Wu’s proof in [Wu06] of the stability under
small deformations of the complex structure of the standard d0-property, we
prove that the analogous statement holds for our h-00-property.

Theorem 1.6. Fiz an arbitrary constant h € R\ {0}. The h-00-property
of compact complex manifolds is open under deformations of the complex struc-
ture.

See Theorem 4.16 for a more precise statement.

One last explanation is in order about the choice of pairing dj, with d_j,-1,
rather than with the more natural-looking dj, = hdj,—1. This choice is forced
on us by a formula of the Bochner-Kodaira-Nakano type (the h-BKN iden-
tity) that we establish in Theorem 4.5 as a consequence of what we call h-
commutation relations that we compute for the operators d; and for an ar-
bitrary Hermitian metric in Lemma 4.1. The pair (dp, d_j-1) generalises the
classical pair (d, d°) since for h = —1, d_; is a constant multiple (which does
not change either the kernel or the image) of d® = —JdJ = i(0 — 9) = id_.

2 - Preliminaries

Let X be a compact complex manifold with dim¢cX = n.
Let (E,, d,) be the Frolicher spectral sequence of X. It relates the De Rham
cohomology of X to its Dolbeault cohomology in the following way. The 0%

page features the (infinite-dimensional) C-vector spaces Eg Y = Cp°, (X, C) of

C forms of arbitrary bidegree (p, q) with 0 < p,q < n and the linear maps

oy grax) Ly Rt (X)) 2 where do = 0.

The 1% page is defined as the cohomology of the 0" page and consists of
the (finite-dimensional) Dolbeault cohomology groups

EPY(X)=HPX, C)
— ker(do : EP9(X) — EP 9N (X))/Im (do : ER971(X) — EP9(X))
and the linear maps

CAy pRax) B prrhexy Ay



140 HOUDA BELLITIR and DAN POPOVICI 8]

defined by 0 in cohomology in the following way: di([a];) = [0a]s for all
o] € BT,
We then continue by induction and define the r** page as the cohomology
of the (r — 1)% page, namely
EP9(X) =ker(dy—1 : EP%(X) —
BT 0) T (dry s EPZETRTTHX) — BRY(X)),

where the linear maps d, on each page r are of bidegree (r, —r+1). In particular,
the 2™ page is of the form

EN EP9(X) EEN B2l (x) by

where each space EY?(X) consists of double cohomology classes [[a] a] of
d1

smooth (p, q)-forms « satisfying the conditions

(5) da=0 and Ja€Ima,

while each map dy : EY9(X) —s EP*2971(X) is defined by
(6) do ( [[a]a} > = [[auﬂa] where wu; is any form such that da = Ju;.
d1 dl

The definition of dy is independent of the choice of the d-potential u.
It is easy to check that the vanishing condition for an arbitrary element

[[a]a] . e EPI(X) is

7) [[a]a} =0 <= Juely, (X, C) Nker 0
dy

and v e C° (X, C) such that o = du + Jv.

3 - The E5sG cone

Let X be a compact complex manifold with dim¢cX = n.

3.1 - Complez-valued cohomology

We shall first deal essentially with the De Rham cohomology of X with val-
ues in C and the standard space Fy _2’"(X ) on the second page of the Frolicher
spectral sequence.
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Proposition 3.1. The following canonical linear map

T HEHX € — BN, {adonr [l
dy

is well defined and its image is given by
(8) ImT = kerdy >",

where dng’" : E;Liz’"(X) — Eg’"fl(X) is the do-map acting in bidegree
(n—2,n).

Proof. Let {a}pr € H}%?(X, C) be an arbitrary class and let o =
a™" 2 4 qn~hin=l 4 on=27 be an arbitrary representative, where the o s
are the components of a of types (p, ¢). The condition da = 0 is equivalent to

9 bl L 9™ 2 =0 and 9™ BTl 4 92 = 0.

Since 0a™ %" = 0 and 9" 2" = —9a” 1" € Im 9, o %" defines a class
[[a™=2"5lg, in B3 ~3"(X).

To show well-definedness for T', we still have to show that the definition
is independent of the choice of representative v of the De Rham class {a}pg.
This is equivalent to showing that 7' maps 0 € HZ=2(X, C) to 0 € Ey~>"(X).
Let a € C5°_,(X, C) be d-exact. Then, there exists 3 = "3 4 gn-Ln=2 4
pr-rn=l 4 gn=3.n 5 (2n — 3)-form such that a = dB. This amounts to

an,n72 — aﬁnfl,an 4 5Bn,n73 anfl,nfl — aﬂan,nfl 4 567171,7172
9

(9) -2 -3 Aan—2,n—1
and "5 = Q9p" T 4+ 9B TE T,

Since 9" ~*"™ = 0 for bidegree reasons, the last identity in (9) shows, thanks
to (7), that [[a"~2"]5]s, = 0 in B}~ >"(X).

Let us now prove the inclusion ker dy~>™ c Im T in (8). Let [[a""%"5]4, €
E3~3™(X) such that dy([[a™ 2 "]5]4,) = 0. Thanks to (5), (6) and (7), there
exist forms Qb1 e Cp° ) (X, C), u e C2y, (X, C) with u € kerd
and v € C°,_,(X, C) such that

,m—2
Ja" 2 = —gOn—lin—l = —5((2"_1’"_1 —u) and ALl = 9y + Ov.
If we put o := "2 + (Qn=hn=l ) — v, we see that

do=0 and T({a}pr) = [[0"">"]5la,-

Let us now prove the reverse inclusion ker dg’_2’" DO Im7T in (8). Let
[[a"~%"]5]4, € ImT. This means that a”~2" is the (n — 2, n)-component of a
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d-closed (2n — 2)-form o = a™" 2 4 o~ L=l 4 o?=2" Ag already noticed,
the condition da = 0 is equivalent to

aanfl,nfl + 50{”’”72 =0 and 80[1172,11 + 5an71,n71 =0.

On the other hand, dQ(_[[Oén_27n]5]dl) = —[[0a L Y5]0, = [[0a™"2)5la, =
0 e E™ ! since even [0 25 =0 € Hp "H(X, C). O

As a consequence, we obtain the following criterion for partial degeneration
at E9 of the Frolicher spectral sequence of X.

Corollary 3.2. The canonical map T defined in Proposition 3.1 is sur-
jective if and only if the map d2 vanishes identically in bidegree (n — 2, n).

We now show that the sGG assumption on the ambient manifold X (see
[PU18a] for the definition and a study of the class of sGG manifolds) suffices
to guarantee the partial degeneration property mentioned above.

Proposition 3.3. Let X be a compact complex manifold with dimcX = n.
If X is sGG, the map d)”>" : E}">"(X) — E}"" "1 (X) on the 2" page of
the Frolicher spectral sequence of X vanishes identically (equivalently, the
canonical linear map T : Hpy *(X, C) — E§_2’H(X) of Proposition 3.1 is
surjective).

Proof. To prove that T is surjective, let [[a"~2"5]s, € By >"™(X) and
let a2 "™ be an arbitrary (n — 2, n)-form representing this double class. Then
da™~% ™ is 0-exact, so there exists an (n — 1, n — 1)-form Q?~57~1 such that

(10) da B = —oQr bl

Now, the sGG assumption on X implies that 9Qn—17-1 is 9-exact. Indeed,
this is equivalent to 9Q"~1"~1 being J-exact. Meanwhile, 9Q"~L""1 is a d-
closed and 0-exact (n, n — 1)-form, so (iii) of Lemma 1.3. in [PU18a] implies
that 9Q"~1"~! is also d-exact (thanks to X being sGG).

Thus, there exists "~ *" € C°, (X, C) such that

(11) op"TE" = —9Qn-Lin-1,

Consequently, d(a"~2" 4 gn=271) = —g(Qn-Ln=l 4 Qn-1.n-1) hence

Fl - (an—Q,n + ﬁn—Z,n) + (QH—LN—l + Qn—l,n—l) + (an_27n + Bn—?,n)
is a (2n — 2)-form such that dI'; = 0 and

(12) T({T1}pr) = [[0" 2" + 8" 2"]5)4, € By 2" (X).
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Note that g7—2n defines indeed an Ey-class since it is O-closed (for bidegree
reasons) and 93" %" is d-exact (by construction).
We also get O(a" 2" — gn=27) = —9(Qr—Ln=l _ Qn-1n—-1) hence

[y = (B3 1 —an=2m) 4 (@017 = Qrebn) 4 (o775 — BT
is a (2n — 2)-form such that dI'y = 0 and
(13) T({T2}pr) = [[0" 72" = 5" "]gla, € B3~ "(X).

Putting (12) and (13) together, we finally get a d-closed (2n — 2)-form

' +1Iy

5 — ﬁn72,n +Qn—1,n—1 +an—2,n

satisfying the condition

(255,05

Thus, T is surjective. g

When the manifold X is sGG, we can take the surjectivity of the canonical
linear map T : H%’EZ(X, C) — Eg_2’n(X) of Proposition 3.1 further by
showing that every Hermitian metric w on X defines a natural injection of
E3*™(X) into H7'72(X, C) that is a section of 7. We will need the following
Laplace-type pseudo-differential operator

A= 9p"0" +0"p"9 + 90" + 79 : C° (X, C) — O, (X, C)

induced in every bidegree (p, q) by any fixed Hermitian metric w on X. (All the
formal adjoints are computed w.r.t. the L? inner product defined by w and so is
the orthogonal projection p” = p!| onto the harmonic space ker A" where A" :=
00*40*0 is the usual 0-Laplacian induced by w.) This operator was introduced
in [Pop16] where it was shown that every double class [[a? ]3], € E54(X)
has a unique representative lying in the kernel of A=A, (cf. [Popl16, Theorem
1.1)).

Proposition 3.4. Let X be a compact complex sGG manifold with
dimcX = n and let w be an arbitmry Hermitian metric on X. For any
class [[a"2")5]q, € EY 2™(X), let aly™>™ be the A,-harmonic represen-
tative of [[a"2"5]q,, let Q5" € C2y no1(X, C) be the minimal L2-

norm solution of the equation OQ"1""1 = —9a ™ (¢f. (10)) and let
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pLEm ¢ Crlo (X, C) be the minimal L2-norm solution of the equation

apr2n = QL (ef. (11)).

The linear map

Jo s By (X) — Hp (X, C),

Gl Mglay) = {52 + QL+ al P " g,
is injective and T o j,, is the identity map of E;_2’”(X).

Proof. Suppose that j,([a""2"5ls,) = 0 € Hpw?(X, C) for some

[[0"~275]4, € ES*"™(X). Then, there exists a smooth (2n — 3)-form u =

- —1,n— 0 _ 2 “1,n—-1 2

du. This implies that B = gy 4 Gun=2n=1 Since JunIn = 0, this
further implies that [[a""2")5]q, = [ > "]5la, = 0. Thus, j, is injective.

The equality T'o j, = Id gn-2,n (X) follows immediately from the definitions.
2

O

3.2 - Cohomology and sG metrics

We now introduce strongly Gauduchon (sG) metrics into our discussion.
Definition 3.5. Let X be a compact complex manifold with dimcX = n.

(a) For every strongly Gauduchon metric (if any) w > 0 on X, dw™ !
is O-ezact. Let us denote by Il " € Cr2 9 (X, C) the (unique) solution of
minimal L2 -norm of the equation

(14) orn=2n — _ gyt

Since O >™ = 0 (for bidegree reasons) and AL ™2™ € Imd, T™>™ defines
an element in By >"(X).
We consider the following subset

Sx = { [[Fg‘Q’"]g] | w is an sG metric on X} C E;Z*Q’n(X)
dy

that we call the EasG-cone of X.

The real (2n — 2)-form T, = orn g el pnein g d-closed, so it
defines a real De Rham cohomology class {I',}pr. We consider the following
subset

Sx = {{FW}DR | w is an sG metric on X} C H7=?(X, R)
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that we call the De Rham FE3sG-cone of X.

(b) We also define the following variant of the EosG-cone of X by dropping
the L2 -norm minimality requirement on the solution T"~2™ of equation (14):

(15)
Sx = { [[F”_Z’”]g] | 3w Hermitian metric such that OT™"~2" = —8w"‘1}
dy

C EyM(X).

Every metric w involved in (15) is sG, so we obviously have Sx C Sx. We do
not know whether the reverse inclusion holds.

The manifold X is strongly Gauduchon if and only if Sx is non-empty.

We shall now prove that Sy (resp. Sy) is indeed a cone (i.e. a subset
that is stable under multiplications by positive scalars) in Ej “2M(X) (resp.
H7'%(X, R)). We need a few preliminaries.

Lemma 3.6. Let X be a compact complex manifold with dimeX = n.

(i) For any Hermitian metric w on X and any positive real A, the formal
adjoints of 0 w.r.t. the metrics Aw and w, as well as the corresponding O-
Laplacians, are related by the formulae

1

(16) 5§w— )\5:) and A, =

1
- A//
)\ w

i all bidegrees.

(ii) For any strongly Gauduchon metric w on X and any positive real A, the
forms Fz’jﬁ = F;L;z’" and T2 .= pn-2n (see Definition 3.5) are related
by the formula

n,n—2 _ yn—1y1wn,n—2
=2 = yn=lpmn—2

Consequently, we also have I'y,, = A" "' T, for any sG metric w on X.

Proof. (i) Let us fix an arbitrary bidegree (p, ¢). For any forms «, 5 of
respective bidegrees (p, ¢ — 1) and (p, q), we have

<<50€, /8>>>\w =" /<5a7 B>>\w %T

X

AT B n A _ A" B
— o [ (@0, 81, = 5 (00, Bl = 5o e 26
X
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and \n
((a, DX uB))rw = a1 ((a, 338))w-

Since ((0a, B))aw = ({@, 0% _B))rw, the above formulae imply

n n

e {0 BN = ey s BB e (a5 B = (e BB

for all forms o and 3. This proves the first formula in (16).
Since A" = 00* + 0*0 (when A” and 0* are computed w.r.t. the same
metric), the latter formula in (16) follows immediately from the former.

(ii) By Definition 3.5, I»" 2 is the minimal L2-norm solution of equation

or™ =2 = —9w"~1. Consequently, the Neumann formula spells
(17) =2 = — A 7195 (Bw™ ).
Thus, we get:

inlf? _ _A/)l\;léiw (a()\ w)n—l) — _\n! A:}—lgz] (awn—l) — \n! FZ’R_Q,
where we used the analogue of (17) for Aw to get the first identity and (17)
again to get the third identity. O

Lemma 3.7. Let X be a compact complex manifold with dime¢X =n. The
sets Sx and Sx are cones in the C-vector space Eg_2’n(X), while the set Sx
is a cone in H%’Ez(X, R).

Moreover, the cone Sx is convex.

Proof. Let [T>"]|5la, € Sx and g > 0 be arbitrary. Let A > 0 be the
unique positive real such that A»~' = . We have

Pl 2" gla, = [T 2" gla, = (0,5 "ol

where we used (ii) of Lemma 3.6 to get the last identity. Now, Aw is a strongly
Gauduchon metric if w is one, so [[FK;z’n]g]dl € Sx.

Consequently, Sx is stable under multiplications by positive scalars, hence
it is a cone. The same goes for Sx since (ii) of Lemma 3.6 also applies to I',,.
That S ¥ 1S a cone is trivial.

To prove the convexity of §X, it suffices to show that S x is stable under

additions. This is immediate since if 811?72’" = 0w ! for i € {1, 2} and w;
Hermitian metrics on X, then d(I7" 2" + I >") = —9wl™!, where wy > 0

is the unique positive definite C* (1, 1)-form on X such that wg_l = w?_l +
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Wil > 0. Therefore, [ 2" + T4 >"|5la, € Sx. O

The De Rham FssG-cone Sy depends on the complex structure of X and
we now show this dependence to be lower semicontinuous in the sense described
below in families of sGG manifolds. It actually suffices to assume that one fibre
is sGG as all the nearby fibres are then sGG by the deformation openness of
the sGG property (cf. [PU18a, Corollary 1.7]).

Definition 3.8. Let m : X — A be a holomorphic family of compact
complex n-dimensional manifolds over a ball A C CN centred at the origin.
Suppose that the fibre Xo := 7 (0) is strongly Gauduchon. Let X stand
for the C*° manifold that underlies the fibres X; with t € A.

With every sG metric w on Xg, we associate a local section 7, of the
constant real vector bundle Hf{”_2 — A whose fibre is the real De Rham
cohomology space H%%Q(X, R) as follows.

As in Definition 3.5, we let T',, := 22" 4wl 4 T2 be the real
d-closed (2n — 2)-form defined by the minimal L?-norm solution rrn of the
equation T 2" = —Juwm 1, (We put 0 := 0y and 0 := 0y.) The component
(Fw)?_l’n_l of Ty, of type (n — 1, n — 1) for the complex structure of X; is
positive definite if t is close enough to 0, by the continuity of the dependence
ont of (Fw)f_l’"_1 and the positivity of (Fw)g_l’"_l =w" ! > 0. Hence, for
every t close to 0, there exists a unique positive definite smooth (1, 1)-form w;

on Xy such that WP~ = (L)1 > 0. In particular, wy = w.
Since dI', = 0, the form 8twf_1 is Op-exact (so wy is an sG metric on

X;). Welet Tl >" e C2 o n(Xy, C) be the minimal LY, -norm solution of the
equation

(18) O P = — Oy !
and we consider the real d-closed (2n — 2)-form on X defined as
T(t) := T 2" 4 wp ! Tr2m
for t close to 0. In particular, T',(0) =T,. Finally, we put
o(t) = {Tw(t)}pr € Sx, C HEw (X, R)

for all t in a sufficiently small neighbourhood U (depending on w) of 0 in A.

The lower semicontinuity result for the De Rham FEssG-cone gx C
H%’EQ(X , R) when the complex structure of X varies is the following



148 HOUDA BELLITIR and DAN POPOVICI [16]

Theorem 3.9. Let m : X — A be a holomorphic family of compact
complex n-dimensional manifolds over a ball A C CN centred at the origin.
Suppose that the fibre Xo := 77 1(0) is an sGG manifold.

For every sG metric w on Xy, the section 7, of the constant real vector bun-
dle 7-[%{‘72 — A on a small neighbourhood of 0 in A constructed in Definition
3.8 is C*°.

In particular, every element {T',,} pr of the De Rham E5sG-cone S x, of Xo
extends to a C° family of elements {I'w(¢)}pr of the De Rham E3sG-cones
Sx, of the nearby fibres X;. Moreover, there is such an extension for every
representative I',, of the given De Rham class {I'y,} pr defined by an sG metric
w. So, in this sense, the De Rham FE;sG-cone Sx, of Xy can only be “smaller”
than the De Rham FE5sG-cones ‘§Xt of the nearby fibres X;.

Proof. By the well-known Neumann formula, the minimal Lgt—norm solu-
tion of equation (18) is

Lo 5" = = (005,00, (@),

where ()7, is the formal adjoint of 8; w.r.t. the L? inner product induced by
the metric wy, while Al = 0;(0})%, + (0)%,0; is the 0-Laplacian induced by wy
and A;jtl stands for its Green operator.

Now, the (n — 1, n)-form 9wl ! varies in a C°° way with ¢ and so do the
differential operators A[, and (9;)%,. Moreover, the classical Kodaira-Spencer
theory (cf. [KS60]) applied to the C*° family (A, )ica of elliptic differential
operators acting in bidegree (n — 1, n) ensures that the family (A;jtl)teA of
their Green operators is again C°° if the dimensions of the kernels ker Al
(that are isomorphic to the d-cohomology spaces Hgil’"(Xt, C) by the Hodge
isomorphism) are independent of . However, Hg_l’"(Xt, C) is C-anti-linearly
isomorphic to Hg’ ”_1(Xt, C) by conjugation, while the latter vector space is
Serre-dual to Hg’l(Xt, C), so its dimension equals the Hodge number h%’l(t)
of the fibre X; for every t.

Here is where the sGG assumption on the fibre X comes in. By [PU18a,
Corollary 1.7], it ensures that the Hodge numbers h%’l(t) are independent of ¢
when ¢ varies in a small enough neighbourhood of 0. Thus, the Green operators
A;‘tl in bidegree (n—1, n), hence also the (n—2, n)-forms FZ:Zn, vary in a C'*°
way with ¢ near 0. Since so also do (for trivial reasons) the (n —1, n — 1)-forms

w1, we infer that the smooth (2n — 2)-forms

T,(t) =T8> fwp~t 4 Tn-2n

vary in a C* way with ¢ in a small enough neighbourhood of 0. The application
of the De Rham cohomology class being a smooth operation, we conclude that
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Tu(t) := {Tw(t)}pr depends in a C*° way on t varying in a small enough
neighbourhood of 0 € A. O

3.3 - Real-valued cohomology

We shall now deal with the real version of some of the objects introduced
in §.3.1 for the sake of enhanced flexibility.

Definition 3.10. Let X be a compact complex manifold with dimcX = n.

(a) For any element [[a"~%"3la, € Egd’"(X) and any representative
a3 ¢ Crl o (X, C) of this double class, we know from (5) that da =
0 (trivial here for bidegree reasons) and that there exists a (not necessarily
real and non-unique) form Q""" e Cy (X, C) such that da"~>" =
_5Qn—1,n—1'

We refer to any such form Q"~H"=1 gs an (n — 1, n — 1)-potential of

Cknf2,n_

(b) We define the real part E;Z_Z’n(X)R of the C-vector space Eg_Q’n(X)
by selecting the classes representable by forms admitting a real (n —1, n —1)-
potential:

By (X0 o= { [ 2"l € B52"(X) | 302" representativ

having a real potential Q”l*"l}.

By definition, E3~>"(X)g is a real vector subspace of Ey~>"™(X).
We shall now consider the real version of the map T introduced in §.3.1.

Lemma 3.11. Let X be a compact complex manifold with dimcX = n.

(i) The following inclusion holds: Eg_Q’n(X)R C ker dg_Q’n.

(ii) The restriction to HZQ)TEZ(X, R) of the map T defined in Proposition
3.1, namely the map

Tk : Hpp (X, R) — By 2"(X)p, {a}pr— [[a”_Z’n]a] ;
di

assumes its values in the real space Ey >"(X)g and is surjective.
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Proof. (i) Let [ 2"]5lq, € Ey >™(X)g with da~2" = —gQn—1n-1
for some real (n — 1, n — 1)-form Q" 5"~1 Thanks to (6), we have

da([[a" > "|la) = [0 M gla, = [[Ban=27]gla, = 0 € B3 "7H(X),

because by conjugating the identity defining Q" %"~! and using the fact that
Qr—bn=lig real, we get 0Q" b=l = _9gan—2.n,
Therefore, [[o/~2"5]q, € kerdy ™,

(ii) Let {a}pr € Hpy *(X, R) and pick a real representative v = o™ "2 +
a~br=l L gn=2n Gince « is real, " 177! is real. Since « is d-closed,
0a""2"n = —gan~Lm=L Thus, a® 1771 is a real (n — 1, n — 1)-potential of
an=2, 50 T({a}pr) = ([0 ")5la, € B3 >"(X).

To prove that 7T is surjective, let [ "2 "]5]4, € E;L*Q’n(X)R with dan=2"
= -9 1n=1 for some real (n— 1, n— 1)-form Q"= 5"~L Then, the (2n —2)-
form

o= at2n Qn—l,n—l + an—?,n

is real, d-closed and T({a}pr) = [[@" 254, € By 2" (X)g. O

We are now in a position to see that the real space Ej _Q’n(X )R contains
the FsG-cone Sx of X defined in §.3.1 as an open cone.

Lemma 3.12. Let X be a compact complex manifold with dimcX = n.
The inclusions Sx C SX C Ey” 2, "(X)r hold and the cone SX is open in
En 2, n(X)R

Proof. The inclusion Sx C S x is obvious and has already been noticed.
Let [[["=27g]4, € Sx be arbitrary. So, there exists a representative I'"~2" €
™ 5 n(X, C) of this Ey-class and an sG metric w on X such that 97" >" =
—dw" 1. Since w1 is real, [[["2"]5]y, € Ey »"(X)r. This proves the
inclusion Sy € Ey~™(X)g.
Let [[o"2"]5]q, € Ey >™(X)g and let ¢ > 0. Then, there exists a real
form Q*~tnte Oy l(X C) such that 9Q" L=l = —9a"=2". We get

a(ran,n + E,‘Ozn72’n) —_ —5(&)”71 + Eanl,nfl)'

On the other hand, the (n — 1, n — 1)-form w”~! 4+ £ Q"1 7~ is real for every
¢ and is positive definite if € > 0 is small enough. Therefore, for every small
e > 0, there exists a unique positive definite (1, 1)-form p. > 0 such that
prt = w4 e Qnbnml We get 0pnt = —9(I'™2n" + can=2m), hence
0p~ ! is O-exact, so p. is a strongly Gauduchon metric on X. Consequently,

[[Pnizn]é]dl +e [[O‘niz’n]g]dl € S\X
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for every small € > 0. This proves that Sy is open in ngln(X)R. O

3.4 - Duality of positive cones in the Ey cohomology

It was proved in [PU18b] (by means of the pseudo-differential Laplacian
A introduced in [Pop16] that gives a Hodge theory for the second page of
the Frolicher spectral sequence) that for any compact complex n-dimensional
manifold X and every p,q € {0,...,n}, the canonical bilinear pairing

19) B < B0 =€ (ol (Bl ) > [ ans

is well defined (i.e. independent of the choices of representatives of the FEs-
cohomology classes involved) and non-degenerate. Hence, it defines a Serre-type
duality between E5?(X) and Ey """ 1(X).

Under this duality, the closure of our EysG cone Sy C Ey~>™(X), con-
sisting of those Fs-classes of type (n — 2, n) that are “positive” in the sense of
Definition 3.5, has a dual cone in E22 ’O(X ) that we will now describe. To this
end, we will introduce ad hoc notions of real and positive (2, 0)-forms and cur-
rents that run counter to the standard definitions of real and positive forms and
currents of bidegree (p, p), but propose a not so far-fetched analogue thereof in
this bidegree that is relevant to holomorphic symplectic geometry. A possible
extension of this geometry on sGG manifolds is one of our motivations and will
hopefully be attempted in future work.

In this subsection, we will establish an Ey analogue for the bidegrees (2, 0)
and (n—2, n) of Lamari’s duality (cf. [Lam99, lemme 3.3]) between Demailly’s
pseudo-effective cone £(X) C chl(X , R) (consisting of the Bott-Chern co-
homology classes of all the d-closed, positive (1, 1)-currents 7" > 0 on X,
see [Dem92]) and the closure of the Gauduchon cone Gx C Hz_l’n_l(X, R)
introduced in [Pop15] (consisting of the Aeppli cohomology classes of all the
Gauduchon metrics w™ 1 > 0 on X).

We will assume throughout this subsection that X is an sGG manifold. This

will guarantee that every Gauduchon metric is actually strongly Gauduchon
(see [PU18a]).

Definition 3.13. Let X be an sGG compact complexr n-dimensional
manifold.
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(i) We consider the following sets:
V = {Fn Zn ¢ CpZo n(X, C) | 3w Hermitian metric
such that OT""2" = —&u"l},
E = {rn 2" e Oy (X, C) | ormT Mefma}
Er = {F" ey (X, C) | 31 real form
such that OT" %" = —89"1’"1}.

Thus, V.C Er C E C Cp2, (X, C) and E consists of the smooth (n — 2, n)-
forms that are Ey-closed (thezr O-closedness is automatic for bidegree reasons),
while Er consists of the real (in this ad hoc sense) such forms and V' consists of
the positive (in this ad hoc sense) such forms. Note that any metric w featuring
in the definition of V is automatically strongly Gauduchon (or, equivalently,
Gauduchon since X is assumed sGG).

(ii) Fiz an arbitrary Hermitian metric v on X. Let p?)a 1O (X, €)
— Im0 be the orthogonal projection w.r.t. the L2 -inner product onto the closed
subspace of 0-exact (n — 2, n)-forms, induced by the standard Hodge-theoretical
L,QY orthogonal 3-space decomposition

ol 2, (X, C) =ker A" @ Im0 @ Im0*.

We consider the following sets:

U, = {I‘" 2n ¢ Cplo n(X, C) | 3w Hermitian metric

such that p([Z,)Lé(OF”_Q’”) = —5w”_1},

(X, R), = {”Q"ECOOQn(X C) | 3p»bnt real form

n2n

such that p(v) (804"—2#1) = _5571—1,71—1}'

Thus, Uy C Cp24 (X, R)y C C2%5 (X, C) and U, consists of the y-positive
(in this ad hoc sense) smooth (n — 2, n)-forms, whzle Cplo n(X, R), consists
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of the y-real (in this ad hoc sense) such forms. Unlike the sets defined under
(i), these sets are not subjected to any Ea-closedness condition. In particular,
the following inclusions hold:

V.cUy, and EgrCCp2y,(X,R),

for every Hermitian metric v on X.
(iii) In the context of (ii), by a v-real current of bidegree (2, 0) on X
we mean any continuous R-linear form

2,0 ., 00
T ! Cn—z,n

(X, R), — R.

By such a current being ~y-positive we mean that 7> evaluates non-negatively
on every element of U,. (So, in particular, the zero current 720 =0 is -
positive.)

By a ~y-real current 7=° of bidegree (2, 0) being Es-exact we mean that T
vanishes identically on the R-vector space Er of “real” Es-closed (n — 2, n)-
forms defined under (i). 2

2,0 2,0

The following properties of the above sets are immediate to check.

Lemma 3.14. (a) The set E is a closed C-vector subspace of C;°, (X, C),
the sets Eg and Cp 5 (X, R), are closed R-vector subspaces of Cp2 5 (X, C),
while V' and U, are open convex cones in Eg, respectively Cp°, , (X, R),.

(b) The following identity holds:

U,NEg =V.

Proof. (a) The closedness conclusion for E follows from the well-known
fact (itself a consequence of standard elliptic theory on compact manifolds) that
Im 0 is closed in the space of C™ forms in which it lies.

To see that Eg is closed in Cp%, (X, C), we need one further step. Let

F?_Zn — M2 ¢ 0%, (X, C) in the C* topology as j — 00, where

—-2,n
F?iln € Eg for every j € N. For every j, let F?il’"fl = —Ag—la;ar;?*?’" €

221 n—1(X, C) be the solution of minimal L%—norm of the equation OI'
n—1,n—1

= —81“?_2’". (So, the set of all the solutions is the affine subspace I‘j +

kerd C C32; ,,_1(X, C) and the hypothesis F}%Zn € Er means that (I‘;’fl’"f1

n—1,n—1
J

2This last notion is in keeping with the usual duality according to which a current is exact
(w.r.t. a given cohomology) if and only if it vanishes identically on the closed (w.r.t the same
cohomology) C* forms of complementary bidegree.
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+ kerd) NC2 , (X, R) # 0, where Cp°, ,, (X, R) C Cry n1(X, C) is
the real vector subspace of real forms.) Then Im 9 > 8F? 21y 9I™27 i the
C™ topology as j — +o0o, so O™ 2" € Im 9 since Im J is closed. Moreover,
rrobn-l = ng—lé;arn—Qv” € C°4 ,_1(X, C) is the solution of minimal L2-
norm of the equation oI~ 17—l = 972" 5o F?_l’n_l — In=Ln=1ip the
C® topology as j — +00 because the restriction to Im 0 of the operator Anflé;
is continuous in the C* topology. Since (F;L Ll ker d)n O La-1(X, R) #
0 for all j € N and Cp°, , (X, R) is closed in C;°y 1(X C), we get
(Tt~ 4 kerd) N Cp2y ,, (X, R) # (. This means that ["=27 ¢ ER.
Thus, Eg is closed in C;2, (X, C).

The closedness of Cp%, (X, R)y in C3%, (X, C) can be proved in the

same way since the projection p(w 1§ 1s continuous w.r.t. the C*° topology.

The convexity of V' and U, fOHOWb from the linearity of the operators 0,
™)

0 and pI 5 involved in their definitions and from the convexity of the set of
Gauduchon metrics (itself a consequence of the existence of a unique positive
definite (n — 1)* root for every positive definite (n — 1, n — 1)-form).

Let us prove that U, is open in C32, (X, R),. (The openness of V' in Eg
can be proved in a similar way.) Let I'"~ 2n ¢ Uy and o~ 2" € C° 2.n(X, R)y
be arbitrary. By definition, there exist a Hermltlan metric w and a real form
grbr=te Cpey (X, R) such that

pg’za(aFn 2, n) — _awn—l and p(V) (aan—Q,n) — _éﬂn_L”_l,

Thus, for every constant € > 0, we get p(V) (8(1“”_2’"—1—5 av3n)) = — (w14

e b=l Since bl s real and w”fl is positive definite, w™ ! +
e fn~ 1~ 1is positive definite for all sufficiently small € > 0. Therefore, [~ "+
ga™™%" € U,. This proves that U, is open in C2° °9.n(X; R)y.

(b) To prove the inclusion “C”, let T"~%" € U, N Eg. Since [""2" € Fg,
or"=2%n ¢ Ima, so p(w (8F”_27”) = 9I'"=2", Thus, I 2" = —gw"~! for
some Hermitian metric w thanks to I"~%" lying in U,. Therefore, I""%" € V.
This proves the inclusion “C”. The reverse inclusion is obvious. a

The last preliminary remark that we make serves as an example pointing out
a very particular way of constructing real-valued linear maps on Er. Such maps
occur below in a more general form. (See the last hypothesis of Proposition
3.16.)

Lemma 3.15. If a form %9 ¢ C35(X, C) is of the shape 620 = g¢t0
such that the (1, 1)-form 9640 is real, then Ix 620 AT"=2:7 s real for every
2" ¢ Ep.
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Proof. Let I" 2" € Er. Then, oI 2" = —9Q" 1"~ for some real
(n — 1, n — 1)-form Q" 1"~1 Applying Stokes’s Theorem twice, we get

/02,0 AFn—Q,n — /651’0 /\Fn—Q,n
X

X
— _/51,0 Aggnfl,nfl — —/851’0 /\anl,nfl.
X X

The last quantity is real since both forms 9¢%% and Q*~5"~1 are real. O

We are now in a position to prove the duality result we have been aiming
for. Both the statement and the proof parallel those of Lemma 3.3 in [Lam99].

Proposition 3.16. Let X be an sGG compact complex n-dimensional
manifold on which an arbitrary Hermitian metric v has been fized. Let %0 ¢
C3%0(X, C) satisfy the condition

/02,0 /\anQ,n > 0
X

Jor every T"=2™ € C2°, (X, C) for which there exists a Hermitian metric w
on X such that OT"2" = —9w"~! (i.e. for every I"~2" € V). Suppose,
moreover, that fX 620 AT"=2" c R for every I"~%" € Ep.

Then, there exists a y-positive current 750 : Crlo n(X, R)y — R of bide-
gree (2, 0) on X such that 620 — 720 is Ey-ezact in the sense that it vanishes
identically on Eg.

Note that if we assume 6>° to be Fs-closed (i.e. 96> = 0 and 96%° ¢
Im 9, which in bidegree (2, 0) is equivalent to assuming that d#*° = 0), it
defines a class [[0%°]5]4, € E2° and the integral [ 6*°AT"%" is independent
of the choice of representative of this class. Thus, Proposition 3.16 implies
that the dual of the closure of the EysG-cone Sx defined in (15) under the
duality E3°(X) x Ef >"(X) — C is the closed convex cone in E3"(X)
consisting of the Ep-classes [[#%°]5]4, “representable” by 7-positive currents
72002, (X, R)y — R

Proof of Proposition 3.16. We follow closely Lamari’s arguments of
the proof of Lemma 3.3. in [Lam99]. The form 6%° defines a C-linear map

6%0:C2, 4(X,C) — C, T2y /9270 AT2:m,
X
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2,0

1% > 0. Thus, there are two

The hypothesis imposed on 6%° translates to
cases.

Case 1. Suppose there exists FGL*Z’” € V C Eg such that [, 6%0 A
Fg_z’n = 0. This implies that 9|2}73§ =0.

Indeed, fix an arbitrary ["~2" ¢ Eg and let [7>"™ := (1 — t) ngz’n +
tI"=27" for t € R. Then F?_z’n € Ep for all t € [0, 1] since ER is convex.
Moreover, for all ¢t € R, we have

f@):i/WﬂAF?Z”: ﬂ—i%/WﬂAFan+ﬁ/WﬁAF”&”

X X X

X

In particular, f(0) = 0. Meanwhile, V is open in Eg (cf. Lemma 3.14) and
Fgﬂ’" eV, so F?fln € V for all t close enough to 0. Since 9|2"/0 > 0, we
infer that f(t) > 0 for all ¢ € [—¢, ¢] for some small € > 0. This means that
t [ 02O A2 >0 for all ¢ € [—¢, €], which is impossible unless [ 6% A
=27 = 0. This proves that 9‘1’;; = 0, so we can choose 7>% = 0 (which is
~-positive).

9|2"/0 > 0. Let F' C ER be the kernel of the restriction

%0 . Er — R. Thus, F' has real codimension 1 in Er and
|ERr

Case 2. Suppose that

U,NF=0.

To see the last identity, suppose there exists T"~2" ¢ U,NF. Then, fX 620 A

2" = () because [""2" € F = ker(@fég). Meanwhile, [, %0 AT"=2™ > (
because F' C Eg, so "2 € U, NEg =V (see (b) of Lemma 3.14 for the last
identity) and 9|2"/0 > 0. This is a contradiction.

Since U, is a convex open subset of C2° 5 (X, R),, F'is a convex closed sub-
set of 225 (X, R), and U, and F are disjoint, the Hahn-Banach Separation
Theorem allows us to separate them. Consequently, there exists a continuous
R-linear form

190
such that l|2[’13 > 0 and 1‘21;0 =0.
The first condition implies that the y-real current i%° of bidegree (2, 0) is
y-positive.
Let 7™ € V. Then [, 6>°AT}>" > 0and [, I>°AT}>™ > 0, so there
exists a constant A > 0 such that [, %% A 2" =\ Jx ZOA I7"%™ This

(X,R)y —R

2,n
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means that (6%° — AZQ’O)‘RFn—Q,n = 0. But we also have (6% — X\1%%)z = 0.
1

Since the real codimension of F' in Eg is 1, we get that (6% — X1%°) 5, = 0.
If we put 720 := X1%0, we are done. O

4 - The h-00 property of compact complex manifolds

Let X be a compact complex manifold with dim¢cX = n. We now consider
the adiabatic limit construction of the differential operator dj, = hd + 0 (cf.
(2)) that was introduced in [Pop17] for every constant A > 0. Allowing now h
to be negative, some obvious properties include the following:

(i) dn=hdy1; (i) d_p=-hd_p;

_ 1
(20) (i) dh,dp, = (h1 — h2)80; in particular, dpd_p-1 = (h+ E) 00;

Gy L D)
Vowr ™ T
for all h € R\ {0}.

When a Hermitian metric w has been fixed on X, the formal adjoint dj of
dp, w.r.t. w induces together with dj a Laplace-type operator in the usual way:

Ay, dy, dz er;;dh : C]SO(X, (C) — CEO(X, C),

d_,-1=d,

for every k € {0,...,2n}. This h-Laplacian is elliptic (cf. [Pop17]). Identity
(ii) in (20) implies

(21) A_p=h?>A_,-1, forall heR\ {0}

We shall now continue the study of the operators dj, both from a metric and
an intrinsic angle.

4.1 - Commutation relations and BKN identity for the operators dp,

Let us fix an arbitrary Hermitian metric w on X. All the formal adjoints will
be computed w.r.t. w, as will the (pointwise and formal) adjoint A = A, of the
multiplication operator L = L, := w A -. Recall the standard torsion operator
of type (1, 0) (cf. [Dem84]) 7 = [A, Ow A -] and the Hermitian commutation
relations (cf. again [Dem84], whose original idea goes back to Griffiths in
[Gri69] and was also much related to Ohsawa’s work [Ohs82]):

O*+7"=i[A, 0] and O +7 =—i[A, I

We will infer the following
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Lemma 4.1. Let (X, w) be a complex Hermitian manifold. For every
h € R\ {0}, we define the h-torsion operator of type (1, 0) induced by w by
Th = [A, dpw A -].

The following Hermitian h-commutation relations hold on differential
forms of any degree:

() (dn+70)* = —i[A, d_p];  (b) (dn+7n)* =i[A, d_p];
@) dy+mh=ild pwA]; () dy+7n=—i[d,, wA ]

Proof. Since (b) is the conjugate of (a), while the implications (a) = (c)
and (b) = (d) are obtained by taking adjoints, it suffices to prove (a).

Using the above definitions and the standard Hermitian commutation rela-
tions, we get

di = ho* + 8" =i[A, hd] — hr* —i[A, 9] — 7* = —i [A, d_p] — (h7* + 77

and
h*+ 7% = [(ROwA ) wA ]+ [(OwA ) wA ] =[(dw A wA-]=Th.
Summing up these identities, we get (a). 0

An immediate consequence is the following

Corollary 4.2. Let (X, w) be a complex Hermitian manifold. For every
h € R\ {0}, the following rough h-Bochner-Kodaira-Nakano (h-BKN)
identity holds on differential forms of any degree:

Ap=A_p+[d_pn, 7] — ldn, 7]
Proof. Using the h-commutation relation (a) of Lemma 4.1 for the second
identity below, we get
Ay = [dp, dp) = —ildn, [A, d-p]] = [dn, 77]-
On the other hand, the Jacobi identity spells:
—[dn, (A, d_p]] + [A, [dop, dp]] + [d—p, [dn, A]] = 0.

Since [d_p, dp] = 0 whenever h # 0, the second term above vanishes. Mean-
while, [dy,, A] =i (d_j, +7T_p)* as follows from the h-commutation relation (b)
of Lemma 4.1 after replacing h with —h. Therefore, we get —i [d,, [A, d_p]] =
[d_p, (d—p +T—p)*] = A_p + [d—p, T,] and the formula follows. O

Another immediate consequence is the following anti-commutation state-
ment in the Kahler case.
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Corollary 4.3. Let (X, w) be a compact Kahler manifold. For every
h € R\ {0}, the following identities hold:

[dhv dihfl] =0 and [d_h717 d‘;;] =0.

Proof. The latter identity is the adjoint of the former, so it suffices to
prove the former one. When h has been replaced by —h ™!, the h-commutation

relation (a) of Lemma 4.1 spells d* , ., = —i[A, dj—1] = — [A, dp] since 7, = 0
for every h when w is Kéhler and identity (i) in (20) has been used to infer the
last identity. Therefore, [dy, d*, 1] = — [dp, [A, dp]] when w is Kéhler.

Now, the Jacobi identity yields:
—[dn, [A, dn]] + [A, [dn, dp]] + [dn, [dn, AJ] = 0.

Since [dp, dp] = 0 and [dp, A] = —[A, dp], we get [dp, [A, di]] = 0.
Consequently, [dy, d*, 1] = —4 [dn, [A, dp]] = 0 and we are done. O

Taking our cue from [Dem84|, we shall now refine the above BKN formula
by incorporating the 1% order terms into a twisted Laplace-type operator on
the r.h.s. of the identity so that the discrepancy terms become of order zero.
We begin with some preliminary computations.

Lemma 4.4. Let (X, w) be a complex Hermitian manifold. For every
h € R\ {0}, the following identities hold:

() [L, 7] =3dpw A, (i) [A, 7] = 2i7%,, (ili) [dn, d"p) = —[dn, 75,],

(iv) [dp, d7] + [dn, 7] — [d_p, 7 = dn + 7, df + ]+ So(Jh), where

Stf.)h) = ; [A7 [A7 8*hdh("-) A H - [dhw Ay (dhw A )*]

ol

Proof. (i) The definition of 7, and the Jacobi identity yield the first and
respectively the second identities below:

[L, 7] = [L, [A, dpw A ]| = =[A, [dpw A -, L)) — [dpw A -, [L, A]].

Now, [dpwA -, L] = dpw A (WA ) —wAdpw A - = 0, so the first term on the r.h.s.
above vanishes. Meanwhile, it is standard that [L, A] = (k — n)Id on k-forms.
So for any k-form u, we get
[dhw Ny [La AH u = dpwA ([Lv A] u) - [L7 A] (dhw A u)
= (k—n)dpwAu—(k+3—n)dywAu=—-3d,wAu.
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Thus, [drw A -, [L, A]] = =3 dpw A - and (i) follows.
(ii) We know from the h-commutation relation (c) of Lemma 4.1 that 7, =
i[d",, wA-] —dy. Hence, using also (b) of Lemma 4.1, we get
[A7 Th] =1 [A7 [Eihﬂ wA H - [A, dh] =1 [A7 [Eiiv w A H +i (8*h + ?*h)*'
The Jacobi identity spells
[A’ [Eih’ wA H + [Ek—ha [w AR AH + [W AR [A’ aih“ = 0.

Since [wA-, A] = (k—n)1d on k-forms, we get [d",,, [wA-, A]] = d",. Meanwhile,

[OU AR {A’ aih“ Ha—h) wA ']7 A]*’ so we get

A, 7] = —i[[d_p, w A, A" —id ), +i(dop +T—p)"
Moreover, for an arbitrary form u, we get
[d_p, wAJu=(0—hd) (wAu) —wA (Ou — hdu) = (0w — hOw) AN = d_pw A
Thus, [d_p, w A -] =d_pw A - and we finally get
A, 7] = —ild_pw A AP —id, +i(dop+7_p)*
= 0T, —id o, i(dop +Top) =27,
where the second identity followed from the definition of 75, by replacing h with

—h and then taking conjugates and adjoints.
This proves (ii).

(iii) The Jacobi identity yields
—[dn, [A, dn]] + [A, [dn, di]] + [dn, [dr, A]] = 0.

Since [dp,, dp] = 0 (because di = 0), and [dp, A] = —[A, dy], we get [dp, [A, dp)]
= 0. Using the h-commutation relation (b) of Lemma 4.1, this means that
[dy, 7] = —[dn, d"4], or equivalently that [r,, d"] = —[ds, d"], where the
latter identity was obtained from the former by taking adjoints, conjugates and
replacing h with —h. In other words, we have

(22) [dhv Ih] = _[Th> yh] = _[dha T h]'

This proves (iii).
(iv) Applying part (ii) and then the Jacobi identity, we get

7 —

(@ 1A l) = =5 A [, dal) = 5 s [ A

(93) [ 7l =
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On the other hand,

— a — b) —
s don] 2 (Ao 7] L [@ony A, diw A )]

—

= (A, [dpw A dop]] + [daw A - [d_p, A]]
= A, dopdpw A — i [dpw A, df 4 77,

where (a) follows from 75, and d_j, being operators of odd degrees, (b) follows
from the definition of 73, (c) follows from the Jacobi identity, while the latter
term in (d) follows from the h-commutation relation (b) of Lemma 4.1 and the
former term in (d) follows from the following easy computation:

[dpw A -, E_h] U= dpw A E_hu + E_h(dhw Au) = E_hdhw AR

for any form u. B
Taking the bracket with A in the above formula for [7,, d_j], we get

(24) [A, [, d_p]] = [A, [A, d_pdpw A )] =i [A, [dpw A -, df + 77]]
Applying again the Jacobi formula for the last term, we get
(A, [dpw A dy +73]) = —[dpw A~ [dy + 77, Al + [d + 77, [A, dpw A -]
= —[dpw Ay [wA - dy+ ]+ [dry + 717, Th,
(25) = =2[dpw A+, (dpw A )|+ [df + 17, Th),
where the first term on the last line is given by the following simple computa-
tion. For any form u, we have [wA-, dp] u = wAdpu—dp(wAu) = —dpwAu. Thus,
[wA -, dp] = —dpw A -. Combined with identity (i), this yields [w A -, dp, + 73] =
2dpw A -.
Putting (24) and (25) together, we get
[A, [Th, E,hﬂ = [A, [A, E,hdhw A\ H + 24 [dhw A -, (dpw A )*] —1 [d;(Z + 7';{, Th],
which, in turn, combines with (23) to yield

i g .
[d—ha ?—h] = 5 [A, [A, d_pdpw A H + [dhw A~ (dpw A ) ]
1 ? -
- 5 [dz + 7_;:7 Th] - 5 [Tha [dfha A]]
Since —i [A, d_p] = df + 7 by the h-commutation relation (a) of Lemma 4.1,
we get

* * * i 3 *
—[d,h, ?7}1] = [ T Th, Th] + B} [A, [A, d_pdpw N ]] — [dhw A+ (dpw A ) ]
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Adding [dy, di] + [dy, 7] on either side of the above identity, we get
[dn, djy] + [dn, 7] = [d—p, T5] = [dn, + 0, d + 7] + ST,

where S .= LA, [A, dopdpw A )] = [dpw A -, (dpw A -)*]. This proves (iv). O

We can now state the main result of this subsection.

Theorem 4.5. Let (X, w) be a complex Hermitian manifold. For every
h € R\ {0}, the following refined h-Bochner-Kodaira-Nakano (h-BKN)
identity holds on differential forms of any degree:

Ap=dpn+T p, dop+75]+ T,

where Tf,h) is the zero-th order operator defined by

Z@:—;AMJ@WMH—@WAN&WAW.

In particular, if the metric w is Kahler, dpw = 0 hence 7, = 0 and Tu(,h) =0,
so we get

Ap=A_y (for everyh € R) and A = h*> A_j-1 (for every h € R\ {0}).

The latter identity follows from the former thanks to (21).

Proof. Combining (iv) of Lemma 4.4 with the rough BKN formula of
Corollary 4.2, we get

Ap A+ [dy + 7, &+ 77]+ S = Ay, + [d_p, 7] — [dn, 77]

+ [dh, dm + [dh, T;:] — [d_h, Fih]‘
Since [dy, dj] = Ap, the last formula reduces to
Ay = [dy + 7, dfy + 1) + S

The refined h-BKN identity follows from this by taking conjugates and
replacing h with —h. O
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4.2 - h-00-manifolds

The standard 90-lemma asserts that every compact Kéhler manifold is a
00-manifold. We will now investigate the analogue of this statement in our
dp-cohomology context.

Theorem 4.6. Let (X, w) be a compact Kéhler manifold. As usual, we
let A :=dd* + d*d. For every h € R\ {0}, the following identity holds:

_ (h+1)? (h—1)2
T (R2+1)2 h Tt (h2 +1)2

(R2A_p-1).

Proof. Using (iv) of (20) and the obvious identity A = [dp,, df] for every
h, we get

h+1)? h? (h — 1)
A=ld d] ((h;; 1))2 " (h(2+1); Bt
(At DA =1) )y B DRB=D) )

(h? +1)2 (h? +1)2

Since the metric w is supposed to be Kéhler, [dy, d*, ;] =0and [d_j,-1, dj] =0
by Corollary 4.3. The statement follows. O

An immediate consequence of Theorems 4.5 and 4.6 is the following pro-
portionality statement.

Corollary 4.7. Let (X, w) be a compact Kahler manifold. For every
h € R\ {0}, the following identities hold on differential forms of any degree:

2 2h2 2

= A A_y.
h2+1 h h h

A I .
RZ+1 - Tz

We pause briefly to notice that the above proportionality statement re-
proves, in conjunction with the main result of [Pop17], the standard fact that
the Kéahler property of compact complex manifolds implies the degeneration at
FE of the Frolicher spectral sequence. Yet another proof will be implicit further
down by putting together Theorems 4.9 and 4.11.

Corollary 4.8 (standard). Let (X, w) be a compact Kahler manifold.

The Frolicher spectral sequence of X degenerates at E1.

Proof. We know from Corollary 4.7 that Ay, = @ A for every h € R\ {0}
in every degree k. In particular, ker Ay, = ker A for all h # 0. Let 5;{6) >0
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be the smallest positive eigenvalue of Ay : C°(X, C) — Cp°(X, C) acting on
k-forms and let uglk) € C°(X, C) be a corresponding eigenvector normalised
(k)

such that its L2-norm Huglk)H equals 1. Since u; ~ is orthogonal on ker Ay, it is
also orthogonal on ker A for all A # 0. For every h > 0, we get

GRS

2
o (g, uf)), > == >

(26) 6% = ((Apul® | ulPy),
where 6%) > 0 is the smallest positive eigenvalue of A : Cr(X,C) —
C(X, C) acting on k-forms. (So, 6 is independent of h.)

Now, we know from Theorem 1.3 (and its corollary, Proposition 5.3) in
[Popl7] that the Frolicher spectral sequence of any compact Hermitian mani-
fold (X, w) degenerates at Fj if and only if 5£Lk) does not converge to zero at
least as fast as O(h?) when h | 0 for every k. In our case, since the metric w
is Kéhler, (26) shows that for every k, 6}(Lk) even remains uniformly bounded
below by a positive constant when A | 0. O

We can now infer the dj,-cohomology analogue of the standard 99-lemma.

Theorem 4.9 (the h-99-lemma). Let (X, w) be a compact Kéhler mani-
fold with dimcX = n. For every k € {0,1,...,2n}, every h € R\ {0} and every
k-form u € kerdpNkerd_;-1, the following exactness conditions are equivalent:

u€ Imdy, <= uw € Imd_p—1 < u € Imd <= u € Im(dpd_j,-1) = Im(90).

Proof. The equality Im (dyd_j,-1) = Im(99) follows from (iii) of (20),
while the property w € Im (dy, d_j,-1) obviously implies all the other exactness
properties.

Since d; = d and we allow any h # 0, it suffices to prove the implication
“uelmdy, = weIm(dyd_j,-1)” for an arbitrary h # 0.

Since Ay, and A_j,—1 are self-adjoint elliptic operators with d? = d* p-1 =0
and the manifold X is compact, standard Hodge theory yields the following
L2 -orthogonal decomposition (that does not require w to be Kihler):

(27) CR2i(X,C)=kerA -1 ®&Imd_j-1 &Imd*,
in which kerd_;-1 =ker A_;,—1 @& Imd_j-1.

Let u € C°(X, C) such that u € kerdy, Nkerd_j-1 and u = dpv for some
v € O (X, C). The 3-space decomposition (27) yields a unique decomposition

V=1 + d_h—1U1 + d’:h_lu2,
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where the (k — 1)-form vy lies in ker A_; -1 and uq, uy are of respective degrees
k —2 and k. We get

u = dpv = dpvg + dpd_p—1u1 + dhdth,ﬂm = —d_p-1dpu; — dth,1thQ.

Indeed, the last identity above follows from vy € kerA_,-1 = kerA, =
ker dj, N ker dj; (where the Kéhler assumption on w was used to guarantee the
proportionality of the Laplacians A_;-1 and Ay, — see Theorem 4.5 — hence the
equality of their kernels), from the anti-commutation of dj, and d_j-1 (which
holds trivially for any, not necessarily Kéahler, metric w — see (iii) of (20)) and
from the anti-commutation of dj, and d*,_, (which is a consequence of the
Kéhler assumption on w via the h-commutation relations — see Corollary 4.3).

Now, u + d_j-1dpuy € kerd_j, -1 while —d*, _,dpuz € Imd*, _,. However,

ker d_j-1 is orthogonal to Imd*, _;, so the form u+d_j,-1dpu; = —d*, _1dpus,
that lies in both subspaces, must vanish. In particular, v = —d_j-1dpu; €
Im (dhd_h—l). O

The above theorem leads naturally to the following

Definition 4.10. Let h € R\ {0} be an arbitrary constant. A compact
complex manifold X with dimcX = n is said to be an h-00-manifold if for
every k € {0,1,...,2n} and every k-form u € kerdy, Nkerd_j-1, the following
exactness conditions are equivalent:

u€ Imdy, <= u e Imd_p-1 <= u € Imd <= v € Im(dpd_p-1) = Im(00).

Note that when h = 1, dj, = d and d_;-1 = d_; coincides (up to a mul-
tiplicative constant) with d°. The h-00-property introduced above does not
require the form u to be of pure type. In the cases h ¢ {—1,1}, it is meant to
reinforce the standard 90-property.

Like the standard 00-property, the h-90-property is implied by the Kihler
condition and implies the degeneration at the first page of the Frailicher spec-
tral sequence (cf. Theorems 4.9 above and 4.11 below). Actually, this last
implication follows from the well-known implication with the 00-property in
place of the h-00-property, but we prefer to give a self-contained proof.

Theorem 4.11. Let h € R\ {0} be an arbitrary constant. The Frélicher
spectral sequence of any h-00-manifold degenerates at F1.

Proof. Let X be an h-00-manifold with dimcX = n. For any bidegree
(p, q), pick any class [a]5 € EY"?(X) and any representative a of [a]5. We have

di([alg) = [0a]a.
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Moreover, since da = 0, we have da = hd(h ™t a)+d(hta) = dp(h 1 a) €
Imdy,. In particular, da € kerdy, and d_p-1(dp(h~t a)) = ((h? +1)/h?) 00a =
0, so dp(h~'a) € kerdy, Nkerd_;—1. Thus, thanks to the h-09 assumption on
X, the dj,-exactness of da = dj,(h~! ) implies its 0d-exactness. In particular,
da € Tm d, hence di ([a]5) = [0a); = 0 € EPFTHI(X).

This proves that all the differentials d; vanish identically, so E"%(X) =
EP4(X) for all p,q.

Furthermore, since Oo is 90-exact, there exists a (p, ¢ — 1)-form u such that
da = 90u, so da([[algle) = [[0(Ouw)gla, = 0 € EF*77HX) and
do([.. . [[gla, - - Ja,_,) = 0 € EPTP97 (X)) for all r > 2.

Thus, all the differentials d,, with r > 1 vanish identically. Hence, the
Frolicher spectral sequence of X degenerates at Fjy. O

4.3 - The h-Bott-Chern and h-Aeppli cohomologies

We start by defining the h-twisted analogues of the Bott-Chern and Aeppli
cohomologies and by observing some basic properties of them. Unlike their
standard counterparts, they are not defined in a given bidegree, but in a given
total degree.

Definition 4.12. Let X be a compact complex n-dimensional manifold.
For every h € R\ {0} and every k € {0,...,2n}, we define the k' degree
h-Bott-Chern and h-Aeppli cohomology groups by the formulae

N ker dj, N ker d_% N ker(dhd_%)
H X, 0 = d H X, C) =
n-pc (X, €) T (dpd_y) o n-a(X, C) Imdy + Imd_

where all the vector spaces involved are subspaces of the space Ci°(X, C) of
smooth k-forms on X.

We now observe some basic properties of these spaces that parallel their
standard counterparts.

Lemma 4.13. Let X be an n-dimensional compact complex manifold.

(a) For every h € R\ {0} and every k € {0,...,2n}, the canonical map
T 2 HE po(X, C) — HF 4(X.©),  [alh-pc ~ [oln-a,

is well defined. Moreover, if X is an h-O0-manifold for some fized h € R\ {0},
the map T,Ek) is an isomorphism for every k € {0,...,2n}.
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(b) For every h € R\{0} and every k € {0,...,2n}, the following identities
hold:

Hilf—BC(X7 (C) = @ Hgg‘(Xa C)v
pt+q=Fk

Hf 4(X,C) = P HYUX,C).
ptg=k

Hence, the dimensions of the vector spaces HY _po(X, C) and HF (X, C) are
independent of h.

(c) For every h € R\ {0} and every k € {0,...,2n}, the canonical maps
Hy pe(X,C) — Hj (X, C) — Hi_ (X, C), [alp—pc + [e]a, — [0]n-a,

are well defined. Moreover, if X is an h-00-manifold for some fized h €
R\ {0}, they are isomorphisms, in particular their dimensions equal the k'™
Betti number by, of X, for every k € {0,...,2n}.

Proof. (a) Let [a],—pc € HF (X, C) be an arbitrary class and let
be an arbitrary representative of it. Then dpa = 0 and d_ 10 = 0, hence
dhdiéa = 0, so a defines a class in HF (X, C). To show that [a],_4 is
independent of the choice of representative « of the original class [a],_pc, we
have to show that [a],—4 = 0 whenever [a],_pc = 0. However, this is obvious
since Im (dhdfi) CImdy +Imd 1.

Suppose now that X is an h-00-manifold for some fixed h € R\ {0}. Fix
any k.

=

To show that T]Ek) is injective, suppose that dpa = 0, d_%a =0 (ie «
defines a class [@];—pc) and [a]p—4 = 0 (i.e. T,Ek)([oz}h_Bc) = 0). In particular,
o= dhu—kd_%v for some forms u,v. Then o — dpu = d_%v € kerdhﬂlmd_%,
SO d_%v € Im (dhd_%) thanks to the h-00-assumption. Meanwhile, o — d_%v =
dpu € ker d_% NImdy, so dpu € Im (dhd_%) thanks to the h-00-assumption.
Consequently, o = dpu + d*%U € Im (dhd,%), so [a|p—pc = 0.

To show that T,Ek) is surjective, let o € Cp°(X, C) such that dhd,%a =

0. We need to prove the existence of (k — 1)-forms u,v such that dp(a +
dpu + d_%v) =0 and d_%(a + dpu + d_%v) = 0. (Indeed, we will then have
[a]h,A = [Oz + dpu + d_%U]th = T,Ek)([oz + dpu + d_%’u]h,Bc) with [Oé + dpu +
d_ 1 v|p—pc well defined.) These identities are equivalent to dpd_ 10 = —dpo
and d_%dhu = —d_%a. Since dpa € Imd;, and d_%a € Imd_% while both
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forms are simultaneously dj-closed and d_ 1 -closed, they must be (dpd_ 1 )-

exact thanks to the h-00-assumption. The surjectivity statement follows.

(b) For every h € R\ {0} and every k € {0,...,n}, the following equalities
of subspaces of C;°(X, C) hold:

kerdhﬁkerd_% = kerdnkerd
(28) Imdy, +Imd_y = Imd + Im .

Indeed, for any k-form «, the relation o € ker dpNkerd_ 1 is equivalent to having
_ _ h

hda + da = 0 and —+ 0a + da = 0, whose difference yields (h + +) O = 0,

hence da = 0 and da = 0. The reverse inclusion ker 9Nker d C ker dp Nkerd_ 1

is obvious. Meanwhile, the relation o € Imdp, + Imd_ 1 is equivalent to the

existence of (k—1)-forms wu, v such that a = dhu+d7%v = O(hu—3 v)+0(utv).

Thus, for every k-form o = ) p a9 (written with its pure-type split-

ptq=

ting apparent), the requirement o € ker dj,Nkerd_1 = ker dNker 0 is equivalent

1
n
to the requirements

Z 0a”? =0 and Z daP 1 =0,

p+q=k ptq=k

which, in turn, are equivalent to requiring o9 € ker dNker 0 = ker dj, Nker d_ 1

for all p, q. Similarly, thanks to (iii) of (20), requiring o € Im (dhd_%) = Im(90)
is equivalent to requiring a”? € Im(99) for every p,q. We thus get the first
decomposition of vector spaces stated under (b). The second decomposition is
obtained in a similar way from the second identity in (28) and from (iii) of (20).

(c) The well-definedness of these maps follows at once from the inclusions
ker dj, N ker d*% C kerd;, C ker (dhd*%) and Im (dhdfé) C Imdy, € (Imdy, +
Imd_ 1 ). The bijectivity of these maps when X is supposed to be an h-00-
manifold follows from straightforward applications of this hypothesis, from the
proof of (a) and from the following lemma. O

Lemma 4.14. If X is an h-00-manifold, every dj,-cohomology class [a]q
(of any degree) contains a representative lying in ker dp Nkerd_ 1.

h

Proof. Let a be a smooth k-form such that dpa = 0. We wish to prove
the existence of a smooth (k — 1)-form [ such that d_i(a + dp3) = 0. This

1
h
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amounts to d_%dhﬁ = —d_%a. However, d_%a € kerd;, NIm d_%, so the h-00-
hypothesis ensures that d_ 1o € Im (dpd_ 1 ), proving the existence of (3. O

Recall that it was proved by Angella and Tomassini in [AT12] that on every
compact complex manifold X, the inequality

(29) 2 < Y M+ > MR
p+q=Fk p+Hq=k

holds for every k. Thanks to (b) of Lemma 4.13, this translates in our language
to

(30)  2bp <hF _po+hE 4, forall ke{0,...,2n} and all h € R\ {0},

where hf 5. = dimH} p.(X, C)and hf_, := dimH} ,(X, C). (Recall that
we always have by, = dimH(]jh (X, C) for all k and h # 0, see e.g. Introduction.)
Moreover, the second main result of [AT12] states that equality holds in (29) for
every k if and only if X satisfies version (a) of the d0-lemma (see Introduction).

Corollary 4.15. (a)® Let X be an n-dimensional compact complex mani-
fold. If X is an h-00-manifold for some h € R\ {0}, then X satisfies version

(a) of the d0-lemma (see Introduction).

(b) Let (X¢)iea be a holomorphic family of compact complex manifolds. If
some fibre Xq is an h-00-manifold for some h € R\ {0}, then the h-Bott-Chern
numbers hﬁ_BC(t) = dimH,’f_BC(Xt, C) and the h-Aeppli numbers hi_A(t) =
dimHF _,(X¢, C) remain constant in a neighbourhood of Xo:

hi_po(t) = hi_pc(0)  and  hi_,(t) = hj_4(0)

for all k € {0,...,2n} and all t € A close enough to 0.

Proof. (a) If X is an h-00-manifold for some h € R\ {0}, it follows from
(c) of Lemma 4.13 that 2b, = hf g + hf_, for every k. This is equivalent
to X satisfying version (a) of the 00-lemma by the above discussion and the
second main result of [AT12].

(b) It follows from (b) of Lemma 4.13 that hY () = > pra—k h3A(t) and
hE_a(t) = 2,4 qi M %(t) for all k and all £. Since the Bott-Chern and the
Aeppli numbers are known to satisfy the semicontinuity property h%g(O) >

3This is already obvious from the definitions, but we give a new argument to show the
consistency of several results with one another.
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Rip&(t) and AP 9(0) > W% %(t) for all ¢ close enough to 0 and all p, ¢, we infer the
analogous property for the h-Bott-Chern and the h-Aeppli numbers:

(31) hi_po(0) = by _pe(t) and  hy_,(0) > hi_4(t)

for all ¢ close enough to 0 and all k.

On the other hand, since X is an h-9d-manifold for some h € R\ {0}, we
have 2by, = hf_ 5 (0) + h¥_,(0) for every k (cf. (c) of Lemma 4.13). Hence,
2by, > hY_po(t)+hE_ 4 (t) for every k and every ¢ close enough to 0 thanks also
to (31). However, the reverse inequality 2b, < h¥ o (t) + hf_,(t) also holds
for all ¢t and k thanks to [AT12] (cf. (30)). The result follows. O

4.4 - Deformation openness of the h-00-property

We now prove the following analogue for h-00-manifolds of Wu’s openness
result for J0-manifolds (cf. [Wu06]).

Theorem 4.16. Letw : X — A be a proper holomorphic submersion from
a complex manifold X to a ball A C CN containing the origin. For everyt € A,
let X; := 7 1(t) be the fibre above t. Fix an arbitrary constant h € R\ {0}.

If Xo is an h-00-manifold, then X; is an h-00-manifold for all t € A
sufficiently close to 0.

The proof will follow the pattern of the one given by Wu in [Wu06] for the
deformation openness of the standard 90-property. For the sake of consistency,
we will follow the presentation in §.4.3 of [Pop14] where Wu’s arguments and
some of those in [DGMS75] were re-expalined, while pointing out the changes
needed in our current h-00-context.

We start with some ad hoc terminology that parallels Definition 4.7. in
[Pop14].

Definition 4.17. Let h € R\ {0} be an arbitrary constant. For any given
k=0,1,...,2n, a given n-dimensional compact complex manifold X is said to
satisfy property:

(Ag) if the canonical map Hf g (X, C) — HF ,(X, C) is injective.
This property is equivalent to the property

(A},) kerdp N ker d_% N (Imdy, + Imd_%) = Im(dp, d_’;) as subspaces of
Cr(X, C).

(Bg) if the canonical map Hf (X, C) — HF ,(X, C) is surjective.
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This property is equivalent to the property
(By,) Imdp + Imd_
C(X, C).
(Cy) if the canonical maps HF -(X,C) — HE (X, C) and
HF ,.(X,C)— th (X, C) are injective. '

+ (kerdp N ker d_%) = ker(dp, d_%) as subspaces of

1
h

This property is equivalent to the simultaneous occurrence of
(CL)(@) Imdfi Nkerdy = Im (dy d*%) and
(CL) i) Imdy Nkerd 1 = Im(dp, df%)

1
"
as subspaces of Cp°(X, C).
(Dy) if () Imdp, + ker d_% = ker(dp, d_%) and
(17) Imd_1 +kerd;, = ker(d, d_%)

1
E
as subspaces of C°(X, C).

(Ly) if for every k-form u € kerdy Nkerd_j-1, the following eractness
conditions are equivalent:

u€ Imd, <= ue€Imd_,-1 < uec Im(d,d_j,-1)=Im(90).

Property (Ly) is a restatement of the pair of properties (C})(7) and (C},)(44).
As already pointed out, the following equivalences are immediate:

Meanwhile, the inclusions D in (A}), C in (By}), D in (C})(7), (#) and C in
(D},)(i), (ii) always hold trivially. The following statement is the h-00 analogue
of a fact implicitly proved in [DGMS75] in the standard 99 context and will
provide a key ingredient for the proof of Theorem 4.16.

Proposition 4.18 (the h-00-analogue of Lemma 5.15 in [DGMS75)).
Let h € R\ {0} be an arbitrary constant. Let X be a compact n-dimensional
complex manifold. For every k =1,...,2n, the following equivalences hold

(Li) <= (Ap) <= (Ck) <= (D}_1) <= (Br—1)-

Proof. Fix an arbitrary k € {1,...,2n}. Given the above explanations, it
suffices to prove the equivalences

(A}) <= (Cp) == (Dj1) <= (Bj1).
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Proof of (A4)) = (C}). Let v € C°(X, C) such that dyu = 0 and
u= d_%v for some (k—1)-form v. Then u € ker dj Nker d_% N(Im dp +Im d_%).

So (A},) forces u € Im (dj, d_%). This proves (i) of (C},). The proof of (ii) of
(C},) is similar with dj and d_ 1 reversed.

Proof of (C}) = (4}). Let u € C;°(X, C) such that dpu = 0, d_%u =0
and u = dpv + d_%w for some (k — 1)-forms v and w. Then

e Imdy, > dpv = u — d_ 1w € kerd 1, S0 dpv € Imdy, Nkerd 1=
Im (dpd_ 1), ), the last 1dent1ty of subspaces being given by the hypothe
sis (Cy)(1).

e Imd_ 1 S d_ 1w = u — dpv € kerdy, so d_ 1w € Imd_ 1 Nkerd;, =
Im (dhd 1), ), the last identity of subspaces belng given by the hypothesis

(Ch) (i)
We now get u = dpv + d_%w €Im (dhd_%). This proves (A}).
Proof of (C}) = (Dj,_,). Let u € C° (X, C) such that dhd_%u = 0.
Then:

° d_%u is a k-form and d_%u € kerdy, N Imd_% = Im (dpd_ }L) the last
identity of subspaces being given by the hypothesis (C}.)(i). So d_ _iu=
d_%dhﬁ for some (k — 2)-form (. This amounts to u — d( € kerd_ 1

We get u = dp{ + (u — dp¢) € Imdy, + kerd_1. This proves (Dj,_;)(1).

=

e dpu is a k-form and dpu € ker d_% NImdy, = Im (dhd_%), the last identity
of subspaces being given by the hypothesis (C},)(i7). Hence dpu = dhd_%w
for some (k — 2)-form w. This amounts to u — d_%w € ker dy,.

We get u = d_%w—l—(u—d_%w) € Im d_%—i—ker dp,. This proves (Dj,_,)(i1).
Proof of (Dj_;) = (C}). Let u € C°(X, C) such that dyu = 0 and

u = d;%v for some (k — 1)-form v. Then v € ker(dhdfi) =Imd, + kerdfi,

where the last identity of subspaces is (Dj,_;)(¢). Thus, we can find a (k — 2)-
form w and a (k — 1)-form ¢ such that

v=dpw+( and d_%Czo.

Applying d_%, we get: u = d_}lv = d_%dhw € Im (dhd_%). This proves
(CL) ().
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Reversing the roles of dj and d*%’ we get (C})(it) in a similar way from
(Dy—1)(i)-

Proof of (D)_,) = (By,_,)- Let u € C¢2,(X, C) such that dhd,%U = 0.
Thanks to (Dj._,)(it), we can find a (k — 2)-form v and a (k — 1)-form w such

that
u:d_};v—i—w and w € kerdj,.

Thus dhd_%w =0, so by (D}._)(#) we can write

w=dp,(+p with pe kerd_%
for some (k — 2)-form ¢ and some (k — 1)-form p. We get p = w — d¢ € kerd,
(because w € kerdy). Given the choice of p, this implies that p € kerd, N
kerd 1.

h
Putting the bits together, we have

u:d_%v—l—dhg—l—pe Imd —I—Imdh—l—(kerdhﬂkerd_%).

1

h
: /

This proves (Bj_,).

Proof of (B},_;) = (Dj},_,). This implication is trivial because Im d_% +
(kerdp, Nkerd 1) C ker d_% and Imdp, + (ker dj, N ker d_%) C ker dj,.

h

The proof of Proposition 4.18 is complete. 0

Note that the simultaneous occurence of properties (Ly) for all k£ € {0, ...,
2n} is an a priori weaker condition than the h-00-property since it does not
include the equivalence v € Imnd <= wu € Im(dpd_,-1). However, we can
easily see as a consequence of Proposition 4.18 that these two conditions are
actually equivalent.

Corollary 4.19. Let h € R\ {0} be an arbitrary constant. Let X be a
compact complex manifold with dimcX = n. Fiz an arbitrary k € {0,...,2n}
and suppose that for every k-form u € ker dpNker d_j-1, the following exactness
conditions are equivalent:

u € Imdp, < w€ Imd_j-1 < ue€ Im(dpd_j,-1) = Im(90).

Then, for every k-form u € kerdp Nkerd_j-1, the equivalence “u € Imd
<= ue€Im(dyd_—) = Im(d9)” also holds.

In particular, if the assumption is made for all k € {0,...,2n}, then X is
an h-00-manifold.
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Proof. Since the implication v € Im (dpd_j,-1) = u € Imd is trivial,
we only have to prove the reverse implication for every k-form uw € kerd, N
kerd_j-1. Let u € Imd be such a k-form. Then v € Imdp, + Imd_;-1 thanks
to identity (iv) in (20), so u defines a class [u],—pc € HF 5~ (X, C) that maps
to the zero class in HY ,(X, C) under the canonical map HF (X, C) —
H ,’f_ 4(X, C). Then by (Ay), which holds because it is equivalent to our assump-
tion (L) thanks to Proposition 4.18, this map is injective. Hence, [u],_pc =
0€ HF (X, C),s0uelm(d,d_p1). O

We are now well equipped to prove the deformation openness of the h-00-
property of compact complex manifolds.

Proof of Theorem 4.16. The arguments are analogues in the h-00
context of those given by Wu in the classical 9 context. As in [Wu06], the
main idea is to exploit, for every fixed k, the equivalence

(Lk) <= (Ag) = (Bk-1),

namely the discrepancy of one degree between the characterisation of the h-00-
property for k-forms in terms of the injectivity of the h-BC— h-A-map and in
terms of its surjectivity. This prompts an argument by induction on k, since
the h-00-property holds trivially in degree & = 0 (i.e. for functions).

To show that X; is an h-00-manifold for all ¢t € A sufficiently close to 0,
suppose that the h-90-property holds in degree k on X; for the operators dj,(t)
and d_ 1 (t) induced by the complex structure of X; for all ¢ close to 0. We will
prove that the same is true in degree k + 1.

The h-00 assumption on Xg in degree k implies the following identities
thanks to (c) of Lemma 4.13 and respectively (b) of Corollary 4.15:

dimcHf_po(Xo, C) = dimcHf_ 4(Xo, C),
dimcHF po(Xo, C) = dimcHF po(Xy, C)  for all ¢ close to 0,
dimcHF 4(Xo, C) = dimcHF 4(X;, C)  for all  close to 0.

Hence, dimcH g (X, C) = dimcHF (X3, C) for all t € A close to 0.
Meanwhile, by Proposition 4.18, the induction hypothesis (L;) on X; is
equivalent to the canonical linear map HF 5 (X, C) — HF ,(X:, C) being
injective (property (Ag)). Since these are finite-dimensional vector spaces of
equal dimensions, the linear map H,’f_BC(Xt, C) — HF ,(Xt, C) must also be
surjective. Thus, property (By) holds on X; for all ¢ € A close to 0. However,
thanks to Proposition 4.18, this is equivalent to property (Lg41), i.e. to the
h-00-property in degree k + 1, holding on X; for all ¢ € A close to 0. 0
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