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Distribution of points with prescribed derivative
in polynomial dynamics

Abstract. In analogy to the equidistribution of preimages of a pre-
scribed point by the iterates of a polynomial map f in C towards the
equilibrium measure, we show here the equidistribution of points z for
which (f™)'(z) = a for suitable a towards the equilibrium measure. We
then give a similar statement in the space of degree d polynomials for
the equidistribution of parameters for which the n-derivative at a given
critical value has a prescribed derivative towards the activity current of
the corresponding critical point.
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1 - Introduction

In the first part of the article, we are interested in the equidistribution of
points with prescribed derivative for a polynomial map f : C — C of degree
d > 2 in C. Recall for that that the Green function of f is

gf(2) == ILm d " logmax {1, |f"(2)|} , z€C.

The Julia set Jy of f is Jy := 0{gy = 0}. The probability measure pus :=
ddSgy is known as the equilibrium measure of f. It is the unique measure of
maximal entropy logd of f and its support is the Julia set of f. This measure
describes many equidistribution phenomena, notably the following: there exists
a set F containing at most one point such that for all a € C\F, the measure
equidistributed on the preimages of a converges to ji;:

1
hTan o Z 0, = g
fr(z)=a

in the sense of measure (we take into account the multiplicity in the sum).
This result is due to Brolin [B] and has been extended to the case of rational
maps by Lyubich [L] and independently by Freire, Lopes and Mané [FLM],
a quantified statement has been established in [DO]. See [FS,BD,DS1] for
similar results in higher dimensions.

We want to understand a similar statement but for derivatives. Let us give
some motivations for that :

e the solutions of f"(z) = z are exactly the n-periodic points which are
known to equidistribute towards the equilibrium measure (see [L]). Then,
one can ask what is exactly the multiplicity of the solutions and for that
one need to solve f"(z) = z and (f™")'(z) = 1. Then, if the solutions
of (f™)(z) = 1 were far from the Julia set, one could conclude that the
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solution of f™(z) = z are mostly simple. In fact, Theorem 1.1 below says
that the solutions of (f)'(z) = 1 tends to accumulate on the Julia set J¢
of f, making that approach ineffective. Similarly, assume that one wants
to compute the Lyapunov exponent of f by computing the derivative
f™(z) at some generic point z in the support of y1y, Theorem 1.1 shows
that a small error in the selection of z can give any possible result for the
derivative!

e by the chain rule, the map (z,n) — (f")'(2) defines a cocycle, the article
thus addresses the question of the equidistribution of the preimages of a
prescribed target by a cocyle in the simplest case.

e more generally, we think of polynomial maps of C as a test case, the
questions raised in the article can be asked in a lot of situations (e.g.
Hénon mappings, rational maps in higher dimension). We will study the
equidistribution towards activity currents in the second part of the article.

We now state our results. For A € C, we denote by v} the following proba-

bility measure:
1
A
Up = dar —1 Z 0z,
(f™) (2)=A
where the sum is taken with multiplicity. Our first result is the following
equidistribution statement of ;) towards the equilibrium measure y 7 of f:

Theorem 1.1. Let f: C — C be a polynomial map of degree d > 2 and
let v\ and oy be the measures defined above. There exists a polar set Ey C C*
such that

1. for all X € C\ Ef, one has v — py in the sense of measures,
2. if f has no Siegel disk and no escaping critical points, one has Ef = (),
3. if f is hyperbolic, one also has then E; = ().

Recall that f is hyperbolic if it is uniformly strictly expanding on its Julia
set; or equivalently if the set {f™(c); n >0, f/(c) =0} is disjoint from the
Julia set J; of f.

The proof of the first point (see Theorem 2.1) is deduced from the following
interesting proposition (see Subsection 2.2 for the definition of PB measures):

Proposition 1.1. Let f : C — C be a polynomial map of degree d > 2
and let v be a PB measure on P!, then we have the convergence:

L) W) = sy

im
n—oo d" — 1
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Remark 1.1. 1. In particular, for quadratic polynomial maps f, the
result is true for all A # 0 as long as f does not have a Siegel disk.

2. The case A = 0 is the equidistribution of the preimages of the critical
sets which is known to fail if and only if some critical points is in the
exceptional set, i.e. f is affine conjugate to 2.

3. Theorem 1.1 can be, at least partially, extended to rational maps of P!
(see Remarks 2.1 and 2.3). Nevertheless, Theorem 1.1 is invariant under
affine conjugacy whereas it is not under Moebius conjugacy hence we
choose to stick to polynomial maps.

The idea of the proof of the first point of Theorem 1.1 is to study the
dynamics of the tangent map F(z,u) = (f(2), f'(2) - u) (in C?). We show that
its Green current is in fact the pull back of u; by the projection m; on the
first coordinate and that (d" —1)~1(F™)*([u = 1]) converges the Green current
(Proposition 2.1). Then we show the convergence (for A outside a pluripolar set)
of the intersection (d" — 1) (F™)*([u = 1]) A [u = A] towards 7} () A [u = A]
which concludes the proof (Theorem 2.1). It should be possible to show that
E; is empty with that approach using the recent theory of Dinh and Sibony of
density of currents [DS4], as we explain in Remark 2.1. We then give the proof
of the second and third points of Theorem 1.1 using the classical approaches
of Brolin and Lyubich, though they seem to generalize only to very specific
other cases. Finally, Okuyama proved very recently that the exceptional set in
Theorem 1.1 is in fact empty and gave explicit speed of convergence outside a
polar set ([O]).

In the second part of the article, we focus on bifurcation phenomena in
parameter spaces of polynomial maps of C of a given degree d > 2. For ¢ =
(c1,...,¢4—2) € C¥2 and a € C, we let

Od—
P.o(z dzd+z 1)d-7 ;()214-@ 2eC,

with oj(c) the monic homogeneous degree k symmetric function in the ¢;’s
This family is known to be a finite branched cover of the moduli space Py of
critically marked degree d polynomials, i.e. the space of affine conjugacy classes
of degree d polynomials with d — 1 marked critical points (see e.g. [DF, §5]).
The critical points of P, , are exactly co,...,cq—2, with the convention ¢q := 0.

Pick 0 < i < d — 2. As it now is classical, we say that a critical point ¢; is
passive at (cx,ax) € C41 if there exists a neighborhood U C Cd1 of (Cayay)
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such that the sequence F! : C*~! — C of holomorphic maps defined by
Fl(c,a) = P, (ci)

is a normal family on U. Otherwise, we say that ¢; is active at (¢, ay). The
activity locus of ¢; is the set of parameters (¢, a) € C* ! such that ¢; is active
at (c,a). We can define an activity current T; to give a measurable sense to the
notion of activity. We denote by my_1 (resp. 1) the canonical projections on
C4=! (resp. on C). Let T be the Green current of the map f (it can be defined
as the limit of d="(f™)*(7f(w1))). Then, by the work [BB1] of Bassanelli and
Berteloot, we have T; := (m4-1)«(T A [z = ¢]). The invariance of the Green
current implies that it can also be defined by intersecting with the graph of the
critical value P, ,(c;) as below:

(1) Ti= S (maa)a (T A2 = Pea(er)).

As proved by Dujardin and Favre [DF], the current T; is exactly supported
by the activity locus of ¢;. Moreover, they prove that the sequence of smooth
forms d~"(F!)*wp1 converges in the weak sense of currents to T;.

The currents T; and ), T; are known to equidistribute various phenomena:
parameters for which the critical point ¢; is preperiodic with a given orbit
portrait [DF], parameters admitting a cycle with a given multiplier [BB3,
BB2, BG, Ga], or parameters at which the critical points are sent to some
prescribed target [D, GV].

As in the case of polynomial maps, we prove here the following:

Theorem 1.2. Pick any integer 0 < i < d — 2. Then the following con-
vergences holds in the weak sense of currents on C4~1:

1. for any probability measure v with bounded potential on C,

im o [ (PR (Peafe)) = A av ) = 7

n—oo d"
C

2. there exists a polar set E; C C* such that, for any A € C\ E;,

lim — [(P2) (Pea(ci)) = A] =T, .

Finally, we focus on the quadratic family p.(z) := 22 + ¢, ¢ € C. In that
very particular context, we can prove a stronger statement, which in particular
imply the exceptional set is empty (see Theorem 3.2). Here this means that for
any A € C, the sequence of finite measures —[(pl')'(¢) = A] converges to the

harmonic measure of the Mandelbrot set.
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2 - In the phase space of a complex polynomial

The aim of the present section is to prove Theorem 1.1.

2.1 - A tangent map

Let f be a polynomial map of C of degree d > 2. We can write it as
flz) = Z?:o a;z'. We consider the tangent map F(z,u) = (f(2), f'(z) - u)
acting on the tangent bundle Tan(C) that we write in the birational model

P! x P! as:
d . . d . .
F([z:t],[u:v]) = ([Z a;Zt td] , (Z iaizz_ltd_’> w: tdv]> .
i=0 i=0
If ¢q,...,cq_1 are the critical points of f in C (counted with multiplicity), then

the indeterminacy points of F' are the points I; = (¢;,[1 : 0]) and the points
Io :=([1:0],[0: 1]). We denote by I(F) the union of those points. Observe
that the (invariant) set {[1 : 0]} x P\ I, is sent to I’ := ([1 : 0],[1 : 0]) by F.
Finally, observe that the point I’ is attracting.

Let w; be the pull back of the Fubini-Study form wp, on P! by the canonical
projection to the i-th factor of m; : P! x P — P!. Let {w;} denote the class of
w; in HBY(PY x PL).

Lemma 2.1. The map F is algebraically stable i.e. (F*)" = (F™)* in
HVYY P! x PY).  The action of F* is given in the ({w1},{wa}) basis by the

matriz:
d d—1
0 1 ’

Its topological degree dy is d, in particular, it is not cohomologically hyperbolic.

Proof. The obstruction to the algebraic stability is the fact that some
hypersurface (i.e. some curve here) is sent to some indeterminacy point by
some iterate F™ of F' ([S]). As f is holomorphic, the only possibility is that
some {p} x P! is sent to the indeterminacy set by F™. By the chain rule, F" is
the extension of F™(z,u) = (f™(z), (f™)'(z)-u) on the tangent bundle Tan(C) to
its compactification P! x P'. Let p € C, observe that {p} x {[0: 1]} C {p} x P!
is sent to {f(p)} x {[0 : 1]} whether p is critical or not. It follows from this that
no hypersurface {p} x P! is sent to an indeterminacy point by F™ for p € C.
On the other hand, the point I’ is sent to itself by F' so F"([1: 0] x P!) # I..
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So F' is algebraically stable. The rest of the proof follows. Observe that the
first dynamical degree is by definition the spectral radius of the matrix

d d—1

0 1
hence it is equal to d = d;, by definition, it implies that F'is not cohomologically
hyperbolic. U

The study of cohomologically hyperbolic maps is very well developed (see
e.g. [Gu]), no general theory exists for not cohomologically hyperbolic maps.

2.2 - Basics on dsh functions and PB measures

Let us recall some facts on dsh functions (see e.g. [DS2]). Recall that a
probability v in (P')? has bounded quasi-potentials (or is PB) if v admits a
negative quasi-potential U (dd°U + 2 = v where € is some smooth probability
measure) such that [(U,S)| < C for any positive smooth form S of bidegree
(1,1) and mass 1. Such notion of quasi-potential can be extended to any positive
closed current of bidegree (1,1) and mass 1 with the same bound |(U, S)| < C.
In particular, any smooth measure is PB.

Definition 2.1. We say that a function ¢ on (P')? is dsh if, outside a
pluripolar set, it can be written as a difference of quasi-psh functions.

For example, if ¢ € C2, then it is dsh.
Let DSH ((}P’l)z) be the space of such functions on (P')2. For any ¢ €

DSH ((Pl)Q), we write dd®p = TT —T~ where T* are positive closed currents
of bidegree (1,1). Let v be a PB measure on (P!)2. The following defines a
norm on the space DSH ((]P’l)z):

el = llll Loy + inf [T

where the infimum is taken on all the decompositions dd°p = T —T~ as above.
It turns out that taking another PB measure v/ gives an equivalent norm on
DSH((]P’l)Q) (see e.g. [DS3, p. 283]).

Finally, recall that a Borel set that is of measure 0 for all the PB measures
is in fact pluripolar.
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2.3 - A first convergence property

Recall that the Green measure py of the map f can be defined as the limit
pp 1=l d (") (wp,)

It then follows from the fact that F' is a skew-product that the sequence of
positive closed current d—"(F™)*(w;) converges to the Green current Tp of F
which is a positive closed current of mass 1 and that Tr = 77 (11).

Lemma 2.2. The sequence of positive closed currents d~"(F™)*(wa) con-
verges to the Green current Tr of F.

Proof. Write wy = wj +wy —w;i. Since d~"(F™)*(w;) converges to Tr, all
there is left to prove is that d="(F"™)*(wy — wy) converges to 0 in the sense of
currents. Observe that F*(ws — wy) is cohomologous to wy — w; hence we can
write

F*(WQ — wl) = wy — w1 + ddccp

where ¢ is smooth outside I(F') and is a dsh function (in fact ¢ is quasi-psh
since F*(wq) is a smooth form).

Let W be a small neighborhood of I’ such that F(W) C W and where ¢ is
uniformly bounded. Let vy be a smooth (hence PB) probability measure with
support in W. Then, a straight-forward induction gives:

n—1
A" (F™)* (ws — wy) = d " (w2 — wy) + dd° (d_” Y po F’f> .
k=0

The sequence of function ¢, :=d™" Zz;é @o ¥ is then a sequence of dsh func-
tions. Furthermore, as F(W) C W, we see that ||op ||, < nd™"||@|lco,w < C
where C'is a constant that does not depend on n. In particular, ||y, is uni-
formly bounded. As all the DSH-norms are equivalent, we deduce that (¢, )
is bounded in L' for the standard Fubini Study measure in (P!)2.

On the other hand, the sequence d™"(F")*(w2) is bounded in mass hence
we can extract a converging subsequence. Its limit is a positive closed current
cohomologuous to wy hence it can be written as 7*(v') where // is some prob-
ability measure in P!. Extracting again, we can assume that (¢, ) converges in
L' (it is bounded in DSH). Its limit V satisfies dd°V = (m1)*(v' — 1) hence it is
constant on each fiber of 7. In other words, V' = 7} (v) for some dsh function
v on P, Take z € C in the interior of the filled Julia set. Then, the sequences
(f™(2)) and (f™)(z) are equicontinuous near z, hence bounded. In particular,
for any u € C, we have that the sequence (f™(z),(f")'(z) - u) stays in a some
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compact subset of C x C (this compact set can even be chosen to be uniform in
a neighborhood of (z,u)). In particular, the sequence ¢, (z,u) converges to 0.
Similarly, for [z : ¢] in the basin of attraction of co and any [u : v] with u # 0,
we have that the sequence ([f™(z : t) : t¥"], [(f")'(z : t)u : t¥"~1v]) converges to
([1:0],[1:0]). Hence, ¢n([z : t], [u: v]) converges to 0 for such ([z : t], [u : v]).

It follows that the function v is equal to 0 in the Fatou set. Now, the Julia
set has empty interior and a dsh function that is 0 outside such set is identically
0 by pluri-fine continuity. It follows that v/ = py which ends the proof. ]

Any PB probability measure v in P! can be written as wp1 + ddn where 1
is bounded in P! so we have the following:

Corollary 2.1. For any PB probability measure v in P!, the sequence of
currents d~"(F™)*(m3(v)) converges to T in the sense of currents.

2.4 - The convergence Theorem

For ug € C, we denote by [u = wug] the current of integration on the line
P! x {up} of P! x PL.

Proposition 2.1. For any ug € C*, We have the convergence
d_n(Fn)*[u = U,O] —TF
in the sense of currents.

Proof. Assume it is not true and take ug € C* such that the sequence of
currents d~ " (F™)*[u = up] converges to some current S # Tr in the sense of
currents. For a € C*, consider the map D,, : (z,u) — (z,au). Observe that

d="(F") " ([u = éuO]) = D (d7"(F")" ([u = wo))).

Now, D} (d=™ (F™)*(Ju = ug])) converges to D} (S) in the sense of currents by
assumption and continuity of D. Consider the PB measure p on P! given by
the average p := faeS(Lr) 0 dAs1, () where d, denotes the Dirac mass
at o~ 'ug, where S(1,7) denotes the circle of center 1 and radius r and where
As(1,r) 1s the normalized Lebesgue measure on that set. Then, by Fubini, one
has that D} (d~"(F"*)*(m5(p))) converges to faes(m) D3 (S)dAg1,) () and to
Tr by Corollary 2.1. In particular, faeS(l,r) D3 (S)dAg1,) () = Tr which leads

to a contradiction since the former converges to S when r — 0. 0

alug Ly

We can now prove the first part of Theorem 1.1:
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Theorem 2.1. Let v be a probability PB measure in C, then

. 1 n\/\k. _
A o (7)) v =y
weakly on C. In particular, outside a polar set of A € C, we have lim v = e

n—oo

Proof. Let up € C*, then observe that ((F™)*[u = up]) A ju = 1] =
((F™)*[u = 1]) A [u = ug']. Let inv : P! — P! be the rational map z — 2~ 1. Tn
other words, writing ,, for the Dirac mass at ug in P':

(2) (F")*([u = uo]) A [u= 1] = (F")*([u = 1]) A w3 (inv" (du ))-
By Fubini, we have for any arbitrary PB measure v on P
(F") (3 (V) Au=1] = (F")*([u = 1]) A w3 (inv* (v)).

As remarked earlier, proving the statement for one specific PB measure v im-
plies the result for all PB measures. In particular, we take v = wp1 which has
the advantage of satisfying inv*(wp1) = wpi. By the above Proposition 2.1,
d""(F")*([u = 1]) — Tp in the sense of currents, hence d~"(F")*([u =
up] ) Ams (inv* (wp1)) = TpAns(inv* (wp1)) = Tp Ams (wpr) since 75 (wp1) has con-
tinuous potentials. Furthermore, as (m1)* (1uy) = T, Fubini Theorem implies
(m1)« (T A3 (wpr)) = py. By continuity of (7)., we deduce that

(1) (d7"(F™)* ([u = uol) A3 (inv™ (wp1))) = (m1)s (T A 75 (wpr)) = py,

in the sense of currents. Using (2) gives the first part of the theorem.

For the second part, consider the positive measure of finite mass vy on P!
defined by:

L 1 ny\/
vy = nZZ:O P (™)), (wpr)-
For \ € C, recall that d, denotes the Dirac mass at A and write d) = wp1 +dd®py
where ¢, is the non positive logarithmic potential of §y. The set of A € C such
that ¢, is not integrable with respect to vy is polar (by Stokes, that set is
exactly the set where the quasi-potentials of vy are —oc). Observe that, by
definition of v}, we have:

1 n\/\*
v = g (")) (6.
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In particular, we have, for a smooth test function 1:

(g () ) =22 = [(on g (), @) )

<¢>\7 ﬁ ((f™), (W]P’l)>’

n®+1
<¢A7ﬁ’/0>’-

In particular, that quantity converges to 0 for A outside a polar set. O

< Y]l

< ¥l e2

Remark 2.1. 1. Such a proof has the advantage to be both intuitive
and geometric. It may easily be adapted to rational maps of P! (some
new arguments are needed for maps whose Julia set is the whole P!) or,
as we will see in the next section, to parameter spaces of any dimension.

2. Nevertheless, it does not give the equidistribution for all A but 0 without
further arguments. This should be possible using the recent theory of
Dinh and Sibony of density of currents [DS4]. Indeed, let G(Tan(C),1)
be the Grassmanian of 1-plan in Tan(C) and let us work in the birational
model (P1)3. We consider the coordinates ([z : t], [u : v],[a : b]). For an
hypersurface A in (P!)2, we let A denote the incidence variety associated
to A in (P!)3. In particular (working in/th\echart C2), for (F™")*{u = \},

we have the cartesian equation of (F")*{u = \}:
(/") (2)u = A and (f")"(z)ua+ (f7) ()b = 0.

Then observe that [(F”)*/{u\: A} is cohomologous (or at least bounded
in cohomology) to:

2(dn — 1)&)1 N wo + (dn — 1)&)1 A wsz + wa A w3
(for the coefficient before wy A ws, choose a generic [ag : by] and count the
number of solutions of (f™) (2)u = A, (f™)"(2)uag + (™) (2)by = 0, for

that, replace u by A((f")(z))~! in the second equation). In particular,
consider the sequence of positive closed currents (of bidegree (2,2)) :
1 —

g (F™)*{u = A} .

We can extract a subsequence which converges to a limit T. Then, pro-
ceeding as in [DS5], the result would follow for A provided that:
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where [u/:\l] is the line given by v = 1, b = 0 in (Pl)i We were
unable to prove this though heuristic arguments show that 7' should be
Tr Ala=0] 427 (uf) A fu=0].

2.5 - Complement 1: Brolin’s approach

In the rest of the section, we want to present two distinct alternative proofs,
giving the second and third items of Theorem 1.1. The first one is an adaptation
of the classical proof of Brolin concerning the distribution of preimages. The
second one is an adaptation of the proof of Lyubich concerning the distribution
of preimages, which consists in building sufficiently many inverse branches.

In this subsection, we assume that f has no Siegel disk. Up to conjugating
by a linear map, we can assume that f is unitary. In order to simplify the
arguments, we shall also assume that no critical points are in the basin of
attraction of infinity (this assumption is only technical and can be removed by
working in a suitable e-neighborhood of J. to which we add the e-neighborhoods
of the preimages of the escaping critical points that are not in J.). Let A\ € C*,
recall that we denoted:

1
V,ib\:—dn_1 Z 0,

(f) (z)=A
counting the multiplicity in the sum. We shall prove in this section:

Theorem 2.2. Let f be a degree d > 2 polynomial satisfying the above
properties and pick any A\ € C*. Then the sequence (1)), converges towards I
in the sense of measures.

Observe that (1)) is a sequence of probability measures so we can extract
a converging subsequence towards a limit p/. We shall show that p/ = .

Lemma 2.3. The support of i’ is contained in the Julia set J¢ of f.

Proof. Let € > 0 and consider J. an e-neighborhood of Jy. Let U be a
bounded Fatou component of f. Then in U \ Jg, the sequence (f™) is normal
and converges uniformly towards a constant, since f has no Siegel disk. So
the sequence ((f™)) is also normal and converges uniformly towards 0. In
particular, it does not take the value A in U N J¢ for n large enough. Finally,
assume U is the basin of attraction of co. As no critical point of f lies in U,
then the same result follows from the fact that (|(f™)|) converges uniformly to
oo in U\ J.. O
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We now come to the proof of Theorem 2.2.

Proof [Proof of Theorem 2.2]. Consider the logarithmic potential u,, of v
defined by :

e ny/ __ _ m
Uy 1= d”—110g|(f) Al dn_llogd

where the additive constant log d" is chosen to take into account the fact

dr —1
that (f™)" is not unitary since the coefficient of its dominating term is d". We
want to apply [B, Lemma 15.5] which, in our case, say that if the limit inferior
of the uy,, is non-positive on J¢ then p/ = us, ending the proof. Observe that
| f'| is uniformly bounded in the compact set J; (say by a constant M) so that

[(f")'| < M™ by the chain rule, since Jy is a f-invariant set. In particular:
log [(f™")" = Al <Tog(|(f")'] + |A]) < log(M™ +[A])

on Jy. Hence, the logarithmic potential w,, of V) satisfies

1
Uup < (d7"log(M™ + |A]) — o logd" on Jy ,

—1
which goes to 0 with n. The result follows. O

Remark 2.2. 1. Using potential theory is very efficient. Observe that
we can prove, using the same proof, the equidistribution of the measures

1/%”g defined by:
1
D WA
Vp™ = dr — k Z 0z
(SR (2)=A

for any A # 0.

2. Nevertheless, the method works only for polynomials (Brolin method al-
ready fails for rational maps in the case of the equidistribution of preim-
ages of a point). Moreover, it can be easily adapted to the setting of
bifurcations only in special cases, as the quadratic family (see e.g. §3.4).

2.6 - Complement 2: Lyubich’s Inverse branches approach

In this section, we prove the following theorem:
Theorem 2.3. Assume that f is a hyperbolic polynomial of degree d > 2.
Then, for all X # 0, we have the equidistribution:

lim v} =
n—oo " i

in the sense of measures.
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Proof. We can assume that no critical point is in the exceptional set:
the preimages of any critical point accumulate toward the equilibrium measure
(if not f = 2% and the result follows from easy direct computations). We first
assume that no critical points is sent to another after some iterates and then
explain what modifications need to be done to get to the general case. In
particular, no critical point is periodic. With our assumptions, the Julia set is
uniformly expanding: choosing some smooth metric in a neighborhood J, of
Jt, there exists p > 1 such that the image of a ball of radius 4 in J;, contains a
ball of radius pd.

Fix € > 0 and k € N large enough. Take some small ball B, around each
critical point ¢, we consider the preimages f~"(B.) for all ¢ and all m € N.
Choosing B, small enough guarantees that each f~"(B.) consists of d"™ distinct
connected components that we denote By such that:

e the diameters of B." goes to 0 when m — oo by expansivity ;

e for m > my, BY™ ¢ Jy (all the preimages of the critical points end up in
Jn)Q

o for (c,i,m) # (c,i',m'), we have BX™ N Béi’m, = () (this is clear for m
small by restricting the B. and it follows from the expansivity when all
the preimages are in Jp).

Let
ap := inf {|(fj)’(x)|,\ﬂ <j <k, Voed{Uy, o= B} >0

(no critical point lies in that set) and choose M), so that My, - a; > 2|A|. For
m}, large enough, for all n > mj and all z € B¢, |(f™)(z)| > My, (this follows
from the expansivity of .J,,). Take m > n > m —k > m].. Then for z € 0B:",
we have by the chain rule and the above:

(™) @)= 1 @)1 (@) > My - ag > 207

On the other hand, if ¢; ,, denotes the preimage by f™ of ¢ that belongs to Bé’",
then:

(f™) (ein) = 0.

We deduce that there exists a point z.;, € BY™ such that (f™ (zcin) = A
(indeed, if not, one can consider the holomorphic map h(z) = ((f™)'(z) = A)~!
on Be™ and get a contradiction since |h(c; )| = 1/|A| and |h| < 1/|\| on dB:™).

Summing over all ¢ times the number of critical points gives (d — 1)d™ such
points. Summing over all n gives d™ —d™ * such points. In particular, we have
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the decomposition:

VT);L = dml_ 1 Z Z Z 5$c,i,n + em,k )

¢ m—k<n<m 1

m—Fk

am—1

din Z 5$c,i,n = Hen -

i

where 0, ;, is a measure of mass which can be taken < e for k large

enough. Denote:

Then pi.p is a probability measure which is known to converge to p when
n — oo. Indeed, the sequence of measures equidistributed on the preimages of
¢ converges to  when n — oo and |z, — ¢;n| — 0 uniformly in 4 (and n).
Letting m go to co, we deduce, up to taking a subsequence that u;\n converges to
some probability measure p’ and 6, j to a measure 6, of mass d~*. Combining
the above we have:

n

Vr>\n = dml_ 1 E E %qu + em,k — (1 — d_k),uz + 0, = /L/,
¢ m—k<n<m

in the sense of measures. Letting k — oo implies that ' = 5.

Let us now explain what are the modifications in the case where one critical
point is sent to another after some iterates (assume that all the critical points
are simple): given mg large enough, using Lyubich inverse branches ideas (see
e.g. [L,BD]) we can construct (1—¢)d™ preimages of some small disks centered
around each of the critical points. Removing some of those preimages, we can
assume that (1—2¢)d™° of those preimages lie in the expanding neighborhood J,,
of J¢. However for two of such preimages, B and B’ may satisfy fA(B)NB' # 0,
this will happen if and only if f7(c) = ¢/ where ¢ and ¢ are the critical points
whose preimages by f7 are in B and B’. Whenever that happen, we remove B’
from the list of preimages that we keep. Now, we can construct for each of those
disks exactly d" preimages by f™ for all m (in particular, we take m > j for all
Jj as above). Now, when counting as above the points z in the preimages (more
precisely their image by f! for k > 1 > 0) such that (f™)’(x) = 0, observe that
the preimages such that f/(B)N B’ give several such points x in their preimages
because of the multiplicity of (f™)'(¢cin) = 0 (¢ is the preimage of the critical
point ¢ which is also a preimage of the point ¢). The rest of the proof is similar.

Finally, if some critical points has multiplicity, the argument is the same
taking into account that in each preimages, one has to take several x counting
the multiplicity. O
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Remark 2.3. 1. The proof extends easily to the case of rational maps,
with the same hypothesis on the critical points and hyperbolicity of the
Julia set. It has also the interest to show what is the "typical” behavior
of a point x such that (f™) (x) = A: the orbits stay near the Julia set for
a long time, ”gaining” hyperbolicity, then it is "ejected” and goes very
close to a critical point, losing that hyperbolicity then its orbit follows the
orbit of the critical point for a small time. Notice that the proof could
be improved to work with weakened hypothesis using more subtly inverse
branches ideas and Pesin theory.

2. Nevertheless, the method of inverse branch cannot be used in the setting
of bifurcations (or Hénon maps).

3 - In the parameter space of polynomial maps

We consider now the following polynomial map in C4~! x C defined in the
introduction :

f:Cc'xCc — cCc¥lxcC
((c;a),2) — ((c;a), Pea(2)).

Our aim in this section is to prove Theorem 1.2.

3.1 - A partial tangent map

We consider the ”partial” tangent map:

f:ClxCxC — CHlxCxC
((C’a)vzvu) — ((c,a),Pc,a(z),Pc’ﬂ(z)-u).

We shall still denote by f its homogeneous extension to P4(C) x P!(C):

f:PYC) x PH(C) — P4(C) x PY(C)
(cra:z:t],[u:v]) —

dl (©) i
ctd=1 . gpd=1 . zd+ 1)4-7 d] e AP B

J=2
d—1
24 D)o i(c)z a1ty

J=2
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In homogeneous coordinate, with the convention ¢y = 0, the indeterminacy
set of f is

. 1, = 0a_i(0)
1(f)={t=0ynq 2"+ D ()2 el =0
j=2

J
d—2
U{tzO}ﬁ{u:O}UU{z:ci}ﬂ{vzo}.
i=0

Observe that the (invariant) set {[c : a : z : 0]} x P'\I(f) is sent by f to the
fixed point I’ := ([0 : 0: 1:0],[1 : 0]). For the rest of the text, we let W be
a small neighborhood of I’ such that f (W) € W. Observe that one cannot
have f(W) € W because the fixed point I’ has neutral directions given by the
parameters space variables.

Let w; (resp. wg) be the pull back of the (normalized) Fubini-Study form
wpa of P? (resp. wpr on P') by the canonical projection to the first (resp.
second) factor Pj : P? x P — P¢ (vesp. Py : P? x P! — P! ). Let {w;} denote
the class of w; in HY (P4 x P1).

Lemma 3.1. The map f is algebraically stable i.e. (f*)” = (f”)* n
HYYP? x P, The action of (f)* is given in the ({w1},{wa}) basis by the

matriz:
d d—1
0 1 ’

Proof. We again rely on the characterization of the algebraic stability
by the existence of some hypersurface sent to the indeterminacy set by some
iterate (see [S]). Let A be such an hypersurface, then Pj(A) is an algebraic
subvariety of P?. Assume Py(A) = P4 Let [c: a: z : t] be a fixed point of f
such that f’(z) # 0 (it is obvious that there are infinitely many such points),
and let [u : v] € P! such that ([c:a: z:t],[u:v]) € A. By the chain rule,
e :a:z:tu:v) = (c:a:z:t,(f")(z) u ¢ I(f). Thisis a
contradiction.

In particular, P;(A) # P? so that A = H x P!. We extend f as a rational
mapping to P4 by its homogeneous extension to P? and still denote it by f.
Observe first that the map f is algebraically stable: indeed, if it is not the case,
since f is a polynomial map in C%, the only possibility is that {t = 0} is sent to
the indeterminacy set. This is not the case since f({t =0})\I(f) =[0:1:0].

If H# {t =0}, let p e HNC% By the chain rule, f" is the extension of

FMp.w) = (f"(), (f")'(p) - u). Observe that {p} x {[0 : 1]} C {p} x P" is sent
to {f(p)} x {[0 : 1]} whether p is critical or not. It follows from this that the
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line {p} x P! is not sent to the indeterminacy set by f".NWe assume now that
H = {t = 0}. As the point I' is sent to itself by f then f"(I") =1I" ¢ I(f). So
f is algebraically stable. The rest of the proof follows. O

3.2 - Convergence towards the Green current of the tangent map

In the sequel, we let 7 be the Green current of the map f. One result which
follows applying the same proof as that of Lemma 2.2 is the following.

Lemma 3.2. The sequence of positive closed currents d~"(f")"(w2) con-
verges to the Green current T: = P (T) of f.

Unfortunately, this result itself is not useful in our case. Indeed, to define
the activity current 7; one needs to intersect the Green current Tf~ with the
current of integration on {z = P, 4(c;)}. Such an operation is not continuous in
the sense of currents, hence Lemma 3.2 does not provide sufficient informations
for our purpose. Instead, we shall prove directly the following:

Proposition 3.1. The sequence (d~"(f")*(w2) A [z = Pea(ci)])n of posi-
tive closed currents of bidegree (2,2) is well defined and converges to the current
Tii=Pl(T) N[z = Pealc)] -

Proof. Observe first that I(f") N {z = P.,(c;)} has codimension 3 (this
follows from the fact that {z = P.4(c;)} N {P";'(z) = ¢} has codimension
2 in C? x C. In particular, d~"(f")*(w2) A [z = Peq(c;)] is well defined since
the restriction of the current d " ( ) (wa) to [z = P.4(ci)] is smooth outside
1(7). )

Write wo = wy + wy — wy. Since d~"(f™)*(w1) converges to T]; with lo-
cal uniform convergence of the potentials, all there is left to prove is that
d="(f")*(wz — w1) A [z = Pea(c;)] converges to 0 in the sense of currents. Ob-
serve that f *(wg — wq) is cohomologous to wy — wy hence we can write

f*(w2 —Wl) = W9 — W1 +ddc<p

where ¢ is smooth outside I(f) and is a dsh function. A straight-forward
induction gives:

n—1
d_n(fn)*(WQ — wl) = d_n(CUQ — wl) + ddc (d_n Z @ o fk> .

k=0
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We write ¢, :=d™" Zz;é po fk We have reduced the problem of proving the
convergence of d~"(f")*(wa) A [z = Pe.4(c;)] to T;i=Pr(T) N[z = Pealci)] to
proving that the sequence (¢,,) restricted to {z = P, ,(¢;)} converges to 0 in
L'({z = P.4(c¢;)}). We denote by @, the restriction of ¢, to {z = P..(c;)}

The sequence of functions (¢,,) is then a sequence of dsh functions on {z =
P. o(c;i)} by construction. Furthermore, if U denotes a stability component of
c¢; on which its orbit is bounded, then for all U" € U, the families (P}, (c;))
and ((PZ,) (c;)) are equicontinuous hence equibounded. In particular, for any
compact set K’ C C, there exist compact sets L C C and K C C such that for
all (¢,a) € U" and all u € K, for any n € N*, one has:

Ply(Pealci)) € L and ((nga)’(PC,a(ci)) ‘u) € K.

Let vpxx be a smooth (hence PB) probability measure with support in
L x K. Since ¢ is smooth in C? x C, we have ||@3p[loo.v < nd "||¢]lco.Lxx < C
where C' is a constant that does not depend on n. In particular, ||¢,|., . «
is uniformly bounded. As all the DSH-norms are equivalent, we deduce that
(¢n) is bounded in L! for the standard Fubini Study measure in {z = P. ,(c;)}

On the other hand, the sequence d~"(f")*(wa) A [z = Pea(c;)] is bounded
in mass hence we can extract a converging subsequence. Its limit is a positive
closed current cohomologuous to wy A [z = P.4(c;)] hence it can be written
as 7*(T") where T" is some (1,1) current in [z = P.,(¢;)] and 7 denotes the
projection to the first coordinate of {z = P, ,(¢;)}. Extracting again, we can
assume that () converges in L' (it is bounded in DSH ). Its limit V satisfies
dd°V = 7*(T" — T) hence it is constant on each fiber of 7. In other words,
V = 7*(v) for some dsh function v on {(c,a,2); z = P.q(c;)}. The above
argument, shows that v = 0 on any stability component of ¢; on which its orbit
is bounded. The case of the component on which ¢; goes to co is similar using
this time a arbitrary compact sets of the form L x K where K is a compact set
on the complementary of 0 € C (indeed, the derivative converges to o).

It follows that the function v is equal to 0 in the stability locus. Now, the
unstability locus has empty interior (this is classical and follows directly from
Montel theorem) and a dsh function that is 0 outside such set is identically 0
by pluri-fine continuity. It follows that 7*(7”) = 7*(7) which ends the proof.(]

The following is now obvious:
Corollary 3.1. For any PB probability measure v on P!, the sequence

of currents d="(f")*(75(v)) A [z = P.a(c;)] converges to T;, in the sense of
currents.
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3.3 - Value distribution of the derivative

For ugy € C, recall that we denote by [u = ug] the current of integration on
the hyperplane P? x {ug}. We have the following whose proof is similar to the
proof of Proposition 2.1 so we omit it.

Proposition 3.2. For any ug € C*, we have the convergence
d"(f")([u = o)) = Tj; A [z = Pea(e)]
in the sense of currents.
We can now prove Theorem 1.2. Let us restate it:

Theorem 3.1. Let v be a PB measure in C, then we have the equidistri-

bution:
1

fim 7o [ (P2 (Pralei)) = Nv(3) =T

n—oo dn
C

In particular, outside a polar set of A € C, we have:

Jim (PR (Peale)) =N =T,

Proof. Denote by p : C* — C% ! the projection onto the parameter
variables, i.e. the map defined by p(c,a,z) = (e, C~L). Let ug € C*, then observe
that (f")*([u = uo]) A [z = Pea(c)] Afu=1] = (f")"([u =1]) A [z = Pealci)] A
[u = ug']. Let inv : P! — P! be the rational map z ~ z~'. In other words,
the currents (f7)*([u = uo] A [z = Pea(c)]) Afu=1] and (f*)*(u = 1] A [z =
P, o(ci)]) N Py(inv*(6y,)) are equal (dy, is the Dirac mass at ug).

By Fubini Theorem, we have for v,

() (P5 W) Az = Pealc)] Alu=1] =
(/") ([w= 1)) A [z = Peale:)] A P; (inv*(v)).

As before, it is enough to prove the first point for any PB measure, so we
take v = wp1 the Fubini-Study form (inv*(wp1) = wp1). By the above propo-
sition d~"(f")*([u = 1]) — 77, in the sense of currents, hence d="(f")*([u =
uol) A [z = Pea(c)] NP5 (wpr) — Tf,; Aws since Py (wp1) = wy has continuous
potentials. By continuity of (P ). and p,, and using the equality between the
currents (f")*([u = ug] A [z = Peg(c))]) Afu = 1] and (f*)*([u = 1] A [z =
P, o(ci)]) N Py(inv*(6y,)) gives the first part of the theorem.

The proof of the second part of the theorem is similar to the proof of the
second point of Theorem 2.1 so we omit it. O
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3.4 - In the quadratic family

We now focus on the quadratic family parametrized by p.(z) := 22 + ¢, for
c € C. We denote by K, the filled-in Julia set of p. and by .J. the Julia set:

K.:={2z€C| (p"(2)),en is bounded} and J.:= K.

The Mandelbrot set M is the set of parameters ¢ € C such that 0 € K.. It is a
compact connected subset of C. The Green function gy : C — [0, +00] of the
Mandelbrot set is

gu(c) = gp.(c), ceC.

1
The bifurcation measure of the quadratic family is upir = §dngM. Its support

is the boundary of the Mandelbrot set M. Moreover, the probability measure
par = 2ppie is the harmonic measure of the Mandelbrot set (see e.g. [CG]).
Pick a polynomial A(¢) € C[c] and for any integer n > 1, let

1/22:2% Z de

() (c)=A(c)

where we take into account the multiplicity in the sum. Beware that given a
polynomial ), the measure ;) has mass (2% —1)/2" ~ 1 for n large enough. We
want here to prove the following more general result.

Theorem 3.2. For any polynomial A(c) € C[c], the sequence of finite mea-
sures (V) )n>1 converges weakly to the harmonic measure ung of the Mandelbrot
set.

Notice that Okuyama recently gave a quantitative version of the above
in [O]. In [BG, Lemma 2], Buff and the first author prove the following we
rely on:

Lemma 3.3. Any subharmonic function u : C — [—o0,+oo[ which coin-
cides with gpy on C\ M coincides with gy on C.

This lemma is similar to the extremality property used in Brolin’s approach
in Section 2.5.

Proof [Proof of Theorem 3.2]. Pick any polynomial A(c¢) € Cl[c] and for
n > 1, let

u(e) = o Tog [P () = A(e)] , e €T,

so that v} = dd°(u)). By definition, the sequence of subharmonic functions

(u) is locally uniformly bounded from above. Hence, by Hartogs lemma,
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e cither )\ — —oo uniformly locally on C,

e or it admits subsequences which converge in L] (C).

According to Lemma 3.3, to conclude it is sufficient to prove that u) — gus

pointwise on C \ M. Indeed, if this holds true any Li_ limit u of (u}) is
subharmonic on C and coincides with gp; on C\ M. By Lemma 3.3, this means
that ) — gps in L{. . and the conclusion follows.

Pick now ¢ € C\ M, then there exists C' > 0 universal such that

n
SCQ_TL’

1 n
S g ()] - 9210

for all n > 1 (see [GV, Lemma 4.1]). On the other hand, by the chain rule, we
ny/ _onyyn—1 .k
have (pc) (C) =2 k=0 Pc (6)7 hence

n—1

1
<D o

k=0

1

o 1og1pE ()] — ga(€)

o 108101 (O] — gne(c)

1 n
+ 279M(C) + 2710g2

1
<om (gm(c) +nlog2 + Cn?) .

In particular, we get lim,,_, 27" log |(p?) (¢)| = gm(c) and (p?)(c) — oo as
n — oo. To conclude, we just have to remark that

. 1 .1 A(e)
A n
Jim wn(e) = lim log |(pg)'(e)] + lim oo log |1 — o) (©)
= gum(c),
which concludes the proof of the Theorem. O

The proof we implement here can not be easily generalized to higher de-
grees to prove that exceptional sets from Theorem 1.2 are empty. Indeed, the
pointwise estimates in C\ M used in the proof we need have to be replaced
with more elaborate estimates, as in [GV]. The estimates we can prove in that
context concern only the fastest escaping critical point.

Moreover, this strategy is specifically designed for proving codimension 1
equidistribution phenomena, since the proof gives the LllOC convergence of the
potentials. On the other hand, the proof of Theorem 1.2 we give above can be
generalized to higher codimension objects.
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