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SILVANO DELLADIO

A Whitney-type result about rectifiability of graphs

Abstract. Givenm > 0 and a measurable set E C R", E™ denotes the set of m-
density points of E, namely the points x € R™ at which £"(B(x,7)\E) is an in-
finitesimal of order greater than ™ (asr — 0). We investigate the size of E™ in the
particular case when E is a generalized Cantor set in R. Moreover we prove the
following result. Let ¢ € C*(Q2) and @ € C*(Q2; R™)), where Qis an open subset of R"
and b > 1. If K := {x € Q| Vp(x) = &(x)} then the graph of ¢onguwmn is a n-di-
mensional C**!-rectifiable set.
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1 - Introduction

Definition 1.1. Let E be a measurable subset of R” and m > 0. Then x € R"
is said to be a “m-density point of E” if

. LM(Bx,m\E)
Iim —————~ =
0 rm

0.
The set of all m-density points of £ will be denoted by E.

It is well-known that almost every point in a measurable subset E of R" is a
n-density point of £. Does such a statement hold with m in place of n, provided
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m > n? Surprisingly enough the answer is “yes” when E is a locally finite
perimeter set and m = n +n/(rn — 1), as we proved in [5]. Such a fact supports
the idea that locally finite perimeter sets are “closer” to open sets (for which one
obviously has E™ > E for all m) than generic sets with positive measure. For an
arbitrary measurable set E of positive measure the answer is “no”. As we will
show below, one can even produce many examples of sets E of positive measure
with EO+D = ),

Just as one expects, for m > n, the notion of m-density reveals to be useful in
extending arguments based on blow-up from open sets to more general situations.
An example is given by the following result, proved in [5] and generalizing a well-
known classical theorem.

Theorem 1.1. Let /A and u be differential forms of class C in an open subset
Q of R", rvespectively of degree h and h + 1 (with h > 1). If define

K :={x e Q|dix) = u(x)}
then QN K"V C K and (dp)| oo = 0.

Corollary 1.1. Let ® € CY(Q;R") and ¢ € CHQ), where Q is an open subset
of R™. If define

K :={xecQ|Vepl) = dx)}

then QN K"V c K and (curl @)| g gon = 0.

Another example is this theorem about C2-rectifiability of graphs, which we ob-
tained in [5] by combining Corollary 1.1 with results in [2] (largely based on [3]) and
in [4].

Theorem 1.2. Let &, ¢ and K be as in Corollary 1.1. Then the graph of
| ongasy 18 @ n—dimensional C3-rectifiable set, namely H"-almost all of it may be
covered by countably many n-dimensional submanifolds of class CZ.

Now we can show how to get examples of sets £ of positive measure with
E®+D = . First consider @ € C1(R"; R") such that curl @ is never vanishing. Then
by [1, Theorem 1] there exist an open subset A of R” and a function ¢ € C}(R") such
that

K :={x e R"| Vo) = o)} D R"\A, LMA) < 1.

Since K+ = () by Corollary 1.1, one has E®*V = () for every measurable subset
E of K.
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In Section 2 of this paper we face the problem of computing the size of E™
in the remarkable case when E is a generalized Cantor set in R. Two main
results concerning this problem will be presented. The first one states that for a
wide family of “suitably thin” generalized Cantor sets E one has £}(E™) =0,
provided m > 2 (Corollary 2.1). Then, for every fixed m > 1 and & > 0, we show
how to construct a generalized Cantor set £ in R such that LYEMY >1—¢
(Proposition 2.2).

Section 3 is devoted to a generalization of Theorem 1.2. More specifically we
prove that if @ and ¢ are of class C" with h > 1 and if K is defined as above, then
the graph of ¢|xwwn is @ n—dimensional C'"*1 rectifiable set (Theorem 3.1). The
proof we present of this result is very short and relies on only [8, Theorem 3.6.2]
(an L? version of the Whitney extension theorem, due to Calderén and Zygmund
[3]) and [4, Theorem 4.2], the latter stating that at the points in K®* the
function ¢ behaves nicely with respect to (& + 1)-degree Taylor polynomial ex-

. . 1
pansion in L.

2 - m-density points and generalized Cantor sets in R

Let T = (4) be a sequence of numbers in (0, 1/2) and C(7") denote the generalized
Cantor set in R obtained according to the construction in [7, Section 4.11]. Then, for
k=1,2,...,let Iy, ..., I and Ay, ..., Ay 21 be, respectively, the equi-length
closed intervals left and the equi-length open intervals removed at the k-th step of
the construction, so that

Leoj1 UA);j Ulkg = Ij1,-

Also let

LYALD)  sp_1—2s 1
spo= L)) =I- A ppi= 2]” == 12 £ = <§_M€>Sk1

and ¢, ; be the middle point of I;, ;. Nowlet 2y € C(T') and observe that xy # & ; for all
k,j. For each k=1,2, ... there exists a unique j(xo,k) € {1,...,2"} such that
%0 € I jwo - Liet Ji (o) denote the closed interval whose endpoints are & ji, ) and
Ck.jwod) T Crjwod) — 0)-

2.1 - A family of “thin” generalized Cantor sets

Going along the lines of [2, Appendix], we can easily obtain the following result
(the proof of which is provided for the convenience of the reader).
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Proposition 2.1. Let T = (4) satisfy the condition

(2.1) qu(%—@)ﬂﬁ_a+m (ask — o0).
and define
(2.2) ¢my:JmﬁmC@wﬂﬁ (x € R).

0

Then the graph of ¢|cy) intersects every C? graph in a zero-measure set.

Proof. Step 1. Let xyp € C(T) and prove that

1
(2.3) Iww—Wmﬂzaﬁﬁm—mF k=12,...)

for all y € Ji.(x).

To this aim, observe that, for each k = 1,2,..., one has two possible cases (let
7(xo, k) be indicated simply by j):

(@) wo < &g j, 1.e. o € Liy12j-1;

() wo > & j, 1.e. @y € Tpp1 9.

In the case (a) one has J;. (o) = [&;, & + (& — %0)] and

&y &
) — o) = | e, )Pt > [ aiseee. o) P
o ki =P
Ck,j Pl
> j [t — (& — pran)]/?dt = J tl/zdt:§ P!
i Pri1 0

= g (2 — /]vk+l> Si/z.

In the case (b), by an analogous computation, we get the same lower bound for
p(xo) — p(&, ;). Putting together the two estimates, one finds

2 /1 . 3/2
lp(@o) — 0 )| > 5 | 5— A1 Si/z.
3\2
Since

2lawg — & j| < sp <27
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it follows that

2 711 3/2 -
|§9(9(70) - (p(5k7])| 2 § (2 - /lk+1> 3% Sk 1/2
8 /1 3/2
> 3 <2 - /lk+1> 2872250 — fk,j|2

3/2 2
> Ck-/rl |9()0 — fk,j| .

We also observe that for all y € Ji(xy) one has
ly — wol <[y — ksl + &k, — ol < 2[Ck; —®o
and (by the monotonicity of ¢)
lp(y) — p(xo)| > |9k ;) — plao)-

Hence (2.3) follows immediately.

Step 2. Let f € C2(R) and prove that
LYF)=0, F:={xeC|px) =[f(x)}

It will be enough to prove that F does not contain points of density. To this aim,
assume (by absurd) the existence of a point xy of density of . Since F' is closed, one

has
xo € F c C(T).

If define
Uy, := (xo — 2p, 0 + 2p); P = Sk jtwody — %ol
then
1
F
CENUY 3

El(Uk) 1 ie. L'\FNU,) > 3p

provided k is sufficiently large. It follows that (for k large enough and denoting Jj ()
simply by J;)

LYFNT) =LYENU) — L2FENWUN) > 3p — LYUNT) =0

hence there exists y; € F NJ;. Observing that f'(xy) = 0 and recalling (2.3), we
obtain
f @) — f (o) — f"@o) i — x0)| _ loCyie) — (o)) _

2 2
[Yi — o [Yi — o

—+ 00

as k — + oo. This result contradicts the assumption that f is of class CZ. O
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Remark 2.1. In[2, Appendix] it is considered the case of T = (4;) with
Lot 1
T2 ok 14

which obviously satisfies (2.1).

Corollary 2.1. If E:=C(T) with T given as in Proposition 2.1, then
LYEM™Y) =0 for all m > 2.

Proof. Since E is closed, one has E® ¢ E. It follows from Proposition 2.1 and
Theorem 1.2 (withn := 1, Q := R, ¢ given by (2.2) and @ := 0) that the graph of ¢|ze
has measure zero, hence £}(E®) = 0. The conclusion follows from the obvious in-
clusion E™ c E® | for all m > 2. O

2.2 - A family of “fat” generalized Cantor sets

If E is an open set, one obviously has £ > E. Hence we expect that £ has
positive measure whenever £ is a “fat enough” generalized Cantor set. This section
is devoted to illustrating how to get, given any m > 1, examples of generalized
Cantor sets with such a property.

If o denotes a given positive number, we can chose 7' = (/;) in such a way that

(2.4) LYA) =d™  (k=12...;j=1,....2"
provided ¢ is small enough. Indeed, if (2.4) holds, then the following condition

£MA) <1

2k k201
S L Apa) <1-3 S M4 fork=1.2,...

i=1 j=1 i=1
ie.
o <1
k. )
2kglhtm 1 S 2i-1gim  for k=1,2,...
j=1
is easily seen to be verified when ¢ is small enough.
Now let By, ; be the open interval of length (20)* centered at the middle point of
Ay j, define
21

k 00
E. =01\ J4:, E:=()E.=CD
k=1

j=1 i=1
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and

0o 271

F =101\ J |JBj

j=1 i=1

The measure of the generalized Cantor set £ can be computed as the limit of L(¥},)
for k — oo. Since

ko ) k-1 . 1— (zo.m)k
(2.5) LB =1-) 216" =1-0"> @26") =1~ T
3 3 — 20™
J=1 J=0
we find
1 L o™
(2.6) L(E)=1 [ —ogn

Observe that, for ¢ small enough

LI(A]l) gim g1 J ]
27 R ( . ) <1 (=12..)

hence
FCE.

Moreover, from

0o 2771

E\F c[0,1NF =] | JBj.

j=1 i=1

it follows that
(2.8) LYE\F) < ;szl(za)f =1 3"40 —0 (asa 0.
This result holds.

Proposition 2.2. For o small enough, one has F\{0,1} C E™. Moreover

20

1/ (m) 1 .
2.9) CHE™) > L) — 7

Proof. Consider x € F\{0,1} and define

LB - LMA;))
o 2

dj
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which is positive for all j = 1,2,..., by (2.7). A trivial computation shows that the
inequality d;,1 < d; is equivalent to

a1 1-20¢
< 2 ) ST oom
which is clearly verified for all j, provided ¢ is small enough. Thus the ; form a

decreasing infinitesimal sequence.
Now let r be positive with

(2.10) r < min{d,x,1 — x}
and denote with «(r) the maximum of the k such that » < J;, hence
(2.11) Oxiry+1 S ¥ < Oy < ... < I1.

This implies in particular that B(x,r) cannot intersect the A;; with j =1,...,k(r),
namely

() 21

B(x,7)N <L(j 2UA]-71-> =0

j=1 i=1
which, also by (2.10), can be written as
(2.12) B, )\E ) = 0.
Since £ C E,), one has
E = B\ (B \E)
and then
B, ")\E = B@@,7) N (B N (B \E))"
= B(x,7) N (B, U En)\E))

K

- (B(xa 7/')\E]/c("r)) U (B(x7 T) N (E/c(r)\E))-
From this equality and (2.12) it follows that
LY B, )\E) < LYE)\E).

Recalling again (2.11), we obtain

L' (B(x,7)\E) < L (B)\B)

m — m
r Oty 41

(2.13)
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for all positive ». But (2.5) and (2.6) yield
LYENE)  LYE) — L1(E)
M - 1
k+1 k+1
O.m(zam)k om

= X
1 — 2™ {(20)1644 _ O.(k+1)m:| "
1 O'm'_l k+17 ™ 1
—1_ 25 x |1— < 2 ) X Ok(m—1)

1
lim £ BB _
k=oe Ojg

hence

Now (2.13) yields x € E, which proves the first claim in the statement. Finally, the
inequality (2.9) follows from (2.8):

20
1—4¢"

LYE™) > LYF) = LY(EB) — LYE\F) = LY(E) -

3 - C"*1.rectifiability via L? Whitney extension theorem

Let ¢ € C"(Q) and & € C"(Q; R"), where Q is an open subset of R” and h > 1.
Define
K :={x € Q|Voplx) = d(x)}.

Consider the Taylor-type polynomial

- D@y — ) (D@ — ")y — )

P, = Q, R
v = J! (h+ 1) @eyeRY
where
(Digp()|(y — x)) == Z W —as) (s _9@_)8-7%(%)
. 1 1 J 7 69% . 696'/1,
Je{l,..n}’ L
and
(Dro@|y -y = S sy —w) @y, — 0 NP
Y T - p Y 1 Y, D 890;4 . 890;41 .
2e{l,..m

From the proof of [4, Theorem 4.2] we can easily extrapolate the following result.
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Proposition 3.1. One has
. 1
tm s | o) - Paldy =0
B(x,r)
forallx € QN KO,
With these preliminary remarks in mind and through results by Calderén and

Zygmund [3], remarkably presented in [8, Section 3.6], we are in position to get an
easy proof of the following theorem generalizing Theorem 1.2.

Theorem 3.1. Let Q be an open subset of R" and h > 1. Consider ¢ € C*(Q),
@ € CMQ; R") and define
K :={x € Q|Vop(x) = d(x)}.

Then the graph of ¢|gn g is a n—dimensional C"-rectifiable set, namely H"-
almost all of it may be covered by countably many n-dimensional submanifolds of
class C"*1,

Proof. Proposition 3.1 implies

h o0
QN K+ — UEf
j=1

where E; denotes the set of points @ € K" such that
1
dist(x, R"\Q) > j_ (hence x € Q too)

and

1 . 1
puESy ][ lo(y) — Po(y)ldy <j, forallre <0, 5)
B(x,r)

Hence it will be enough to show that the graph of ¢| B, is a n-dimensional C"*!-rec-
tifiable set (for all j). But the E; are measurable and E; N B(0,m) can be approxi-
mated in measure by compact subsets (for all j, m), thus we are reduced to prove the
following claim.

Claim. Letj be fixed arbitrarily and let C be a compact subset of E;. Then the
graph I of ¢|., is a n-dimensional C"*!-rectifiable set.

To this aim, we begin by applying [8, Theorem 3.6.2]. It implies the existence
of a function f of class C"*! in an open neighbourhood of C such that f|, = ¢|.. By
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[6, Theorem 3.1.15], for each m = 1,2, ... there exists g, € C"1(R™) such that

n 1
e <
where
Cm = {9(; S Clgm(ﬂc) :f(x)} = {9(; S C|gm(x) = (0(96)}

Denoting by I',, the graph of g,,, one has

1
MU\ Uy T) < M\ ,) < J 1+ VoD < +m+c|\v¢’”
C\Cﬂl
for all m. Hence
H"(F\Ujl“j):o
and this concludes the proof of Claim. 0

Remark 3.1. Under the assumptions of Theorem 3.1, in general, we cannot
expect the graph of ¢|,x to be a n—dimensional C"*!-rectifiable set. An example is
provided by Proposition 2.1 (where n:=1, h:=1, Q := R and & := 0).
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