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On a semi-symmetric metric connection on the tangent bundle

with the complete lift metric

Abstract. In this paper, we define a semi-symmetric metric connection
on the tangent bundle equipped with complete lift metric. We compute
the curvature tensors of this connection and study their properties. Also
we investigate conditions for the tangent bundle to be locally conformally
flat with respect to this connection.

Keywords. Semi-symmetric metric connection, tangent bundle, com-
plete lift metric.

Mathematics Subject Classification (2010): 53B20, 53C07,
53C35.

1 - Introduction

Friedmann and Schouten [1] introduced the notion of a semi-symmetric lin-
ear connection on a differentiable manifold. Using Hayden’s idea [2] of a metric
connection with torsion, Yano [6] defined and investigated a semi-symmetric
metric connection on a Riemannian manifold. He proved that a Riemannian
manifold endowed with the semi-symmetric metric connection has vanishing
curvature tensor if and only if the Riemannian manifold is conformally flat.
Later, the generalization of this result for vanishing Ricci tensor of the semi-
symmetric metric connection was shown by Imai in [3,4]. In this paper, first we
shall define a semi-symmetric metric connection on the tangent bundle equipped
with complete lift metric over a pseudo-Riemannian manifold. Secondly, we
find all kinds of curvature tensors and study some properties of them. Finally
we study conditions for the tangent bundle to be locally conformally flat with
respect to the semi-symmetric metric connection.
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2 - Preliminaries

Let M be an n—dimensional differentiable manifold of class C*°. The set
of disjoint union PUM of the tangent spaces for all P € M:
€

TM = U TpM
PeM

is called a tangent bundle over M. The natural projection 7

™ : TM—-M
P - nm(P)=P

determines the correspondence of (]5 — P) for any point P € M. The set
mY(P)= PeTpM

is called fibre on P € M. Coordinate systems in M are denoted by (U, z"),
where U is the coordinate neighborhood and (z"), h = 1, ..., n are the coordinate
functions. Let (y*) = (z"), h = n+1, ..., 2n be the Cartesian coordinates in each
tangent space TpM at P € M with respect to natural basis {{;% \p}, where P
is an arbitrary point in U with local coordinates (z"). Then we can introduce
local coordinates (z",y") on the open set 7=*(U) € T M. Here the coordinate
system of (2 y") = (2,2") is called induced coordinates on 7~ 1(U) from
(U,z"). The natural projection 7 is represented by (z,y") — (2). In the
paper, we use Einstein’s convention on repeated indices.

Let X =X h% be the local expression in U of a vector field X on M. Let
V be a (torsion-free) linear connection on M. The vertical lift ¥ X and the
horizontal lift # X of X are given respectively by

VX — Xhaﬁ’
and
X = X"op — y° Tl X 0,

_0_
oyh

with respect to the induced coordinates, where 9y, = Wah, oy
the coefficients of the connection V.

With the connection V, we can introduce on each induced coordinate neigh-
bourhood 771(U) of TM a frame field which consists of the following 2n linearly
independent vector fields:

h
and ij are

Ej = 8;—y'TLoy,

sj
E; = 05
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We are calling it as the adapted frame and, following [7], it will be written by
{Eg} = {Ej, E;}. With respect to adapted frame {Ejg}, the vertical lift VX
and the horizontal lift 77X of X is expressed by

X = XIE;

VX = XIFE;.

3 - Semi-symmetric metric connection on the tangent bundle with
the complete lift metric

3.1 - Semi-symmetric connection

Given a linear connection V on an n— dimensional differentiable manifold,
if there exist a 1—form ¢, for which

T(X,Y)=o(Y)X - o(X)Y

then the connection V is said to be semi-symmetric [1]. Here T' denotes the
torsion tensor of V, that is,

T(X,Y)=VxY —VyX —[X,Y]

for all vector fields X,Y on M. On a (pseudo-)Riemannian manifold (M, g), a
linear connection V is called a metric connection [2] if

Vg =0.

A linear connection V is said to be a semi-symmetric metric connection if it is
both semi-symmetric and metric [6].

Let M be an n—dimensional pseudo-Riemannian manifold with a pseudo-
Riemannian metric ¢ and let TM be its tangent bundle. The complete lift
metric “g on TM is defined as follows:

Cg (HX,H Y) — 0’

Cg (HX,VY) — Cg (VX,HY) :g(ij)’

Cg (VX,VY) = 0
for all vector fields X and Y on M, [7]. % is a pseudo-Riemannian metric
on T'M. Note that the complete lift metric is also called the metric I1. The

covariant and contravariant components of the complete lift metric g on TM
are respectively given in the adapted local frame by

c, _( 0 g
Jos (gz‘j 0)
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cop_ [ 0 g¥
ga—<gij 0 :

For the Levi-Civita connection ¢V of the complete lift metric g, we have:

and

Proposition 1. The Levi-Civita connection N of (TM.,C g) is given by

OV, Ej = rijk + ysRsi’;EE,
(3.1) OV, B; =T} Ex,

“VEE; =0, “VgE; =0,

with respect to the adapted frame {Eg}, where Ff”j and Rsi';- respectively denote
components of the Levi-Civita connection V and the Riemannian curvature
tensor field R of the pseudo-Riemannian metric g on M (see [T]).

Now we are interested in a semi-symmetric metric connection Von (T'M, g).
We denote the components of the semi-symmetric metric connection V by I
A semi-symmetric metric connection V satisfies

(3.2) Va(©gsy) =0and T}y — Th, — [Ea, Egl = T,

where Tlﬁ are the components of the torsion tensor field of V. When the
equation (3.2) is solved with respect to flﬁ, we find the following solution, [2]:

il C
(33) Lap = "Tos +Uas
where CI‘l 5 are the components of the Levi-Civita connection of the complete

lift metric “g,

1 _ _
(3.4) Uapy = 5(Tapy + Trap + Topa)

and
C ol C
Uagy = Uss~ 9eys Tapy =Tap ey
We put

- k
(3.5) T, = yjdf - 211‘5;'C
and all other Tlﬁ not related to Tij ¥ are assumed to be zero, where y; = y°gs;.
By using (3.4) and (3.5), we get the only non-zero component of Ugﬁ as follows:

Usj M= yjélh - yhgij
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with respect to the adapted frame. From (3.3) and (3.1), we have components

of the semi-symmetric metric connection V with respect to the complete lift
metric “g as follows:

N kK k
()) Ty =Ty" (v) Ti;" = y*Ry* +y;0F — y s
(i) T5 F =0 (i) T =0
o=k R
(i) Ty 5 =0 (vii) Ty =Ty*
(i) T;5 =0 (vidi) T5 5 = 0.

Hence we get:

Proposition 2. The semi-symmetric metric connection V of (TM,° g)
s given by
Vi Ej = T5Ee + {y° R " + y;0F — yFgi;} B,
Vi, E; =T By,
Vg Ej=0, Vg.E; =0,
with respect to the adapted frame {Eg}, where F?j and Ry ° respectively denote

components of the Levi-Civita connection V and the Riemannian curvature
tensor field R of the pseudo-Riemannian metric g on M.

Given a pseudo-Riemannian metric g on a differentiable manifold M, an-

other well known classical pseudo-Riemannian metric on 7'M is the metric
I + I defined by

g(xT v = g(Xx,Y)
(X YY)y = g(xV. v =g(Xx,Y)
g(xXVYY) = o0

for all vector fields X,Y on M [7]. The metric I + I] has the components

~ _( 95 Gij
Jos <9z'j 0)

with respect to the adapted frame. Now, we consider the covariant derivation
of the metric I + II with respect to the semi-symmetric metric connection V.
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One checks that
= _ ~ =h ~ —=h ~ —h ~ —h ~
Vidi; = Exgij — Urignj — Uri9n; — Ursi9in — Uij9im
= (O — v Tl gi — Thigni — (W Ry + vidy
—y" ki) anj — Thigin — (W° Ra" + ik — v"9i) gin
= Okgij — Ukigns — v*Rypij — Vigks + Yighi — Uiin
—Y Rpii — YjGik + Yigkj
= Ogij — Thign; — Tkigin
= ngz'j = 0,
~ ~ —h _ —=h - —=h ~ —h ~
vkgij = Ek’gij - Fkighj — I Inj — U5 9in — Ui59:3
<~~~
0 0
= Ohgij — Tlgnj — Fngih = Vigi; =0,

= _ _ —h _ —h _ —h _ —=h _
Vg, = Exg;; — Tii 9ng — Vkidn; — UkiGin — Ukj 9
0 0

=h
= Okgij — Lhignj — Trjgin = Virgij =0,
all others are automatically zero. Hence we can state following result.

Proposition 3. Let (M,g) be a pseudo-Riemannian manifold and T M
be its tangent bundle equipped with the complete lift metric ©g or the metric
I+ II. The semi-symmetric metric connection V with respect to the complete
lift metric ©g is also a semi-symmetric metric connection with respect to the
metric I + I1.

3.2 - Curvature tensors

The curvature tensor R of the semi-symmetric metric connection V of
(TM,C g) is obtained from the well-known formula

R(X.Y)Z=VgVyZ-VyVsZ~Vig5)Z

for all vector fields X , 17, Z on TM. From Proposition 2, we get the following.
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Proposition 4. The curvature tensor R of the semi-symmetric metric
connection V of (TM,C g) is given as follows:

R(E;, Ej)E, = RijklEl‘i'{ySVsRijkl}EZ,
R(E;,E;)Ey = Ry;'Ey,

R(Ei, E5)E, = {Ry' + gad; — gindi} B,
R(E;, Ej)Ey = {Ry.' + gindl — gjrdl} Ey,
R(E;E;)E, = 0, R(E;, Ej)E; =0,
R(E.E;)E; = 0, R(E;, B5)E;=0

with respect to the adapted frame {Eg}.

Since the the Levi-Civita connection is the same for the complete lift metric
Cg and the metric 411, their Riemannian curvature tensors coincide [7]. The
Riemannian curvature tensor R of the Levi-Civita connection of the complete
lift metric “g (or the metric I + IT) is given by

R(E;, Ej)Er = RijklEl+{ysvst’jkl}E’y
ﬁ(Ez‘an)EE = RijklEiy

R(E;, B;)Ex = RylB,

R(E;, Ej)E, = Ry,'E,

R(E;, E5)B, = 0, R(E;, E;)Ey =0,
R(E;, E;)B; = 0, R(E;, E;)Ey; =0.

On comparing the curvature tensors of the Levi-Civita connection of the com-
plete lift metric “g (or the metric I + IT) and the semi-symmetric metric con-
nection, we have the result below.

Corollary 1. Let (M,g) be a pseudo-Riemannian manifold and T M be
its tangent bundle equipped with the complete lift metric ©g. The curvature
tensors of the Levi-Civita connection of the complete lift metric ©g (or the
metric I + 11 ) and the semi-symmetric metric connection coincide if and only

if gird5 — gjrd; = 0.

Theorem 1. Let (M,g) be a pseudo-Riemannian manifold and TM be
its tangent bundle equipped with the complete lift metric ©g. The curvature
(0,4)—tensor R of the semi-symmetric metric connection V holds the followings

i) Eagfyg + Eﬁavg =0,
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”) Raﬁwa + Raﬂa'y =0,

111) Rapgyo — Rygap = 0 if and only if gikgin — gjkgin = 0.

Proof. On lowering the upper index of the curvature tensor R of the
semi-symmetric metric connection V, the non-zero components of the curvature
(0,4)—tensor are obtained as follows:

(3.6) Rijin = Y'VsRijn,
Eijk o= R,
Eij o= Bijrn
Ri5wn = Rign + 9ikgin — GikGin,
Rijwn = Rijn + 9ikGin — girYin-

i) and ii) The results immediately follows from above relations.
_iii) With the help of above relations, when we calculate the (0,4)—tensor:
Pogyoe = Rapyo — Rygapy it follows that

Pz‘jkﬁ = 9ik9ih — 9jkGin,
ijkh = YikGjh — 9jkTih,
Pij En — 9ik9jn — 9jkGih,
Pi Fkh = Yik9ih — 9jkGin

all others are zero. The last relations imply that Pyg,e = 0 if and only if
9ik9jh — 9jkgin = 0. O

Let Kop = Emﬁ 7 denotes the Ricci tensor of the semi-symmetric metric
connection V. Then

(3.7) Ky, = 2K+ (1 —n)gjk,
Kg = o0,
K-, = 0,
K}E =0

from which the following result follows:

Theorem 2. Let (M, g) be a pseudo-Riemannian manifold and T M be its
tangent bundle equipped with the complete lift metric ©g. The Ricci tensor of
the semi-symmetric metric connection V is symmetric.
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A (pseudo-)Riemannian manifold (M, g) is called an Einstein manifold if
the relation

Kji = Agjk

holds with a scalar function A\, where K is the Ricci tensor of (M, g). It imme-
diately follows from (3.7) that:

Theorem 3. Let (M,g) be a pseudo-Riemannian manifold and T M be its
tangent bundle equipped with the complete lift metric ©g. Then TM is Ricci
flat with respect to the semi-symmetric metric connection ¥V if and only if M
1s a Finstein manifold.

A (pseudo-)Riemannian manifold (M, g) is called Ricci semi-symmetric if
the following condition is satisfied: [5]

R(X,Y).K =0,

where R(X,Y) is a linear operator acting as a derivation on the Ricci curvature
tensor K of (M, g).

The curvature operator R(X,Y) is a differential operator on TM for all
vector fields X and Y. Now, we operate the curvature operator R(X Y) to
the Ricci curvature tensor K, that is, for all Z, W we consider the condition
(R(X,Y)K)(Z, W) = 0. In the case, we shall call TM Ricci semi-symmetric
with respect to the semi-symmetric metric connection V.

In the adapted frame {Ejs}, the tensor (R(X,Y)K)(Z,W) is locally ex-
pressed as follows:

(38) (R(X7 ?)?)(Z’ W)aﬂv@ =R EKEG + chﬁ;f'ya-

aBy

Similarly, in local coordinates,

(R(X,Y)K)(Z,W)iju = R, ;' Kp + R, ;" Kip.

ijk 15l

Theorem 4. Let (M, g) be a pseudo-Riemannian manifold and T M be its
tangent bundle equipped with the complete lift metric ©g. Then TM is Ricci
semi-symmetric with respect to the semi-symmetric metric connection V if and
only if M 1is Ricci semi-symmetric.
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Proof. By putting a =4,8 =j,v=k,0 =1 in (3.8), we find

it K

z‘jl?[QKhl + (1 =n)g,,] + Rijlh[QKkh + (1 —n)gkn]

= Q(Rijthhl + Rijlthh) + (1 = n) (R + Bijik)
—_—

= 2(Ry "Ru+ Rij; "Rin)

= 2((R(X,Y)Ric)(Z,W))ijni

ijl

all the others being zero. This finishes the proof. O

For the scalar curvature 7 of the semi-symmetric metric connection V with
respect to ©g, we find

F = Kol = Kl + K3 Cg* + K 3 CgF + KCgF = 0,
Then we can state the following.

Theorem 5. Let (M,g) be a pseudo-Riemannian manifold and TM be
its tangent bundle equipped with the complete lift metric ©g. The scalar curva-
ture of TM with the semi-symmetric metric connection ¥ with respect to g
vanishes.

3.3 - Locally conformally flatness

In this section weinvestigate locally conformally flatness property of (TM.C g)
with respect to the semi-symmetric metric connection V.

Theorem 6. Let (M, g) be a pseudo-Riemannian manifold and T M be its
tangent bundle equipped with the complete lift metric ©g. Then TM is locally
conformally flat with respect to the semi-symmetric metric connection V if and
only if M is locally flat and g;xgjn — gjkgin = 0.

Proof. Here, we prove the only necessary conditions of Theorem because
the sufficient condition directly follows. Let V be the semi-symmetric metric
connection on the tangent bundle (T'M, g). The tangent bundle (T'M,° g) is
locally conformally flat with respect to the semi-symmetric metric connection
V if and only if the components of the curvature (0,4)—tensor R of TM satisfy
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the following relation:

- T c. c c_ C
Ronpu = — 2(2n — 1)(n — 1) {908 991 =" 9a" 9458}
1 c = ¢ = .. T .
+ 2n—1) (“9vuEas =" gapKys + gapKyu = grpKapn) -
From (3.7) we find
Rijkn =0
— 1 1
(3.9) Ry = 1) (gjnRir — gjrRin) — 3 (9ikGjn — gjkGin)
_ 1 1
(3.10) Ry n = — (i Rjn — 9inRjr) — = (9ik9jn — Gjkgin)
J (n—1) 2
_ 1 1
(3.11) R, & = —— (9 Rjn — 9 Rin) — = (9ik9jn — 9jkYin)
A P 2
— 1 1
: i = = (ginRik — ginRjx) — = (9ingik — Gingjk) -
(3.12) R, (n—l)( R Rj) 2( )

Subtracting (3.12) (resp.(3.11)) from (3.9) (resp. (3.10)), we respectively have
1
9ik9ih — 9jkGih = O] (ginRjr — gjrRin)

1
9ik9ih — 9jkGih = )] (gjxRin — ginRjr)

1)
from which, the sum of the last two equations gives
9ik9ih — 9jkgin = 0.

In this case, by means of (3.10) and (3.7), we get R;jp; = 0 which completes
the proof. 0
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