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A note on a conjecture of Zhiqin Lu and Gang Tian

Abstract. The aim of this paper is to describe a particular family of metrics in
CP? that confirms a conjecture of Z. Lu and G. Tian given in [18].
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1 - Introduction

Let (L, h) be a hermitian line bundle over a compact Kéhler manifold (M, w) of
complex dimension % such that Ric(h) = w, where Ric(h) is a two-form on M whose
local expression is given by:

(1) Rie(h) = — % 90 log h(a(x), o))

for a trivializing holomorphic section o : U — L\ {0}. Let (L*, h* = h™1) be the dual
bundle of L and define the unit disk bundle of L* as

D, ={v e L*|pw,v) :=1—h*(,v) > 0},
p is called the defining function of D). It is well known that from the assumption
Ric(h) = wit follows that D, is a strictly pseudoconvex domain. Let dV be the natural
1
measure on D; defined by dV = o (") A dO, where % is the infinitesimal

S'—action on the unit circle bundle X, = D). The Hardy space H*(X},) is the
separable Hilbert space defined as the closure in L?(X},) of the set given by the
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restrictions to X, of the continuous functions in D), that are holomorphic in D), (see
[5] and also [25]).

Let {py,...,,,. ..} be an orthonormal base of H%(X},), with respect to (-, -), then
the Szego kernel is

o0

Si@) = g;)p;w) v € Dy,
=0

In general, the computation of Szegd kernel must be very complicated, but if the
domain D), is strictly pseudoconvex, from an important result by Boutet de Monvel
and Sjostrand ([5], Corollary 1.7), we know that there exist functions a and b con-
tinuous on D;, with @ # 0 on X, such that the Szegd kernel is given by

(2) Si(w) = /% +b)logpw) wveD,

n+1

where p is the defining function of D), (see also [4] and [3] ). The function b(v) in (2) is
called the logarithmic term (log-term from now on) of the Szegd kernel. One says
that the log-term of the Szeg6 kernel of D), vanishes if b = 0. The simplest example
here is the complex projective space CPP" endowed with the Fubini-Study Kihler
form wpg. Let L = O(1) be the hyperplane bundle and L* = O( — 1) its dual, namely
the tautological bundle over CP". Consider L equipped with the Hermitian metric
hgg such that Ric(hps) = wps and L* endowed with h;é. A direct computation shows
that the Szegd kernel of D), C L* has vanishing log-term (see [8]). The study of the
log-term for the Bergman kernel and for the Szeg6 kernel has important analytic
and geometric meanings. Among all there is the Ramadanov’s conjecture [20] for the
Bergman kernel which asserts that a strongly pseudoconvex bounded domain in C”
with smooth boundary and whose Bergman kernel has vanishing log-term, is biho-
lomorphic to the unit ball in C".

A corresponding conjecture for the Szegt kernel was formulated by M. Engli§
and G. Zhang in [8], inspired by the paper [18] of G. Tian and Z. Lu. More precisely,
they asked if the vanishing of log-term of the Szeg6 kernel of the disk bundle of a
simply connected Kéhler manifold implies that the circle bundle is diffeomorphic to
the sphere or at least locally CR equivalent to the sphere. In [8], Englis and Zhang
showed a counterexample for both the diffeomorphic and locally CR equivalent
cases. In the first case, they consider the tensor power of the tautological bundle L*
over the complex projective space, namely the line bundle (L*)®" over CP": in this
case the Szegd kernel of the disk bundle D, of (L*)*" has no log-term, but Dy,
being the lens space S***1/7,,, is not diffeomorphic to S***! for m > 1, (but CR
equivalent to 1), (see [8] for details). For the locally CR equivalent case, they
consider compact symmetric spaces of higher rank, whose disk bundles have van-
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ishing log-term, but they are not locally spherical at any point (neither diffeomorphic
to S*1). A recent generalization of these results, can be found in [3], where the
authors show that the disk bundles over homogeneous Hodge manifolds form a in-
finite family of strictly pseudoconvex domains (also smoothly bounded) for which the
log-terms vanish but they are not locally CR equivalent to the sphere.

In paper [18] the authors analyse what happens to the log-term of the Szego
kernel of D;, when one varies the metric 2 by preserving the corresponding coho-
mology class. They conjecture the following:

Conjecture (Z. Lu-G. Tian). Let w € [wps] be a Kdhler metric on CP" in the
same cohomology class of the Fubini-Study metric wps. Let (L, h) be the hyper-
plane bundle whose curvature is w, (i.e. Ric(h) = w). If the log-term of the Szegd
kernel of the unit disk bundle D;, C L* vanish, then there is an automorphism
¢ : CP" — CP" such that ¢*w = wrs.

In the same paper the authors prove the validity of the conjecture for the case
n = 1. However, the main result of Lu and Tian is the local version of the conjecture,
in fact the conjecture above is true if the hermitian metric # is close to Agg in the
following sense:

Theorem (Z. Lu-G. Tian). Let L be the hyperplane bundle of CP" and let h a
hermitian metric on L such that Ric(h) = w. Assume that there exists ¢ >0
(depending only on ) for which

ko

<e
hrs

(C2n+4

) |

If the log-term of the Szegé kernel of the unit disk bundle D, vanish, then there
exists an automorphism ¢ of CP" such that ¢*(w) = wgs.

The aim of this paper is to show the validity of the Lu-Tian’s Conjecture for a
family of Kihler forms in CIP? cohomologous to 2mpg and which does not satisfy
condition (3). More precisely, for each a # 0,a > 0 we consider the one parameter
family of Kihler forms on CIP?given by

(4) Wq = ¢*wps
where a = \oc|2, o € C* and @ is a holomorphic Veronese-type embedding given by:
cp? 2, cp?

(Zo, 21, Z2)— (2o, Z1, Zz, aZinZiv, aligZa, 0i1 Zs],
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where Zy, Z1,Z2 are homogeneous coordinates on CP? (note that we are denoting
with the same symbol the Fubiny-Study form of CP? and of CP?). Our main result is:

Theorem 1.1. Let w, be as above and let h, be the hermitian product on
L — CP? such that Ric(h,) = wq. If the log-term of the Szegi kernel of D), vanishes,
then there is an automorphism ¢ : CIP?2 — CIP? such that ¢*w, = wgs.

The article is organized as follow: in the next Section we recall the result obtained
by S. Zelditch [25] and by Z. Lu and G. Tian [18], needed in the proof of our main
result. Section 3 is dedicated to the proof of Theorem 1.1.

2 - The work of S. Zelditch, Z. Lu and G.Tian

Let (I, ) be a Hermitian line bundle over a compact Kihler manifold (M, w) of
complex dimension % such that Ric(z) = w. For all integer m > 0, consider the line
bundle (L™, h,,) over (M, w) with Ric(h,,) = mw and the space H*(L®") consisting
of all holomorphic sections bounded with respect to the L?—product

m m wn
(5,1),,= Jhm@j @), 81" @) - @)
M

fors,t € H'(L®™). Compactness of M ensure that the dimension of HY, = H(L®™)is
finite, say dim Hj), = N,, + 1. Given an orthonormal basis s{', ..., sy of Hj, with

respect to (-, -),,, define a smooth and positive real valued function 7', (x) on M, called
the Kempf’s distorsion function:

Ny,
(5) To(@) =Y (s} (@), 57" (@)).

=0

Itis not difficult to verify that this function depends only on the Kéhler form mw and
not on the orthonormal basis chosen. The function 7', is known in literature with
different names, for examples in Rawnsley [21] it’s called #—function, and later re-
named f—function in [22]. In [13] Kempf called T, as distorsion function and it is
also called distorsion function by Ji [12] for the abelian varieties and by Zhang in [26]
for complex projective varieties. It coincides with the diagonal of the Bergman
kernel on L™ associated to ,, and thus is also frequently called Bergman kernel in
the literature (see, for example, [19]). An important result of S. Zelditch [25], that
generalized Tian-Ruan’s theorem [23], is the following:
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Theorem 2.1 (Zelditch). There exists a complete asymptotic expansion
T () ~ ag(@)m” + ay(@ym" ™" + ag(eym” 2 ...

with a;(x) smooth and ag(x) = 1. Moreover for m — +oo

< Ckﬁrmn_k'
cr

k
To(@) = aj(xym

J=0

This expansion is called TYZ (Tian-Yau-Zelditch) expansion and it is a key in-
gredient in the investigations of balanced metric, and an important tool for calcu-
lation of Szego kernel. In [17], Lu computes the first three coefficients a;, az and ag of
this expansion and proves the following:

Theorem 2.2 (Lu). Each of the coefficients a; of the Zelditch expansion is a
polynomaal of the curvature and its covariant derivatives at x of the metric g of the
manifold. In particular we have

y = 17
1
1 a11 = éScal,
az = = AScal + — (|R[* — 4|Ric|* + 3Scal®)
3 24
1 ) N S . 1 2 .12 2
as = §AA Scal + ﬂdwdw (R, Ric) — édwdw(ScalRlc)—k EAQR' — 4|Ric|”+ 8Scal”)

+ % Scal(Scal® — 4|Ric|> + [R]}) + i(ag(Ric) — Ric(R, R) — R(Ric, Ric))

where R, Ric, and Scal represent the curvature tensor, the Ricci curvature and the
scalar curvature of g respectively, and A represents the Laplacian of M.

For more details and more precisely definition of each element in the previous
expressions see Appendix A.

From Theorem 2.1 and Theorem 2.2 above follows that the coefficients a; can be
found by finitely many algebraic operations (see also [14] and [15] for the compu-
tation of the coefficients a;’s through Calabi’s Diastasis function).

The main results obtained by Z. Lu and G. Tian in [18] is the close relation be-
tween the vanishing of the log-term of the Szeg6 Kernel constructed on the disk
bundle D;, C L* and the vanishing of coefficients a;’s of the TYZ expansion of (M, w)
for k > n. We summarize them in the following:

Theorem 2.3. Let (L,h) be a positive line bundle over a complex compact
manifold (M, w) of dimension n such that Ric(h) = w. If the log-term of the Szegd
kernel of D), C L* vanishes then the coefficients ay of TYZ in Theorem 2.1 vanish
Jork >mn.
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3 - Proof of Theorem 1.1

In order to prove Theorem 1.1, we consider standard affine coordinates in CP? in
the chart Uy = {Z # 0}. Then the Kédhler form o, in (4) is given in this coordinates
by: .

1 —
0o = 500log (L + [a1]' + |2l + alar [ + alef® + aler )

with @ = |af?.
Suppose that the log term of the Szeg6 kernel of

Dy, ={ve L pw,v):=1-h,(v,v) >0} CL",

with L* dual of the universal line bundle of CP?, vanishes. Then, by Theorem 2.3, the
coefficients a; = 0, for k > 2. In particular ag = 0, that combined with Theorem 2.2,
gives the following equation

ag = éAA Scal +%divdiv (R, Ric) — édivdiv (ScalRic)+ %AQRF — 4|Ric|*+ 8Scal®)

+ %Scal(Scalz — 4|Ric]® + |R[*) + i(ag(RiC) — Rie(R,R) — R(Ric, Ric)) = 0.

A long but straightforward computation obtained also with the use of a computer
program and expressions in Appendix A below, gives that function a3 evaluated at
the origin reads

13a5 — 30a® — 67a* + 278a® + 904a? — 704a — 2592

a3(07 0) =4 6
6) 6 a
1 (8aP — 24a* — 11503 + 48a2 + 1000a + 1296)(a — 2)
"6 ab

while evaluating ag at the point (1, 1) it reads

1 2813948 — 526469a” — 57190a® + 6561820a° + 2946788a*+
a3(1,1):—§ 1+ a)
—22781096a® — 1686784002 + 19757632a + 16922624

(a2 + 8a + 16)*(a + 4)

(7)
1 (281390 — 470191a® — 997572a° + 4566676a* + 120801400°
T3 1+a)
1137918402 — 141094720 — 8461312)(a — 2)
(a2 + 8a + 16)* (@ + 4) '

With a bit of calculation and using Descartes’ rule of signs and the intermediate
value theorem, we found out that the positive zeros of (6) are x;, 42, x3 with x; = 2,
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1
2 € ] i’ 0’ i’ 0 {and x3 € ]11,12[ while the positive solutions of (7) are y1, ¥2, ¥3, ¥4 With
4
y1=2y2€11,2[, y3 € ]?O ?3{ and y, € ]18,19[ so we can conclude that the only

value of a for which the coefficient ag is zero for all points is a = 2 that is the only
Fubini-Study metric of the family and this ends the proof of Theorem 1.1.

Let us finally point out that the proof of Theorem 1.1 can not be achieve by Lu-
Tian’s Theorem, since &, doesn’t satisfy condition (3). Indeed, let 6y : Uy — L\ {0}
be the trivializing section given by

00 Zo, Z1,Z2]) = ([1,21,22], (1,21, 22)).
Then the local expression of the hermitian metric &, and of the hermitian metric A2
such that Ric(h2g) = 2wps are given respectively by
1
A+ |aa '+ [22* + alzr [+ alze + alzr Plz2/?)

h/CL(O-O([ZO; Zla Z2])7 00([Z0; Z17 ZZ])):

and
1

A+ |21 + |22

h%’S(O-O([Z(%ZIa ZQ])7 UO([Z07Z17 Z?])) =

If condition (3) were satisfied then the quantity

A+ |er|* + J2e|* + aler P + alze + alz1 P22

A+l + ol + 201 + 2leof + 2l lef’) H

would be bounded. By passing to polar coordinates (z1,z2) = p(cos J, sin &) one gets

lim (2 — a)[p(cos I + sind) + p? cos I sind]

cos Ssind—— L H (1 + p? + al p( cosd + sind) 4 p? cos I sin] H -

which yields the desired contradiction.

A - Appendix

In this Appendix we recall notations used in Theorem 2.2.
Let M be a n-dimensional complex manifold endowed with a Kéhler metric g

whose local expression is g = Z 9 d7;dz.
jk
The curvature and the Ricci tensors are defined locally by

R:%_iz g aglq o Rie — — nglR
ikl 8zk8§l p=1 g 8zk 82 ’ Y i1 ikl
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and the scalar curvature Scal as the trace of the Rieci curvature reads
/n I
Scal = Z g'R;;.
ij=1

Furthermore, by the usual definition of the Riemannian norm we have:

n n
2 B )0 ke 15 > - (2 ikl p ]
|RI" = > 979" PG R i Ryqrs and |Ricl* = Y ghg!'R;Ry;.
1,7,k,L,p,gq.r5=1 i,7,k,1=1

n n =
Finally recall that 4= >" > g¥
i—1 j=1 2i0%j

and we define

" &*Seal

divdiv(Seal Ric) = 2|D'Scal > + > R;;——— + ScaldScal
i1 - aziazj
o . & 9%Secal e 2
dwdiv(R, Ric) = — i_]§:1RU W — 2|D'Ric|"+

+ > g"R,ua9™9" R, — R(Ric, Ric) — o3(Ric)
4,7,k,0.p,q,r=1

where

2 - 9Scal dScal ) N — g 5
D' Seal” = Zlg” i o DBl = > g% RyuRa,
i,j= g

i,jJelm=1
, OR; &
s=1

n _ B
os(Ric)= > gR,;9"Ryg" R,

ab.ci,jk=1
n
. LD, kt
Ric(R,R) = Z gl RwljgﬂRTkpsgsqg Rtiqugup
4,7.k,0.p,qr,s .t u=1
and
n . .
R(Ric,Ric)= > g"Ryg"g" Ric,ig" Rics.
0,5.k1p.qrs=1

[8]
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