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A multiplicity result for a fractional p-Laplacian problem
without growth conditions

Abstract. Using an abstract critical point result due to Ricceri and
combining a truncation argument with a Moser-type iteration, we es-
tablish the existence of at least three bounded solutions for a fractional
p-Laplacian problem depending on two parameters and involving non-
linearities with arbitrary growth.
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1 - Introduction

In this paper we investigate the existence of multiple solutions for the fol-
lowing fractional p-Laplacian problem

" { (—A)su = A (2, 0) + pg(z,u) in Q

u=0 in RV \ Q,
where  C RY is a smooth bounded open set, s € (0,1), p € (1,00), A and p
are real parameters, f: Q xR — R and g: Q2 x R — R are two Caratheodory
functions. Here (—A)j is the fractional p-Laplacian operator defined, for any
u: RNV — R smooth enough, by the formula

u(z) — u(y)|P2(u(z) — u
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consistent, up to some normalization constant depending upon N and s, with
the definition of fractional Laplacian (—A)?® in the case p = 2.

In the last decade a great interest has been devoted to the study of frac-
tional operators, both for the pure mathematical research and in view of their
relevance in many fields, due to the fact that they appear in many different and
several contexts such as phase transitions, crystal dislocations, anomalous dif-
fusions, minimal surfaces, fluid dynamics, just to name a few. For more details
on this subject we refer the interested reader to [11] and [22].

In particular way, in recent years, non-local problems involving the frac-
tional p-Laplacian operator have received the attention of many mathemati-
cians. Franzina and Palatucci [14] and Lindgren and Linqvist [18] studied
the eigenvalue problem (—A)ju = A|u|P~2u, proving some properties of the
first eigenvalue and of the higher order eigenvalues. Pucci et al. [26] obtained
a multiplicity result for the following nonhomogeneous Schrédinger-Kirchhoff
equation

_ p
uy dedy (~A)ju+ V(@0 = f(z,u) + g(z) in BY,

R2N

where f satisfies the Ambrosetti-Rabinowitz condition, V' is an external po-
tential, and g € L%(RN ) is a perturbation term. Iannizzotto et al. [15]
established by means of variational and topological methods, some existence
and multiplicity results for subcritical fractional p-Laplacian problems with ho-
mogeneous Dirichlet boundary conditions of the type

(=A)ju = h(z,u) inQ
u=0 in RV \ Q.

Mosconi et al. [24] dealt with the existence of nontrivial solutions for a fractional
Brezis-Nirenberg problem. In [2] the author established via a variant of the
Fountain Theorem, the existence of infinitely many solutions for a fractional
p-Laplace equation in RN with a potential V(z) allowed to be sign changing,
and a p-superlinear nonlinearity. Di Castro et al. [9] proved a general Harnack
inequality for minimizers of nonlocal, possibly degenerate, integro-differential
operators, whose model is the fractional p-Laplacian operator; see also [10,17]
for related regularity results. In [4] the author investigated the existence of
nontrivial solutions for a fractional p-Laplacian problem via a generalization of
the Struwe-Jeanjean monotonicity trick.

Motivated by the above papers, in the present work we aim to study the
multiplicity of weak solutions of a non-local parametric problem in presence
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of perturbations with arbitrary growth. It is worth recalling that when f is
superlinear at zero and sublinear at infinity, and sp < N, the existence of
three critical points can be obtained by using the abstract result in [28]; see
for instance [21,23] for related results in non-local setting. The situation is
completely different if g has a super-critical or arbitrary growth, because the
corresponding Euler-Lagrange functional associated with problem (1) is not
well-defined on the fractional Sobolev space WP (2), and we cannot apply di-
rectly known variational techniques. To overcome this difficulty we borrow some
ideas developed in [6,12,16,19,30] in which the authors established some mul-
tiplicity results for boundary value problems with nonlinearities having critical,
super-critical and arbitrary growth; see also [7,13] for super-critical problems
in RY. More precisely, we first consider a truncated problem [27] with sub-
critical growth, and then we apply the abstract critical point in [28] to get a
multiplicity of solutions ug for truncated problem (Pg). At this point we use
an appropriate Moser-iteration scheme [20,25] to prove that, if K is chosen
in a suitable way, the solutions of the truncated problem also verify the orig-
inal problem (1). We mention that in a recent paper [5] a similar argument
combined with a variant of the extension method [8] obtained by the author
in [1, 3], has been used to prove the existence of multiple periodic solutions.
Anyway, the iteration used in [5] does not work when we have an arbitrary
perturbation. We also point out that due to the presence of non-local operator
(—=A)5, which is not linear when p # 2, the approach developed in [5] is not so
easy to adapt in our setting, and more accurate arguments are needed.

Before stating our main result we introduce the main assumptions on the
nonlinearities appearing in (1). Let us denote by A the class of Caratheodory
functions h : 2 x R — R such that

sup |h(z,t)] € L*(Q) for any M > 0.
<M

We assume that the nonlinearity f : @ x R — R belongs to the class A and
satisfies the following assumptions:

(f1) limy 0 = = 0 uniformly in x € Q;

f(z,t)

W’ﬁ = 0 uniformly in z € €;

(f2) limp o

(f3) supsep infzeq f(z,t) > 0.

Then we are able to prove the following result.
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Theorem 1.1. Let f € A be a function verifying (f1)-(f3), and let

0= Ling W Wd$dy. F
= Eln { T P, 0)dz ! (x,u)dx > O}.

Then, for each compact interval [a,b] C (0,00), there exists p > 0 with the
following property: for every X\ € [a,b] and for every g € A, there exists u* > 0
such that for every u € [0, u*], problem (1) has at least three weak solutions
whose norms in Wy'P(Q) are less than p.

We underline that the parameters 6 and p appearing in Theorem 1.1 depend
on f but not on the particular choice of g. This enables to truncate the pertur-
bation g in an appropriate way and apply the abstract multiplicity result in [28]
to obtain the existence of at least three solutions for the truncated problem.
Applying a suitable iteration technique, we will prove that these functions are
bounded and, as a consequence, they will be solutions to (1).

The paper is organized as follows. In Section 2 we recall some basic facts
concerning the fractional Sobolev spaces. In Section 3 we provide the proof of
Theorem 1.1 and we present an application.

2 - Preliminaries

In this section we collect some useful results related to the fractional Sobolev
spaces. For more details on this topic, we derive the interested reader to [11,22].
Let s € (0,1) and p € (1,00). We denote by

Np
if N >
pii=14 N —sp ' °p
o0 if N <sp
the critical Sobolev exponent, and we set
) DS if N> sp
Ps == any positive number > p if N < sp.

Let v : RV — R be a measurable function. We say that u belongs to the space
WeP(RN) if u € LP(RY) and

- u(z) — u(y)[”

R2N
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Then W#P(RY) is a Banach space with respect to the norm

1/p
lullwoany = [l vy + [nany) -

We introduce the following closed linear subspace (see [22,29] for the case
p=2)
WeP(Q) = {ue WeP(RN) s u(z) =0 ae. in RV \ Q},

which can be equivalently renormed by setting
HUHW(;W(Q) = [U]W&P(RN)'

We denote by (W=7 (Q), |- lyy—s. (o)) the dual space of (W5 (Q), ||| wsr())-
Here p’ is the conjugate exponent of p, that is p’ = -2
p

In what follows, we recall some useful properties concerning the fractional
Sobolev space WyP(Q).

Theorem 2.1.[11] Let s€(0,1) and pe (1, 00). Then (W' (), ||-]| Wer(Q))
is a separable and reflexive Banach space.

Theorem 2.2. [11] Let s € (0,1) and p € [1,00).

o If N > sp, then the embedding Wy () C L"(Q) is continuous for any
r € [1,pk], and compact for r € [1,p%).

o If N = sp, then WJP(Q) is continuously embedded into L" () for any
T € [p,0).
_N

o If N < sp, then W (Q) is continuously embedded into o (Q).

Now we provide the notion of weak solution for equations driven by the
fractional p-Laplacian operator with homogeneous Dirichlet boundary condi-
tions.

Definition 2.1. Let f € WP (Q). We say that u € W;P(Q) is a weak
solution to (1) if

/ u(z) — u(y)P~*(u(z) — u(y))

’x — y|N+sp

(v(z) = o(y)) dedy = (f,v)

R2N

holds for any v € WyP(Q2). Here (-,-) denotes the duality pairing between
WP(Q) and its dual W= ().
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3 - Proof of Theorem 1.1

In the present section, we discuss the existence and the multiplicity of bounded
solutions to (1). To achieve our purpose, we will apply an abstract multiplicity
theorem and we use a truncation argument with a Moser iteration technique.
Firstly we recall some useful notations. If X is a real Banach space, we denote
by Wx the class of all functionals ® : X — R having the following property:
if {u;};en is a sequence in X converging weakly to u € X and

liminf ®(u;) < ®(u),

J—00
then {u;};jcn has a subsequence converging strongly to w.
Now we state the following fundamental result due to Ricceri [28].

Theorem 3.1. [28] Let X be a separable and reflexive real Banach space;
®: X = R a coercive, sequentially weakly lower semicontinuous C-functional
belonging to Wy, bounded on each bounded subset of X, and whose derivative
admits a continuous inverse on X*; and J : X — R a C'-functional with
compact derivative. Assume that ® has a strict local minimum u with ®(u) =
J(u) = 0. Finally, setting

) J(u) . J(u)
o = max< 0, limsup —=, lim su
{ ||u||—>o£) D) usa D(u)

8= sup 7J(u) ,
u€P—1(0,00) (u)

assume that o < 3. Then, for each compact interval [a,b] C (%, é) there exists

p > 0 with the following property: for every X € [a,b] and every C'-functional
U : X — R with compact derivative, there exists § > 0 such that for each
w € 10,9], the equation

O (u) = N (u) + p¥'(u)
has at least three solutions in X whose norms are less than p.

In order to apply the above theorem, we define the following functionals

1 p
D) = [l ) and J(u) = / Fla, u)dz.

Q

for any u € W;"(Q2). Using Theorem 2.1 and Theorem 2.2, and recalling the
definition of p%, we deduce that Wy " (Q) is a reflexive Banach space which is
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continuously embedded into L5 (£2). From the assumptions on f, it is clear that
J is a continuously Gateaux differentiable functional with compact derivative.
Now we prove the following useful result.

Lemma 3.1. Assume that f € A satisfies (f1)-(f2). Then we have
J(u) (u)

(2) limsup ——= <0 and limsup ——= <0.
ey ) o0 P(2) P (u)
0

<

”“HWS’?’(Q)‘)O
Proof. Fix ¢ > 0. Using assumption (f1) there exists d. > 0 such that
(3) |f(x,t)] < et~ for ae. x € Q, for any [t| < J..

Now we take r € (p,p%). From assumption (f2) we deduce that there exists
M, > 0 such that

(4) |f(z,t)| < elt|"! for a.e. 2 € Q, for any |t| > M..
Putting together (3) and (4) we can find C; > 0 such that
(5) |f(z, )] < |t~ 4 Cc|t|"! for ae. 2 € Q, for any t € R.

Taking into account (5) and Theorem 2.2 we get

(6) / Fa,u)dz | < Cellullfyen g + 2 ull s o)
Q

from which we obtain (being r > p) that

(7) lim sup MSC”’E.
el )0 (u)

From the arbitrariness of ¢ we can infer that the first relation of limit in (2)
holds true. Now we prove the second relation of limit in (2). Using (f2) there
exists M, > 0 such that

(8) |f(x,t)| < elt]P~! for ae. z € Q, for any [t| > M..
Since f € A, there exists C. > 0 such that

9) |f(z,t)] < C; for ae. z € Q, for any |t| < M..
Putting together (8) and (9) we find

(10) |f(z,t)] < C. 4 €|t[P~! for ae. z € Q, for any t € R.
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Therefore, using (10) and Theorem 2.2 we get

/F('q;?u)dx < Cé”UHWOS’p(Q) +C/'€|’UHI;/I/O&P(Q);
Q

and this implies that

J(u)

(11) limsup —+ <C"¢

el vy —o0 ()
for any € > 0. This ends the proof of lemma. O

As a consequence of Lemma 3.1, we know that o = 0. By assumption (f3),

it follows that 8 > 0 and that g = %. Then we are in the position to apply

Theorem 3.1. Therefore, for each fixed compact interval [a,b] C (6,00), there
exists p > 0 with the following property: for every A € [a,b] and every C*-
functional ¥ : W;*(Q) — R with compact derivative, there exists § > 0 such
that for each p € [0,0] the equation

O (u) = N (u) + p¥'(u)

has at least three solutions in W;"”(2) whose norms are less than p.
Take [a,b] C (0,00) and A € [a,b]. Since f € A verifies (f1) and (f2), there
exists C'y > 0 such that

(12) |f(z,t)| < Cy[t]P™" for ae. x € Q, for any t € R.
Let g € A and we define

g(z,—K) if t <-K
(13) gK(xvt) = g(x,t) if ’t’ <K
g(z, K) if t > K,

where K > 0 will be determined later.
Let us denote by

t t
G(x,t) = /g(x,T)dT and Gk (z,t) = /gK(x,T)dT,
0 0

and we set

U(u) = /GK(a;,u)dx.
Q
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Since g € A, ¥ is continuously Gateaux differentiable with compact derivative.
Hence we can find 0y > 0 such that, for any u € [0, Jp], the following truncated
problem

(Pr) { (=A)pu = Af(z,u) + pgr (z,u)  in Q

u=0 in RV \ Q,
has at least three weak solutions u; € Wy () such that ||us[|ysrq) < p, for
any ¢ = 1,2, 3.

In order to prove that each u; is also a solution of the original problem (1),
we aim to show that for any u small enough we have

(14) lwil| oo () < K for any i = 1,2, 3.

Let us denote by u one of these solutions. Set Cy = esssup,cq|supj <k 9(z,t)|.
Then it is clear that

(15) 9k (z,t)| < Cy for a.e. x € Q, for any t € R.
Put h(z,t) = Af(z,t) + pgr(x,t). Using (12) and (15) we deduce that
(16) \h(z, )| < ACy[tP + uCy for a.e. x € Q, for any ¢ € R.

Now we develop a Moser iteration argument in the spirit of [20] to deduce the
boundedness of wu.

For any T > 0 and v > 0, we consider y(u) = vp,(u) = uuy. € WP (Q),
where up = min{|u|,T}. Let us observe that

(17) Y'(a=0)(y(a) = ¥(b)) = [T(a) — T(D)” for any a,b € R,

where 9 (t) = % and T'(t) = fg(’}/(T))%dT.

Indeed, since 7 is an increasing function, we can see that
(a—=0b)(v(a) = (b)) > 0 for any a,b € R.

Fix a,b € R and we suppose that a > b. Then, from the definition of I and the
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Jensen inequality we get

¥'(a = b)(v(a) = (b)) = (a = 0P~ (y(a) — (b))

v
=
=
=
~
Il
—~~
=
—~~
S
~—
|
=
=
Nt
bS]

In similar fashion we can prove that the above inequality is true for any a < b,
so (17) holds. Taking v(u) = uuf as test function in (Pg) and using (17) we
can see that

[T (w) ”I;VW(Q)

u(r) —u(y) P2 (u(z) —u
/ ) Z L8 =) () o) — () 0) i
as) - / (@) + pgrc (o, ) uutrd.
Q
Since
[(u) > piyuugﬁ,

from the Sobolev inequality we can deduce that

V4 v
» b D ||P
I () sy > Sl @I 5z ) > <p+y) Sclluurll s g

where

Hu”p SP(Q)

Sy = n _
ue WP (2)\{0} IIUIIL,,S
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This together with (16), (18) and the fact that ur < |u|, implies that

P\ ot P /[)\f(x P
p+V T Lp (Q) /“l’gK T
Q

< /Cf)\]u\“” + uCy|ul"dx

_1 v
< (CpA + nCymax{L, ("7 (L + [[ull73Y, )

Then, if we suppose that v € LPT(Q), from Fatou’s Lemma we can pass to the

limit as T' — oo to get

(19)
v p+v P -1 v
lull”: iy (p ) Se(CpA+ pCymax{ 1, | 7)) (1 + [[ull 7Y, q)-
Lp Q

Clearly, if u € LPTV(Q), then we can infer that u € L7 QH'V)(Q). Now we define

the following sequence by induction:

Vo =DpPs—Pp

It is easy to prove that the following relations hold for any j > 0:

.\ P
@) S e+v) =vin+p

%

J
(17) vj > (ps> vy and v; — 00 as j — 00;
p
N
(#i1) vy < (G +1) (%) 10

o (5[ (5]

In view of (19) and the property (i) we obtain
pFvi—1 )

+v pH+vi1\’ —=
el g < (;) So(CoA+ pCymax{L, |07 1) (1+ Jull 35,

p+rvi—1\’ +ui_
Qo) <My (p) (1 Iul2E, )
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where
(21) My = max{1, S,(\C} + uC, max{1, Q' "7 })}.
Let us denote by
+v;
= ma{1, Jul75, )

Taking into account (20), the definition of v; and property (iii) we get for any
Jj=>1

i 1 oo —x\ J
> log (MO” <p+ VJ_Z)) + (ps> log 79
p p
i 1 o 4\ J
> log (MOP <1 + VJ_Z)) + (p5> log 19
p p
. . N
> + (ps> log 7p.
p

Now we set

Using (22) and (iv) we have

log 7; (o0 —1)logT;
1 1 v = J - J
og max{L, [|ul o+ J(Q)} p+v; (0—1)p+ (o3t — 1)y

(U — 1)p ! i : o, . . i—i
S o Tpr e D 27 8 [ME (1 i
=1

(0 — 1)o7 log 1o
(0 =Dp+ (o7 = Do’

Since 4
(c—1) o7
- p+ (@ — T ~ w
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we can deduce that

log max{1, HU||LP+”J' (Q)}
J

D " 1 vy, . . . (0 — 1)o7 log 7o
< = I log |MP (14 —=(j —i+ 1)o7 :
_VOZO' og[ 0< +p(] i+1)o )]+(o—1)p+(aﬂ+1—1)uo

(2

<
_ =

(1—0"Ylogm
o= —o I HpH1 — o= iy

_P
Vo

o

o log [M(;lo (1 + I;?(lﬁ—l)ak)] +1

Il
o

~—

—: (I) + (I1).

Using o > 1 and log(1 +t) <t for any ¢ > 0, we obtain

(I) < £j_10*k [logMO’l’ + log ((1 + %(k+ 1)) O.k)]

Y0 =0
log Mo j—1 » Jj—1 - Jj—1 -
< Za +Za k(k+1)+—log020 ke
EU— k=0 k=0
ogMo V&= . (P S
(23) = ( + 1) o "+ ( logo + 1> ZO’ k.
Yo k=0 o k=0

On the other hand, from the definition of 1y we can see that

(1 - o~ Y)pslogmax{L, [[ul ;s o)}
(07— Dp+(1—od Ny

(24) (I1) =

Therefore, putting together (23) and (24) we have

log max{1, HU||LP+”J' (Q)}

log M, i P i
0 —k —k
(25) < ( ” + 1> E o "+ (Vo log o + 1) E o "k

k=0 k=0

(1 — o~ ")pk log max{1, lull 7z o)}
7 o et (1o
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Let us observe that

j—1

j—1
: log M — & % —k
1 1 E —1 1 E k
m < + >k00 + ” ogo + o

Jj—0o0 IZ0) P

(1 — o Y)p?log max{1, l[ull oz ) }
(7 o pt (-7 Dy

400
log M, 1
:<og 0—1—1) _1+<ploga—|—1> E ok
140 1—0 [40] =0

(26) +logmax{1, [[ul sz (o) }-

Then, in view of (25) and (26), and recalling that v; — oo as j — oo (see (ii)),
we deduce

(27) lull =@y < e ma{L, el s o}
where
log M, 1 =
(28) M = 820 1 + 2loga +1 Za_kk:.
Vo 1—0-1 v =

Setting K7 := M, and using the definition of S, and ||ul| wer(Q) < p, We can
see that (27) yields

1
(29) l[ul| ooy < K1 max{1,S¥ p}.

1
Now we choose K in order to prove that Kjmax{l,Sfp} < K. Let K =
K (A, f,p) > 0 be such that

K
log

—
max{1, S¢p}

1 1,5.AC 1 > ;
(OgmaX{ ) f}+1> — + <p10g0+1> Z]’U—J ’
Vo

Y 1—0
0 =
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and take p* > 0 such that for every p € [0, pu*]

K
log

—
max{1, S¢ p}

> [(logmax{l’ S:(ACy + pCy max{1, [Q" "7 })} + 1) 1

0

p S
—1 1 E 7.
+<1/0 ogo + ) jo ]

§=0
Set § = min{dp, u*}. Then, for any p € [0, 9], and recalling the definitions of
K and p*, (21) and (28), we can infer that (29) yields
1
[ul| oo () < K1 max{1, 57 p} < K.

This shows that (14) holds true and we can end the proof of Theorem 1.1.

In conclusion, we present a direct application of our main result.
Example. Let p=2 and let us consider the following functions

| min{#*, vt} ift>0
f(t)_{o if t <0,

and g(t) = e'. Then it is clear that f,g € L (R)NC(R), f,g > 0 and it holds

loc

lim 0) =0= lim 40

= T e

Hence f € A satisfies assumptions (f1)-(f3), and g € A. Now, fix zp €  and
let us choose 7 > 0 such that

B(xo,7) ={x e RY : |z —xo| < 7} C Q.

Since
0 ift<o0
2 p
F(t) = gt% ifo<t<1
1t
-+ = ift>1
3 + 3 i > 1,
there exists 9 > 0 such that F'(ty) > 0. Take o¢ € (0, 1) such that

207 —1>0.
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Let us introduce the following auxiliary function
0 if x € RN\ B(zo,7)
t
w@) =) G e wl) i @ € Blao,m)\ Blao, oor)
to if z € B(CL’o,O'oT).

Then, it is easy to verify (see pag. 18-20 in [22]) that wl? € Wg’z(Q) and that
there exist 1, ko > 0 such that

|wi () — we (y)I°
(30) // |$_ |N+2$ dxdy < (1_0_0\/(,(]]\77']\[ 2(1—0'(1]\7)/11/12,

R2N

N
T2
r(&+1)
Observing that max ¢ |wi® ()| < to, we can deduce that

is the volume of the unitary ball in RV,

where wy =

Jw) = / F(wfo (x))dz

/ Flty)dz + / F(wl (2))de

B(zo,007) B(z0,7)\B(x0,00T)

(31) > (F@@ag-—u-—aﬁ)ﬁmxﬁ%w>uW¢N¥—f(m)@a§-UwNTN.
t|<to
Recalling the definitions of J, ® and 6 (see statement of Theorem 1.1), we can
see that (30) and (31) yield the following upper bound for ¢
t2(1 — U(])V)Hll-@
2(1 — 09)272F (to) (20} — 1)
Therefore, applying Theorem 1.1, we can deduce that for each compact interval

[a,b] C (0g,00), there exists p > 0 such that, for every A € [a,b] there exists
0 > 0 such that for any p € [0, d], the following problem

{ (=A)u = Af(u)+ pg(u) inQ

0<b< = 0.

u=0 in RV \ Q,
admits at least three weak solutions whose W ’2((2)—norms are less than p.

Acknowledgments. The author would like to thank the referee for
her /his useful comments that improved the presentation of the paper.
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