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On a semi-symmetric metric connection on the tangent bundle

with the complete lift metric

Abstract. In this paper, we define a semi-symmetric metric connection
on the tangent bundle equipped with complete lift metric. We compute
the curvature tensors of this connection and study their properties. Also
we investigate conditions for the tangent bundle to be locally conformally
flat with respect to this connection.
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1 - Introduction

Friedmann and Schouten [1] introduced the notion of a semi-symmetric lin-
ear connection on a differentiable manifold. Using Hayden’s idea [2] of a metric
connection with torsion, Yano [6] defined and investigated a semi-symmetric
metric connection on a Riemannian manifold. He proved that a Riemannian
manifold endowed with the semi-symmetric metric connection has vanishing
curvature tensor if and only if the Riemannian manifold is conformally flat.
Later, the generalization of this result for vanishing Ricci tensor of the semi-
symmetric metric connection was shown by Imai in [3,4]. In this paper, first we
shall define a semi-symmetric metric connection on the tangent bundle equipped
with complete lift metric over a pseudo-Riemannian manifold. Secondly, we
find all kinds of curvature tensors and study some properties of them. Finally
we study conditions for the tangent bundle to be locally conformally flat with
respect to the semi-symmetric metric connection.
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2 - Preliminaries

Let M be an n−dimensional differentiable manifold of class C∞. The set
of disjoint union ∪

P∈M
of the tangent spaces for all P ∈ M :

TM = ∪
P∈M

TPM

is called a tangent bundle over M . The natural projection π

π : TM → M

�P → π( �P ) = P

determines the correspondence of ( �P → P ) for any point P ∈ M . The set

π−1(P ) = �P ∈ TPM

is called fibre on P ∈ M . Coordinate systems in M are denoted by (U, xh),
where U is the coordinate neighborhood and (xh), h = 1, ..., n are the coordinate

functions. Let (yh) = (xh), h = n+1, ..., 2n be the Cartesian coordinates in each
tangent space TPM at P ∈ M with respect to natural basis

{
∂

∂xh |P
}
, where P

is an arbitrary point in U with local coordinates (xh). Then we can introduce
local coordinates (xh, yh) on the open set π−1(U) ⊂ TM . Here the coordinate

system of (xh, yh) = (xh, xh) is called induced coordinates on π−1(U) from
(U, xh). The natural projection π is represented by (xh, yh) → (xh). In the
paper, we use Einstein’s convention on repeated indices.

Let X = Xh ∂
∂xh be the local expression in U of a vector field X on M . Let

∇ be a (torsion-free) linear connection on M . The vertical lift V X and the
horizontal lift HX of X are given respectively by

V X = Xh∂h,

and
HX = Xh∂h − ysΓh

skX
k∂h

with respect to the induced coordinates, where ∂h = ∂
∂xh , ∂h = ∂

∂yh
and Γh

jk are
the coefficients of the connection ∇.

With the connection ∇, we can introduce on each induced coordinate neigh-
bourhood π−1(U) of TM a frame field which consists of the following 2n linearly
independent vector fields:

Ej = ∂j − ysΓh
sj∂h,

Ej = ∂j .
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We are calling it as the adapted frame and, following [7], it will be written by

{Eβ} =
{
Ej , Ej

}
. With respect to adapted frame {Eβ}, the vertical lift V X

and the horizontal lift HX of X is expressed by

HX = XjEj ,
V X = XjEj .

3 - Semi-symmetric metric connection on the tangent bundle with
the complete lift metric

3.1 - Semi-symmetric connection

Given a linear connection ∇ on an n− dimensional differentiable manifold,
if there exist a 1−form ϕ, for which

T (X,Y ) = ϕ(Y )X − ϕ(X)Y

then the connection ∇ is said to be semi-symmetric [1]. Here T denotes the
torsion tensor of ∇, that is,

T (X,Y ) = ∇XY −∇Y X − [X,Y ]

for all vector fields X,Y on M . On a (pseudo-)Riemannian manifold (M, g), a
linear connection ∇ is called a metric connection [2] if

∇g = 0.

A linear connection ∇ is said to be a semi-symmetric metric connection if it is
both semi-symmetric and metric [6].

Let M be an n−dimensional pseudo-Riemannian manifold with a pseudo-
Riemannian metric g and let TM be its tangent bundle. The complete lift
metric Cg on TM is defined as follows:

Cg
(
HX,HY

)
= 0,

Cg
(
HX,V Y

)
= Cg

(
VX,HY

)
= g (X,Y ) ,

Cg
(
VX,V Y

)
= 0

for all vector fields X and Y on M , [7]. Cg is a pseudo-Riemannian metric
on TM . Note that the complete lift metric is also called the metric II. The
covariant and contravariant components of the complete lift metric Cg on TM
are respectively given in the adapted local frame by

Cgαβ =

(
0 gij
gij 0

)
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and
Cgαβ =

(
0 gij

gij 0

)
.

For the Levi-Civita connection C∇ of the complete lift metric Cg, we have:

P r o p o s i t i o n 1. The Levi-Civita connection C∇ of (TM,C g) is given by

(3.1)





C∇EiEj = Γk
ijEk + ysR k

sijEk,
C∇EiEj = Γk

ijEk,
C∇Ei

Ej = 0, C∇Ei
Ej = 0,

with respect to the adapted frame {Eβ}, where Γh
ij and R k

sij respectively denote
components of the Levi-Civita connection ∇ and the Riemannian curvature
tensor field R of the pseudo-Riemannian metric g on M (see [7]).

Nowwe are interested in a semi-symmetric metric connection∇on (TM,C g).
We denote the components of the semi-symmetric metric connection ∇ by Γ.
A semi-symmetric metric connection ∇ satisfies

(3.2) ∇α(
Cgβγ) = 0 and Γ

γ
αβ − Γ

γ
βα − [Eα, Eβ ] = T

γ
αβ ,

where T
γ
αβ are the components of the torsion tensor field of ∇. When the

equation (3.2) is solved with respect to Γ
γ
αβ , we find the following solution, [2]:

(3.3) Γ
γ
αβ = CΓγ

αβ + Uγ
αβ ,

where CΓγ
αβ are the components of the Levi-Civita connection of the complete

lift metric Cg,

(3.4) Uαβγ =
1

2
(Tαβγ + T γαβ + T γβα)

and
Uαβγ = U ϵ

αβ
Cgϵγ , Tαβγ = T ϵ

αβ
Cgϵγ .

We put

(3.5) T
k

ij = yjδ
k
i − yiδ

k
j

and all other T
γ
αβ not related to T

k
ij are assumed to be zero, where yi = ysgsi.

By using (3.4) and (3.5), we get the only non-zero component of Uγ
αβ as follows:

U h
ij = yjδ

h
i − yhgij
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with respect to the adapted frame. From (3.3) and (3.1), we have components
of the semi-symmetric metric connection ∇ with respect to the complete lift
metric Cg as follows:

(i) Γ
k

ij = Γ k
ij (v) Γ

k
ij = ysR k

sij + yjδ
k
i − ykgij

(ii) Γ
k

i j = 0 (vi) Γ
k

i j = 0

(iii) Γ
k

i j = 0 (vii) Γ
k

i j = Γ k
ij

(iv) Γ
k

i j = 0 (viii) Γ
k

i j = 0.

Hence we get:

P r o p o s i t i o n 2. The semi-symmetric metric connection ∇ of (TM,C g)
is given by




∇EiEj = Γk
ijEk + {ysR k

sij + yjδ
k
i − ykgij}Ek,

∇EiEj = Γk
ijEk,

∇Ei
Ej = 0, ∇Ei

Ej = 0,

with respect to the adapted frame {Eβ}, where Γh
ij and R s

hji respectively denote
components of the Levi-Civita connection ∇ and the Riemannian curvature
tensor field R of the pseudo-Riemannian metric g on M .

Given a pseudo-Riemannian metric g on a differentiable manifold M , an-
other well known classical pseudo-Riemannian metric on TM is the metric
I + II defined by

�g (XH , Y H
)

= g (X,Y )

�g (XH , Y V
)

= �g (XV , Y H
)
= g (X,Y )

�g (XV , Y V
)

= 0

for all vector fields X,Y on M [7]. The metric I + II has the components

�gαβ =

(
gij gij
gij 0

)

with respect to the adapted frame. Now, we consider the covariant derivation
of the metric I + II with respect to the semi-symmetric metric connection ∇.
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One checks that

∇kgij = Ek�gij − Γ
h
ki�ghj − Γ

h
ki�ghj − Γ

h
kj�gih − Γ

h
kj�gih

= (∂k − ysΓh
sk∂k)gij − Γh

kighj − (ysR h
ski + yiδ

h
k

−yhgki)ghj − Γh
kjgih − (ysR h

skj + yjδ
h
k − yhgkj)gih

= ∂kgij − Γh
kighj − ysRskij − yigkj + yjgki − Γh

kjgih

−ysRskji − yjgik + yigkj

= ∂kgij − Γh
kighj − Γh

kjgih

= ∇kgij = 0,

∇k�gij = Ek�gij − Γ
h
kighj − Γ

h
ki �ghj����

0

− Γ
h
kj����
0

�gih − Γ
h
kj�gih

= ∂kgij − Γh
kighj − Γh

kjgih = ∇kgij = 0,

∇kgij = Ekgij − Γ
h
ki����
0

ghj − Γ
h
kighj − Γ

h
kjgih − Γ

h
kj gih����

0

= ∂kgij − Γh
kighj − Γ

h
kjgih = ∇kgij = 0,

all others are automatically zero. Hence we can state following result.

P r o p o s i t i o n 3. Let (M, g) be a pseudo-Riemannian manifold and TM
be its tangent bundle equipped with the complete lift metric Cg or the metric
I + II. The semi-symmetric metric connection ∇ with respect to the complete
lift metric Cg is also a semi-symmetric metric connection with respect to the
metric I + II.

3.2 - Curvature tensors

The curvature tensor R of the semi-symmetric metric connection ∇ of
(TM,C g) is obtained from the well-known formula

R
( �X, �Y

) �Z = ∇
X̃
∇

Ỹ
�Z −∇

Ỹ
∇

X̃
�Z −∇[X̃,Ỹ ]

�Z

for all vector fields �X, �Y , �Z on TM . From Proposition 2, we get the following.
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P r o p o s i t i o n 4. The curvature tensor R of the semi-symmetric metric
connection ∇ of (TM,C g) is given as follows:

R(Ei, Ej)Ek = R l
ijk El + {ys∇sR

l
ijk }El,

R(Ei, Ej)Ek = R l
ijk El,

R(Ei, Ej)Ek = {R l
ijk + gikδ

l
j − gjkδ

l
i}El,

R(Ei, Ej)Ek = {R l
ijk + gikδ

l
j − gjkδ

l
i}El,

R(Ei, Ej)Ek = 0, R(Ei, Ej)Ek = 0,

R(Ei, Ej)Ek = 0, R(Ei, Ej)Ek = 0

with respect to the adapted frame {Eβ}.

Since the the Levi-Civita connection is the same for the complete lift metric
Cg and the metric I+II, their Riemannian curvature tensors coincide [7]. The
Riemannian curvature tensor R̃ of the Levi-Civita connection of the complete
lift metric Cg (or the metric I + II) is given by

R̃(Ei, Ej)Ek = R l
ijk El + {ys∇sR

l
ijk }El,

R̃(Ei, Ej)Ek = R l
ijk El,

R̃(Ei, Ej)Ek = R l
ijk El,

R̃(Ei, Ej)Ek = R l
ijk El,

R̃(Ei, Ej)Ek = 0, R̃(Ei, Ej)Ek = 0,

R̃(Ei, Ej)Ek = 0, R̃(Ei, Ej)Ek = 0.

On comparing the curvature tensors of the Levi-Civita connection of the com-
plete lift metric Cg (or the metric I + II) and the semi-symmetric metric con-
nection, we have the result below.

C o r o l l a r y 1. Let (M, g) be a pseudo-Riemannian manifold and TM be
its tangent bundle equipped with the complete lift metric Cg. The curvature
tensors of the Levi-Civita connection of the complete lift metric Cg (or the
metric I + II ) and the semi-symmetric metric connection coincide if and only
if gikδ

l
j − gjkδ

l
i = 0.

Th e o r em 1. Let (M, g) be a pseudo-Riemannian manifold and TM be
its tangent bundle equipped with the complete lift metric Cg. The curvature
(0, 4)−tensor R of the semi-symmetric metric connection ∇ holds the followings

i) Rαβγσ +Rβαγσ = 0,
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ii) Rαβγσ +Rαβσγ = 0,

iii) Rαβγσ −Rγσαβ = 0 if and only if gikgjh − gjkgih = 0.

P r o o f. On lowering the upper index of the curvature tensor R of the
semi-symmetric metric connection ∇, the non-zero components of the curvature
(0, 4)−tensor are obtained as follows:

Rijkh = ys∇sRijkh ,(3.6)

Rijk h = Rijkh ,

Rij kh = Rijkh ,

Ri j kh = Rijkh + gikgjh − gjkgih,

Ri j kh = Rijkh + gikgjh − gjkgih.

i) and ii) The results immediately follows from above relations.

iii) With the help of above relations, when we calculate the (0, 4)−tensor:
Pαβγσ = Rαβγσ −Rγσαβ, it follows that

P ijkh = gikgjh − gjkgih,

P i jkh = gikgjh − gjkgih,

P ij k h = gikgjh − gjkgih,

P i j kh = gikgjh − gjkgih

all others are zero. The last relations imply that Pαβγσ = 0 if and only if
gikgjh − gjkgih = 0. �

Let Kαβ = R
σ

σαβ denotes the Ricci tensor of the semi-symmetric metric

connection ∇. Then

Kjk = 2Kjk + (1− n)gjk,(3.7)

Kjk = 0,

K j k = 0,

Kj k = 0

from which the following result follows:

T h e o r em 2. Let (M, g) be a pseudo-Riemannian manifold and TM be its
tangent bundle equipped with the complete lift metric Cg. The Ricci tensor of
the semi-symmetric metric connection ∇ is symmetric.
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A (pseudo-)Riemannian manifold (M, g) is called an Einstein manifold if
the relation

Kjk = λgjk

holds with a scalar function λ, where K is the Ricci tensor of (M, g). It imme-
diately follows from (3.7) that:

T h e o r em 3. Let (M, g) be a pseudo-Riemannian manifold and TM be its
tangent bundle equipped with the complete lift metric Cg. Then TM is Ricci
flat with respect to the semi-symmetric metric connection ∇ if and only if M
is a Einstein manifold.

A (pseudo-)Riemannian manifold (M, g) is called Ricci semi-symmetric if
the following condition is satisfied: [5]

R(X,Y ).K = 0,

where R(X,Y ) is a linear operator acting as a derivation on the Ricci curvature
tensor K of (M, g).

The curvature operator R(X̃, Ỹ ) is a differential operator on TM for all
vector fields X̃ and Ỹ . Now, we operate the curvature operator R(X̃, Ỹ ) to

the Ricci curvature tensor K, that is, for all Z̃, W̃ , we consider the condition
(R(X̃, Ỹ )K)(Z̃, W̃ ) = 0. In the case, we shall call TM Ricci semi-symmetric
with respect to the semi-symmetric metric connection ∇.

In the adapted frame {Eβ}, the tensor (R(X̃, Ỹ )K)(Z̃, W̃ ) is locally ex-
pressed as follows:

(3.8) (R(X̃, Ỹ )K)(Z̃, W̃ )αβγθ = R
ε

αβγKεθ +R
ε

αβθKγε.

Similarly, in local coordinates,

((R(X,Y )K)(Z,W )ijkl = R p
ijk Kpl +R p

ijl Kkp.

Th e o r em 4. Let (M, g) be a pseudo-Riemannian manifold and TM be its
tangent bundle equipped with the complete lift metric Cg. Then TM is Ricci
semi-symmetric with respect to the semi-symmetric metric connection ∇ if and
only if M is Ricci semi-symmetric.
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P r o o f. By putting α = i, β = j, γ = k, θ = l in (3.8), we find

(R(X̃, Ỹ )K)(Z̃, W̃ )ijkl

= R
h

ijk Khl +R
h

ijl Kkh

= R h
ijk [2Khl + (1− n)g

hl
] +R h

ijl [2Kkh + (1− n)gkh]

= 2(R h
ijk Khl +R h

ijl Kkh) + (1− n)(Rijkl +Rijlk︸ ︷︷ ︸
0

)

= 2(R h
ijk Rhl +R h

ijl Rkh)

= 2((R(X,Y )Ric)(Z,W ))ijkl

all the others being zero. This finishes the proof. �

For the scalar curvature r of the semi-symmetric metric connection ∇ with
respect to Cg, we find

r = Kαβ
Cgαβ = Kjk

Cgjk +Kjk
Cgjk +Kjk

Cgjk +Kjk
Cgjk = 0.

Then we can state the following.

Th e o r em 5. Let (M, g) be a pseudo-Riemannian manifold and TM be
its tangent bundle equipped with the complete lift metric Cg. The scalar curva-
ture of TM with the semi-symmetric metric connection ∇ with respect to Cg
vanishes.

3.3 - Locally conformally flatness

In this section we investigate locally conformally flatness propertyof (TM,C g)
with respect to the semi-symmetric metric connection ∇.

T h e o r em 6. Let (M, g) be a pseudo-Riemannian manifold and TM be its
tangent bundle equipped with the complete lift metric Cg. Then TM is locally
conformally flat with respect to the semi-symmetric metric connection ∇ if and
only if M is locally flat and gikgjh − gjkgih = 0.

P r o o f. Here, we prove the only necessary conditions of Theorem because
the sufficient condition directly follows. Let ∇ be the semi-symmetric metric
connection on the tangent bundle (TM,C g). The tangent bundle (TM,C g) is
locally conformally flat with respect to the semi-symmetric metric connection
∇ if and only if the components of the curvature (0, 4)−tensor R of TM satisfy
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the following relation:

Rαγβµ = − r

2(2n− 1)(n− 1)

{
Cgαβ

Cgγµ −C gαµ
Cgγβ

}

+
1

2(n− 1)

(
CgγµKαβ −C gαµKγβ +C gαβKγµ −C gγβKαµ

)
.

From (3.7) we find

Rijkh = 0

(3.9) Rijkh =
1

(n− 1)
(gjhRik − gjkRih)−

1

2
(gikgjh − gjkgih)

(3.10) Rijkh =
1

(n− 1)
(gikRjh − gihRjk)−

1

2
(gikgjh − gjkgih)

(3.11) Rijkh =
1

(n− 1)
(gikRjh − gjkRih)−

1

2
(gikgjh − gjkgih)

(3.12) Rijkh =
1

(n− 1)
(gjhRik − gihRjk)−

1

2
(gjhgik − gihgjk) .

Subtracting (3.12) (resp.(3.11)) from (3.9) (resp. (3.10)), we respectively have

gikgjh − gjkgih =
1

(n− 1)
(gihRjk − gjkRih)

gikgjh − gjkgih =
1

(n− 1)
(gjkRih − gihRjk)

from which, the sum of the last two equations gives

gikgjh − gjkgih = 0.

In this case, by means of (3.10) and (3.7), we get Rijkl = 0 which completes
the proof. �
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