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Abstract. In this paper, we introduce a new age-structured population model
with diffusion and gestation processes and make a complete study of the qualitative
properties of its solutions. The model is in the spirit of a model introduced in [13, 15]
and studied in [10]. We aim here to correct some weakness of the model that was
pointed out in [10].

Keywords. Population dynamics, coupled equations, qualitative properties,
asymptotic behaviour.

Mathematics Subject Classification (2010): 35Q92, 35B40, 35B51.

Contents
1-Introduction........ ...t i i 322
2 - The new populationmodel................. ... i, 323
S-Mainresults.........cooooiiiiiiiiiii i e 325
3.1 - Assumptions and well-posedness ............ccoeieeiiiineunennennnn. 325
3.2 - Qualitative Propertios .........ouueeuie it 326
3.3 - Asymplotic DeRAVIOUT ... ove ettt et 326
4 - Comparison with the existing literature................................ 327
4.1 - Well-posedness of the model (22) ........ccooviiiiiiiiiiiiinininnnnnn. 328

Received: January 15, 2016; accepted: June 27, 2016.



322 GENNI FRAGNELLI, PATRICK MARTINEZ and JUDITH VANCOSTENOBLE [2]

4.2 - Qualitative properties and weakness of the model (22) .............. 328

4.3 - Asymptotic behaviour for the model (22) ........cccevviviiiiiin... 329

5 - Proofs of Theorems 3.1,3.2and 3.3 ...t 330
5.1 - Connection between the problems (7) and (22) .......ccvvveiinin.. 330
5.1.1-From (7) to (22) .cieuiiiiiii it ciie i 330
5.1.2-From (22) t0 (7)eeenieieiii i cie e eeen 331

5.2 - Proof of Theorem 3.1 ......eniniuiei ittt ittt iiieiaeeannns 331

5.3 - Proof of Theorem 3.2 ......o.iuiueei ittt eia e ieaeiannns 332

5.4 - Proof of Theorem 3.3 ......oeniuue ittt eeaeeanns 334

6 - Conclusion and perspectives...............cooiiiiiiiii i, 336
6.1 - Introduction of more general models................ccoeviiiininn... 336

6.2 - Study of controllability properties ...........oueiiiiiiiiiiineninnn. 337

1 - Introduction

The goal of this paper is to introduce a new age-structured population model with
diffusion and gestation processes and to make a complete study of the qualitative
properties of its solutions. The model we suggest here is inspired by a previous one
that has been introduced in [13, 15] and studied in [10, 13, 15].

Classically, most of the population models proposed before (see for example
[5, 8, 16, 17, 18] and the references therein) consider only a delay due to preg-
nancy but they do not take into account that a lot of things can happen during the
time of gestation (for example the pregnant individuals may move, die or bear
before the fixed time). Those “classical” models of population dynamics with dif-
fusion may in general be viewed as delay equations and studied using this theory.

The model introduced in [13, 15] is more realistic since it takes into account for
example the fact that, in general, pregnant individuals move during the period of
gestation and therefore can bear in a place different from that they were fecundated.
It is a system of two partial differential equations whose unknowns are the size of the
total population and the size of the population of individuals in gestation. Of course
these two populations are connected, and the novelty of the present paper will be
precisely a new coupling relation between these populations. The model introduced in
[13, 15] has been studied in several papers, with different assumptions and methods:

e using the theory of delay equations with nonautonomous past, see [13, 15] and
also [9, 11, 12];

e in[10], we completed the results of [13, 15], providing a complete analysis of the
following questions: existence, positivity, asymptotic behavior of the solutions,
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under rather natural biological assumptions (and moreover with direct meth-
ods: Fourier decomposition, maximum principles).

However, in [10] we also pointed out some weakness of the model. Indeed we
investigated another natural qualitative property that was not studied before in
[13, 15] : is the number of individuals in gestation less than the total number of
individuals (assuming of course that this property is satisfied at the initial time)?
Surprisingly, the answer was not obvious, the result was even false in general, and
the natural and expected property was true when the initial data and parameters
satisfy some additional, quite strong, assumption meaning, roughly speaking, that
the property is true (and thus the model is valid) if the population of pregnant
individuals is “small” with respect to the total population. The goal of the present
work is to introduce a new model that improves the previous one in the sense that
the property is true without extra assumption.

In Section 2 we introduce the new model we are interested in. In Section 3, we
give our main results on it. Section 4 contains some comments and comparison with
other connected models. Section 5 contains the proofs of our main results. Section 6
is devoted to some remarks and perspectives.

2 - The new population model

We consider a spatially distributed population where individuals are character-
ized by their position. (No sex or age differences are allowed). A special attention is
paid to the mechanism of pregnancy, that leads to a delay in the replacement of the
population. The model wants to take into account the events that may happen during
the gestation : the pregnant individuals may move, die or bear before the term. For
this reason, within the total population, we distinguish pregnant individuals and we
refer to them by considering their ‘age of gestation’ a, ranging in [0, 7] where » > 0is
fixed.

In general, individuals are supposed to die at a given death rate d whereas the
pregnant individuals are supposed to die at a death rate d’, with d’ > d. Pregnant
individuals are also supposed to bear according to a rate b = b(a). Moreover, we
assume that the dispersal of the population through the environment is realized by
the Laplace operator.

Summing up, let 2 ¢ R” be open, connected and bounded with smooth boundary,
and denote, respectively, by u(t, x) and v(t, a, x) the total population at time ¢ and
position « and the subpopulation of pregnant individuals at time ¢ and position & with
a time of gestation a; then the dynamics of the two populations is governed by the
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following equations :

1) w(t, ) — Aut, ) + du(t,x) = /b(a)v(t, a,x)da,
0

v, a, ) + v, a,x) — A, a,x) +doE, a,x) = —bla)t,a,x),

where (t,a,2) € R, x (0,7) x Q. In the second equation, the term b(a)v(t, a,x) re-

presents the density of pregnant individuals that bear at time ¢, at place x and after a

time of gestation denoted by a. The minus sign comes from the fact that the pregnant

individual that bears is no more pregnant, and hence this term behaves like a mortality
r

one. In the first equation, the coupling term f bla)(t, a,x) da represents the related

0
increase of the total population (i.e. the newborn individuals) at time ¢ and place .
We consider here the following homogeneous Dirichlet boundary conditions

u(t, ¥)jpe = 0, t>0,x€0Q,
2)

Q)(t, a, %)\BQ = 07 t> 0; (CL, x) € (0,’}”) x 09,
which means that no individual reaches the borderline. (Notice that we also could
consider homogeneous Neumann boundary conditions which means that no individual
crosses the borderline). Moreover the initial population at time ¢ = 0 is given by
(0, 2) = up(x) > 0, x € Q,
00, a,x) = vo(a,x) = 0, (a,x) € (0,7) x Q.

3)

Finally, we need to describe how the number of fecundated individuals depends
on the total population, which gives another coupling condition. In [10, 13, 15], the
assumption is that the number of fecundated individuals at time ¢ and place x is a
fixed proportion of the whole population present at that place and time :

4) u(t,0,2) = foult, x), t>0,xec.

In the present paper, we are going to assume that the population v(t, 0, x) that is
fecundated at time ¢ and place « is a fraction of the total population that kas not yet
been fecuntaded at time t and place «x. To that purpose, we consider

r

(5) Vit,x) = /v(t, a,x)da,

0

which represents the total population of pregnant individuals at time ¢ and place «,
and we replace (4) by

(6) ’U(t, Oa 90) :.ﬁ)(u(ty x) - V(ty x))7 t> 07 HAS 97
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which means that the population that becomes pregnant at time ¢ and place «,
which is v(,0,x), is a fraction of the total population that has not yet been
fecuntaded at time ¢ and place x, which is u(t, ) — V (¢, x). This lead us to consider
the following new model :

w(t, ) — Aut, x) + du(t, x) = /b(a)v(t, a,x)da,
0

w(t, a, ) + v, a,x) — A, a,x) + dvE, a,x) = — bla)v, a,x),
(7) r
v(t,0,x) = fp (u(t,x) — /v(t, a,x) da),
0
M(t, x)|&Q = Oa ,U(t7 a, x)\i).Q = 07

w(0, ) = uo(x), (0, a, %) = vo(a, ),

where (¢, a,2) € R} x (0,7) x Q. Note that there is a nonlocal local term in the first
equation and now also in the (coupling) boundary condition.

3 - Main results
3.1 - Assumptions and well-posedness

Let us make the following assumptions:
(8) r>0, d>d>0 and f; >0,

(9)  beLpy.(0,7) such that b > 0, b nondecreasing, /b(a) da = + oo,
0

ug € L*(Q), wuy >0,
(10)
vo € L2((0,7) x Q), vy > 0 such that vbvy € L2(0,7) x Q).

In the following, we set

Vs € (0,7), b(s) = / b(o) do.
0

For any characteristic line
S:={{t,a) 0, T)x0,7) | a—t=ay—t} = {(to+s,a0+3) | s (0,7 —ap},
with (¢, ag) € (0,T) x {0} U {0} x (0,7), we denote by W'1(S; L?(Q2)) the space of

functions v:S — L2(Q) such that v(ty+-, a0+ ) : (0,7 —ay) — L2(Q) is in
WEL(0,7 — ap); L2(€2)). Then we have the following
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Theorem 3.1 (Well-posedness). Assume (8), (9), (10). Then for any T > 0,

problem (7) has a unique solution (u,v) on (0,T) such that
(11) € C(0, T} LX) n WH(0, T; LX(Q)) N L*(0, T; Hy(2)) N L (0, T; H*(2)),
(12) v € C(S; LA(Q)) N WH(S; LA(Q)) N LA(S; Hy(2) N LE,.(S; HA(Q)),

loc

Sfor almost any characteristic line S of the equation a —t = ay — 1o,
r
(13)  Vov e L2(0,T) x (0,7) x Q) and / b(ayw(-,a,-)da € L*(0,T) x Q).
0

Moreover,

(14) Vi, vit—er—e-)—0in LAQ)ase— 0.

3.2 - Qualitative properties

Theorem 3.2 (Qualitative properties). Assume (8), (9), (10) are satisfied.
a) Assume also that
(15) Vo) < uplx) wn Q.

Then the solution (u,v) of (7) satisfies:

(16) u>0 m (0,T)xQ and v>0 i (0,T) x (0,7) x Q,
and
(17 Vt>0, V() <ul,) n Q.
b) Assume that there is some 0 € [0,1) such that
(18) Vo) <A — Duplx) in Q and d —d>fi 1 f 7

Then the solution (u,v) of (7) satisfies (16) and
(19) vi>0, V(i) <A-0wul,-) in Q.

3.3 - Asymptotic behaviour

Finally we set
d=d+tfo d'=3d+d)
(20) )
fo = 2fp, b:b+§(d’—d).
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We also denote by 4 the smallest eigenvalue of the Laplace operator with Dirichlet
boundary conditions and

,
(21) R :=f / g(s)ef(é(s)ﬂd’ﬂo)s) ds
0

where

Vs € (0,7), b(s) = / i(o) do.
0

Then we prove the following

Theorem 3.3 (Asymptotic behaviour). Assume (8), (9), (10). Assume that
(19, v9) # (0,0) (otherwise the solution is identically equal to zero). Then the solu-
tion of (7) satisfies

) of Ry < d + A, then u goes to zero exponentially fast in L*(Q) as t — oo, and
v goes to zero exponentially fast in L2((0,7) x Q);

(ii) of filo —d+ o, then u converges exponentially fast (in L*(Q) ) to some sta-
tionary state w* € L*(Q) as t — oo, and v goes to some stationary state
v* e L2((0,7) x Q)

(iii) of Ry >d + A, then u goes exponentially fast to infinity in L*(Q)-norm as
t — oo, and v goes exponentially fast to infinity in L>((0,7) x Q)-norm.

4 - Comparison with the existing literature

In this section, we compare the new model (7) to the existing literature. First let
us recall the results obtained in [10] concerning the model

w(t, ) — Au(t, x) + du(t,x) = / blayw(t, a,x)da,

0
v, a,x) + v, a,x) — A, a,x) + dviE,a,x) = — bla), a,x),

(22)
u(t,0,2) = foult, x),
/M/(t7 90)|<‘)Q = 07 ’U(t, a?“D\OQ = 07
u(0, ) = up(x), v(0,a,x) = vo(a,x),

where (,a,x) € R} x (0,7) x Q. This will be useful to understand the differences
with (7), and also to prove Theorems 3.1, 3.2 and 3.3.
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4.1 - Well-posedness of the model (22)

Theorem 4.1 (Well-posedness, [10, Theorem 2.1, Theorem 2.2]). Assume (8),
9) and (10). For any T > 0, problem (22) has a unique solution (u,v) on (0,T)

such that
(28) w € C(0, TL; LA(Q) N W0, T; LA() N L*0, T; Hy(Q)) N L}, .0, T; HX(Q)),
(24) v € C(S; LA(Q)) N WH(S; LA(Q)) N LA(S; Hy(2) N LE,.(S; HA(Q)),

loc

for almost any characteristic line S of equation a —t = ay — t,
25) Vb e LX(0,T) x (0,7) x Q) and / blayv(a)da € L*(0,T) x Q).
0

Moreover,
(26) Vi, vt—er—e-)=0in L*(Q) as ¢ — 0.

Remark. Note that, in [13] and [15], b is assumed to belong to L>(0, ) or to
LY(0, ) so that some associated delay operator is well-defined. In [10], we prefered
to assume

27) / b(a)da = + oo,
0

Indeed it is a more “natural” assumption that ensures v(-, r, -) = 0, which means that
ris the maximal time of gestation. But this induces several technical difficulties, and
the well-posedness of (22) was proved when the initial conditions belong to some
suitable weighted space (see assumption (10)).

4.2 - Qualitative properties and weakness of the model (22)

Theorem 4.2 (Qualitative properties, [10, Theorem 2.2]). Assume (8), (9) and
(10). Then the solution (u,v) of (22) satisfies:

(28) u>0ae on(0,T)xQ and v>0a.e on (0,T)x (0,r) x Q.

Moreover, if

(29) fouo(x) / e D= @=Ar g < () — V()
0

for almost all x € Q. Then the solution satisfies

(30) Vt>0,VaeeQ, ulx) >Vt wx.
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The main novelty in [10] was the study of property (30), that means that the
total population wu(?) is larger than the total population of pregnant individuals V (¢).
Of course, in order to ensure such a property, it is necessary to assume that it is
satisfied at time ¢ = 0. The natural assumption in order to get (30) would simply be
the following one: uy > Vj. Observe that our assumption (29) implies uy > V} but
is unfortunately stronger. Note also that, even if the result is very natural, it does
not follow easily from the equations and the strong assumption (29) is really
needed to prove it. Indeed it is possible to construct a counter-example to this
property (see [10]). Moreover, even under condition (29), the proof of (30) was not
obvious since we had to compare « with V whereas we did not have a system of
equations in (u, V) but in (u, v).

Hence the previous model (22) is realistic only when the pregnant individuals
population is “small enough”. This comes from the fact that the model (22) assumes
that the number of fecundated individuals at time ¢ and place « is a fixed proportion
of the whole population present at that place and time (remember (4)). This coupling
condition is natural when the pregnant individuals population is “small”. On the
contrary, if the pregnant individuals population is “large”, this cannot be a realistic
model. This is the motivation for the more realistic condition (6). And the gain is that
the new model effectively corrects the weakness of the first one since property (17)
is now valid without restriction on the parameters and initial data.

4.3 - Asymptotic behaviour for the model (22)

Finally, in [10], we also completely studied the asymptotic behavior of the solu-
tions of (22): denote 7/ the smallest eigenvalue of the Laplace operator with Dirichlet
boundary conditions, ¢, the associated eigenfunction, and

,
Ry :=f / b(s)e” POHIHD g,
0

Then we proved the following

Theorem 4.3 (Asymptotic behaviour, [10, Theorem 2.3]). Assume (8), (9) and
(10). Assume that (ug,vo) # (0,0) (otherwise the solution s identically equal to
zero). Then the solution of (22) satisfies

(1) if Ry < d + Lo, then u goes to zero exponentially fast ast — oo,
(ii) if Ry = d + Ao, then u converges exponentially fast to a stationary state;

(iii) if Ry > d + Lo, then u goes exponentially fast to infinity as t — co.
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Remarks. The stationary state in case (ii) and the rates of convergence in each
cases may be explicitly determined by the proof. (We refer to [10, Theorem 2.3] for
the detailed statement of Theorem 4.3). Concerning the behavior of v, it is then easy
to see that v(t, -, -) goes exponentially fast (in L2((0,7) x Q)) to zero, to a stationary
state or to infinity ast — oo respectively if Ry < d + 4o, Ro = d + Agor Ry > d + Ao.

5 - Proofs of Theorems 3.1, 3.2 and 3.3

To prove Theorems 3.1, 3.2 and 3.3, we will make analogies with (22). In parti-
cular, there is a change of unknowns that allows us to transform (7) into (22). This is
not sufficient to conclude, as we will explain in the following, but it helps a lot.

Asin [10] we work under the assumption (27) on b. This is natural from a biological
point of view, since it implies that the solutions of problem (22) satisfy the property
(26), and will imply a similar property for the solutions of (7).

5.1 - Conmection between the problems (7) and (22)

5.1.1 - From (7) to (22)

Assume (u, v) is a solution of (7) such that v(a = ) = 0. Then, it is easy to see that
(31) (@) = (”‘V , v)
2
solves a system having the form of (22). More precisely, we have
r
Tyt ) — Aiult, %) +didt, ) = / b(a)i(t, a,x)da,
0

De(t, @, ) + Vot @, ) — A0t a, ) +dVE, o, x) = — ba)it, a, ),

(32) R
o(t,0,2) = foult, x),
u(t, )90 = 0, o, a, )00 = 0,
w0,2) = up(x),  v(0,a,x) = vo(a,x),
with
d=d+f,  d=j@d+d)
(33) fo = 2fo, Z3=b+%(d’—d),
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5.1.2 - From (22) to (7)

Reciprocally, assume (#, 9) is a solution of (32) such that ¥(a = r) = 0. Then, it is
easy to see that

(34) (u,v) = <2d+/®da,@)

0

solves (7), with

=

Wy = 200 + /’IA)oda, vy = V.
0

5.2 - Proof of Theorem 3.1

Assume that the parameters d, d', fy, b, ug, vy satisfy (8), (9), (10) and (15).
Assume that we have a solution (u, v) of (7) such that v(a = ) = 0. Then apply the
transform (31). This transforms problem (7) into (32) with the parameters (33).
The assumptions of Theorem 4.1 are all satisfied, except the hypothesis d’ > d
that is not always satisfied. But this is not essential, since looking to the proof of
Theorem 4.1 one can check that the result of Theorem 4.1 remains true without
this assumption. Indeed, the existence of the solution of (32) follows from a fixed
point argument: consider

L2((0,T) x Q) := {h € L*(0,T) x ) | h is nonnegative};

let & be given in L2+((0, T) x Q) and consider the problem

it ) — At ) it ) — / bt a. ) da,
0

bu(t, @, ) + balt, a, ) — 40, a, @) +d'D(E, 0, x) = —b(@)(E, 0, ),
(36) ot,0,2) = foht, ),

u(t, )90 = 0,

v(t, a,x)p0 = 0,

(0, ) = o(i),

(0, a, ) = vo(a, ).
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From the classical results concerning the heat equation, there exists a unique so-
lution (@4, 9™ of (36). Moreover, the map

Li((O, TYx Q) — Li(((), T) x Q)
F
3 o)

where (#®, 9™ is the solution of (36) associated to £, is a contraction on the space
L%((0,7) x ©), when L*((0,T) x Q) is endowed with the norm

Vg € L*(0,7) x Q), lall; == ||ei)~t/2(}||L2((07T)xQ)a

where the constant 1 > 0 is large enough, and this does not depend on the sign of
d—d (we refer to [10] for the detailed proof). Then the proof of Theorem 4.1 holds
true without any assumption on the sign of d’ — d, and (32) has a unique solution
(%,?) on (0, T) such that

i € C([0, TT; LA(2)) n WHL0, T; LA(2)) N L*(0, T; Hy(Q)) N L% (0, T; HA(R)),

loc
B € C(S; LX) N WH(S; LA@Q) N LA(S; HY() N L (S; HA(Q),

loc

for almost any characteristic line S of equation @ — t = ay — to,
Vv € L(0,T) x (0,7) x 2)  and / b(a)ia) da € L2(0, T) x Q).
0

And (26) remains also true: thanks to (8)-(9), we have that be L (10, 7)), b >0, bis

nondecreasing, and [ b(a) da = + co. This implies that
0

Vi, dt—er—e-)=0in L*Q)ase— 0.

Now, using the inverse transform (34), we obtain (u, v) that satisfy (11)-(14). This
proves the existence part of Theorem 3.1. The uniqueness part follows immediately
from the uniqueness of the solution of (32) (as given in Theorem 4.1), and the
transforms (31) and (34). Hence Theorem 3.1 is proved. O

5.3 - Proof of Theorem 3.2

The proof of Theorem 3.2 is based on the same idea: consider (u, v) the solution
(7), and (@, v) given by (31) the solution of (32) with the parameters (33).

a) First assume that (8), (9), (10) and (15) are satisfied. The iterative procedure
described below gives that

(37) fo>0,4>0,80>0 = 9>0,4>0.
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Indeed, take hy = 0 and solve (36): the weak maximum principle implies that 2@ > 0,
and then that #© > 0. Then, in a second step, take #; = #?. Then one again, the
weak maximum principle implies that ") > 0, and then that 74/’ > 0. Repeating the
procedure, we obtain that 4 > 0 and v > 0.

Now we go back to (7): clearly (37) and (31) immediately imply that

v>0, and u-—-V >0,
which of course imply (16) and (17).
Remark. We could obtain (16) and (17) directly, without the transformation
(31), as we explain in the following.

b) Now assume that (8), (9), (10) and (18) are satisfied. Then of course we can apply
what we have just proved and (16) and (17) are true. It remains to prove that (19) is
satisfied. Consider

wt, x) := (1 — Ou(t,x) — V(,x).

Denote
,
V(t, x) = /b(a)v(t,a,x)da.
0

Then we see that (u, V) satisfies

w — Au+du =Y for ¢t > 0,
Vi—dV +dV =-V+folu—-V)—(Wd —d)V fort>0,
ut, X)po = 0 =V, )00 for t > 0, x € 0Q,
u(0,2) = up(x), V(0,x) = Vo(x) for x € Q.

Hence w satisfies

wy—Adw+dw =2 -0V —folu—-V)+ W —d)V fort>0,

w(t, 2)jpo = 0 for t > 0, x € 09,
w(0,2) = (1 — Oug(x) — Volx) for x € Q.
Since
w=>10-0w-V)-0V,
we have

wt—Aer(dJrfolie)w:(z—e)lﬂr(d’—d—fo1f9)V,
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and the weak maximum principle implies that (19) is satisfied. The proof of Theorem
3.2 is completed. |
5.4 - Proof of Theorem 3.3

The proof of Theorem 3.2 is based on the same idea: consider (u, v) the solution
(7), and (i1, v) given by (31) the solution of (32) with the parameters (33). Then we
follow the steps of the proof of Theorem 4.3:

e First we decompose i, vy and u, ¥ in Fourier series: let (p;);cx be the ortho-
normal basis of L?(2) composed by the eigenfunctions of the Laplace operator
with Dirichlet boundary conditions:

{ —dp(x) = Lipix) w € Q,

with (4))jex € R, such that 4; /' 4 0o asj — + oo. If we write
o) = > o),  and  dola,x) = Bj(@p;@),
j=0 =0
then

ammzfﬁmMm,am w%mzfﬁ%mwm
J=0 J=0

where, for each j > 0, (&t/,97) is solution of the problem without diffusion

ﬁ@+@+@m@m=/mm%ﬂma £>0,
0
/(@) + 0t a) + (d + 1)t @) = —b@)@i(t,a) t>0,a€0,7)
bt 0) = foird () t>0,
W (0) = it
100, ) = B(a) a € (0,7).
Of course
u=2u+V,

and

r
0]

. . 2
HWJ@MZEX%W+/W@mm)

J=0 0
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Hence we have to study the behavior of 4/ and 9/ with respect to ¢ and j.
Note that since g, is positive in Q, then

728 = / o (x)po () da

Q

is nonnegative, and %) = 0 if and only if %y = 0 in Q. The same remark holds
true for 99. In the same spirit, since 7% and ¥ are nonnegative, %°(t) > 0 and
(¢, a) > 0.

Define Ro by (21); since the function
r
oo / b(a)e " @g—@ g3 go
0
is strictly decreasing, there exists one and only one «* > 0 such that
r
fo / lA)(a)e”:’(“)e’(oz/"i)“e’“*“ da = o;
0

moreover, since 1//(0? +20) =Ry — (d+ o), we have that
Ry<d+ldy = o <d+,
R():(i-l-ﬂo - OC*Zd—I-},o,
R0>d+/10 = O€*>d+}v0.

Using classical properties of the Laplace transform (see Theorem 3.3 in [10]),
the following holds:

(39) () ~ e I,
where ¢) > 0 (and is given in (3.17) in [10]).

Now we are in position to distinguish the three cases of Theorem 3.3:

— Case (iii): Ro >d+ /0. Then, as noted, we have o* > d+ A0, and (39) implies
that 4°(t) goes exponentially fast to + oo as t — + oo. Since ?° > 0, and

7

[, [ > <2a°(t) + / (¢, a) da)Z,
0

we obtain what is claimed in Theorem 3.3, (iii).
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— Case (i): RO <d+ /0. Then as noted we have o* < d+ Ao, and (39) implies

that #°(t) goes exponentially fast to 0 as ¢ — + co. In the same way, all the
components 7/ go exponentially fast to 0, and more precisely, there exists
some C such that

A 2 2o —d—J 2 2
|2t |72 < Ce « A'))t(”“OHL?(Q) + ”vO”LZ((Om)xQ))'
Since for ¢ > a, we have
Vit a) = foid(t — aye” @@,

we obtain a similar uniform exponential decay for all the #/, and hence for
||, ')Hiz([» and ||v|\i2((0’r)xg) as claimed in Theorem 3.3, (i).

— Case (ii). We decompose

it @) = A Opo@) + S W D),
=1

and

o0

i(t, 0,x) = 0, Wpp@) + >V (t, a)g;(@);

J=1

the previous argument of Case (i) gives that all the components @’ and 7
go exponentially fast to 0 uniformly with respect to 7 > 1, and the first
components 4’ and ?° converge to positive constants. Hence we obtain
Theorem 3.3, (ii).

6 - Conclusion and perspectives

Finally, we corrected the first model (22) introduced in [13, 15] to obtain the more

realistic one (7). Now we are ready to turn to some other questions, like for example
the introduction of more general models or the study of controllability properties of
such models.

6.1 - Introduction of more general models

Let us recall the Mc Kendrick-Von Foerster model with diffusion which is a

classical population dynamics model studied in particular in [5]. In this model,

the density of population u(A,¢,x) of age A at time ¢ and located at space x sa-

tisfies the following equations (where another nonlocal birth process arises in a
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boundary condition) :
U +uyg — Au + d(A)u = 0,
%(A7 t, x)|80 = 07

Al
(0.4, 1) = / BA(A, t,2) dA,
0

wA,0,x) = ug(4, x).

Here A € (0,A.) denotes the age of the individuals and A, represents the maximal
life expectancy of an individual, d(A) is the natural death rate, whereas f/(4) denotes
the natural fertility rate. In summary, (40) is a population dynamics model with
diffusion and with age dependence, i.e. structured in space and age.

On the other hand, in models (22) and (7) introduced here, we recall that no age
difference is allowed whereas the time of gestation is considered. In other words,
models (22) and (7) are models with diffusion and with time-gestation dependence,
i.e. structured in space and time-gestation.

A natural question is now to write such a model where age difference will also be
considered i.e. where the density of population u(4, ¢, x) and the density of pregnant
individuals v(4, t, a, x) will depend on age A, time ¢, space « and age of gestation a. At
this stage, combining the results and the methods of [5] and of [10], it should be
possible to write and to study such a dynamies population model with diffusion and
with age and time-gestation dependence, i.e. structured in space, age and time-ge-
station.

6.2 - Study of controllability properties

Controllability of diffusive population dynamics models is a subject that is still
mainly open. But there are some recent works concerning the Me Kendrick-Von
Foerster model with diffusion : see e.g. [1, 2, 3, 4, 5] for results of approximate, local
exact or exact controllability.

We wish now to study the case of diffusive population dynamics models that also
take into account the pregnancy. Notice that the study of controllability of such
models has a link with the study made in [14]. Indeed, in models (22) or (7), the
second equation in v has the same structure than the Crocco equation (with con-
stant coefficients) : it is a degenerate parabolic equation that couples a transport
phenomenon with a diffusion phenomenon. Of course, the situation will be com-
plicated here by the fact that we deal now with a system of two equations with
nonlocal coupling terms...
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On the other hand, let us mention that there is a rather large literature on the
subject of optimal control problems for models like (40). See for example [5, 6, 7] and
the references therein. It would also be interesting to study those kinds of problems
for models like (22) or (7).
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