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ANNA CANALE and CRISTIAN TACELLI

Kernel estimates for a Schrodinger type operator

Abstract. Inthis paper the principal result obtained is the estimate for the heat
kernel associated to the Schridinger type operator (1 + |x|*)4 — |z’

_o p(@X)p(y)
<
k(t,x,y) < Ct2 T+ 2l

2-0 , 10-N

where ¢ = (1 + |x|“)‘T+?TN, 0> N and 0 < t < 1, provided that N > 2, « > 2 and
> o — 2. This estimate improves a similar estimate obtained in [3] with respect to
the dependence on spatial component.
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1 - Introduction

In this paper we consider the elliptic operator defined by

Aux) = alx) du(x) — V(eulx), xeRY,

where a(x) =1+ |x|*, « > 2 and V(x) = |x|ﬁ, p>o— 2. Our aim is to give a better

estimate for the associated heat kernel then those obtained in [3].
Recently elliptic operators with unbounded coefficients have been studied in
several paper (see for example [11], [12], [13], [14], [9], [6], [4], [8], [7], [5]).
An elliptic operator with locally Holder continuous unbounded coefficients can be

associated to a one parameter semigroup of linear operators in the spaces of con-
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tinuous and bounded functions Cb(RN ) in a standard way (see [2]). Solving, indeed,
the Cauchy problems of the associate parabolic operator with initial datum
f € C,(RY) on balls of increasing radius, one obtains a sequence of solutions which
converges to a function u(x,t) = T'(t)f. It can be proved that « is a solution to the
problem du = Au, u(0,-) = f. If we assume f > 0 then the function « is nonnegative
and it is the minimal among all positive solutions to the above problem. For this
reason the semigroup {7'(#)},., of bounded operator (not necessary strongly con-
tinuous) is called the minimal semigroup and its generator is denoted by A,,,;,,. This
semigroup can be also extended, in some cases, to the space L?(RY).

In[9],for f > 0and 0 < o < 2, and in [4], for « > 2 and > o — 2, it is proved that
A endowed with domain

2)  DyA) = {u € WPRM)|A + || D?ul, (1 + &) *Vu, |2|'u € LP(RN)}

generates a strongly continuous and analytic semigroup 7'(-) in LP(RY) for
1 < p < oo. This semigroup is also consistent, irreducible and ultracontractive. As
regards the case f = 0 we refer to [6] and [11].

Due to the regularity of the coefficients of the operator A, the semigroup 7'(t)
can be represented in the following integral form through a heat kernel k(t, x, %)

() f ) / ko fady, >0, zeRY,
RN

for any f € L” (see [2], [10]).
In [9] kernel estimates were proved provided that N > 2, « < 2 and > 0. The
estimates was extended in [3] to the case N > 2, o > 2 and ff > o — 2 obtaining

@y (y)
L+ [y[*’

p—oa+2
f+o—2
sociated to the first eigenvalue, which is equivalent to the function

(3) k(t,x,y) < cretett” t>0,xyeRY,

where ¢y, ¢y are positive constants, b = and w(x) is the eigenfunction as-

N-1_f-u 2 /#;*2
|90|7 2 *Te*/ffwzm .

A better estimate with respect to the time variable was also obtained for small
values of ¢
_N 2-N 2-N_q
(4) kG, y) <Ctz1+ x|y ™ Q+y) ™, 0<t<1l,a>2.
Estimate (4) is the same obtained in [12] for the operator Lu = a(x)4u, for
2 <o < 4. Indeed in [12] it was obtained the following estimates for the kernel p
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associated to L

c . N
(5) P<x’%t>£—tw<1+lw|>2 Na4 PV 2<a<4,
o—2

C ) N
P@y < 0+ T A+ )T 2<a<d
2

Also in [13] it was proved similar kernel estimates for the operator a(x)4-+

-1 X
clal” MV.

Comparing (3) and (4) (and the estimates obtained in [12], and [13]) ones can see
that improving the dependence on ¢ involves worsening in the dependence on the
space variables. Conversely, if the space component is improved the other worsens.

In this paper our aim is to quantify how this happens. In order to state the re-
lationship between the dependence on the time and the space components we will
state an estimate which depends on a parameter 6. In particular we will prove for
N > 2 and o > 2 the following estimate for small values of ¢

_o p(@)p(y)
6 k(t,x,y) < Ct*
(6) Yy T
where p = (1 + \x|“)¥+§%, 0 > N.We observe that (4) and (5) are a particular case
of (6) obtained for 6 = N and 0 = 2 <N:fz_4> .

2 - Weighted spaces and Weighted Nash Inequalities

Let T'(t) be the semigroup generated by the operator (4,D,(A)), where A and
D,(A) are defined by (1) and (2). First we show that 7'(f) can be seen as a suitable
semigroup 7 (¢) on a weighted space. So, we can deduce heat kernel estimates of 7'(¢)
by heat kernel estimates of 7 (). Then, in order to obtain kernel estimates of 7 () we
prove a weighted ultracontractivity of the semigroup obtained by a weighted Nash
Inequality.

Let us introduce the measure du(x) = (1 + |ac|‘“)7ldac and the Hilbert space
L2 = L2(RY, du) endowed with the canonical inner product (f,g) = [ fgdu and

i RY
its associated norm ||f||L% = ( fde,u) . Let
RY

H={uecl2nW2(RN): V¥2y ¢ L2

" loc "o

vue (L2 (RY))")
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be the Sobolev space endowed with the inner product

(u,v)g = / A+ Vyuvdu + / Vu - Vodzx.
RY RN

We consider the closed and accretive symmetric form so defined

(7) a(u,v) = / Vu - Vodr + / uvdu
RY RY
for u, v belonging to the closure V of C?‘(RN ) in H, with respect to the norm of H.
Then we can associate to a the self-adjoint operator
Au =f

with domain

D(A) = {u €V : there exists f € Li s.t. alu,v) = — /fz") du for any v € V}.
RY
By general results since A is a self-adjoint operator induced by a nonnegative
quadratic form on an Hilbert spaces it generates a positive analytic semigroup 7 (t)
in L;% (see, e.g., [15, Prop. 1.51, Thms. 1.52, 2.6, 2.13]), which is also a symmetric
Markov semigroup. Indeed using the Beurling-Deny criteria it can be proved that
the semigroup is L™ contractive.

The Lemma below (see [3]) shows that the semigroup 7(f) coincides in
LP(RY) N L? with the semigroup T'(t) generated by (4, Dy(A)) in L” (RY).

Lemma 2.1. We get

loc

D) c {ue W2 (RY) : (1 + oY — V@ € L2}

and Au = (1 + |x|")4u — V(@)u for u € D(A). If 2 > 0 and f € LP (RN) N lel, then
G-—Af=0-A7"f

Denoting by k(¢, ¢, y) and k,(t, x, y) respectively the heat kernel associated to T'(?)
and 7 (t), by the previous lemma we can deduce that

kyt e, y) = A+ |y, x,y).

In the following we describe how estimates of the kernel of a symmetric Markov
semigroup can be obtained by using the equivalence between a weighted Nash in-
equality and a “weighted” ultracontractivity of the semigroup. The equivalence was
stated in [16, Theorem 3.3] and was reformulated in [1, Theorem 2.5]. The equiva-
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lence is obtained by means of a suitable Lyapunov function for the generator of the
semigroup.

Let 7 (¢) be a symmetric Markov semigroup generated by a self-adjoint operator
A associated to an accretive, closed, symmetric form a defined on a domain V in Li.
Let &, be its associated heat kernel. We define a Lyapunov function in the following
way (see also [12], [13])

Definition 2.1. A Lyapunov function is a positive function ¢ € Lfl such that

T = / eult, @ o) dnty) < o)
RN

for any x € RY, ¢ > 0, and for some real constant «, called Lyapunov constant.

Now, we define the weighted Nash inequality.

Definition 2.2. Let ¢ be a positive function on RY and y be a positive

NZE)
X

function defined on (0, co) wit non decreasing. The form a on Li satisfies a

weighted Nash inequality with weight ¢ and rate function y if

2
||u||L;{ alu, u)
. 2 | = 2
luol; )~ lluolf,

for any functions % € V such that |ju/7. > 0 and |ug|7, < c.
I3 14

Theorem 2.1 ([1, Theorem 2.5]). Let T (t) be a symmetric Markov semigroup
on Li with generator A. Let us assume that there exists a Lyapunov function ¢
with Lyapunov constant k > 0 and that the associated form a satisfies a weighted
Nash inequality with weight ¢ and rate function w such that —— s integrable in

w(x)
(a, + o) for every a > 0. Then

ITOf e < K@e| follL,

for any functions f € L% such that fo € L),. The function K is defined by

Kt =vU1®,

where
1

t
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Finally from [1, Corollary 2.8 ] we get the estimate of k.

Corollary 2.1. If the Markov semigroup 7 (t) satisfies the assumptions of
Theorem 2.1 then the kernel k, satisfies

k2,2, ) < K@tFe* px)p(y)

forany t >0, (x,y) € RY x RV,

3 - Heat kernel estimates

In this section we will prove upper bound estimates for the kernel k. First we
r, . N
prove that the function ¢(x) = (1 + |¢|*)” is a Lyapunov function if y < —54— %

and y < 0.

N .
Lemma 3.1. Let y < —5 + % be a real constant. Then the function ¢(x) =

A+ |x|) € Lﬁ(R ) and satisfies the inequality Ap < ko for some x > 0.

Proof. Let us consider ¢(x) =1+ |x

.. It is easy to see that ¢ e Ly if
2y — o < — N. Furthermore we get

y

Ap = y(y = a)(1+ |y a7 4 (e — 24+ (1 + [ [ — [2l (1 + [’

200—2
2™ @)+ 90— 2+ M) 2p@) — 2 o)

= [l (50-

| o

_ lp
1+|x‘a+y(oc 2+N)> 90|}€0(96')-

Then, since ff >« — 2, one can see that there exists a positive constant x such that

Ag(x) < k()
for all x € RY. O

Arguing as in [11, Section 2] we have that ¢ is actually a Lyapunov function.

N . .
Theorem 3.1. Lety < — 5 + g be a negative constant. Then the function ¢

18 a Lyapunov function with constant iy for any iy > k.
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Proof. Let us observe that ¢ € CO(RN ) if and only if y < 0. Then we can con-
sider u = R(A, Apin)e = (4 — Amm)_l(p € CO(RN ) (see [4, Section 2]). Let x> «k,

a> KO ondw = (1 +@>(p—iu. Since Au = Ju — ¢, we have
Ko — K A
Aw_mﬂ:“**Aw—z&u—W—Aiji¢—MQ
gKojl}c(pf}co(p:%(KOKJriK*/lKO)(ﬂSO-

By the maximum principle we have w > 0 in RY. Then
(1+5)0 = 2RG, A)p.
A
Iterating the last inequality we get

(1+ '%f’)"q) > "R"(, A)p.

So, we obtain
n

T(t)p — lim [%R(%,A)}nw < lim (1 +%°t> 9 = eitp,

Nn—00

Finally, in order to get kernel estimates, we will prove the weighted Nash in-
equality (see Definition 2.2) with Lyapunov function

2-0, 10-N
T Ty 2

p =1+ 2"
and rate function
w(t) = 117
for 0 > N. We observe that ¢ satisfies the hypothesis of Theorem 3.1 if o > 2.

In order to prove the weighted Nash inequality we use a weighted Sobolev in-
equality which we recall for reader’s convenience (see [12, Proposition 3.5]).

Proposition 3.1. Let f, ¥/, v,p,q real values such that
l<p<g<oo y-1<p<y

0<1_1:ﬂ

< Td N N+p(yy —=1)#0, p<qg<p", p<N.
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Then there exists a positive constant C such that for any u € CgC(RN )

1 1

q P

/ A + o) ju)'de | < C / (A + o) [Vu@)| de
RN RY

+C / (A + |2 |u() [P da

RY

Theorem 3.2. Ifa>2 and f>o— 2, then the kernel k, of the semigroup
generated by A satisfies the inequality

C
forevery 0 <t <1, yeRY
Proof. Letwu €V be such that ||up|;, <oco.

2
Applying Holder’s inequality with p = g% we get

4
( [ bl [t g
Q=2

RN RN
0-2
0+2 0+2
< /Iul%¢ﬁdﬂ /\%|¢du
RY RY
0-2 4
0+2 0+2
< /|u|%(1+|x|“)ﬁ(¥+§%)*ldx (/ |u|pdu
RY

IN

3
—
=
S

=
N——
$

/ P21+ )27 d
RV

Then

IN

142
2 0
(Il

; N 4
[ i |l
,1

RY
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from which .
- a
iz (S P e
v L; < RY .
L L
ol ol
2
Applying the weighted Sobolev inequality with p =2, ¢ = 02’ Y =0, gf =
0— . ;
22_0 and v = —o we obtain

0-2

0
</|u|f—”2(1+|x)2%dx> gc<|w||§+ / (1+V)u2dﬂ>:Cd(u,u),
RY RY

where a(u,u) = a(u,u) + [ uduis the quadratic form associated with the operator

RY
A + 1. Since ¢ is a Lyapunov function with constant x + 1 for the operator A + I,

applying Corollary 2.1, we get

B CelctDt
ky(t,,y) < 0 p@)e(y),
2

where INcﬂ = ¢'k, is the kernel associated with A + 1. This gives the result. O

Taking into account the relation between & and k,,, by Theorem 3.2 we state the
following result:

Theorem 3.3. Le us assume o> 2, f>a—2. Then the kernel k of the
semigroup generated by A for every 0 < t <1 satisfies the bound

e p(2)p(y)
References

[1] D. Bakry, F. BoLLEY, I. GENTIL and P. MAHEUX, Weighted Nash inequalities,
Rev. Mat. Iberoam. 28 (2012), no. 3, 879-906.

[2] M. BEerTOLDI and L. LORENZI, Analytical methods for Markov semigroups,
Chapman & Hall/CRC, Boca Raton, FL 2007.

[3] A. CANALE, A. RHANDI and C. TACELLIL, Kernel estimates for Schriodinger type
operators with unbounded diffusion and potential terms, Z. Anal. Anwend.,
to appear.

[4] A. CaNALE, A. RHANDI and C. TACELLI, Schrddinger type operators with un-

bounded diffusion and potential terms, Ann. Sc. Norm. Super. Pisa Cl. Sci. 16
(2016), no. 2, 581-601.



350

[5]

(6]

(7]

(8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

ANNA CANALE

E.

ANNA CANALE and CRISTIAN TACELLI [10]

DURANTE, R. MANZO and C. TACELLI, Kernel estimates for Schridinger type
operators with unbounded coefficients and singular potential terms, Ric.
Mat. 65 (2016), no. 1, 289-305.
ForNARO and L. LORENZI, Generation results for elliptic operators with
unbounded diffusion coefficients in LP- and C,-spaces, Discrete Contin.
Dyn. Syst. 18 (2007), 747-772.

. Kunzg, L. LorRENZI and A. RHANDI, Kernel estimates for nonautonomous

Kolmogorov equations with potential term, in “New prospects in direct,
inverse and control problems for evolution equations”, Springer INdAM Ser-.,
10, Springer, Cham 2014, 229-251.

. Kunzg, L. LOorRENZI and A. RHANDI, Kernel estimates for nonautonomous

Kolmogorov equations, Adv. Math. 287 (2016), 600-639.

LoreENZI and A. RHANDI, On Schrédinger type operators with unbounded
coefficients: generation and heat kernel estimates, J. Evol. Equ. 15 (2015), 53-88.
METAFUNE, D.PALLARA and M. WACKER, Feller semigroups on R",
Semigroup Forum 65 (2002), 159-205.

METAFUNE and C. SPINA, Elliptic operators with unbounded diffusion
coefficients in LP spaces, Ann. Se. Norm. Super. Pisa Cl Sci. 11 (2012),
no. 2, 303-340.

METAFUNE and C. SPINA, Heat kernel estimates for some elliptic operators
with unbounded diffusion coefficients, Discrete Contin. Dyn. Syst. 32 (2012),
2285-2299.

METAFUNE, C.SPINA and C. TACELLI, Elliptic operators with unbounded
diffusion and drift coefficients in L spaces, Adv. Differential Equations 19
(2014), no. 5-6, 473-526.

METAFUNE, C. SPINA and C. TACELLL, On a class of elliptic operators with
unbounded diffusion coefficients, Evol. Equ. Control Theory 3 (2014), no. 4,
671-680.

M. OuHABAZ, Analysis of heat equations on domains, London Math. Soc.
Monogr. Ser., 31, Princeton Univ. Press, Princeton, NJ 2005.

F.-Y. WaNG, Functional inequalities and spectrum estimates:the infinite mea-

sure case, J. Funet. Anal. 194 (2002), 288-310.

University of Salerno

Dept. of Information Eng., Electrical Eng. and Applied Mathematics
Via Giovanni Paolo 11, 132

Fisciano (SA), 84084, Italy

e-mail: acanale@unisa.it

CRISTIAN TACELLI

University of Salerno

Dept. of Information Eng., Electrical Eng. and Applied Mathematics
Via Giovanni Paolo II, 132

Fisciano (SA), 84084, Italy

e-mail: ctacelli@unisa.it



