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Partial regularity for elliptic systems with VMO-coefficients

Abstract. We establish partial Holder continuity for vector-valued solutions
u: Q — RY to inhomogeneous elliptic systems of the type:

— div(A(x, u, Du)) = f(x,u,Du) in Q,

where the coefficients A : @ x RY x Hom (R”, RY) — Hom (R", RY) are possibly
discontinuous with respect to x. More precisely, we assume a VMO-condition with
respect to the x and continuity with respect to w and prove Hoélder continuity of the
solutions outside of singular sets.

Keywords. Nonlinear elliptic systems, Partial regularity, VM O-coefficients, .A-
harmonic approximation.
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1 - Introduction

In this paper, we consider the second order nonlinear elliptic systems in diver-
gence form of the following type:

(1.1) —div (A(x, u, Du)) = f(x,u, Du) in Q.
Here @ is bounded domain in R”, u takes values in RY with coefficients
A Qx RY x Hom (R", RY) — Hom (R", R").

The aim of this paper is to obtain a partial regularity result of weak solutions to

(1.1) with discontinuous coefficients. More precisely, we assume that the partial
mapping & — A(e, u, &) /(1 + |’ has vanishing mean oscillation (VMO), uniformly
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in (u, £). This means that A satisfies an estimate
A, 1, &) — (AC, U, Oy pl < Vi, p)(A + )P

where V,,, : R" x [0, py] — [0,2L] are bounded functions with

limV(p)=0, V(p):=sup sup ][ Vi, (e, v)dix.
N0 1€ 0<r<p
B (x0)nNQ2
We also assume that u+— A(x,u, &)/(1 + |&])P ~1 is continuous, that is, there exists a
modulus of continuity w : [0, 00) — [0, co) such that an estimate

A, u, &) — A, uo, &) < Lox(|u — uol?)(1 + [E)P!

holds.

Regularity results under a VMO-condition have been established by Zheng [15]
for quasi-linear elliptic systems or integral functionals. General functionals with
VMO-coefficients were considered by Ragusa and Tachikawa [14], who generalized
the low-dimensional results from problems with continuous coefficients to the case of
VMO-coefficients. In particular, these results require that the dimension of domain
is small, for example, n < p + 2 is required to obtain the Holder continuity of the
minimizers in [14]. In contrast, Bogelein, Duzaar, Habermann and Scheven [1] give
the regularity result for homogeneous nonlinear elliptic system without dimension
conditions.

Stronger assumptions such as the Holder continuity with respect to (x, ) or a
Dini-type condition lead to partial C'-regularity with a quantitative modulus of
continuity for Du; the modulus of continuity can be determined in dependence on the
modulus of continuity of the coefficients (cf. Giaquinta and Modica [10], Duzaar and
Grotowski [7], Duzaar and Gastel [6], Chen and Tan [5], Qiu [13] and the references
therein).

As we knew, we could not expect continuity (and not even boundedness) of
the gradient Du under continuous coefficients (or even more relaxed condi-
tion). The regularity result with continuous coefficients was already proved in
eighties by Campanato [3, 4]. He proves that we could still expect local Holder
continuity of the solution « in special cases, for instance, in lower dimension
n <p+2. The result with arbitrary dimension was given by Foss and
Mingione [8].

Our aim is to extend the homogeneous system result in [1] to inhomogeneous
system. Therefore we assume the same structure conditions to coefficients A as
in [1]. Under a suitable assumption to inhomogeneous term, we obtain Hoélder
continuity of weak solution (see Theorem 2.2).



[3] PARTIAL REGULARITY FOR ELLIPTIC SYSTEMS WITH VMO-COEFFICIENTS 313

Our proofis based on so-called .A-harmonic approximation (cf. [7, Lemma 2.1]; see
also Lemma 3.2), introduced by Duzaar and Grotowski. They give a simplified (di-
rect) proof of regularity results to the systems with Holder continuous coefficients
and a natural growth condition, without LP-L2-estimates for Du.

We close this section by briefly summarizing the notation used in this paper. As
mentioned above, we consider a bounded domain Q ¢ R", and maps from Q to RY ,
where we take n > 2, N > 1. For a given set X we denote by #"(X) the n-dimen-
sional Lebesgue measure. We write B, (i) := {x € R" : |x — 29| < p}. For bounded
set X ¢ R"with #"(X) > 0, we denote the average of a given function g € L!(X, RY)

by f gdx, that is, f gdx = [ gdu. In particular, we write g, , = f gd.
b b'¢

1
LX) g B,(@)N2
We write Bil(Hom(R", RM) for the space of bilinear forms on the space
Hom(R", RY) of linear maps from R"” to RY. We denote ¢ a positive constant, pos-
sibly varying from line by line. Special occurrences will be denoted by capital letters
K, C1, Cs or the like.

2 - Statement of the results

Definition 2.1. Wesay u € W'P(Q, RN), p > 2is aweak solution of (1.1) if u
satisfies

(2.1) J(A(w,u,Du),Dw)dac = J(f, p)dx
Q Q

for all ¢ € C3°(Q, RY ), where (-, -) is the standard Euclidean inner product on RN
or R™,

We assume following structure conditions.

(H1) A(x,u,¢)is differentiable in £ with continuous derivatives, that is, there exists
L > 1 such that

(2.2) JAGe, w, O] + (1 + DDA, u, O] < L + [P

for all x € Q, u € RY and ¢ € Hom(R", RY). Moreover, from this we deduce
the modulus of continuity function x : [0, 00) — [0, 0o) such that x is bounded,
concave, non-decreasing and we have

1€ — &ol
1+ (€] + |l

for all x € Q, u € RY, &, & € Hom (R, RY). Without loss of generality, we
may assume u < 1.

(2.3)  [DeA(x,u, &) — DA, u, &)| < Lu( )(1 + &+ &P
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(H2) A(x,u, <) is uniformly strongly elliptic, that is, for some 1 > 0 we have

(2.4) <D¢A(x,u, o, v> =D DA, iy > AP+ (g
1<if<N
1<jo<n

forallz € Q,u € RY, &, v € Hom(R", RM).

(H3) A(x,u, &) is continuous with respect to . There exists a bounded, concave and
non-decreasing function w : [0, c0) — [0, c0) satisfying

(2.5) A, u,8) — AGw, 10, 0] < Loo(ju — ol ) @ + ey

foralle € Q,u,uy € RY, ¢ € Hom(R", RY). Without loss of generality, we may
assume o < 1.

(H4) x— Ax,u,8)/A + |E |)"’*1 fulfils the following VM O-conditions uniformly in u
and ¢&:

A, u,8) — (AC,u,9),, | < Vi, @, p)A+ )P, for all @ € B,(w)

whenever iy € 2,0 < p < py,u € RY and ¢ € Hom (R", RY), where p, > 0and
Vi o R" % [0, py] — [0,2L] are bounded functions satisfying

(2.6) limV(p) =0, V(p) :=sup sup f Vi (e, 7).
N0 29€Q 0<r<p
B (x0)NQ2

(H5) f(x,u, &) has p-growth, that is, there exist constants a,b > 0, with a possibly
depending on M > 0, such that
(2.7) |fe,u, &) < aMD|EP + b
for all # € @, u € RY with |u| < M and & € Hom(R", RY).

Now, we are ready to state our main theorem.

Theorem 2.2. Letu € W'P(Q, RYyN L>(Q, R™Y be a bounded weak solution
of (1.1) under the structure conditions (H1), (H2), (H3), (H4) and (H5) satisfying
lull, <M and 299-9P/2) > a(M)M. Then there exists an open set Q, C Q with
LM\ Q) = 0 such that u € Cﬁ;g(Qu, RYM) for every o € (0,1). Moreover, we have
Q\ Q, C Xy U2y, where

21 =L 1w eR: lim\iglf } |Du — (D), ,[Pdac > 0 ¢,
p
B,(to)

22 L= X0 e Q : hm Sup |(Du)$t‘[),p| =0 .
AN
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3 - Preliminaries

In this section we present A-harmonic approximation lemma and some standard
estimates for the proof of the regularity theorem.

First we state the definition of .4-harmonic function and recall .A-harmonic ap-
proximation lemma as below.

Definition 3.1 ([7, Section 1]). For a given A ¢ Bil(Hom(R", RY)), we say
that h € W2(Q, RY) is an A-harmonic function, if h satisfies

JA(Dh,qu)dm =0
Q

for all p € Cg°(2, RY).

Lemma 3.2 ((1, Lemma23]). Let/.>0,L>0p>2andn,N € Nwithn > 2
given. For every ¢ > 0, there exists a constant 6 = o(n,N, L, ,¢) € (0,1] such that
the following holds: assume that y € [0,1] and A € Bil(Hom(R”,RN ) with the

property
(3.1) A, v) > b, forall v e Hom(R", RY),
(3.2) A, 7) < L[|, for all v,7 € Hom(R",RY).

Furthermore, let g € WY2(B,(xo), RY) be an approximately A-harmonic map in
sense that there holds

(33) | by 2pgryan <1,
B (o)
(3.4) f A(Dg, Dp)dx| < 5351(1p) \Dgl|, for all p € CX(B,(x), RM).
(Lo
B, (x0)

Then there exists an A-harmonic function h that satisfies

_gl? _olP
(3.5) } {'h—g P2 h—g’ }dac <e,
p p
B(x0)
(3.6) f {|Dh\2 + yﬁ*2|Dh|P}dx < c(n,p).

B, (x0)
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Next is a standard estimates for the solutions to homogeneous second order
elliptic systems with constant coefficients, due originally to Campanato [2, Teorema
9.2]. For convenience, we state the estimate in a slightly general form than the
original one.

Theorem 3.3 ([7, Teorema 2.3]). Constider A, Aand L as in Lemma 3.2. Then
there exists Cy > 1 depending only on n,N, A and L such that any A-harmonic
Sfunction h on B,(xo) satisfies

P\? 2, (P\! 27 12 P\? ][ 2
3.7 =) sup |[Dh|"+ (=) sup |[Dh|” < Cyl= Dh|“dx.
( ) (2> B/)/4£0)| | (2) B/;/4(I9?0)| ‘ 0<2)B ( )| ‘
p/2(&o

We state the Poincaré inequality (Lemma 3.4) in a convenient form. The proof can
be founded in several literature, for example [9, Proposition 3.10].

Lemma 3.4. There exists Cp > 1 depending only on n such that every
u € WHP(B,(x0), RY) satisfies

(3.8) J U — g, [P die < Cpp? J |Du|Pdu.

B,(x0) B,(o)

Given a function u € L%(B,(x), RY), where 2z, € R” and p > 0. We write ¢, , for
the minimizer of the functional

(3.9) J7un f lu — 0%

By (o)

among all affine functions ¢ : R" — RY. Let write Ly p (@) := Loy p(200) + Dy, (0 — ).
It is easy to check that ¢, (o) = s, , and

(3.10) Dy, = "7” ][ w® @ — wo)d,

B, ()

where ¢ ® { = £;{*. Based on this formula, elementary calculations yield the fol-
lowing estimates.

Lemma 3.5 ([12, Lemma 2]). Assume u € LZ(B/,(xOL RN), 2o € R, p>0and
0 < 0 < 1. With £y, , and €y, g, we denote the affine functions from R" to RY defined
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as above for the radii p and Op respectively. Then we have

n(n +2)
(3.11) Dtuy Db <D | o i
By, (o)
and more generally,
nn + 2)
(3.12) D¢, , — DI < 7 u — ¢|*d,
B (xo)

for all affine functions £ : R™ — RY.

The estimate (3.12) implies, in particular, that ¢, , has the following quasi-
minimizing property for the LP-norm. The proof can be founded in [1, Section 2].

Lemma 3.6. Consider the minimizer of (3.9), that is, £y, ,. For any affine
functions ¢ : R" — RY and p > 2 we have

(3.13) ][ [ — £y, p|Pdc < c(n,p) } |u — £ de.
B, (o) B, (xo)

Using Young’s inequality, we obtain the following lemma.

Lemma 3.7. Consider fixed a,b > 0, p > 1. Then for any & > 0, there exists
K = K(p,¢) > 0 satisfying

(3.14) (@+ by < (1+8)a? + Kb

Proof. We first consider the case p = 2k — 1 for k¥ € . By binomial theorem,
we have

2k -1
(CL + b)Zkfl _ Z ( )aZklmbm

m=0 m

1ok —1
_ a2k71 + b2k71 + Z ( )(a2k1mbm + ameIcflfm)'

m=1 m

Using Young’s inequality, we obtain

I

(Zk )( 2k—1— mbm+amb2k 1- m) < Z(Zk >(£/ 2k—1 +C(k,m,8,)b2k71)7

m=1
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where ¢ > 0 will be fixed later. Thus, we get

k1 rok—1
(@ + b)zml < a2kl 4 p2h-1 g Z( >(8/a2k1 + c(k,m,e’)bZk’l)
m
m=1

f1 _ 1 _
- {1 +¢ Z(%m 1) }aZkl + {1 + Z<2km l)c(k,mw')}b%l.

m=1 m=1

k=1 _
For any ¢ > 0 we conclude (3.7) by taking ¢ as ¢ = ¢ 21 (ka ! )
m=

In case of p = 2k, we may estimate similarly as above, hence we get

2k ok
(OL + b)Zk — Z( >a2kmbm
m

m=0
Lok 2k
— CL% + b2k + Z( )(CLkabm + ameIcfm) + ( >akbk
—\m k

12k 2k
< a2k + b2k + Z( )(8/(1/2k + C(k,m, 8l)b2k) + < ) (8/a2k + lek)
m k 4

m=1 €

K f—1
- {1 +e’z<i{:>}a2k + {1+ Z(if)c(k,m,e’ﬂré}b%.

m=1 m=1

This conclude that we have (3.7) for p € I\.
For general p > 1, let [p] be the greatest integer not greater then p. We write

(@+bY =@+ b a+ by
By 0 <p—[p] <1, we have
(@ + by < gpTo) | po-Tp],
For & > 0 to be fixed later, we get
(@+bd)" <1+ &) + Kp,&)H",

since [p] € N. Combining two estimates, we obtain

(@+ by < {@+ &) + K(p, )b} (a? ) 4 pp~101)

= (L+&)a” + K(p, )" + (1 + HalPoP 1P 1 K(p, & )a?1P1pl¥!

<A +&)a? +Kp,&)bP + (A + & + Kp,&))(@Ppp~1Pl 4 gp-1PIplrl),
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Again for ¢’ > 0 to be fixed later, by using Young’s inequality, we conclude
(a+bf <A+&) +Kp, WP+ 1A+ +Kp,)NE"a? + cp,e")bP).
Take ¢ =¢/2and ¢’ =¢ /(1 + ¢ + K(p, ¢)), and this complete the proof. O

Lemma 3.8 ([11, Lemma 2.1]). Ford > 0, and for all a,b € R* we have

1
J(l + [sa + (1 — 9)b)*ds

3.15 47(1+2(3) < 0 < 4(5.
( ) (1 + |a‘2 + |b _ a|2)5/2

4 - Proof of the main theorem

To obtain the regularity result (Theorem 2.2), we first prove Caccioppoli-type
inequality. In the followings, we define ¢ > 0 as the dual exponent of p > 2, that is,
q = p/(p — 1). Here we note that ¢ < 2.

Lemma4.1. Letu e W'P(Q, RN) N L>(Q, RN) be a bounded weak solution of
the elliptic system (1.1) under the structure condition (H1),(H2),(H3),(H4) and (H5)
with satisfying ||u,, <M and 2092, > a(M)M. For any vy € Q and p < 1 with
B,(x9)C Q, and any affine functions ¢ : R" — RY with [6(x0)| < M, we have the es-

timate
f |DufD£|2+|DufD£|” e
1+ |De)y? A+ |De)y
Bg(wo)
ju — o ju —
4.1 <C f + dx
. - 1L< ){Pz<1+|Dé|>2 pr(L+ |Dep”
(o

+w f lu — o) Pdac | + V(p) + (a9|De|? + bq)pq] ,

By (o)

with the constant C1y = C1(A,p, L, a(M),M) > 1.

Proof. Assumexy € Qand p < 1satisfy B,(xp)C 2. We take a standard cut-off
function # € C3°(B,(w))) satisfying 0 <#» <1, |Dy| <4/p, =1 on B, 2(w). Then
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¢ := P (u — ¢) is admissible as a test function in (2.1), and we obtain

4.2) ][ n’ (A(x, w, Du), Du — D)dx
B, (o)

=— ][<A(x, w, Dw), p* 'Dy @ (u — 0))dx + ][<f, p)da.

B,,(xg) B/?(x0>

Furthermore, we have

43) - ][ P (A(x, w, D), Du — Df)dx

By (wo)

= ][<A(x,u,D£),pnp’1D17® (u — O))de — f (A, u,Dl), Dp)dx,

Bp(%g) B/)(x0>

(4.4) f<(A(-7Z(xo),pzz))w,w)dx =0.

By (o)

Adding (4.2), (4.3) and (4.4), we obtain

][ P (A(x, u, Du) — A(e,u,DE), Du — Dl)dx

B,(x0)

=- j (A, u, Du) — A, w, D), pi "Dy @ (u — 0))dex

By (o)

- ﬁ (A(xe,u, DO) — A(x, £(xo), D), Dg)dac
(4.5) By()

- j— (A, Uxy), DO) — (A(-, U(xo), DO)), ,,Do)dix

B,(x0)

Zo,p?

+ j (f, p)dac

By (o)

=I4+II+IIT+4+1V.

[10]
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The terms I, IT, ITI, IV are defined above. Using the ellipticity condition (H2) to the
left-hand side of (4.5), we get

(A, u, Du) — Ax,u, DC), Du — DY)

1
= J(DéA(ac, u,sDu + (1 — $)DO)(Du — DL), Du — D{)ds

0
1

> J|Du — D¢ J (1 + |sDu + (1 — s)De|)P~2ds.
0

Then by using (3.15) in Lemma 3.8, we obtain

(Ax, u, Du) — Ax,u,DC), Du — DY)

1
(4.7) > J|Du — D¢ J (1 + |sDu + (1 — s)DeHP~22qs
0

> 2(127910)/2/1{(1 + |D£|)p_2|Du _ D£|2 + |Du — Dé\p}.

For & > 0 to be fixed later, using (H1) and Young’s inequality, we have

1< for D~ tide

B,(x0)

1
JDéA(x, u, DE + s(Du — DE))(Du — D{)ds
0

< | . Ly {t+ DAy D~ Do #} D~ D1 D~ e
(48) B
<e ][ ;71“{(1 + |DE)P2|Du — D + |Du — D€|”}dw

B,(x0)
p
dx.

In order to estimate II, we use (H3), Dy = #”(Du — D¢) + py? Dy & (u — £), and
again Young’s inequality, we get

2 oy — o

u—4

+ cp,L,e) ][ {(1 + |DepP* +

B,(xo)
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11| <& f 7| Du — DU das + &7 } 190 (Ju— o)) (1 + DAY
B, (o) B, (o)

u—tf —q/ q 2 »
te | de e | ALp) wq(m — Uaxy)| )(1 + D) dee
B,(xp) B (o)

(4.9) L
<e ][ 7 |Du — DePdx + ¢ f‘T dx

B, () B,(x0)

+¢(p,L, &)1 + |DePPa ][ lu — Uao)Pdee |,
B, (x0)
where we use Jensen’s inequality in the last inequality. We next estimate III by

using the VM O-condition (H4) and Young’s inequality, we have

_ P
i ][{1170|Du _ Dy +W} de
B, (o)

op—1 q/p
+ <T> _J[ onq(x,p)(l + |D€|)’°dx.
B, (o)

Then using the fact that V,,,7 = V,, 7 - V,, < (2L)‘1*1Vm0 < 2LV,,, we infer

P
(4.10) |III|<e ][np|DufD£\pdx+c(p,e) { '“Tg da+c(p, L, &)1+ |DE)PV( p).

B, (x0) B,(x0)

For ¢ > 0 to be fixed later, using (H5), Lemma 3.7 and Young’s inequality, we have

u—4
P

dx

V| < }[ a(|Du — DO| + |DEY P — e + f (biyp)’

B, o) B, (o)

< }[ {1 + &) Du — DIP + K(p, )| DOP Y — £)das + bt

By (o)

(4.11) . f

By (wo)

dx

u—E’p

g
< a(l + )M + |Dep) } D — DOPdz + (p, ) f ‘“TK du
B, (x0) B, ()

+e(1 + | DO p1{alK DL + b7
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Combining (4.5), (4.7), (4.9), (4.10) and (4.11), and set A =2012-P/2; 4.=
7 — 3¢ — a(l + £)@M + |De|p), this gives

\Du — DI |Du — DIJP

A + dx
][ ”p{ A +|De)? A +|Dep?

B, (o)

w—10 | w—+0 IP
< L d
(4.12) = cp ks Bi{'p(ulmp +’P(1+|D€) } v
to| Tt |u—la)fde | +V(p)

B, (o)

+ &{a?(1 + K(p, ) |De|? + b7} p.

Now choose ¢ = &(4,p,a(M),M) > 0 and & =&, p,a(M), M) > 0 in a right way
(for more precise way of choosing ¢ and ¢, we refer to [7, Lemma 4.1]), we
obtain (4.1). O

Remark 4.2. Ifwe insert p =2 to the “smallness condition” 200-9)/2), >
a(M)M, we obtain A/16 > a(M)M. On the other hand, we only need /2 > a(M)M
to prove the Caccioppoli-type inequality (Lemma 4.1) since the term (1 + [sDu +
a— sy 2 in (4.6) vanishes when p = 2. This gap happens because the left-hand
side inequality of (3.15) im Lemma 3.8, which we wused to estimate
A+ [sDu+ Q1 - s)v|)”’2 from below, could not take equal when 6 =p —2 = 0.

To use the .A-harmonic approximation lemma, we need to estimate
§ AD®w — 0), Dyp)dz.

By (o)

Lemma 4.3. Assume the same assumptions in Lemma 4.1. Then for any
2o € Q and p < p, satisfy Bz, (x0)C Q, and any affine functions € : R" — RN with
|(xo)| < M, the inequality

} A(Dv, Dp)da: < Co(1 + |De)) [/11/2(\/5”*(900,2/), z)) V(0. 2p, 0)
(4.13) B

+ . (0, 2p, £) + pla|DLP + b)} sup |Do|
B, (@)

holds for all ¢ € C*(B,(xo), RY ) and a constant Co = Co(n, A, L, p,a(M)) > 1, where



324 TAKU KANAZAWA [14]

A(Dv, D) : = ((D:AC, o), DO, Dv. Dy),

1
1+ [Deprt

_ 2 _ p
Bon.p,0) s = {{mu DU |Du—Di| }dx’

A+ |De)y> A+ [DLY?

(o)

ju — ¢ u — ¢
Y (xg, p, L) : = f + du,
" B, >{P2<1 +|Dep? P+ (DY
Lo

V. (xo,p,0) : =¥ (xp,p,0) + ][ lu — o) [Pdze

B(x0)
V() + (a9]DA7 + b,

vi=u—{=u—lry) — Dlx — xp).

Proof. Assume xp € Q and p <1 satisfy By,(x9)c 2. Without loss of gen-
erality we may assume sup |Dg| < 1. Note sup |¢| < p < 1. Using the fact that
B, (x0) B, ()
| A(xo, &, v)Dodx = 0, we deduce
B, (x0)
(1 + |De|y! ][ A(Dv, Dyp)da

By ()

1
= f J<[(DéA(yE(ochDZ))xO‘ﬂ— (D:AC, ), DE + 5D)),, | Dv, Dy )dsda
B,(xo) 0

+ 1 {(AC, o), Dw),, , ~ A, (), Du), Dp )

X0,

+ + (Alx, Uxy), Du) — A(x,u, Du), Dp)dx

B (xo)

+ 1 (f,p)de
B, (o)

=:I+II+1IT+1V

where terms I, IT, ITI, IV are define above.
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Using the modulus of continuity i from (H1), Jensen’s inequality and Hdolder’s
inequality, we estimate

_ Du — D\ [|Du —Dt|  |Du— DeP™
1) < cp, L)1 + DO ][ (' ) + .
1] P D] . )” 1+ |D¢| L+ |Df A+ |DepP?
(0

@415  scd+ iDepy! [ul/z (\/ Do, p, 6)) V@0, p, 0)

(@20, p,0)) @110, p, 0

< e+ DAY [0 (V8o p. D) /B, p, 0+ Plao, . 0).

The last inequality follows from the fact that a!/?b1/? = a1/Ppl/PpP-2/p < 1/2p1/2 1 p
holds by Young’s inequality.

By using the VMO-condition, Young’s inequality and the bound V,,(x,p) < 2L,
the term II can be estimated as

|T1| < e(p)d + | D)y f {on(%p) + Vi, (x, p)

\Du, — D£|”1}
(4.16) By

(1+ [DeP!

< e+ DAY (1+@LY ) V) + Do, p,0)]

Similarly, we estimate the term IIT by using the continuity condition (H3), Young’s
inequality, the bound w < 1 and Jensen’s inequality. This leads us to

ITII| < L f (1 + |D¢| + |Du — D€|)p_1a)(\u - E(aco)|2>dx

B, (o)
(4.17)

< ep, L)1 + DY | o ]f = tao)dar | + B, p, 0]

By (o)

By using the growth condition (H5) and sup |¢| < p < 1, we have

B, (o)

V| < ][p<a|Du|p+b>dx
(4.18) B, (o)

< 27Nl + DO Do, p, £) + 2P p(1 + | DL’ (a|DLP + b).

Combining (4.14) with the estimates (4.15), (4.16), (4.17) and (4.18), we finally
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arrive at

f ADv, Do)
B, (xo)
< e(p, L, a(M))1 + |DY))

x [ﬂl/ 2 (\/ @(x, p, E)) Vo, p, 0) + Do, p, 0) + . (o, p, 0) + pla|Def + b)}

< Co(1+ |De)) [ulﬂ (VP @0.20.0) V¥ a0,2p, )

+ (0, 2p, 0) + pla| D + b)

)

where we use Caccioppoli-type inequality (Lemma 4.1), @(xg, p, £) < C1¥.(xo,2p, )
and the concavity of x to have u(cs) < cu(s) for ¢ > 1 at the last step. O

From now on, we write @(p) = D(xy,p, 4y, ,), Y(p) =¥ (%0, p,luyp)s Pilp) =
¥ . (g, p, Ly, p) for xo €  and 0 < p < 1. Here ¢, , is a minimizer of (3.9).
Now we are in the position to establish the excess improvement.

Lemma4.4. Assume the same assumptions with Lemma 4.3. Let 0 € (0,1/4]
be arbitrary and impose the following smallness conditions on the excess:

@) ﬂlﬂ(\/av*( p))—i—\/‘P*( p) gg with the constant 6 = d(n,N,p, ), L, 0" P+2)
from Lemma 3.2,
1+2

Doy«
(i) ¥(p) < T2
— q/2 —q 59 gV

(i) 7(p) == [lp* (p) + 0~ 9pUalDly, | + )| <1,
Then there holds the excess improvement estimate

(4.19) P (0p) < C30°¥ .(p)
with a constant Cs > 1 that depends only on n, N, 4, L, p, a(M), M and 6.

Proof. We first rescale v and set

Wi U —Luy p
o CZ(l + |D€x0,p|)7).

We claim that w satisfies the assumptions of Lemma 3.2. By Lemma 4.3, with
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p/2 and £, , instead of p and ¢, and assumption (i), the map w is approximately
A-harmonic in the sense that

f A(Dw,Dso)d-%‘S[ﬂl/z(\/ﬁ”*(p)) + sr/*<p>+g} sup |Dol

B, ()
B, 2(o)

<é sup |Dyl,
B/)/Z(*Z'O)

for all ¢ € C§°(B,)2(wo), RY), with the constant  determined by Lemma 3.2 for the

Hn+p+2

choice ¢ = . Moreover, the choice of Cz, which implies Cy > Cj, and the

Caccioppoli-type inequality (Lemma 4.1) infer

f {1Dwf + 7 2 Dwp fde < LA

B, 2(%o)

<1.
Co?2 TGP

Thus, Lemma 3.2 ensures the existence of an .4-harmonic map & with the properties

_ hl? _hlP
(4.20) { {‘M,)DTZ}L P2 ujoTZh }dm < g2,
B, (o)
(4.21) { {IDhf + 7 *|Dhp }da < et p).

B, (o)

Since & is A-harmonie, Theorem 3.3 yields the estimate for s =2 as well as
for s=p

sup |D?h|* < c(s,n,N,p,},,L)(8>7s.
B,4(o) 2

Therefore, using Taylor’s theorem, we have the decay estimate, where 6 € (0,1/4]

can be chosen arbitrarily:

S 2(0p) " f v — o) — Do) — w0)|da

By, (o)

<2575 =2(gp)~* ][ |w — h|*dx + ][ |h(xe) — h(xo) — Dh(xo) (@ — xo)|*d
By, (o) By, (o)

gc(s,n,N,p,},,L)ﬁz.

Here we applied the energy bound (4.20) for the last estimate. Scaling back to  and
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using Lemma 3.6, we conclude

Op)~° } [u — Loy 00| e

By,(xo)

< c(n,s)0p)"° ][ | — Ly, — Cop(1+| Dy, ,|) (R(o) + Dh(ico)( — o)) | die
B,(o)

=c(s,n,N,p, A, L,a(M))(O0p)*y’(A + |Dly, »|)’
(422) | 0,0‘

|w — (o) — Dh(xo)(@ — 20)| dex
Biy(x0)
< (L + Dby, )6
< c(1+ |Diy, )02 [av,ﬂ/z( p)+ 207570 (p)

< c(1 4 |Dly,y )P (p).

}2/11

Here we would like to replace the term | D/, ,| on the right-hand side by |DZ,, g,|. For
this, we use (3.11) and the assumption (ii) in order to estimate

nn +2)

(Op)*
p B,(o)

\Dly, p — Dlyy ,|* < = &y, [Pdae

nn +2)
— 9%+2 2]
B, ()

|u — £x01p|2dac

nn + 2)
— 9%+2

1
(Ut Dby )P (p) < 3 (14 (Dl )P
This yields
1
1+ |D£~°C0,,0| <1+ |D‘€x0,ﬂ/}| + |D‘€900y/7 - De%o-ﬂ/’l <1+ |D£90079/7| +§(]_ + ‘Dﬁ%m/?')v

and after reabsorbing the last term from the right-hand side on the left, we also
obtain

14Dy, ) <21 + |Dly, ).

Plugging this into (4.22), we deduce

Op)* ][ l — Ly gy dit < €5, 2, N p, 4, L D)L + | Dl 0622 )

By (o)
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for s = 2and s = p. Dividing by (1 + |D¢,, ¢,|)°, then adding the corresponding terms
for s = 2 and s = p, we deduce the claim. O

We fix an arbitrarily Holder exponent o € (0,1) and define the Campanato-type
excess

Colo, p) := p~ ][ [ — s, [P,

B,y (o)

In the following lemma, we iterate the excess improvement estimate (4.19) from
Lemma 4.4 and obtain the bounededness of the two excess functionals, C, and ¥.

Lemma 4.5. Under the same assumptions with Lemma 4.4, for every
o € (0,1), there exist constants &, ., p, > 0 and 0 € (0,1/8], all depending at most
onn, N, 4, p, L, o, pp, (), (), V(-), a(M), b and M, such that the conditions

(Ao) P(p) <e., and Cylry,p) < K.
Sorall p € (0, p,) with B,(xo)C 2, 1mply
(Ap) PO p) < e, and Cylw,0p) < k.

respectively, for every k € I\,

Proof. We begin by choosing the constants. First, let

1 ye-2m 1
:= mi S N
0:= min <16n(n + 2)) "ViG [~ 8

with the constant C3 determined in Lemma 4.3. In particular, the choice of
0=0mn,N,AL,a,M,x) >0 fixes the constant 6 = o(n,N,A,L,a,M,x) >0 from
Lemma 3.2. Next, we fix an ¢, = e.(n, N, A, L,a, M, o, u( -)) > 0 sufficiently small to

ensure
07L+2

0
T G — 12(\/4e, de, < —.
“S oty 04K (Vae.) + b=
Then, we choose k., = k.(n, N, A, L,a, M, o, u(-),w(-)) > 0 so small that
(ic,) < &

Finally, we fix p, = p,(n,N, A, p, L, o, py, (- ), (), V(-),a,b,M) > 0 small enough
to guarantee

p. <min{py, 1./¢ 2 1}, V(p,) < &, and {(a\/ n(n + Z)K*)q-i-bq }P*q“ < &
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Now we prove the assertion (4;) by induction. We assume that we have already
established (4y) up to some k € N U {0}. We begin with proving the first part of the
assertion (A4jy,1), that is, the one concerning lI/(Hkﬂp). First, using (3.12) with

(= Uy, gy WE obtain

nn + 2) 2
(4.23) B @0)
= n(n + 2)(0"p)** 2C, o, 0" p)

< n(n + 2)p, % 2k,

2
|D€x0’9kp| <

Thus, the assumption (Ay), the choice of «, and p,, and the above estimate infer
V.(0"p) < V(O p) + x(Colao, 0°p)) + V(O p) + (a?| DL, | + DO p)*

<+ oe) +Vp) + ((av/nln + 2 ) '+51) 5,7 < de..

Now it is easy to check that our choice of ¢, implies that the smallness condition
assumptions (i) and (ii) in Lemma 4.4 are satisfied on the level Hkp, that is, we
have

0
1/2 e v 1/2 o
(4.25) 1 <\/‘P*(9 p)> +\/P.(07p) < <\/4e*) +/4e <5,

and

(4.24)

n+2

i

Furthermore, we have the smallness condition assumption (iii), that is,
1/
(427) §0p) = [P 020 ) + 5@ pr@iDe, | + 0] < 1

To check (4.27), first, note that 'I’*(Hkp) < 1 holds by the estimate (4.24) and the
choice of ¢,. This implies

(4.28) W) < W ) < Vs <.

Next, using (4.23) and p,*~! > 1, we obtain
5O ) (@|Del, g, + ) <67, (ar/nln + 2).p,* " + )"

<079, " (av/n(n + 2k, + b)q
< lp, 20/P { (a\/ n(n + 2)x*)q+bq }
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Then the choice of p, and &, imply

ol ™

(4.29) 51O P (@|DA,, e, + b)! < 57921/, < 27HHUPFE <

Therefore combining (4.28) and (4.29), we have (4.27). We may thus apply Lemma 4.4
with the radius 6" p instead of p, which yields

W(9k+1p) < ngzq/*(gkp) < 403928* <eé&,

by the choice of 0. We have thus established the first part of the assertion (4;,1) and
it remains to prove the second one, that is, the one concerning C,(xo, " p). For this
aim, we first compute

1
s f lu — exm,,kpﬁdx <1+ |sz0,(,kp|)2q/(9’“p) <2 + 28,F|De%’0kp|2

By (o)

where we used the assumption (A;) in the last step. Since Exo o p(oc) =y g, +

DETO Hk/)(x — Xp), we can estimate

Caxo, 0F p) < (@ )~ ][ o — e, e

B jiy1,(@0)

< 2(F ][ W=, g [Fdo+ |De, g PO
B(,kﬂﬂ(xo)

< 2(6k+1p)—20( 67,” f |u _ Zwoﬂk/)|2dx + |D£m0_9k/)|2(6k+1p)2

Bk ,(@0)

< 4(9’6,0)272“ [8*9771*2“ + |D£m0ﬁkp‘2(8*97n72a + ngza)]'
Using (4.23) and recalling the choice of p,, ¢. and 0, we deduce

Ca(%‘o, elﬁ—lp) S 4'0*2721 [S*H—n—Zo: + n(n + Z)K*p*272a(8*0—n—21 + 02—20{)}

p*272162—20{ + 87’L(7’L + 2)K_*92—20:
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This proves the second part of the assertion (4, 1) and finally we conclude the proof
of the lemma. O

Now, to obtain the regularity result (Theorem 2.2), it is similar arguments as in
[1, Section 3.5] by using Lemma 4.5.
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