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Mixed norm Lebesgue spaces with
variable exponents and applications

Abstract. In this paper, we introduce the mixed norm Lebesgue
spaces with variable exponent. We use this family of function spaces to
study Calderéon-Zygmund operators on product domains, the Littlewood-
Paley operators associated with family of disjoint rectangles, the non-
tangential maximal function and the area function for bi-harmonic func-
tions, the Ricci-Stein singular integrals and the characterizations of the
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1 - Introduction

This paper aims to study the mixed norm Lebesgue spaces with variable
exponent. The study of this family of function spaces is motivated by the results
in [21,29]. In [29], we find that the strong maximal operator is bounded on
the Lebesgue space with variable exponent LPO) if and only if p(-) = ¢ with 1 <
¢ < oo. On the other hand, in [21, Theorem 4.3], we obtain the boundedness of
the strong maximal operator on the mixed-norm Lebesgue spaces with variable
exponent (LP10), [P2()) (see Definition 3.1).

Therefore, the results from [21] give us inspiration to study those operators
and estimates related to the strong maximal operator on (LP*(), LP2()). That
is, those operators and estimates associated with the multiparameter dilation

(1) (l’i)?zl — (511}‘)?:1, 51 > 0, 1 <7i<n.

More precisely, we investigate the boundedness of the Calderén-Zygmund
operators on product domains, the Littlewood-Paley operators associated with
family of disjoint rectangles on R? and the estimates of the non-tangential
maximal function and the area function for bi-harmonic functions.

Our approach does not only apply to the estimates for multiparameter di-
lations (1), it also applies to the estimates related to the Zygmund dilation
(x1,x2,23) — (0121, 0222, 010223), 61,92 > 0. We demonstrate the applica-
tion on the Zygmund dilation by studying the Ricci-Stein singular integrals on
(L), Lp20)),

In addition, our approach also applies to the one parameter dilation

(wi)imy = (0x)iq, 0> 0.

We present this application via the characterizations of the function space of
bounded mean oscillation BMO in terms of (LP1(), [r2()).

We obtain the above results by using extrapolation theory. The extrap-
olation theory is a powerful tool in harmonic analysis. One of the special
features of extrapolation theory is its application on nonlinear operators and
norm inequalities that do not involve operators. In this paper, that kinds of
applications are appeared on the John-Nirenberg inequalities for (LP1(), LP2())
and characterizations of BMO on terms of (LP1(), Lr2()).

Our approach applies to the general multiparameter dilation (1). On the
other hand, to simplify our presentation, we just consider the case (z1,z2) —
(6121, 6222), 61,02 > 0, except for the study of the Ricci-Stein singular integrals.

This paper is organized as follows. In section 2, we present some preliminar-
ies and definitions for our study such as the definitions of Muckenhoupt weight
function on product domains and Lebesgue spaces with variable exponent. We
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introduce the mixed-norm Lebesgue spaces with variable exponent in Section
3. The extrapolation theory for the mixed-norm Lebesgue spaces with variable
exponent is also presented in this section.

In Section 4, we establish the boundedness of the Calderén-Zygmund opera-
tors on product domains, the Littlewood-Paley operators associated with family
of disjoint rectangles on R?, the estimates of the non-tangential maximal func-
tion and the area function for bi-harmonic functions, the boundedness of the
Ricci-Stein singular integrals on (LP*(), LP2()) and the characterizations of the
function space of bounded mean oscillation BMO in terms of (LP*(), L2()),

2 - Preliminaries and Definitions

For any x € R and r > 0, let B(z,7r) = {y € R : |z —y| < r} and
B ={B(z,r): z €R, r>0}. For any B € B, denote the center and the radius
of B by xp and rp, respectively.

For any Lebesgue measurable set F, we write xg and |E| for the character-
istic function of E and the Lebesgue measure of E, respectively.

Let Llloc denote the family of locally Lebesgue integrable functions. Let
LGy and CZ° be the sets of bounded functions with compact support and
smooth functions with compact support, respectively. Let M denote the set of
Lebesgue measurable functions.

For any r,s > 0 and z = (z,y) € RxR, define R(z,r,s) = B(z,r) x B(y, s).
Write R = {R(z,r,s) : z€ RxR,s,r > 0}.

The strong maximal operator Mg is defined as

Ms (2) = sup ulﬂ / f(w)ldu, feLb,
R

where the supremum is taking over all R € R containing z.
The reader is referred to [38, Chapter II, Sections 5.20-5.23] for some im-
portant results about the strong maximal operator on Lebesgue spaces.

Definition 2.1. For 1 < p < oo, a locally integrable function w : R —
[0,00) is said to be an A, weight if

p—1

1 1 __1
wla, = su — [ w(z)dx /wx r=1dx < 0
(], = sup |B|!<> a1«

where p’ = 1%‘ A locally integrable function w : R — [0, 00) is said to be an
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Ay weight if

(2) [w]a, = sup (@!w(y)dy)essiggw(w)l < o0

for some constant C' > 0. We define A, = Up>14,.

We now recall the corresponding weight functions for the product domain
R x R from [12, Chapter IV, Section 6].

Definition 2.2. For 1 < p < oo, we say that a nonnegative locally
integrable function w € A7 if
p—1
] i e | (g [eeTe) <
wlax = sup | — [ w(z)dz — [ w(z) »ldz 0.
? Rer \ R J R s

We say that a nonnegative measurable function w € A7 if

1
[w]az = sup R/w(z)dz esssupw(z) !t < oo.
Rer \ R s 2€R

We write A%, = Ui<p<oo 4,

Let u: R — [0,00) and v : R — [0, 00). It follows from the definition of A
that
(3) u,v € Ap = uv € A

We recall the definition of the Lebesgue space with variable exponents from
[5,7]. For any Lebesgue measurable function p : R — [1,00), the Lebesgue
space with variable exponent LP() consists of all f € M such that

[fllzrer = mf{A >0 pp(f/A) <1} <00

where

oo(f) = / (@) P da.
R

We call p(x) the exponent function of LP(). The reader is referred to [5,7] for
some basic properties of LP(). Particularly, LP() is a Banach function space,
see [7, Theorem 3.2.13].
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The associated space of LP() is given by LP'() where ﬁ + ﬁ =117,
Theorem 3.2.13]. The reader is referred to [7, Definition 2.7.1] for the definition
of associate space.

Write

p— =essinf{p(z) : x € R} and p; =esssup{p(z):z € R}.

Let P denote the set of Lebesgue measurable functions p : R — [1,00)
satisfying 1 < p_ < py < o0.

Definition 2.3. Let M denote the Hardy-Littlewood maximal operator.
For any exponent function p(-) : R — [1,00), we write p(-) € B if M is bounded
on LP0),

We recall the following characterization of B given by Diening in [6].
Theorem 2.1. Let p(-) € P. Then the following conditions are equivalent:
1. p(-) € B.

2. p'(-) € B.

3. there exists a 1 < qo < p— such that p(-)/q € B for all 1 < q < qo.

4. there exists a 1 < qo < p— such that (p(-)/q)’ € B for all 1 < q < qq.

Proof. The equivalence of Items (1) and (2) and the implications, (3),(4)=
(1),(2), follow from [6]. It remains to show the implications (1),(2)= (3),(4).
In view of [6], Items (1) and (2) are equivalent to

(4) p(-)/qg € B for some 1<qg<p_,
(5) (p(-)/q) € B for some 1<qg<p_.
In view of Jensen’s inequality, for any 1 < r < oo, we have
(M f)" < M(If]").

Whenever p(-)/q € B, for any r < ¢, by using of Jensen’s inequality, we
have
(M f)9/ < M(|f17).

Consequently,
IM flloere = NV o g < IMAFIY ) o g
< O N poer s = CULEN Lot o

Therefore, Item (3) of Theorem 2.1 is valid. Then, Item (4) of Theorem 2.1
follows from the equivalence of Items (1) and (2) of Theorem 2.1. O
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3 - Mixed norm Lebesgue spaces with variable exponents

We introduce the mixed-norm Lebesgue spaces with variable exponent in
this section. We also study the duality, the density of continuous functions with
compact support and the Fatou’s lemma in the following. Most importantly,
we also present the extrapolation theory for the mixed-norm Lebesgue spaces
with variable exponent in this section.

We now introduce the mixed-norm Lebesgue spaces with variable exponent.

Definition 3.1. Let pi(-),p2(-) : R — [1,00) be Lebesgue measurable
functions. The mixed-norm Lebesgue space with variable exponent (Lpl(‘), Lm('))
consists of all Lebesgue measurable function on R x R, f satisfying

HfH(Lpl('),LP2(')) = HHfHLm(-)HLpz(» < 0.

The reader is referred to [1,2,4,10,11,14,21,33,39] for the studies of
mixed norm spaces in different directions of researches such as the embedding
of Sobolev spaces, inclusion problem and the interpolation theory.

Since LP2() possesses the Fatou property [7, Theorem 2.3.17 and p.77], in
view of Luxemburg-Gribanov theorem [31], || f]|;».¢) is Lebesgue measurable,
therefore, (LP1(), LP2()) is well defined. Furthermore, (LP1(), LP2()) is a Banach
space, see [4, p.158].

Whenever 0 < f; T f, we have || fj||;po) T |[flp2c). Consequently, the
Fatou property of LP1() guarantees that

(6) Hfj|’(LP1(')7LP2(‘)) T ||f||(LP1('),LP2(‘))'

We now define the associate space of (LP1(), LP2()),

Definition 3.2. Let LP'() and LP2() be Lebesgue spaces with variable
exponent on R. The associated space (Lpl('), Lp2('))’ consists of all f € M such
that

| f@gta)do

RxR

[l (o100, 1m2ry = Sup{ gl mo, peaey < 1} < oo.

The following result identifies the associate space of (LP1(), [P2()),

Proposition 3.1. Let LP*") and LP2() be Lebesque spaces with variable
exponent on R. The associate space of (LP*(), LP20)) s (LP1()| [P2()),



[7] MIXED NORM LEBESGUE SPACES WITH VARIABLE EXPONENTS ETC. 27

The above result is a special case of a general result for Banach function
space. Therefore, for brevity, we refer the reader to [4,14] for details.
In view of Definition 3.2 and Lemma 3.1, we have the Holder inequality for
(L 0), Lp20)),
There exists a constant C' > 0 such that for any f € (LP*(), LP2()) and
e (L0, LP20)), we have

7) [ 15@g()de < Ol o oall ot oy

For any pair of exponent functions (pi, p2), write

(p1,p2)+ = max((p1)+, (p2)+) and (p1,p2)- = min((p1)-, (p2)-).

Lemma 3.1. Let pi(-),p2(-) € P. For any k,l € N, there exist constants
CkJ,DkJ > 0 such that

Crallfxr© k0 | @12 - < FXROED (Lr10), Lr20))
(8) < Dk,leXR(O,k,l) HL(m,mM'

Proof. In view of [5, Corollary 2.50], we have constants cg,d) such that
for any y € B(0,1) C R, we have

ekl FxBowr) DN Len- < 1FxBOE G eo < dillfxor Gl ey

Applying [5, Corollary 2.50] to LP?(), we obtain

CrallfxRr© k0 I w1 e < NXROED | (Lr10),p200) < Dl f X R0k L1920+
for some constants Cy,;, Dy ; > 0. [l
Even though LP*() and LP2() are Banach function spaces, the set of simple

functions is not necessary a subset of (LP1(), LP2()). This is true even p(-) and
q(+) are constant functions.

Proposition 3.2. Let 1 < p,q < o0.

1. If ¢ < p, then there exists a Lebesgue measurable set E such that xgp &
(LP,L9).

2. If ¢ > p, then there exists a Lebesque measurable set E such that xp &
(LP, LY. That is, there exists a Lebesque measurable set E such that

sup /Ig z,y)|dzdy =
llgll<1,9€(LP,L9)
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Proof. We first consider the case ¢ < p. Define

U [k: kit ] x [k, k4 1].

As g < p, we have

=1
|E| = kz 7 < 00
On the other hand, we find that

[{ frotener)”

R R

q/p
/( kp/qX[k:k:-i-l]( )) dy
R

=1
— EX[k k+1] ka

%L

Therefore, xp & (LP, L9).

When ¢ > p, we have ¢ < p/. The above result shows that there exists
a Lebesgue measurable set E such that xp ¢ (LP,LY). Since (LP,L9) =
(LY, L7, we have xp & (L?, L9). O

The above result shows that (LP1(), LP2()) is not necessary a Banach func-
tion space in the sense of [3, Definitions 1.1 and 1.3]. Especially, (Lpl('),Lm('))
does not necessary satisfy [3, Definition 1.1 (P4) and (P5)].

On the other hand, it is obvious that yz € (LP*(), LP2()) when E is a
bounded Lebesgue measurable set. Therefore, (LP*(), LP2()) is a ball Banach
function space, see [37].

Next, we establish the Fatou’s lemma for (LP1(), LP2()),

Lemma 3.2. Let p1(-),p2(-) € P. If {fx} € (L), LP20)) satisfies
Am fy=f ae and lim inf |[fllgro) prec) < oo
Then, f € (LP*0), LP20)) and
1l (zro), procry < Tim inf [ fill pore pracr)-

Proof. Define
gk = %gfklfmly vk € N.
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We have |gr| < |fml, for all m > k, g € (LP*0), LP20)) and gp < gpy1, for all
k € N. Moreover, limy_,« gx = liminf,, o | fm| = | f] a-e.
According to the Fatou property for (LP*(), LP2()) (6), we obtain

£z, preery = B0 (lgk ]l (1o10) poaey < Hminf [ finllpmo), peac)

= hmkiilgo kaH(Lpl(‘)7Lp2(‘)) < Q.
Therefore, f € (LP1(), LP2(0)), O

For any open set Q C R?, let C.(9) the set of continuous functions with
compact support in Q. We show that C,(R?) is dense in (LP(), Lr2()),

Lemma 3.3. Let pi(-),p2(-) € P. The set Co(R?) is dense in (LP*() LP2()),

Proof. For any f € (LP*(), LP20)), we have f = f, — f_ where f, =
max(f,0) and f_ = —min(f,0) and f, f_ € (LP(), LP2()),

Let Ty = R(0,k,k) N {(z,y) € R? : 0 < fi(z,y) < k}, k € N. Define
fo = fixz t fr. Wehave 0 < fy — fi < fr, b € Nand |fy — fil 4 0

a.e. As || - || p» is an absolutely continuous norm [3, Chapter 1, Definition
3.1 and Proposition 3.5] [5, p.73], we find that || f+ — fill;p,() 4 0 a.e. and
1f+ = fellpeier < I f+llpoey < 1 fllgoey a-e. In addition, as || - || e is also

absolutely continuous and || f|;,,¢) € LP20) | we have

1f+ = fellzmo, o0y = L+ = fell oo o2 0.

That is, for any € > 0, there is a k € N such that ||f; — ka(Lpl(.)7L,,2(.)) < €/2.
Moreover, fi is a bounded function with compact support. Therefore, fi €
LPur2)+(R(0, k, k).

Since pf,py < oo, we have (p1,p2)+ = max((p1)+, (p2)+) < co. Further-
more, C.(R(0,k, k)) is dense in LP1P2)+(R(0, k, k)). Therefore, there exists a
g € C.(R?) such that

€
lg — kaL(Pl’m)Jr(R(o,k,k)) < m

where Dy, 1, is the constant given by (8).
Lemma 3.1 assures that

1+ = gll o), 20y < M4 = Sl (por0 o200y + 1k = gll (o103, 1200
€

<
-2

+ Dk,k

| fr — QHL(mmH(R(O,k,k)) <€
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Similarly, we have a h € C.(R?) such that ||f_ — All(rp10),ppacry < €. Conse-
quently,

1f = (g =Ml zror Loy < Mt = gll oo o2y + 1= = Rll L) a0y < 26
and g — h € C.(R?). Therefore, C.(R?) is dense in (LP1(), LP2()), O

As shown in [29], the strong maximal operator is bounded on LP() if and
only if p(-) = p with 1 < p < co. On the other hand, according to [21, Theorem
4.3], we have the boundedness of the strong maximal operator on (LP*(), LP2()),

Theorem 3.1. Let pi(-),p2(-) € B. There exists a constant C > 0 such
that for any f € (LP*0), LP20)) | we have

|| MS f”(Lpl(J’Lpg(-)) < C||f||(Lp1(~)’Lp2(~))-

The boundedness of the strong maximal operator on (LP1(), LP2()) yields
the following estimate.

Lemma 3.4. Let p1(-),p2(:) € B. There exists a constant C > 0 such that
for any R € R, we have

(9) |R| < ||XR||(LP1(-),Lp2<»>)HXRH(Lp’l(o’Lp’Q(-)) < C|R].
Proof. The Holder inequality (7) yields the first inequality in (9).

For any R € R, we consider the projection

1
(Pro)w) = 7 [ la@ide | xa(w).
R
There exists a constant C' > 0 such that for any R € R, Pr(f) < CMg(f).
Hence,
Sup PR (£o1 (), 1200y (210, p202y < CIMs ([ 20101, L0200y (2010, 1200
The definition of associate space assures that

||XR||(LP/1(‘)7LP/2('))||XR||(LP1(‘)’LP2<'))
= sup ‘/g(x)dl“)||XR||(Lp1(-),Lp2<»>)Ig € (L0, L720) gl m ) poaoy < 1
R

< Sup{’R|HPRQH(LP1<‘>7LP2(')) 19 € (L0, L720) lgll o) oy < 1}

< IRl sup {| Ms gll > oy 3 9 € (PO, L720), gl (pimo grary < 1}
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In view of Theorem 3.1, we have

||XR||(LPII(‘)’LP/2('))HXR”(LPl(‘)’LIQ(‘))
SR Ms [(£o10), 2r20)y— (o100, Lr200y < C|R].
O

The estimates (9) is an crucial component to establish the characterization
of BMO via (LP'(), LP2()) in the next section.

At the end of this section, we present the extrapolation theory for the
mixed-norm Lebesgue spaces with variable exponent.

Theorem 3.2. Let pi(-),p2(-) € P. Given a family F, suppose that for
some 0 < pg < oo and for every wy € A], we have

(10) / F (@, y)Pwo (e, y)dady < C / o, yPouo (e, y)dady
RxR RxR

for any (f,g) € F where C' depends only on po and [wo] ;-
Suppose that there exists po < qo < (p1,p2)— such that

(p1()/490)"s (p2(-)/0)" € B,
then,
(11) 1l o), p200y < Cllgll o) pracry,  (fr9) € F.

We refer the reader to [21, Theorem 3.2] for the proof of the above result.

4 - Applications
4.1 - Calderon-Zygmund operators on product domains

In this section, we study the Calderén-Zygmund operators associated with
the multiparameter dilation (1). We first recall the definition of the Calderén-
Zygmund operator on product domains from [8,28].

Let € > 0. For any bounded linear operator T on L?(R), it is a Calderén-
Zygmund operator if

1. there exists a kernel k(z,y) : R x R\{(z,z) : © € R} — R such that for
any f,g € C2°(R) with suppf Nsuppg = 0, we have

[o@rs@ds = [ [ g@hta)swdsdy.
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2. There exists a constant C' > 0 such that for any v > 2, the kernel k(x,y)
satisfies

1/2
(12) [ e kGl | <ot a
lz—y[>v|z—2|
If T is a Calderén-Zygmund operator, we write T € CZ2(R) and define
ITllcz = ITll2-z2 +inf C

where the infimum on the right hand side is taken on those constant C' given
in (12).

For any bounded linear operator T on L?(R?), we write T € CZ?(R x R) if
it satisfies the following conditions.

1. For any fixed (z1,y1), (x2,y2) € R x R, there exist linear operators

k1(21,91), k2 (22, 92) € CZ2(R)

such that for any f;, g; € C°(R), i = 1,2, we have

//91($1)92(9€2)T(f1f2)(9317$2)de’1?17d332
://91(331)<92k:1(x1,yl)(f2)>f1(y1)d:r:1dy1

when suppg; Nsuppf1 = 0 and
//91(5131)92(362)T(f1f2)($1,xz)dxl,dl‘z
— [ [ stan)ionbaton,)(5) falve)doade

when suppgs N suppfo = 0.

2. There exist constants C1,Cy > 0 such that for any v > 0, the operators
k1(z1,y1), k2(22, yo) satisfy
1/2
ki (i, yi) — ki(zi, yi) || &2y
|z —ys | >|zi—2i]

< Ciy VP — 57V i=1,2
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We now have the boundedness of the Calderén-Zygmund operators on the
mixed-norm Lebesgue space with variable exponent (Lpl('), LPQ(')).

Theorem 4.1. Let € >0 and p1(-),p2(-) € B. If T € CZ*(R x R), then T

can be extended to be a bounded linear operator on (LP*(), LP2()),

Proof. In view of the weighted norm inequalities for Calderén-Zygmund
operators on product domain given by Fefferman in [8], for any 1 < p < oo and
w € A C A}, we have

/ T () P, y)dedy < C / \f (. y) Pdady.

According to Theorem 2.1, there exists a 1 < ¢o < (p1,p2)— such that
(p1/q0)’; (p2/q0) € B. We apply Theorem 3.2 with pg = go on the set

F={(Tf.1): f € C(R*)}.
Therefore, there exists a C' > 0 such that for any f € C.(R?),

(13) HTfH(Lm(->,Lp2(-)) < CHfH(Lm(»,Lm(-)y

In view of Lemma 3.3, C.(R?) is dense in (LP*(), LP2()) therefore, (13) guar-
antees that T' can be extended to be a bounded linear operator on (LP*() LP2()),
O

4.2 - Rubio de Francia inequalities

The one parameter Rubio de Francia inequalities study the mapping prop-
erty of the Littlewood-Paley operator associated with intervals on R, see [35].
The extension of the Rubio de Francia inequalities on product domains is given
n [30]. In this section, we further generalize it to (LP(), LP2()).

Let 8’(R?) denote the set of Schwartz distributions on R?. For any f €
S'(R?), we denote the Fourier transform of f by f.

Let W = {R;} be a collection of disjoint rectangles in R x R with side
parallel to the coordinate axes. The Littlewood-Paley operator associated with
W is defined as

1/2
Afx)=| > ISr,(N)P

R;EW
where
(Sa, ))ME) = xr; () F()-
We have the following result from [30, Section 4].
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Theorem 4.2. Let 2 < p < 0. IwaA;/Z, then

IAfllzrw) < Clfllzew)-
We are ready to extend the Rubio de Francia inequalities to (Lpl('), LPQ(')).

Theorem 4.3. Let p1(-),p2(-) € B. If (p1,p2)— > 2, then the Littlewood-
Paley operator A can be extended to be a bounded operator on (Lpl('), LPQ(')).

Proof. As (p1,p2)— > 2, in view of Theorem 2.1, there exists a 2 < gy <
p1,p2)— such that (p1(+)/q0)’, (p2/q0)" € B. Moreover, Theorem 4.2 assures that
for any w € A7 C A* ,, we have

qo/2’
[Af Nl zaow) < CIlfll Lao w)-

Therefore, we are allowed to apply Theorem 3.2 with pg = ¢g to

F={(Af,1): [ €C®Y)}.
We obtain a constant C' > 0 such that for any f € C.(R?)

IAS N (£o10 £r20) S ClF Il Lrro), 1r200y-

Since C.(R?) is dense in (LP*() LP2()) and A is a sublinear operator, the
above inequality assures that A can be extended to be a bounded operator
on (L), [p2()), O

4.3 - Biharmonic functions

The study of the nontangential maximal function and the area function for
harmonic functions is one of the main topics in harmonic analysis. This study
had been extended to multiparameter setting in [15]. In this section, we further
extend it to setting of variable exponent analysis.

Write R2 =R x (0,00). For any z = (z1,22) € R?, define

Di(zi) = {(yi, t:) € R2 : oy —yi| < t;}, i=1,2

and
F(l‘) = F1($1) X FQ(QS‘Q).

For any Lebesgue measurable function f on Ri X Ri, the nontangential max-
imal function of f is defined as

N(f)(z) = sup{|f(y,1)] : (y,¢) € T'(x)}.
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The area function of f is defined by

1/2

_ 2 dydt
an=| [ wor,
[(z)

Theorem 4.4. Let 0 < p < o0 and w € A% . There exists a constant
C > 0 such that for any biharmonic function u on Ri X Ri satisfying, for any
z € R?, limy o u(z, t) = 0, we have

J @@ e < ¢ [ (Aw@) u@d

We refer the reader to [36, Theorem 3] for the proof of the above result.
Write u € H if u is a biharmonic function on Ri X Ri which satisfies, for
any = € R?, limyy o0 u(z,t) = 0.

Theorem 4.5. Let 0 <p < 1 and p1(-),p2(-) € B. There exists a constant
C > 0 such that for any u € H, we have

HN(U)p”(Lm(J,Lm(-)) < C”A(U)p”(Lm(~>,LP2<-))-

Proof. Theorem 2.1 guarantees that there exists a 1 < gy < (p1,p2)— such
that (p1(-)/q0)’, (p2/q0)’ € B. As A} C A%, Theorem 4.4 ensures that we can
apply Theorem 3.2 to

F={(A@)[",|N(u)[") : u € H}.
By applying Theorem 3.2 with pg = 1, we find that

[Nl (1) pr20y < ClIAWPI (Lo10) 120y

4.4 - Ricci-Stein singular integrals

We have to consider the mixed-norm Lebesgue spaces (Lpl('), Lr20), Lp3('))
generated by a triplet of exponent functions (p1(-),p2(+),p3(+)) in this section.
The mixed-norm Lebesgue space with variable exponent (Lpl('),LPQ('),LPS('))
consists of all Lebesgue measurable function on R x R x R, f such that

1l (zrro, o201, e300y = A Lord L ppao [l sy < o0
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Notice that the results in Section 3 for (LP1(), LP2()) are also valid for
(Lpl('),Lm('),LpS(')). Especially, we also have the extrapolation theory for
(LPr () [p2() [ps()),

For simplicity, we just present the statement of the extrapolation theory
for (LP*C) LP2() [r3()). The proof follows from some standard modifications
of the proof for [21, Theorem 3.2].

We restate some notations in order to present the statement for the extrap-
olation theory.

For any r,s,t > 0 and z = (z,y,u) € R x R x R, define R(z,r,s,t) =
B(z,r) x B(y, s) x B(u,t). Write R3 = {R(z,r,s,t) : 2 € RxRxR,s,7,t > 0}.

Definition 4.1. For 1 < p < oo, we say that a nonnegative locally
integrable function w € Ay* if

p—1

1 / 1 / _1
wlas = sup | — | w(z)dz — [ w(z) P1ldz < 00.

We say that a nonnegative measurable function w € A}* if

1
[w]A»{* = sup R/w(z)dz esssupw(z)_1 < 0.
ReR3 ‘ ’R z€R

We write Az: = U1§p<ooA;*~

We now present the extrapolation theory for (LP1(), LP2() Lps()),

Theorem 4.6. Let pi(-) € P, i =1,2,3. Given a family F, suppose that
for some 0 < pyg < oo and for every wy € A}*, we have

(14) /f(w,y)powo(wvy)dxdyé(f / g(z,y)Pwo(z, y)dzdy
RxR RxR

for any (f,g) € F where C' depends only on py and [wo] az+.
Suppose that there exists po < qo < (p1,p2,p3)— such that (p;(-)/q) € B,
1=1,2,3, then,

(15) 1l o), 1200 1230y < Cllgl (1100 L2 postry,  (f,9) € F.

Next, we recall some preliminaries for the study of the Ricci-Stein singular
integrals. This is a family of singular integrals associated with the Zygmund
dilation

(16) (x,y,u) = (sz,ty, stu), s,t>0.
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The singular integrals introduced by Ricci and Stein in [34] is defined as
Tf=Kxf

where

2(k+7) u
K(z,y,2)= ) 2720y <2k’27 2k+j>'
k,jeZ

The family of function {1;} satisfies the following conditions. There exists a
sufficiently large positive integer N such that

1.

N
jnllsy = sup (L4 2DV | D" 070074 (2)| | < oo
2€R? o,B,7=0

2. For any fixed z € R and all o, 8 € N with o, 8 < N,
/yauﬂwj,k(ﬂz y,u)dydu = 0.
R2

3. For any fixed y € R and all o, 8 € N with o, 8 < N,
/mau6¢j7k(x, y,u)drdu = 0.
R2

4. For any fixed v € R and all o, 8 € N with o, 5 < N,
/$a96¢j,k($> y, u)dxdy = 0.
R2

To apply the extrapolation theory, we need the weighted norm inequalities
for T'. The weighted norm inequalities for 7' relies on weight associated with
Zygmund dilation (16). Let R, be the class of rectangles in R? whose sides are
parallel to the axes and have side lengths of the form s, ¢ and st.

Definition 4.2. For 1 < p < oo, we say that a nonnegative locally
integrable function w € A7 if

RER.

1 1 __1
[w]az = sup /w(z)dz /w(z) r=1dz < 00.
’ 2 R
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It is easy to see that for any 1 < p < oo,
*k z
Ay C AL
The following weighted norm inequalities for 7" are given in [9, Theorem 2.4].

Theorem 4.7. Let 1 < p < oo and w € Aj. The Ricci-Stein singular
integral T is bounded on LP(w).

With the above result, we are now ready to apply the extrapolation theory
to obtain the boundedness of T on (LP*(), LP2() [p3()),

Theorem 4.8. Let p; € B, i =1,2,3. The Ricci-Stein singular integral T
can be extended to be a bounded operator on (LP1(), LP2() [ps())

Proof. For any 1 < p < oo, since A" C Ay* C A7, Theorem 4.7 asserts
that for any w € A}*, we have

/ T (o) Poo(ar)dae < / (@) Pala)d.

Furthermore, Theorem 2.1 yields a 1 < g9 < (p1, p2, p3)— such that (p;/qo)’
€ B,i=1,2,3. We apply Theorem 4.6 with pg = ¢¢ on the set

F={(Tf.f): f€Ce(R%}.

Consequently, Theorem 4.6 yields a constant C' > 0 such that for any f €
C.(R3),

(17) HTfH(LP1<')7Lp2(-),LP3(-)) < CHfH(Lpl(-),Lpz(-LLps(-))-

Since C.(R3) is dense in (LP1¢) LP2() LPs()) | (17) guarantees that T can
be extended to be a bounded linear operator on (Lpl('), Lp20), LPS(')). O

4.5 - Characterizations of BMO and John-Nirenberg inequalities

In this section, we obtain the John-Nirenberg inequalities for (Lpl('), LP2('))
and the characterization of the function space of bounded mean oscillation
BMO via (LP*0), LP2()). The John-Nirenberg inequalities and the character-
ization of BMO in terms of general function spaces had been extended to
Lebesgue spaces with variable exponent, Morrey spaces and Banach function
spaces, see [16,17,18,19,20,22,23,24,25,26,27|.
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For any * € R? and r > 0, let Ba(z,7) = {y € R? : |z —y| < r} and
By = {Ba(z,r) : x € R% r > 0}.
Let f be a locally integrable function on R?. We say that f belongs to
BMO if
1(f = fB)xBllL:

| fllBmo = sup < 00
BeB, IxBll L

where fp = ‘%' 5 f(x)dz.
It is well known that BMO can be defined via the LP norm. That is,

BMO = {f € Llloc: sup \(f — fB)xBlLr < oo}
BeB: IxBl Lr

Recently, the characterization of BMO had been extended to weighted
Lebesgue spaces [17], Lebesgue spaces with variable exponent [22,24], Banach
function spaces [16,18,26] and Morrey spaces [23].

One of the tool to develop the characterization of BM O on the above func-
tion spaces is the John-Nirenberg inequalities. We recall the John-Nirenberg
inequality from [13, Theorem 7.1.6].

Theorem 4.9. There exist constants C1,Co > 0 such that for any v > 0
and any B € Bo,

__Cov
{z € B: |f(2) - fs| > 7} < Cie Flsaio |B|, f € BMO\C
where C denotes the set of constant functions.

The reader is referred to [19] for the John-Nirenberg inequalities on
Lebesgue spaces with variable exponent and [20] for vector-valued
John-Nirenberg inequalities.

The following theorem is an extension of the John-Nirenberg inequalities to
(Lpl(')’LPZ('))_

Theorem 4.10. Let p1(-),p2(-) € B. There exist constants C,Cy > 0 such
that for any v >0, f € BMO\C and B € By, we have

__C%iv
IX{zeBif(2)— 51279} | (1rr O, Lr2y < Ce WMo X Bl (1p10) 1r20))-

Proof. In view of [17, (3.2)], there exist constants D, E > 0 such that for
any w € Ay C As and B € By, we have

w(lz € B |f(x) - f5] > 1)) < De Tlsiow(B).
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Since A} C Aj, the above inequality is also valid for w € Aj. More precisely,
there exist constants D, E > 0 such that for any w € A] and B € By, we have

By
/X{zEB:f(x)fB|2'y}(y)w(y)dy < De lsmo /w(y)dy-
B

Since pi1(-),p2(-) € B, Theorem 2.1 guarantees that there exists a 1 < gy <
(p1,p2)— such that (p1/q0)’, (p2/qo0) € B. We are allowed to apply Theorem 3.2
with pg =1 on

By
F = {(XqzeB:|f(x)-f5|>1}> De TTsm0 xp) : B € By}.

Theorem 3.2 yields constants C, C7 > 0 such that for any v > 0, f € BMO\C
and B € Bg, we have

__Gv
IX{zeB: £ @) 5127} | (p1 00 1r200y < Ce WTEMO|IXB|| (1p10) 12201y

Theorem 4.11. Let p1(-), p2(-) € B. The norm

I(f = fB)xBll(1r ), 20

IfllBro sup

@O0y ey X8l oo L)
and || - ||Bmo are mutually equivalent on BMO.

Proof. The Holder inequality (7) ensures that for any f € BMO and
B € By,

1 1
E”(f —fB)xBl < @H(f - fB)XBH(Lpl(')7Lp2(‘))||XB”(LP/1(')7LP,2<‘>)'

For any B € Bsg, there exists a R € R such that B C R and
B < |RI < 21B|.
Therefore, (9) yields a constant C' > 0 such that for any B € By, we have

HXB||(LP1(‘),LP2('))”XBH(LP'1(<)7LP’2(~)) < HXRH(LM('),LPZ(‘))HXRH(LP'1(<)7LP’2(~))
< C|R| < 2C|B|.
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Consequently,

H(f_fB)XBHLl < CH(f_fB)XB”(Lp1(')7LP2(‘))
| Bl - IxBll(Lr10), Lr20)

(18)

for some C' > 0. By taking supremum over all B € Bo, we obtain

I|(f = fB)xB L
|flsaio = sup |
BeBa |B|
I(f = fB)XBIl 1p1() Lr20)
< C sup U2 — Olfllsao, ey oo
BeBy HXBH(Lm('LLm(')) (LRI, LP2R)

Next, for any f € BMO and B € B,

I(f = fB)xallpemo Lp2<»>)

< IxBll(r o), 1r20) +22 X {zeBar<|f(2)— ful<2t+1} | (1p10) 1p20)y-
k=0

Theorem 4.9 ensures that

I(F = fB)XBl (1p10), p20)y

oo 2k+1

< IxBll oo ey +C Y25 e” hexio IXBl (L1, Lr20)y-
k=0
Since
op2ktl 0
>t i < [fexp (— = Yas < Ol lsuo
2 TTon
we obtain

1(f = fB)XBl (1p10), Lp20)

< C||fllsmo
HXB||(LP1(')7LP2('))

for some C > 0 independent of B € By and f € BMO. By taking supremum

over B € By, we have ||f||BMO<Lp1() ra0y S < C|lfllBro-
Therefore, || - HBMO(LM('),Lpz(-)) and || - ||Bmo are mutually equivalent on
BMO. U

In particular, the above result also gives the characterization of BMO in
terms of mixed-norm Lebesgue spaces (LP', LP?) whenever 1 < p1,ps < 0.
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