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1 - Introduction

As the title suggests, these lecture notes consist of two rather different parts,
although there is one uniting theme: random, interacting many particle systems.

The first part, dealing with applications from biology, begins with a model for
sympatric speciation; this is the process in which a population of animals or plants is
split in two or more separate species, remaining in the same geographical area
(hence the word sympatric). In this case, the particles are individuals, and the in-
teraction is the mating procedure and the selection process. This part is based
mostly on [29]. A rather different class of models, more similar to the classical kinetic
theory of gases, are models for swarms (that could be swarms of insects, flocking
birds, schooling fish, or for that matter, crowds of people). The particles are then the
individuals, and the interaction is usually the voluntary motion of the individuals,
based on their visual perception of other individuals in the neighborhood. Such
problems have attracted a lot of interest in the kinetic theory community recently,
and although I will give some of the important references, these notes do not give a
complete review of the current works, only to give another example of how ideas
from kinetic theory can be applied to biological problems. To a large extent it is based
on ongoing research with Eric Carlen and Pierre Degond [9, 10].

The remaining part of the notes deal with propagation of chaos, which very va-
guely means that if the particles initially are distributed independently of each other
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in phase space, then they remain independent along the evolution of the system. This
never holds for interacting particle systems of the kind considered here, as long as
the number of particles is finite, but for some models it can be proven to hold in the
limit of infinitely many particles. It is one of the major challenges in kinetic theory to
prove that propagation of chaos holds for real particle systems. Here we discuss a
much easier case, where the microscopic model is already random, a family of
Markov jump processes in state spaces E" that represent n-particle configurations,
and the corresponding master equations. The propagation of chaos can then be ex-
pressed in terms of the marginals of the n-particle distributions. This approach to
the propagation of chaos goes back to Mark Kac ([33]), and the key ideas in that
paper will be presented. A different approach was taken by Griinbaum ([27]), closely
related to de Finetti’s theorem on the conditional independence of exchangeable
observations. This approach has been taken a step further in [39], from which much
of the material in these notes is taken. And [39] was inspired in part by the lectures of
P. L. Lions on mean field games ([35]). A small section of these notes is essentially
taken from one of the first lectures in his series.

What unites these rather disperse topies is that they all deal with Markov pro-
cesses in a state space 15", i.e. an n-fold product of an Euclidean space I, or some
submanifold of E" representing e.g. the conservation of energy'. In the state
v=(v1,...,v,) € E", each component v represents the state of one particle. In Kac’s
original model, and other models that represent real gases, the jumps only change
two components, v; and vj, say, simultaneously, although the rate at which a particular
couple of particles interact may be determined as a function of the full state. No deep
knowledge of Markov processes is needed to read these notes, only a basic under-
standing of the definitions is assumed. A comprehensive book on the topic is [23], and
a standard reference with applications in physics and chemistry is [47].

2 - Applications from biology: a model for sympatric speciation

There are several mathematical models for speciation that are related to the
models from the kinetic theory of gases. The one that is presented here comes
from [29], but there are many other examples, and I will very briefly mention a
couple. But first we need to reflect over the concept of species. Although most of
us have a vague idea of what a species is, it is by no means an easy task to make a

1 Tt is not necessary that It be Euclidean, it should be a Polish space — a separable,
completely metrizable topological space.
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proper definition. Until at least the 18th century, the flora and fauna were thought
of as being rather stationary, and a species was characterized by producing an
offspring of (essentially) the same kind. Notably Linnaeus created a taxonomic
system for classifying and naming the species, a system that is still used today.
But it does not really define the concept of a species, rather it gives a hierarchical
structure, with similar plants, or animals, grouped together. Compte de Buffon,
contemporary with Linnaeus (both of them were born in 1707), classified two in-
dividuals as belonging to the same species if they can produce fertile offspring.
This definition is problematic for several reasons, one being that it is not a
transitive relation: One could have three candidates for a species, A, B, and C,
such that A and B can produce fertile offspring, B and C too, but not C and A. It
may also happen that the result depends on whether A or B is female. The dis-
covery of DNA and techniques to analyze the genetic code has provided new
means for classifying species, but there is no general definition of “species” that is
useful in all situations.

With Darwin’s On the origin of species [17], a mechanism for evolution was de-
scribed: due to phenotypic variation within a population, some individuals will re-
produce less efficiently, and there will be a selection against this phenotypic char-
acter. But this mechanism is not enough to explain how a species can evolve into two
different species. A nice discussion on this topic can be found in the introduction to
van Doorn’s thesis Sexual selection and sympatric speciation [46].

Allopatric speciation may happen if a homogeneous population is split into two
geographically separated regions, such as two islands. By selection the two sub-
populations will then evolve to adapt to the local environment, but also phenotypic
characters that are not selected against will change, and eventually the two sub-
populations may be so different that they have become two different species. It is
much more difficult to understand sympatric speciation, where the two sub-popu-
lation share the same geographical area. Van Doorn lists a number of obstacles for
speciation to take place, and exemplifies this with birds feeding on different size
grains: small, medium and large. The fitness of a bird is quantified in terms of the
feeding rate. Speciation would now mean, for example, that one sub-population
specializes in feeding on small seeds and another one on large seeds, but for this to
happen, the population must reach a state known as “disruptive selection”, v.e. a
situation where the feeding rate could improve by changing a phenotypic character
(such as the beak length) either in one direction or the other. A first step towards
speciation is taken if two sub-populations evolve in different directions, leading to a
phenotypic “polymorphism”, but unless the ecological landscape gives an advantage
to the smaller sub-population, only the larger one will remain, and hence the poly-
morphism is eventually lost, and no speciation can take place.
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The next step towards speciation is the evolution of a “reproductive isolation”, a
mechanism that prevents the formation of hybrids. A key concept is that of “as-
sortative mating”, meaning that reproduction takes place essentially within sub-
populations: individuals choose mating partners according to specific criteria.
Finally, some kind of dependence should develop between the genes that are re-
sponsible for the fitness to the landscape (beak length, in our example), and the
genes responsible for the assortative mating.

All this is far from completely understood, and the literature on the subject is
vast. The model for sympatric speciation presented here is one example that ad-
dresses the question.

2.1 - Adaptive dynamics

One approach to evolution and speciation is adaptive dynamics. A recent book
treating this is [18], which states that adaptive dynamics is “the long term evolu-
tionary dynamics of quantitative characters driven by the processes of mutation and
selection”, and is a theory that has been developed for example by Geritz et al. [25]. A
short introduction is given in [6].

In the easiest case, adaptive dynamics is concerned with the evolution of a scalar
trait in a monomorphic population. A scalar trait could be for example the length of a
bird’s beak, x > 0, say, and that the population is monomorphic means that all in-
dividuals have exactly the same beak length. Adaptive dynamics takes place on a time
scale much longer than the typical time scale of a population, and hence it is assumed
that the resident population with beak length « is stationary. The main issue of adaptive
dynamics is to understand what happens to a small group of individuals that (by mu-
tation) has a different trait value, y, say. The initial growth rate of the rare mutant
population, denoted S, (y), is sometimes called the invasion exponent. Because the re-
sident population is assumed to be stationary, S,(x) = 0. If S,.(y) > 0, then the mutant
ismore fit, and will eventually take over, whereas if S, (y) < 0, the mutant will not invade.
The selection gradient determines the direction of evolution of the trait: if S/ (x) > 0,
then an invading mutant with trait 4 > x has a better fitness, and will replace the re-
sident population. The new resident population will have trait value y. Similarly, if
S (x) <0, then the resident population will be replaced by a population with smaller trait
value. Values of x such that S’ () = 0 are known as evolutionary singular states, and if
it corresponds to a local fitness maximum, it is called an evolutionary stable strategy. A
resident population at an ESS cannot be invaded by a nearby mutant, because all
nearby strategies are less fit to the environment. Disruptive selection can occur when
an evolutionary singular state is at a local fitness minimum. The a nearby mutation at
either side of & has abetter fitness, and thisis what is needed for speciation to take place.
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Another concept is a convergence stable strategy, which is a strategy such that
monomorphic populations with y close to « can be invaded by mutants which are even
closer to x. When this is the case, the trait value of the resident population will ap-
proach .

The mutations arrive in a population randomly, and it is not necessarily true
that the mutants have trait values close to that of the resident population, but if
the mutants are small, and the frequency of mutations is scaled properly, it is
possible to derive an ODE which describes the rate of change of the trait of the
resident population, the canonical equation of adaptive dynamics.

An approach based on the Hamilton - Jacobi equations can be found in [22].

2.2 - Examples of mathematical models of speciation

There are several examples of mathematical models for the competition within a
population structured according to some phenotypic trait. Desvillettes et al. [20]
consider the following model of logistic type:

8 ! / !
8—]; = (a(y) - Jb(%?/ ) dy )f~

Y

Here f(y) is a density describing the distribution of the population according to the
trait y € ), where ) is compact. The birth rate of individuals with trait y is a(y), and
death rate is

Jb(y, DIy .
y

The death rate can be seen as a model for competition within the population, the
function b(y, %’) giving death rate of an individual of trait y due to the interaction with
an individual of trait 3.

The authors prove global in time existence and uniqueness in L!()) for this
equation, assuming sufficient regularity of the functions a(y) and b(y,y’). They
also present the results of numerical simulations that show how an initially un-
imodal trait distribution evolves into a bimodal, and then multimodal distribu-
tion. In fact, they even show that a limiting solution must consist of a sum of
Dirac masses.

A different model is provided by Méléard and Tran [37], where an age structured
population is studied (this paper is an extension of earlier works by Méléard and co-
authors, see the reference list of [37]). In their model the population is deseribed by a
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random measure,
Zy(dax, da) = Z O t).a:(t) -

The size of the population is (Z;, 1), and each individual is characterized by its trait
value & € X and its age @ € R". Each individual produces offspring with rate b(x, a)
depending on the trait « and age a, and the offspring is born with age @ = 0 and a
trait & = ®par + h, 1.e. the parent’s trait plus a mutation difference 2 which is random
and distributed with law k(x, h)dh. 2 Just like in [20] the death rate has a component
due to competition between all individuals in the population:

i = dw, )+ | UlGw.0), )2y, d.
R*xX
In simulations, using birth and death rates

blx,a) =x(4 — x)e and

diot(2, @) = 1—&-OLJC(I— 1
X

1+vexp(—k(x —1y))

)Z(d% i),

they find that an initially monomorphic population may evolve into a population with
a bi-modal trait distribution. However, one of the main objectives of their paper is to
study the “large population — rare mutation”-scaling. Setting

1D

Z ? = Z 5(%‘ ®),a;()) »

they prove that Z} — &, € Mp, where Mp is the set of finite measures on RT x X.
Actually, ¢ € C(Ry, Mp) and, for all t > 0,f € C)" (X, R)

<ét7 > <607 >

t
+JJ [Ouf (@, a) + f(x,0)b(x, a) — f(x, a)(d(x,a) + EU(x, a)|E(dx, da) .

A model that in many ways is similar to the one that is presented in the next
section can be found in a paper by Dieckmann and Doebeli [21]. They discuss two
different models, of which one is an individual based simulation model, the other a

2 A natural variation of this would be to consider a mutation rate also depending on the
parent’s age.
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model in the framework of adaptive dynamics. The resident population, having
phenotype x, is assumed to satisfy the following logistic equation:

dN(x,t) N(x,?)
7 —rN(oat)[l— ) ],

where N(x,t) is the size of the population at time ¢, and K(x) is the carrying capacity
for a monomorph population with trait x. In [21] K(x) is a Gaussian with mean x, and
variance o%. Due to competition with the resident population, a rare mutant with
Clx — y)K(x)
K(y)
strength of the competition between a phenotype x and a phenotype ¥, is a Gaussian
with variance a%. The mathematical analysis in [21] shows that evolutionary
branching can take place only if o¢ <og.

trait y will grow with rate » [l - ] ; here C(x — y), which describes the

2.3 - A model of sympatric speciation through reinforcement

As explained in the introduction, even if evolution brings the resident population to
a state of disruptive selection, it is often more natural for the population to evolve in one
direction rather than to split in two viable sub-population evolving in different direc-
tions. If the latter is to happen there must be some mechanism to favor the smaller of
the sub-populations. Competition of resources, and specialization to particular parts of
the available resources may be one such mechanism. For the sub-populations to evolve
into two different species, some kind of reproductive isolation is needed to prevent the
formation of hybrids. In [29] we have developed a model to study some aspects of this.

We recall that sympatric speciation means that a population develops into two
species sharing the same geographical habitat (but usually not sharing the same
resources). By reinforcement we mean a process by which natural selection
strengthens the separation of the sub-populations. In this model, reinforcement is
implemented via a characteristic trait ¥ describing the appearance of an individual
(e.g. the color of the tail feathers, the pitch of the song ...), and another trait y* de-
scribing what characteristic traits in a potential mating partner the individual is
attracted to. We assume that the traits y and y* are only related to the choice of
partner, and not directly to the fitness. Fitness, on the other hand, is determined by a
trait &, which is related to the distribution of food resources in the local environment.
We show, by simulation, that in this model reinforcement is needed for speciation to
take place, and that the expected time before the speciation event is shorter if the
characteristic trait ¥ has more than one dimension.

Here is the model:

The population lives in an environment, where food (or other essential resources)
is characterized by a parameter « € X, and that the food is distributed in space ac-
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cording to a density f'(x). The trait of an individual in the population has several parts:

e x € X is related to the fitness, its competitivity in collecting the essential
resource;

e y € ) is a recognizable, characteristic trait, and y* € ) is the individual’s
preference of trait value in potential mating partners. These two traits com-
bined yield the probability that a given couple of individuals will mate.

The size of the population is denoted N, and letting z. = (@i, yr,¥;) € 2
= X x Y x ) be the phenotype of individual 7, the whole phenotype distribution in
the population is

Z¥N = (z,...,25) € 2V

The dynamics is time-discrete, and we assume that only the offspring survives from
one generation to the next. The process can be described as follows:

1. Each individual collects food according to its relative fitness.

2. It then chooses a mating partner, at random but with a high probability to
select a partner with a characteristic trait corresponding to the preference.

3. The size of the offspring is Poisson distributed with a parameter proportional
to the couple’s joint access to the food resource.

4. The phenotype of the offspring is the average of that of the parents’, but
mutations are included by adding a (Gaussian) random variable.

The procedure is described in Figure 1. More precisely

2] =2 D2k Zj ZN

Choicgof partﬁer depending on pref-
erepce and characteristic trait

) e —— 1 0 ¢ ¢ ¢ ¢ ¢ ¢ R — . s s 0080000000 Fa o > Z
Z21 22 Zk Zj ZN

Fig. 1. A pictorial description of the replicator dynamics of the population.
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1. An individual k¥ has access to a fraction ¢, of the available resource:

e @200 qf ()
“T W o 1T
x> fe—(xj—x)z/zﬁ
J=1x

This represents the competition among the individuals.

. Each individual k is given the opportunity to choose a mating partner, and

chooses j with probabilily

o~ vl /20° G
— —l—vil/2 J ,
Prob(j, =) = Z o il /202
i#k

0 k =7).

This is the reinforcement in the model, because it helps forming sub-popula-
tions such that mating takes place within the group. The parameter o, which
we have taken to be the same for all individuals in the population, determines
the choosiness in selection of partners for mating.

. The couple (k, ;) then produces a Poisson distributed number 7, of children,

with rate WTCJ’” Il 1, %-e. proportional to the amount the resource that has

been collected by the couple. This means that the size of the population at time
t+1 will be a Poisson distributed variable, Nyy; = > n, with a random
parameter k=1

A= £l (1 +Zc]~k>-
k=1

It is random because of the random choice of partner, ji, and the law depends
on the whole population at time ¢.

. Each child has atraitz = z;.;, 1 =1... 1

2+ 2 N
Zhi =T"’“+(éi7m,f7i),

where (&;, 7;,%;) are Gaussian random variables.

Some simulation results are shown in Figure 2, 3 and 4. For the simulations in

Figure 2, the food resource is concentrated at two points, x = + 1, and the population

is initially monomorph with phenotype & = 0. Without reinforcement, as in (a), the
population remains concentrated around x = 0 although the small mutations are
seen as noise in the distribution. With reinforcement, as in (b), (¢), and (d), the po-
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Fig. 2. (a) and (b) z-trait without and with reinforcement; (¢) c-entropy, W,; (d): appear-
ance trait y.

pulation immediately splits in two sub-populations, each one exploiting one of the
food resources. The graph in (d) shows the distribution of the appearance trait . It
also separates in two parts, but there is no reason for the parts to stay at any par-
ticular position, and therefore these will carry out a random walk in the )-space.
Eventually the two branches could meet, which would lead to the appearance of
hybrid phenotypes. The graph in (d) shows the evolution of the “food distribution
entropy”,

Ny
We(t) = crlog Nicy)
k=1
which is zero if and only if ¢, = 1/N; for all k. The simulations show that the popu-
lation approaches a situation where all individuals attract the same quantity of the
food resource.

Figure 3 shows the results of a simulation where the food resources are equally
distributed at the points x = —1,0, 1, and as expected, with reinforcement, the po-
pulation will then split in three sub-populations, but it may happen in different ways:
The figures (a), (b), and (c), (d) show the results of two simulations with exactly the
same initial conditions.
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Fig. 3. Two simulations with identical parameters. (a) and (c): trait « in the population,

and (b) and (d): trait v.

s £ o 5 o B o E .

(d)
Fig. 4. 100 individuals, Gaussian food distribution.
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And then Figure 4, shows the result in which the food distribution is Gaussian in
x, with mean zero, and the x-phenotype is initially concentrated at x = 2. We can see
in (a) how the whole population evolves to x-values close to zero, before the splitting
into sub-populations take place. The graph in (c) shows the food distribution entropy,
and the graph in (d) the size of the population, N;.

The model can be reformulated into a more mathematically tractable form by
identifying the population Z; by a point measure in Z:

(Zi,1)
Zy < Z 0y € Mp(Z2) (Nt = (Z1,1)).

J=1
To find an expression for Z;,1, we write the offspring from an individual z; as

()0
I'(,z) = Z Js, (offspring from z;) .

i=1
Then the next generation is

(Z1,1)
Zia= Y I'(-z) = | 1C.02).
=1

Z

Here I'(-,2) is a random point measure in Z, whose law can be computed from the
description above. The details are given in [29]. From this we wish to write a master
equation for the process, to find a formula for

Zy

E [J B2 Z1,1(d2)

Z

= Jh [J¢(z)F(dz,z’)

Z Z

Zt] Zt(dz’) .

To continue, we first write I” by conditioning on the mating partner,

Zt] = JE‘ [Jcﬁ(z)F(dz, )

zZ

Zy, 2" | P, 2")Zy(d="),

© E [qu(z)r(dz,z')

Z

where the choice of mating partner, Prob(j; = j), is encoded in

*|2 2
e~ lv=y"'I"/20 Lot

J'- e_ly//_yx/‘z/Zﬁz ][z”7éz’Zt(dz/,) '
Z

P, 2) =

The size of the offspring then depends on the resource distribution in the
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population,

= | eI pd)
fe—(x”—x/)z/%izt(dz”) 1Al
¥z

The expectation of the integral in the right-hand side of equation (1) can then be

Zt , z/l]

0 k 5 +ZN
= ZProb[(F(dz,z’), 1) =k|Z;,2"] x ZJ¢(—+ Ci>M(Ci) ag;.
=0

- 2
=1 z

computed as as

L [Jfﬁ(Z)F(dz, 2)

Z

The last sum gives the contribution from each child of parents with phenotype 2z’ and
?"; the phenotype of the child is the average of the parents’ phenotypes plus arandom
mutation { which is distributed with law M({)d{. The number of offspring & is
Poisson distributed:

1INk
Probl(I'(dz, ), 1) = k| Z, 2] = “&2) kf L g,
with
(2" = w J Fda).
X

In this form, the equations are still not very explicit, but one may formally take

the limit of infinitely many individuals as in the paper by Méléard and Tran, as
n(Z,1)
described above: we let Z} = . > Owi.ay), and we assume that this has a limit
i=1

as n — oo, and even that the limit is given by a density: Z} — uy(z) with
w = w(@) = wy(@,y,y") € LLAX x Y x Y*)=LYZ), u>0,teN.

It is then possible to identify the limiting expressions for the food distribution,
the probability of choosing a particular mating partner, ete.:

e—(.ac—m? /202

N /
Ok 1= (35 u) = 5[ J“e*(x”fx’)z/Za%u(zu) dz" df @),
Z
P b . . , e_‘?/*_?/‘z/zaz
rob(ji =j) — n(z,2';u) = je—W*—y”\z/Zﬁu(Z”) dz"’
Z
. /.
K — k(2,25 u) = w J df(ﬂcl).

X
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Finally we may write the master equation for the limiting densities u,,

J P(u1(2) dz
zZ
/ /AN! / 1 1 z/ + z” / '
= Jjjut(z Yu(ZNAE, 2" u)Py (2 ;u)M(z)qb( 5 + z) dz'dz"dz
(2) ZZZ
- J [ J Jut(Z’)ut(z'”)/I(z’, &)
zZ ZZ
x Po(2" )M (z _Z ;z ) dwdz”} $2)dz .

In the change of variables used to obtain the last line, it is assumed that Z = RY. To
conclude, u; 1 can be expressed in terms of %; using the expression in brackets in the
last member of equation (2). However, I want to stress that this is only a very formal
derivation, and also that there are no mathematical results concerning e.g. the long
time behavior of the model.

2.4 - An averaging process

If we neglect the rather complicated process of choosing the mating partner, the
way in which the food resource is distributed, and how this affects the number of
offspring of a given couple, the process is a simple one: according to some probability
distribution, choose a random couple of individuals, and replace this couple by an
offspring whose phenotype is the average of the parents’ but randomly displaced due
to mutations. An extremely simplified version of this is the following:

Consider N individuals with a scalar phenotype x € R. The population is there-
fore described by (1, . . ., #x). The phenotype distribution is then updated as follows:

o choose a couple (x;, x;) uniformly at random
e replace those two individuals with a new couple, as

Xj + X
2

Xj + X

X
+ X1, 2

(2, 1) — ( +X2> )

where X; and X, are i.i.d. with probability density g(x) € L1(R).

We now assume that in some limit ® all the x; are distributed with a law f(x) dx. If

3 For a given N, the distribution should be updated until a stationary state has been
achieved, and then let N — oo .
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xo is drawn from this distribution, it should be the result of a replacement, i.e.
2o = r11 + %12

2
where also x1; and x;2 are distributed with law f(x), and where X, is a random
variable with distribution g(x). The same argument can be repeated for x; ; and 1 2,
which then gives (the notation should be clear)

+X07

1 /201 + 2
( 2.1 2’2+X1,1+

P T23 + X24
072 2 2

1 1
:Z (.90271 + X22 + X233 + X24 +X21 + 962,2) + E (Xl,l —|—X1A2) + Xy .

The procedure can be repeated, and after » iterations we have

+ X1,2) + X

2”
1

X0 :2_" E acw

J=1

1 on—1
+ o1 ZX%*L]' +...+
=1

13 1
+ E;Xz.j + é(Xl,l +Xi2) + Xo.

By the law of large numbers, the first term converges to | af(x) dewhen 1 — oo,
R
and the other terms can be expressed exactly in terms of the distribution ¢: The
zn—l
law of T Z; X1, is on=1ge2(9n=1 .y for example. This gives a relation be-
J=
tween the densities f and g, which is most easily expressed in terms of their
Fourier transforms:

jo- <2i () Zﬂ)
3 (% g(;ﬁ)z ) - (ﬁ g(§)4> (%g@z) 9.

If f has bounded second moments, the first factor converges to 1 when n — oo (this
is sufficient to guarantee that the law of large numbers holds), and we have then an
explicit expression of f in terms of the distribution g. One example where this can be

computed explicitly is when g is a Gaussian function with variance o; then f will also
be Gaussian, but with variance 2¢.

We end this section by writing a master equation for the process, and computing
expressions for the evolution of marginals. While this doesn’t have much to do with the
model for speciation, it gives an introduction to much of what will follow. For a system
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of N particles, the configuration space is RY (there is no hardcore condition or similar
restriction to the particle configuration). Let fy(x1,...,2y) be a density in R¥. One
replacement according to description above, replacing a randomly chosen pair of
particles by new particles whose position is the average of the parents’s position plus
independent displacements, transforms the density as

In@e, .. en) — fyler, ... ay)

2
:mzJJfN(xl""’le'""’x;C""’xN)

3) i<k g R
X+ X+
X g(xj— J 5 k)g(ack— J 5 k)dac_;-dx;.

In the usual way, we assume that the densities are symmetric with respect to per-
mutation of the variables, and it is easy to see that if this holds for fy, then it also
holds for f};: symmetry is preserved by the dynamics. The k-particle marginals are
defined as

Ny, .. wg) = J SNy, X, Ty, ON) ARy - dy

RN-*

Because of the permutation symmetry, the same result would be obtained by leaving
any set of k variables untouched, integrating over the remaining N — k variables.
Integrating both sides of equation (3) over kj 1, ..., kxy, we find an expression for
how the k-particle marginals are transformed by the replacement process. Fork =1
and k = 2 the result is

1 1
S = (1 - N) (1 - ﬁ) i)

2 X + al
+ % J Jsz(ﬂC/l, x5)g (901 = S
RR

) dx'dwy

and

S o, v2) = <1 - %) <1 - %) v (e, x2)

2(N -2 Xy + X

ﬁ fiv s, o, 90@,)9(@ - u) davgday
R R

2(N —2) x4 o

NN D T3y, @2, 90'3)9(901 -2 da dacy
R R

2 wy + xy + X
TNV oD fwa(h, g (901 — %)g (xz - 1TZ> day dac,.

R R
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respectively. Here, and in all higher order terms, we find that the expression for f
involves terms with f, 1, so if k<N, the system is not closed.

The next stepistolet N — oo. For this to make sense, we write f]{',_k(vl, ..., V) the
distribution obtained after j replacements, and write '

f7+1(901) le x! +

el [ LR R FETER N
RR

Now, if one thinks of fz{nk as being the values of a time dependent function evaluated

at discrete points, fzfr,k(”h V) =N, ., Ok, i) With 4; = 2/N, the left-hand
side of equation (4) is a finite difference approximation of % Sver, . vk, 4 )).

Passing to the limit as N — oo gives

/ /
Ly +902

%fl(xl,t)Jsz(%'pxlz,t)gGﬁ 5 ) wydwy — fi(eg,1).

RR

If in addition we assume that propagation of chaos holds, that is, fa(x],a5,?)
= fi(@], 1) f1 (x5, ) (this will be discussed at length in the following sections), then a
closed equation for the one-particle marginal is obtained:

(5) %fl(%‘l,t) = ijl(xi,t)fl(xé,t)g<%1 - ;—x ) wydacy — f (1, 8).-

RR

Similar equations can be obtained for all marginals, but if the proportion of chaos is
assumed to hold, then all information is already present in equation (5).

3 - Applications from biology: models of flocking animals

It is fascinating to watch the huge bird flocks flying over big cities, or schools of
fish that are forming close to bridges, sometimes, and recently there have been many
attempts to make mathematical models to describe the observed phenomena. What
is intriguing is that these complex structures can be formed without any obvious
leader, all individuals in the flock should have the same status. How can the pre-
sumably rather simple rules controlling the behavior of individual birds result in this
complex collective behavior?

In the first section I will present a couple of well known mathematical models
related to swarming animals (without any claim to give a comprehensive list), and
then discuss a model which has been analyzed in [9, 10] in some more detail.
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3.1 - The Boids and Cucker-Smale models
The boids model [40] is a system of ODEs describing the evolution of N particles:

=) [f(Ti,j)f'ij + o1 (Vj — Vil <7e) + o2ty — ri|7"ij<"”c>} =y Vi + B
J
Here r; is the position of “boid” j. The different terms describe the boid’s desire to
move towards the average position of swarm, to approach the average velocity of the
boids within a smaller neighborhood, and to avoid crowding.

There are other models that are discrete in time, and the Cucker-Smale mod-
el [15] is a particular example for which much progress on the mathematical theory
has been made recently [28]. Here the velocities v;(t), 1 =1,...,N, t=1,2,3,...
evolve according to

N
viln+ 1) = i) =5 > ay, (v00) = vin)
J=1

1

Qjj=—"—""""5—>.
A — )P

The main mechanism here is alignment, the particles strive to align with the sur-
rounding particles, and the strength of interaction depends on the distance between
the particles through the function a; ;.

A Boltzmann equation inspired by the model of Cucker and Smale has been de-
rived by Carrillo et al. [13]. They consider a density of individuals, f(x,v, t), inter-
acting pairwise by exchanging velocities according to

vt =1 —yal@ — v + yale — yw
w* =yae —yw + 1 - yale — y)w,

and this leads to a Boltzmann equation

(% o Vx>f<xvv, B = QUf, )@, 1),

where the collision operator (the binary interactions) is

QU ), v) = J J (} v ) ) — G, v)f(y,u») dwdy.

-R:i }Rﬁi

3.2 - The Vicsek model and a related Boltzmann equation

A discrete time model somewhat similar to that of Cucker and Smale was derived
by Vicsek [48, 16], and has since been used in a large number of publications. In this
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model, all velocities have the same magnitude, vy, and the direction is updated in one
of the following ways [14]:

(6) vt + 4t) = UOH[ Z'Uj(t) + 77./\/}4 ,
JES;
or
(7 vt + 4t) = vo(Ry 0 0) l Zvj(t)l .
JESi

In both these models, S; is the set of neighbors to the particle ¢, defined as the set of
all other particles inside a ball of given radius around «;, the position of particle 1.
This means that particle ¢ only interacts with other particles inside this ball. The
function 4[ - ] normalizes a vector: 6(v) = v/|v|. In (6) the new velocity of particle 7 is
computed by first taking the average velocity of the particles inside the radius of
interaction, adding a random vector scaled by the number N; of particles inside the
ball of interaction, and finally normalizing the magnitude. In (7) the new velocity is
computed by first finding the average velocity of the particles in the ball (as in (6)),
normalizing and finally carrying out a random rotation R,. The two models have
been analyzed carefully with respect to e.g. phase transitions in [14].
A Boltzmann equation related to the Vicsek model has been derived in [5]:

Z_JZ(T’ 0, t) + 6(0) : Vf(x, 07 t) = —)f(/l/'7 07 t)

m=—00

+ J der J o) xS 50 +n— 0+ 2mm)f (r, 0, )
— Fn0.0) J d0/|e(@) — e(O)|f(r, 0,1)

+ J oy J a6y J Aple(Bs) — e0)|f 01, D)f (r, 0z, )

x Y 00+n—0+2mm).

M=—00

3.3 - A simple kinetic equation on the circle

In order to derive fluid equations by the Hilbert or Chapman - Enskog methods,
one needs to know the equilibrium distributions, and in order to approach this we will
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now study a simpler, spatially homogeneous model in the plane [9], which can be
derived from a master equation very similar to the one in Section 2.4,

ase0=| | (f(t, Ofe.0 +00g(0-0 %)

(8)
—f 0.0+ 9*>)/)’(Isin (0./2)) % ‘éiﬂ ,

which corresponds to a jump process as depicted in the rightmost part of figure 5:
two particles with velocities #; and s (so the velocities are represented by angles)
get new velocities 0 = 012 + 07, j = 1,2. In this expression, ¢ and 0, are two in-
dependent angles distributed with law g(0). Note the similarity with the averaging
process described in the previous section. The model is also very similar to the model
of rod alignment in [4]. It is easy to see that, for all distributions g, the uniform
distribution f(0) = 1/(2n) is a stationary solution, but it may not be the only one.
Equation (8) may be written in terms of the Fourier series of f(¢,0). With
fE0 = 5 e,

k=—c0

d
% = Zakfnan(yk['(n - k/2) - F(k)) ’
where
B dao _ sin(n2)
Ve = Jg(@)% I'(z) = —

(I" actually depends on the function f in (8), as written here it corresponds to
p=1). To study the linear stability of the uniform distribution, we write
ft,0=14¢ > brt)e*?, and then

k=—c0

%bko:) S0 (2ykf<k/2> —I(0) - r(k)) +0).

=9
0 e/() —
0,

Fig. 5. The velocity jumps in the model of Bertin et al. [5].
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We then see that up to order ¢, the Fourier modes are decoupled, and hence the
linear stability can established by checking the sign of ;. By a direct calculation it
follows that 4, <0 if k£ > 2, and therefore the stability depends on 4y, which is ne-
gative if and only if p; <7/4. This in turn depends on g(#). As an example we take any
density p(x) € L'(R), and let

gy =21 Y —p(

fa—

1 (y_znj) = y= pak).

The parameter v determines how concentrated g is around 6 = 0. Clearly, when
7 — 0,7, — 1 > n/4, and therefore the first Fourier mode is unstable for sufficiently
small 7. A similar result can be found in [4].

4 - Propagation of chaos

Boltzmann’s and Maxwell’s kinetic theory was derived from a physical point of
view, and it would take a very long time before a mathematically satisfactory deri-
vation was carried out by Lanford [34] for a hard ball gas. And up to date, a deri-
vation valid over macroscopic intervals of time is essentially missing.

Mark Kac [32] invented a Markov process that mimics an N-particle system,
proposed a mathematically rigorous definition of propagation of chaos, and showed
that his model satisfies this property. In the following sections, we will present Kac’s
model, and his proof, and then follow through the steps of e.g. Griinbaum [27] to-
wards an abstract theorem stating not only that a large class of Markov processes do
propagate chaos according to the definition of Kac, but also give precise error bounds
in terms of the number of particles, and a detailed information about the limiting
equation. The results are proven in [39] and [38]. An important ingredient in the
abstract formulation is the de Finetti (or Hewitt Savage) theorem, which is also
presented in these notes, following the lectures by P. L. Lions [35].

4.1 - Kac’s approach to the propagation of chaos

Kac’s model of an N-particle system is a jump process on the sphere in RY,

SN-YV/N) = {(vl,...,vm

1
é(v%+...+v§,):N}.

Each coordinate represents the (one dimensional) velocity of a particle, and the
radius is chosen so that the expected energy of a particle (with unit mass) is one.
The particles suffer binary collisions, which are modeled as jumps involving two
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coordinates at a time: At exponentially distributed time intervals, two co-
ordinates, say v; and v; are chosen uniformly, randomly, and they are given new
velocities v; and v:

W1, Uiy, Uy ON) o (U1, VY UN)

The new velocities are obtained as a random rotation in R?: 0 is chosen at random
according to a law x4, and then

W}, ?}]’-) = (v; cos (0) — vjsin (0), v; sin (0) + vj cos (0)) .
We will use the notation V — V' = R; ;(O)V. Clearly
v? +v]’-2 =f + 07,

and therefore this process preserves energy exactly. On the other hand, there is no
conservation of momentum

/ /
v +0; F 0+

With only one dimensional velocities only trivial collisions can satisfy both energy
and momentum conservation.

The Markov process just desecribed can equivalently be defined by a master
equation, which describes the evolution of phase space density. Writing
V =(,...,vn), and y(V,t) = w(vy,...,vy,t), we assume that the random, initial
point of the Markov jump process is distributed with density (V). To have a
concrete example, we assume that the law for the random rotations in a collision
is u(do) = @n)~tdo (any bounded measure can be treated in the same way, but
for singular measures, as in e.g. [41], one needs to be a little more careful). The
density at time ¢, w(V, 1) then satisfies

O a0 =y T S o [ RiOV.E) —u.0) o,

N-1, =2

The factor in front of the sum in the right hand side implies that the system
jumps on average N times per unit time, and because the coordinates are
drawn independently, this means that each coordinate is changed approxi-
mately twice per unit time. This corresponds to the Boltzmann Grad scaling of
a real particle system, because each particle should then on average suffer the
same (finite) number of collisions per unit time, independently of the number
N of particles.

Because all particles in a gas are assumed to be identical, the probability dis-
tribution of initial values should not depend on in which order we write them, and this



314 BERNT WENNBERG [24]

is expressed by saying that the initial distribution should be symmetric with respect
to permutations:

Definition 4.1. The density yy(vi,...,vN) is symmetric if for any pair of
variables, v;,vj,

P[(?}l,...,vqj,...,?}j,...,Q)N)EA]:P[(?)l,...,?).7‘,...,’1)7',,...,?}1\])EA].

The space of configurations obtained by identifying all points V = (vy,...,vN) that
can be obtained from each other by a permutation of the indices,

(’1)1,...,Q}Z‘,...,’Uj,...,?)N)N(1)1,...,Uj,...,’l)i,...,Q)N),

is denoted SN-1(v/N)/Sy.

Note that the Kac jump process preserves permutation symmetry.

In the same way as the Kac master equation corresponds to the Liouville equation
for a real N particle system, there is a Boltzmann equation for the velocity dis-
tribution of one particle, that can formally be obtained in the limit of infinitely many
particles. This is Kac’s caricature of the Boltzmann equation, the Kac equation:

(10) ohf(w,t) = J J(f(v’,t)f(vz w) —f,t)f(w,1)) g—z dw,

where just as in the definition of the jump process,
@', w') = (weos (0) — wsin (0), vsin (0) + wcos (0)) .

In spite of its relative simplicity, its structure is very similar to that of the
Boltzmann equation, and the two equations share many characteristies. There
are numerous studies that consider the trend to equilibrium, the regularity of
solutions, its behavior in the presence of external force terms, ..., with the hope
that it will give insight into the behavior of the the full equation. Some relevant
references are [19, 24, 3, 11].

Mass and energy conservation are among the most important properties of the
solutions of the Kac equation:

Jf(u t) dv = const,

R

J f(w, tw? dv = const,
R
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and also entropy [ f log fdv is non-increasing, just as for the real Boltzmann equa-
tion. On the other hand, the momentum is not a conserved quantity.

The master equation and the Kac equation are connected through the marginal
distributions. We define, for k =1,...,N — 1,

N
T 1,02, .. 0,0 = J wy @1, Uk, Vgsts - - -, ON, D doy
Q

where Q, = SN‘l‘k(\/N e v%), and ¢, is the uniform normalized

measure on Q. The marginals Y, the “k-particle distributions” give the dis-
tribution of one of the first k¥ coordinates, and because of the permutation
symmetry, the distribution of any collection of k different coordinates is the
same, and correspond to the joint distribution of k¥ randomly chosen particles in
a real gas. Because wy is assumed to be symmetric, the marginal distributions
are too.

The evolution equations for the k-particle marginal can be obtained simply by
integrating the master equation over vy ...vy. For example,

NZ
do
W affen= || - ) § e,
—/N-v?2 7"

1

and similar equations can be obtained for all f;V. If we assume that for each k,
f,fv — f, for some function f;.(v, . . . , v, t), which for each ¢ is a density in R¥ , then it
is possible, at least formally, to pass to the limit in (11) to get

o0 T dg
(12) afi(vr,t) = J J(ﬁ(vllvv/zvt)_fé(vlav%t))gd'v2'

The situation is similar for all f;: because the right-hand side involves fi.1,
one does not obtain a closed system of equations. The whole discussion about
propagation of chaos aims at proving that if certain hypotheses are satisfied,
then f.(vq,...,v,t) =fi(v1,0) - ... fi(vg,t). The interpretation of this is that
drawing a k-tuple of velocities is the same as drawing k velocities in-
dependently, the particle velocities are independent. This cannot be true for
any finite N, but can sometimes be proven to be correct in the limit as
N — oo.
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4.2 - Propagation of chaos in Kac’s model

Kac defined propagation of chaos as follows:

Definition 4.2. A sequence of probability wmeasures wy(vi,...,vN)
N=1,...,00 is said to have the Boltzmann property, or to be chaotic if
for each k,

N - N
nh_{lgcfk (1,...,0%) — ]11 nh_{rolofl (v),1).
Assume that the evolution of a sequence of probability measures yy(vy,...,vn,t)

1s governed by a famaily of Markov processes, and that the sequence is chaotic for
each t > 0. Then the propagation of chaos is said to hold for these Markov pro-
cesses.

One of the main achievements in [32] was Kac’s proof that propagation of chaos
holds for his model, and hence that the Kac equation can be derived rigorously as the
limit of a many particle system.

Theorem 4.3 (M. Kac). Propagation of chaos holds for the master equa-
tion (9).

Very briefly, the main steps of the proof are as follows: Seen as an operator in

LASNTL(VN)).

2 17
Qv =g—7 2 %J

1<i<j<N

(wn (RyOV) —yy(V)) dO

is self adjoint and bounded, and hence wy(V, t) = exp (tQ)wy(V, 0), where

k

(13) yn(V,0) = = Qyn(V,0).
k=0

59

=

We then need to compute powers of Q. Consider first a bounded function
91(V) = g(vy), i.e. a function depending on only the first component of V, and let

fi o
(14) 92(V) = g2(v1,v2) = J (g1(v1 cos (0) + v sin (0)) — 91(@1))§ .
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By recursion, let

Gre1(V1, - oo, Vg, V1)
15 kT _ do
(15) :ZJ(gk(vl,...,vjcos(9)+vk+181n(0),...,vk)fgk(vl,...,vk))g.
=

The reason for introducing the g; in this way is that computing [ wy(V)g:1(V)do
SN-1(VN)

for all bounded g¢;(V) is enough to identify the one particle marginal f¥(v;), and

that because @ is self adjoint, (Q¥,g:1) = (¥,Q91). Here do denotes the nor-

malized measure on the sphere S¥~1. The formulae (14,15) then appear in the

calculation of (¥, Q%g;).

Next we assume that the initial data are chaotie, so that wy(vy,...,vN,0)
= fof\gc(vl, ...,vn), and that there are functions fy; such that for(vi,...,v)
= lim fN.(v1,...,v), and moreover

N—oo™ ™

J RN J fk+1(’l)1, . ,Uk+1)gk+1(’t)1, . ,’l);Hl)d’l)l . dvk+1
—00 —00
[o.¢] o0
= J ce J fl(vl) . 'fl(?)kJrl)ngrl(vl, ce ,vk+1)d?}1 .. .d?]k+1 .

Multiplying all terms in (13) with g;(v1), integrating and letting N — oo, we get

J Silvy, D g(wr) doy
(16) - 00 00
o0 tk
=D % J Jfo(vl)"'fo(karl)ngrl(vla---avk+1)dvly-~~advk+l
k=0 " —00 —00

for 0 < t<2. Similarly for the two-particle marginals

j Jfzwl,vz,t)g(vl)hwz)dvldvz
(17) o 00 00
[e%e) tk
= Z 7 J JfO(vl)'"f()(vk+2)yk+2(v1»~~~avk+2)dvla«~~7dvk+2~
k=0 .—oo —00

Here the y, are obtained by iteration:

72(V2, v2) = g(v1)R(v2)
I{I n
Vsl = Z J 1, ..., v€08(0) + Vg1 8in (), ..., vp) — (01, ..., 05, ..., 0p))dO

=7
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We then need to prove that
J J 01, vaDg0Dh(ws) dvrdvg = J folwn, g doy J Folws, D) o

This is done by proving that the series (16) and (17) are convergent, and by com-
paring the terms. This involves expressions like

y3(v1,v2,v3) = g2 (v1, v3)h1 (V2) + g1 (V1) h2(v2, v3)
74(V1, V2,3, V1) = g2(v1, v3)h2(V2, v4) + g3(V1, V3, Va1 (V2)
+ g2(v1,v)he(va,v3) + g1(V1)hs(V2, V3, v4) -

As for the convergence of the series, this turns out to hold of a bounded time interval,
but this interval can be uniformly estimated, and hence one can prove that propa-
gation of chaos holds for any bounded time interval.

4.3 - Existence of chaotic states

Kac proved that there is a large class of functions distributions defined as

N
H C(?)j)
wni,...,08) = ¥ =l
I Hc(wj) dO'N(Wl,...,’I/UN)
SN-1(/N) J=1

The easiest examples are the uniform distributions, which are also the equilibria for
the Kac master equations. If (V) is the solution to equation (9), then

1
lim Vi)=———F=.
t—oo V/N( ) |SN—1(1 /N)l

In this case one can carry out explicit calculations rather easily: To compute the limit
of a one-particle marginal, let

0 if w> VN,

P(uy >w) = J doy(vy,...,vx) if —VN<w<VN,
VN>W
1 if w< —V/N.

Then write the spherical cap as

2
Y\/Tv‘,w: {(vl,vz,...,vN);v%+v§+...+v?\,:\/N , UN Zw},
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whose area is

arccos (w/vN)
1Y fi7,,) = pSN QNN J (1 — cos())V 2 sin0do

0
1

:lu(SNfl(l))N(Nfl)/Z J (1 _ xZ)(N73)/2 dﬁ(}
w/VN

Finally, because
1

(N —-3)/2 J A — NIy - J e da
w/vVN w/V3

we may deduce that the one-particle distribution converges to a Maxwellian, and a
similar calculation can be carried out for the two-particle distribution, and so on.

5 - Empirical distributions

One difficulty with the approach of Kac is that each N-particle system has its own
state space, while the questions of convergence would be more easily stated if one
could embed all the N-particle systems in the same space. One approach to this was
suggested by Griinbaum [27], who proposed method for proving a propagation of
chaos result for the spatially homogeneous Boltzmann equation for hard spheres. We
begin by discussing this in abstract terms.

The phase space, or configuration space, for the N-particles is then EV, an N-fold
product of a Euclidean space E, or more precisely, in order that the way in which the
particles are numbered is not important, EY /Sy, the quotient group of EV with the
symmetrie group of N elements. That means that

X =(,...,aex) € EN and X = (&4,...,&y) € EN

are identified if X can be obtained by a permutation of the coordinates of X.
We then define the empirical measure associated with X as

1Y
fiy = N;% € Pn(E) C PE).

Here we have introduced the notation P(E) for the set of probability measures on £,
and Py (&) for the probability measures consisting of N Dirac measures of equal
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mass. This is slightly at variance with the usual definition of empirical measure in
probability theory, where the x; are assumed to be i.i.d. random variables with some
distribution u € P(E).

One important property of P(£) is that it is metrizable. Metrics can be introduced
in several different ways, two of the most commonly used metrics being Lévy-
Prokhorov metric, and Wasserstein distance. The first of these is defined as follows:
Let (E, d) be ametric space, and let P(¥) the collection of probability measures on E.
For u,v € P(&),

dzp(u,v) = inf{e > 0] w(A) <v(A°) + ¢ and v(A) < u(A®*)+ ¢ forallA € B(E)}

where A* = {x € £ such that irelf1 dx,y) < e}
Y

This definition depends, of course, on the metric d on E. Given a distance on £,
there is a natural way of introducing a distance on EN /©y. Let X = (x1,...,xy),
Y =,...,yn) € EN/Sy. Then

dpX.Y) = inf {“{i | i = Yol > &) <g} .

€SN ,e>0 N

And with this metric, we may then define the Lévy-Prokhorov distance on
M(EN /©n). Note that this metric scales well with N. For example, if
X =(x,x,x,...,x) (i.e. N copies of the same x € F) and Y = (0,...,0), then
dzp(X,Y) = |x|, independently of N. On the other hand, if X = (24,0, ...,0), then we
always have d;p(X,Y) < 1/N.

As for the Wasserstein distance, it is defined as follows: Let I'(u,v) be the
collection of y € P(E x E) such that u = [ y(-,dy) and v = [ p(dw, -). Hence the y’s

E E

are joint probability measures with ¢ and v as marginal distributions, and the
Wasserstein distance is defined as

Wy = inf Jd(x,y)pdy(ac,y):infEHX—Y\p].
yel (W,
ExE

5.1 - The Hewitt-Savage theorem

Hewitt-Savage theorem (which is an extension of de Finetti’s theorem) that is the
topic of this section, is relevant for the discussion of propagation of chaos, but it is
included here also to serve as an introduction to the rather abstract notation that will
be used later. The material is essentially taken from [35].
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Let uN € P(EN /Sy). The marginals 1y € P(E*/Sy) are defined by

J45(961,...,xk)ﬂkN(dxl,...,dmk) = J Py, ..., e (day, . .., day, ... dey),
E¥ EN

which should hold for every symmetric ¢ € C(E¥). In the following we assume that &
is a compact metric space, but for example E = R" could be treated in a similar
manner, although with some extra technical complication.

We then identify X € EN /Sy with an empirical measure as above,

1
fix = 572 9, € Py(E) C P(E),
k=1

this then yields a natural identification of functions u : E¥ /Sy — R with functions
PyE) — R:

1 N
wX) < u (N; 5mj> :

Note that if this identification does not automatically preserve properties like con-
tinuity, unless some care is taken in choosing the metric on P(E*/Sy). The Lévy-
Prokhorov example given above has this property.

Next we consider a sequence of functions {uy : EN /Sy — R}y_,. These are all
defined on different spaces, and hence there is no immediate way of comparing the
functions, and talking about convergence, ete. . But the identification with measures
in P(E) provides a mean of doing so: one can say that the sequence uy converges if
the corresponding sequence of measures converges.

We have the following compactness result:

Consider a bounded sequence {uy:EY/Sy — R}, with |uy| < C, and let
w:RT — R" be a strictly decreasing function with w(r) s 0. Assume that

lun(X) — un(¥)| < o(dLpX, Y)).

What this says is that the sequence is bounded and uniformly continuous with
modulus of continuity w. Then there is a subsequence uy and U € C(P(E)) such that

1
uN’(xla"'axN’)_ U<ﬁ E 5"07)
=

Of course, in most cases the limiting measure cannot be identified with any function
uy : BN /Sy — R for a finite value of N.

’—>0.
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Next consider the following calculation: with E compact, let gV
€ PEN/Sy), N=1,2,3..., and consider the marginal distributions
= jﬂN(-,...,dka,...,dmN) € P(E*/S;), for 1 <k<N. Because E is compact,
P(E*/S;) is also compact, and for every k there is a subsequence (N’) such that

W € PE/S).

By the usual diagonal procedure, it is then possible to extract a subsequence N” such
that
W — € P(EF/S;) forall k.

By construction, the (y;,);-, satisfy

(18) e = Jﬂk+1(';dxk+l)~

E
The Hewitt-Savage theorem [30], which is a generalization of a theorem by de
Finetti, concerns sequences of measures with exactly this property. It is common to
express this as exchangeability: a sequence of random variables, X7, Xy, . . . is said to
be exchangeable if for any n >1 and any ¢ = (o1,...,0,) € S,, the n-tuples
Xi,...,X, and X, , ..., X,, have the same distribution.

Theorem 5.1. Assume that a sequence of measures u, € P(E*/Sy),
k=1,2... satisfies (18). There is n € P(P(K)) such that for all k > 1,

k
t(day, . .., day) = J [z nidm) .
=1

The easiest conceivable example, 7 = d;, m € P(E). Then = is a measure on
P(P(E)) that is concentrated on m € P(E), and

k
wp(da, ... dwg) = J Hm(dﬁﬁ'i) Om(dm) = m(dxy) - - - mdxy) .
i=1

That is: if 7 is concentrated in one point 7, the measures derived from 7z factorize.

Proof of Theorem 5.1 (P. L. Lions) [35]. With £ compact, P(E) is a compact
metric space, and we have constructed functions U € C(P(£)). One can also define
polynomials on P(¥), and these obviously also belong to C(P(E)). The constants,
polynomials of degree zero, are in C(P(¥)), and to define polynomials of degree 1,
take ¢ € C(E), and let

m — ng(x)m(dm) = Pi(m).
E
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If my # mg, one can find ¢ such that f @(x)mq(dx) # j @(x)mg(dax), and hence these
E E

linear functions separate points in P(¥). Then the monomials P;(m) of degree j are
defined as follows. Take ¢j e C(E7 /©n) and then let

Pj(m) = J qu(acl, o xp)mlday) - - - m(day) .
EJ

From these definitions one may then define polynomials of all orders, and the Stone-
Weierstrass theorem states that the set of polynomials is dense in C(P(E)).
k

1
Evaluating these polynomials on empirical measures m = A > Jy;, we find
o

1 k k
Pj(m) = J ¢, Y)) <k25dxi(dyl)> < Z v (dy)) )
1=1

EJ -1

lk
I

M?r

(och, cs )

For example,
1 1<
Py (5, + 0, +02,) :gi;qé(mi,xp.

1
In these second degree polynomials there are some terms like §¢(x1, x1), and the

same will happen for polynomials of higher degree. However, when k is much larger
than the degree j of the polynomial, a vast majority of the terms will be of the form
$(xi,, . .., x;;) where all the arguments are different.

Now let {14.},—, be the measures given in the statement of the theorem, and
consider

1 k
J (kz )ﬂk(d.’)cl, . ,d.ock)%ng(xl,...,xj)ﬂk(dﬂcl,...,dacj,...dock).
=1

The difference between the left and right terms is due to the presence of terms with
two or more of the arguments of ¢ are taken to be the same «x;, and so vanishes when k&
is large compared to j. The error can be estimated by a simple combinatorial argu-
ment. And

J¢(9€1, PN ,ac_,»),uk(dxl, PN ,d%j, . dack) = J¢(9€1, e ,ac_i)ﬂj(dxl, .. ,dﬁ@)

because of the relation (18).



324 BERNT WENNBERG [34]

Next we define a linear functional on the set of polynomials P € C(P(E)) by
setting

k
UP) = klim J P( 5xi>uk(dm1, o de).
—00 i1 )

g M

Then P — /(P) is positive and /(1) = 1, so £ is a positive, bounded functional defined
on a dense subset of C(P(¥)), and can be extended to all of C(P(¥)). Then Riesz’s
theorem states that there is a measure = € P(P()) such that

LU) = J U(m) n(dm) .
PE)

This measure, 7, is the desired measure. We only need to check that the measures g,
can be obtained from = as stated in the theorem. To this end, consider

k
| TLmernam e P /2.
PE) =1
Integrating a function ¢(xy, ..., a) € C(E* /©n) with respect to this measure gives

k
| s [ Tmt@wnntan = | puiwyatam = o

J P =1 PE)

= J G, ... o, . . . day)
Ek

and this completes the proof. O

By a short calculation we can now establish that if 7 gives rise to measures that
factorize, then 7 is a Dirac measure:

Proposition 5.2. Assume that n € P(P(E)), and that

J m(daxy) m(daxs)n(dm) = J m(dxq)r(dm) J m(dxs)r(dm)
P(E) P(E) P(E)

Then there is m € P(E) such that © = o, .
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Proof (P. L. Lions) [35]. Multiply by ¢(x1)¢(x2), ¢ € C(E), and integrate. Then
the left-hand side is

2
J (J¢<x1>m<dx1>) (J¢<x2>m<dx2>)n(dm>= J (Jqﬁ(ac)m(dx)) w(dm)
P(E) E E P(E) E

and the right hand side
2

J ( J¢(m)m(dm)> n(dm)
PWE) \E

But Jensen’s inequality states that

2
J (J¢(x)m(dac)> n(dm) | < J

PE) \E PE)

2
(ng(ac)m(dx)) w(dm),

E

with equality only if [ ¢(x)m(dx) = c(¢), i.e. independent of 7 on the support of
E
n(dm). It follows that = = J;;,. O

6 - Estimates on the propagation of chaos for N-particle systems

Kac’s approach to the propagation of chaos concerns a very simplified model, and
it is not a trivial matter to extend it to more realistic models. For example, his model
is essentially Maxwellian, which means that the collision rate of two particles does
not depend on their relative velocity. Griinbaum [27] circumvented some of these
problems by a more abstract approach based on identifying an N-particle config-

. . . 1 XN o
uration (vq,...,vn) € R3N with an empirical measure N > dy;, very much like in the
J=1

discussion about the Hewitt-Savage theorem. Some other works in the same di-
rection are the results on statistical solutions to the Boltzmann equation that can be
found e.g. in [2].

In Griinbaum’s terminology, the set P(EY /©y) is convex, and its extreme points
. . 1 .
are exactly the symmetric Dirac measures, m > 5(%1 oy Any point
( N ’ P
B € P(EN /Sy) can be expressed as the barycenter of the extreme points: there is a
measure g such that f = j XQp(dX), and his work is based on an analysis of the
EN /Gy

evolution of Q4 under the collision process.
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The remaining part of this paper is a summary of the results in [39] and in [38],
where the method of Griinbaum is rephrased, and new quantitative results on the rate
at which the propagation of chaos is achieved with an increasing number of particles.

6.1 - The abstract setting

To formulate the main resultsin [39] and in [38], we need to introduce a number of
spaces, operators on the spaces and maps between the spaces, as shown in Figure 6.

We consider a family of Markov jump processes, N = 1,2,3,..., on the spaces
EYN /Sy. The space E is a locally compact, separable metric space. For every N there
is a process X; = (%14, ...,%n,) and a propagator so that

X; = PNX,,

and because we want to be able to identify X; and X, if the components of X, can be
obtained as a permutation of the components of X, we ask that P commutes with
permutations of the components. This is the microscopic description, each compo-
nenent (x;); € E representing the position of one particle in the N-particle system.

Two most elementary examples are the Kac model, and Griinbaum’s model of the
three dimensional Boltzmann equation. The techniques developed here works also in
many other cases, and some more examples are given later in this paper. In the
diagram in Figure 6, the phase space, and the propagator PY are shown in the upper
left corner of the diagram.

The Markov processes can be described by the master equation (or Kolmogorov
equation): Let p¥ = £(X)), i.e.,

PlX;cACE]= thN(dac).
A

PN sN|A TN|GN
NQ master eq. Q N duality ( .
E /6,\,’ ANNNNV PS}’II](E ) -------- ? C(E) )
iy ﬂ;"J 7rN< >R
duality
Pn(E) CP(E) "~ AN P(P(E) -------- »  C(P(E))
U
S TP G

push forward

Fig. 6. A summary of spaces and their relations. Semigroups are in most cases given
together with their generators, as in SV |A.
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There is a semigroup SV : Peym(EN) — Psym(EN) such that p¥ = SNp'. This semi-
group has a generator A, so that p; satisfies

oy = Apy .

This is represented in the middle, upper part of the diagram. There is also a dual
semigroup TV : C(EN /©y) — C(EN /©y) with a corresponding generator GV,
shown in the upper right part. The two semigroups are related as follows: For all
pV € P(EN), ¢ € C(EN),

(", T (@) = (S (p™). ).

and, with ¢, = TM¢,
8t¢t = GN¢ta 450 = ¢

Thus the upper part of the diagram represent the N-particle system in three
different ways, essentially equivalent. In kinetic theory we are interested in rigor-
ously deriving the Boltzmann equation as a limit of an N-particle system, and in
Kac’s work [32], this corresponds to deriving the nonlinear Kac equation from his N-
particle model. In this abstract setting we assume that there is a formal mean field
description, and equation that governs the evolution of a one-particle distribution,
Pt € P(E):

(19) opr = Q(py),

and typically this is a nonlinear equation. For the purpose of this paper, we require
that the initial value problem to equation (19) has a unique solution for initial data
Po € P(E) or some subset of P(&). The solution is represented by a semigroup,
pr = S°pg. We see this in the lower left of the diagram. The lower part of the dia-
gram thus concerns the limit as N — oo in the N-particle system, and it also provides
the arena for comparing the solutions to the N-particle system and the Boltzmann
equation that is the formal limit. And the objective is to prove that, given that certain
conditions are satisfied, the one-particle marginals converge to the solution of
equation (19):

pzl\jt = J piv('»dx% ce 7de) m DPt-
EN-1

In order to proceed with this, we first need to represent an N-particle configuration
Xi = (®14,...,%n, in P(E) in the lower part of the diagram. This representation is
provided by the map i, which takes a point X as an argument, and returns a point
measure:

=

=Y =Y 6, € PE)Y C PE).
j=1
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If X is random, distributed according to a law £(X) = pfv S Psym(EN ), the re-
sulting measure ,uﬁ}’ is random with a distribution which, in the diagram, is denoted
[427 € P(P(E)), as indicated in the middle column.

In the same way that Psym(£) is related by duality to the set of continuous,
symmetric functions, here denoted C(EY), there is a duality relation between
P(P(E)) and C(P(E)). Clearly the exact properties of this duality depends strongly
on the topology on P(K).

The maps 7" and R between C(EV) and C(P(E)) are defined through /i as fol-
lows: For ¥ € C(P(E)),

Wy, ay) = PG

That is, given X = (x1,...,%n), the argument of y, we get a measure
ﬂﬁ“ € Py(E), and this measure is then taken as an argument when evaluating ¥'.
Conversely, given ¢ € C(EM), the function ¥ = R¢ € C(P(E)) is defined as

PE)S o [ o o) .. o).
EN

In the terminology of Section 5, B¢ is a monomial of degree N.

The last objects in the diagram are 77° and G*. The former is the push forward of
S°. For ¥ € C(P(E)), TV is defined by P(E) > p — P(Si°w), and G™ is its gen-
erator. Note that here T7}° is a linear semigroup.

The relation between the non-linear semigroup S;° and the linear semigroup 77°
is similar to the relation between a Hamiltonian, finite dimensional dynamical
system, and the corresponding Liouville equation. Consider a (deterministic) system
of ODEs in R", (e.g. Hamiltonian):

20) { &= F(x)

2(0) = 2o
with solution x(t) = Sfx(0). The Liouville equation states how a phase space density
@y(x) is transported by the flow F":
D) = Dy(S ') = T'"Wo(x) .

Here @;(x) is given explicitly in terms of @, but the expression involves S~, and
hence is not valid if equation (20) cannot be solved backwards. The remedy is to study
the dual problem: Take ¢ € C(R"), multiply and integrate:

J Do( S () dac = J Do(p(S'y) dy = J DoT o(y) dy .
R" ¥ R" R"
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The linear semigroup 7" is here defined through the forward evolution of x. In
Figure 6, the Boltzmann equation is the deterministic dynamical system, but in the
phase space P(¥). A phase space density in P(P(¥)) is transported by the flow via
S, but in general S;° is not reversible, and therefore it may be only the dual re-
presentation that makes sense. Solutions to the equation

oY =G*Y

in C(P(E)) are known as statistical solutions to the Boltzmann equation, and have
been studied for example in [2].

6.2 - The main result, and important hypotheses on spaces and operators

Like in Section 4.2, the N-particle system is represented by a family of master
equations, one for each N. That means that for each N we consider

pY =SVpy,

where p) € P(EN/Sy). The formal limit as N — oo is given by the Boltzmann
equation, whose solution is

Pt = Stoopo )
where py € P(E).

Theorem 6.1. (Very informally) There is a constant C(k,€) > 0 only de-
pending on k and £ such that for any ¢ = ¢ @ po ® ... ® @, with N > 2¢:

@) sup [((SYG) — (S7Gw) ™)) | < Ot N) — 0 when N — 0.

What this says is that if we compare the solution to the N-particle master
equation with an N-fold tensor product of the solution to the limiting Boltzmann
equation, only through the distribution of the first ¢ particles, the difference de-
creases as N — oo, and we can compute the rate explicitly.

Obviously the statement cannot be true in this generality. To begin with, we must
make very precise the statement that the Boltzmann equation is the formal limit of
the N-particle system, both in terms of the equations and in terms of the initial data.
The proof can be seen as perturbation result, where the N-particle systems are
treated as perturbations of the limiting equation, and because of that, the nonlinear
semigroup S;° must satisfy a rather strong regularity condition.

In addition to this, because the actual estimates are carried out in the framework
indicated by the Figure 6, and for everything to work, we must be very precise when
defining the spaces. In particular, the test-functions ¢ in equation (21) must be taken
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from € (F1NFaN ]—"3)‘86, where the F; are subspaces of C(E) which are defined
below.

So here are then the four main hypotheses on the abstract semigroups and the
spaces they are acting on. While seemingly complicated, they can be readily verified
in some relevant cases, and and example of this will be given later.

(H1) CONVERGENCE OF THE GENERATORS: There exists some integer k > 1,
0 € (0,1] and a space F1 C C(E) such that

Vo e CHFY, [[(GY 7Y =¥ G®) |, . o, < 6 (| Bl grager,

for some function e(N) going to 0 as N goes to infinity. Here F is the dual of
F1, and P(E) C F}, and C*(F)) c C(P(E), F}) denotes the set of Holder
differentiable functions on P(¥). This must be defined, of course. C(P(E), F) is
the set of continuous functions on P(E) defined with the topology given by F7;.

(H2) DIFFERENTIAL STABILITY OF THE LIMIT SEMIGROUP: We assume that
for some affine space Fo C F1 such that Fy is a Banach space, the flow S;°
on P(E) is CEO(F}, Fh) uniformly on [0,T], for some integer k>0 and
0 € (0,1): there exists C3 > 0 such that

sup ||Stoo||ckﬂ(f’1,f’z) <Cr.
[0,71
This implies, for example, that the associated pushforward semigroup 77;°

maps C*Y(F}) into C¥(F}). Also this hypothesis relies on a stringent definition
of Holder differentiability in these spaces.

(H3) WEAK STABILITY OF THE LIMIT SEMIGROUP: Thereis a space F3 C C(K),
such that

Yu,ve PE) sup dist (S;°(p), S7°(n) < Cp" distz (1, v).
[0,7] ° ’

In other words, 7%° propagates the C!(F%) norm.

(H4) COMPATIBILITY OF THE PROJECTION: We assume that the dual of Fs, Fj
satisfies:

@)

Fg": H¢ o ,&gH}‘fS CT[ deHCOJ(}"’?)-

Hence the space F3 and its dual are defined so as to give the maps between
C(EVN) and C(P(E)) as shown to the right in Figure 6 good properties, and this
is also why (H3) is needed in addition to (H2).
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With the definitions implicitly given in these hypotheses, it is possible to express
the constant in equation (21) in more detail:

101l o
Ck,t,N) = C(k, 0) l% + T CF o) |10l -

o 1 . o ~F,
+C Cp deStfg(pf)\]>p89N) H(ﬂ”fg(g([,oc)[’l +Cyp w-QNg(pO) H(”Hfg@([pc)H )

where .
Qv (po) = J dist 7, (Y, po) pg™ (@X) .
EN

The first term is related to the convergence of the generators (as in (H1)), the
second term to (H2). The third term simply says that the initial data to the N-particle
system must be close to a tensor product, and the last term, finally, that the initial
data py must be well approximated by an empirical distribution.

This means that if distz (pf’, ;™) = 0 and Qﬁ(pg) v~ 0 propagation

of chaos holds, with an explicitly computable rate depending on &&V),
distz (py,pg™) and Q5 (po).

6.3 - Differential calculus on P(E)

The requirements of the semigroups, as given in (H1) and (H2) above are ex-
pressed in terms of differentiability of functions functions @ : P(£) — R and semi-
groups S;° : P(E) — P(E). The exact definitions are given in this section, together
with a couple of examples.

Definition 6.2. Let G; be an affine metric space and Go Banach space, and
let M/ (G1,G2) be the set of bounded j-multilinear maps from Gy to Go. We say that
v : G1 — G belongs to C*%(Gy, Go), the space of functions k times differentiable with
0 Holder regularity from Gy to Gs, if there exist Diy : G — MI(Gy, Go) such that

k

v = > (Dly(, v = ¥ )

=0

< Cdistg, (u, v)*’.
Go

Yu, veGg

The norm is

k
Wllciogron = DIV e i
=1

k . .
H‘/’(V) = SUDIw(p), (v — ™)
j=0 G2

+ sup

11EGs distg, (v}’
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In this paper, G, is either R or a subset of C(P(E)). Note that for 6 = 0, continuity
is not required: C*0 = L>.

As afirst example we show that polynomials are differentiable. Take 7 = Lip(E),
and F' = (P(E),dr;,), where the Lipschitz distance is given by dz;,(u,v)

= sup {J"qb(ac)( w(dx) — v(dx)) : ||¢HLip = 1}. A monomial of degree k in C(P(E))
¢cLip(E) “E

is defined by

j Pp) = J W, wou(day) - - u(day)
Bk

where y € Lip(EF). We first compute Pi(v) = Pr(u + (v — w)):

Prv) = J w@r, .., xr) (g + O — ) - (g + e — 1)

E* Hy=pudes;)
=P(w)
k
+ Z J W@, Tl oty M — 1)
.7.:1 Ek
T,

+ Y v,y - i 0 — 1) — )
1<j Bk

Tz
4.

Here gy -+ pyelij = 4 -+ - ti—abtiv - Hj—1#411 - - - 14, and T represents the first term
in a Taylor expansion, T the second ete. The first term, T'; can be rewritten

k
Z J W@, o By - Mg (V) — )
J=1 Ek
k
=30 | v e )~ ),
1 ~~

E =" g posj

Pr_1(w;)

where Pj_1(u,y) is a polynomial in y, of degree k — 1, parameterized by y, and
P;_1(;-) € Lip(E). As a function of y € E it is Lipschitz continuous and
Pr_1(i;) € MY(PE), R) by duality. Finally

|Pr(v) = Pr(0)] < 1Pr-1(pt; )iy drip(pe, v) -
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Therefore these polynomials are once differentiable, but as with polynomials in R",
the calculations yield polynomials of a lower degree, and therefore it is possible to
differentiate again.

The second example is directly related to the propagation of chaos estimates, and
shows that 77° is differentiable in ¢. Take @ € CY(F") and po € F'. Then, by defi-
nition

d
(G™D)(po) = %(ch@(po)h:o,
and, from the diagram, (T;°®)(po) = P(S;°po) = P(py). Therefore

D(py) — D(po)
t

) dist ~ 7 140
_ %E%{@‘D[po] >+@<M>}

<D¢[ o],"gf > = (DD[po], Q(po)).

. o d .
(GX@)(po) = PPy, = lim

Here we have used the definition of differentiability for ¥, and the arrive at a formula
for G* in terms of @ the generator of the nonlinear semigroup S*.

6.4 - Proof of the abstract theorem

The purpose of this section is to prove the estimate (21), but many of the details
are left out, as they can be found in [39] and in [38].
Take p € (F1NFoNF 3)®é. Then (21) can be split in several terms as

’<(S§V(p§°N) - (S?(po))M),(p@ 1®N*‘>‘
<|(S¥ )00 150) — (V). Rigd o i)

+ [{py, TY (Rlpl 0 i)Y — (py , (T°Rlp)) o 1))

+ [Py, (TRlgD o i) — (pg™ (T Rlg)) 0 ii}))]

+ (5™ (TFRIpD 0 7)) — (SF(P0) ™ 0)| =t T1+ To + Ta + T

Of these terms, 7 is controlled by purely combinatorial arguments, but the other
terms depend on the hypotheses stated above. Thus the consistency estimate (H1)
on the generators plus the fine stability assumption (H2) on the limit semigroup
gives an estimate of 79, and the 73, involving the chaoticity of the initial data
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depends on measure stability assumption (H3) on the limit semigroup, and the
compatibility condition (H4) on 7. Finally, 74 is controlled in terms of the function
Q§3(p0) (measuring how well py can be approximated in weak Fj distance by
empirical measures), and also this estimate relies on the weak measure stability
assumption (H3).

ESTIMATE OF 77: For this term,

1= | (SY )0 @ 1V ) — (SV ), Rlpl o )|

Here ¢ ® 1%¥-! is the function (@1, ...,%N) — @(@1,...,.20), and because of the

symmetry of S (p)) it can be replaced by the symmetrized version (¢ ® 1% ’l)sym,
which is obtained as a normalized sum over all permutations of the variables
21,...,%N. Also,

Rlplo it = 2V R[g] — J St Y i) - i)
B

and therefore, by estimating the number of terms with ¢ different coordinates «; in ¢,
we find

Cllolls o
VN =2t ’((ﬂ@l@M) —nNR[q)]lgzn(/’]';@“,
ym

for any ¢ € Cy(E"). It is essentially the same calculation as in the proof of the Hewitt-
Savage theorem in Section 5.
ESTIMATE OF 72: Here we wish to prove that, for any ¢ > 0 and any N > 2¢
Ty = |(0 . TY Rlpl o 1)) — (py s (T7°R; 9] o iY))|
< 0, ) CF e [0 o gy

where C(k, ) is a constant depending only on k£ and ¢. The proof is based on the
following calculation, in which the role of the generators of the semigroups is made
visible:
t t
TV _ N T — —Ji (7Y, 2N T) ds :JTﬁs (G — NG T ds,
0

ds
0

From the hypothesis (H1) it follows that, for any ¢ € [0, T]

[(TY 2 Rlg] = 2V T RIQD|| v oy < T 6N) sup ]HT?R[q)]HCM(H .
s€l0,
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The next step is to estimate T7°(R[¢]) = R[p](S}° ) € CHO(F 1), and that com-
putation is carried out using the differential calculus developed above, and the fact
the chain rule applies also here. The details can be found in [39].

ESTIMATE oF T3: Taket > 0 and N > 2¢. The desired estimate here is
Ty = [((pS = po™). (T7°RI) o ii)| < distz, (p ™ || (T7Rl]) 0 ik | -
But using first (H4) and then (H3) gives

(77 RI]) © ik || o= (T7°RIp]) || o
<CzCp " |IRLo)| oz

and the calculation is completed with g = 9, ® --- ® 9, € F*', k € N, 0 € (0,1].
ESTIMATE OF 74: Here we need to estimate

Tai= (5™, (T7RI0)) o ) = ((S7p0) ™, 0)| = |Taa — T

for ¢ > 0 and N > 2¢. The first term can be written

l
Tu— | (Ham) Po(@Xy) podX),

BN i=1
with
0 = a(X) = J(pi(W)S?(ﬂ;Ag’)(dW), i=1,...0,
E
and similarly

Tuz = ((SF00) ™. 0) = J(ﬁb) PaXa) . podX),

BN i=1

with
b= [0 SE o), i1t
E

A small calculation gives

¢
< Z(H |¢;||Lw(E>> J |a;(X) — b;| po(dX1) ... po(dXy),

i=1 J#1 EN
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and finally, using (H2), for any 1 <7 </

|ai(X) — b;| == J(/’i(w) (S (po)dw) — 872 iy )(duw))

E

<C" il 5, dist (po, i) .

which completes the proof of 74, and also the proof of Theorem 6.1 under the four
hypotheses on the involved semigroups.

6.5 - Applications of the abstract theorem: the Boltzmann equation

In this section shall se how the abstract theorem can be applied to the Boltzmann
equation with bounded collision rates. In that case, the result of Griinbaum [27] can
be applied, and so the only new result that can be deduced from the abstract theorem
are the explicit error bounds.

Some other examples are treated in [39] and in [38], for example

e The McKean-Vlasov equation.
e The Boltzmann equation with certain classes of force fields.
e The Boltzmann equation for (e.g.) hard spheres.

The last example, which is treated in [38], actually requires some rather technical
modifications of the abstract theorem to handle weighted spaces. All details of this
are given in [38].

The objective is then to derive the Boltzmann equation,

{ Ot = Q(pe, pr)
Pt=0 = Po ,

in this case with p; € P(Rg), and with the right hand side defined by

(Q(p,p), p) == J y|wr — wa]) b(O) (pwy) — (ws)) do p(dwr) p(dws)

E%xS? B(w; —wz,0)

which should hold for any ¢ € Co(R?), for any p € P(RY), with

. w1 t+ws  |ws —w

W — L_witwe  |we—w|
! 2 2 ’

e =" 2

And in order that the collision rate be bounded, we require B(w; — wz, ) to be
bounded.
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The Markov processes on (R®)" are constructed as in the paper by Griinbaum:

For all pairs of indices 7’ # j' draw T ; from an exponential distribution with
parameter y(jvy — vj|)

e p(TirJ'r >t) = exp( — yt).

Let Ty = min (T j) and (¢, 5) = (@', ).

Draw o € S? according to law b(0; ;) where cos0;; = o
The new state after collision at time 7'; becomes

v — v
|[vjvl

*

* * *
Vi=Vi=Ry,V=,...,0,....,0,...,0n),
with

L _ Vit 0|vi—vj\ T:vi—%vj_a\vi—vﬂ

Vi Ty 2 0 YT T3 2

The Markov process V; is constructed by repeating the steps above but with time
rescaled with N so that each coordinate jumps one time per unit time, on averge. The
law of V; is denoted p, and the corresponding semigroup SV, the dual semigroup 7%V
and its generator GV.

The master equation on the law pY is given in dual form by

at<p£va (ﬂ> = <pz]£va GN(p> )
with

N
@ o) =5 > 7Qwi—u) | 003 [o; o] do

1,j=1 S{],l

where ¢ = ¢(V), pj; = o(V;5).

Theorem 6.3. Assume that py € P(RY) N M(RY; <v>d+5), PY = po® - @ po.
—————

N times

Let pY = SN (pY) be the solution of the N-particle master equation and p; = S°(py)
the solution of the Boltzmann equation. Then there is a constant C(k, £), depending
only on k and £ and a > 0 such that for N > 2, 0 <t < T, and all

P=0, 00, ®...® ¢, € (C(RY N Lip(RH))**,

we have

sup ( (¥ — (570) ™) o)

Il IPolla  ar N0l | 1ML [Pollar,
< C(k,e)[ N +e vt NTD
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Proof. The statement of the theorem is a reformulation of Theorem 6.1, and
the proof is carried out by choosing the spaces F1,Fg, F3 and verifying that the
hypotheses (H1) ... (H14) hold. And this can be done with F; = Fo = CO(Rd) and
F3 = Lip(RY).

It follows that propagation of chaos holds, at least for this kind of initial data.

Proof of (H1). We want to show that there exists C; > 0 such that
Vo e, |GV Y -7V GF) D, o, < |\q>||Cn(M1)

For @ € CY1(MY), set ¢ = DP[jd)] and compute

o i) = ZNZM o) | vop| o) - o)) do

1,7=1 gi-1

2Nzy(|vl ul) | 60 @, - i) do (= LV

1,j=1 i1

1 Y A
+Wi;y(lw—vjl) J OBl ||
= J

S 1

2 do (= L).

N
The first term, I; is estimated with (recall that fiy = %Z 62,_7.)
J=1

1§ N
L= W; Wi — vj) J b0 [$0]) + 80)) — $0) — ()| do

Sd—l

1

N EJ J Jy('” — w]) b(O) [0") + $w*) — $(v) — pw)] ¥ (dv) (i (dw) do

][{d Rd Sd—l
<Q(ﬂV7 ,Uv) ¢> (GOO(P)([/J)
and the second, I3(V) as

4 2
L) = ZNZy(m v J o<|q>||cm <N> )da

1,7=1 i1

2 Pl
<C/l, 1o (ZN2> < cler

1,j=1

And together these yield the desired estimate.
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Proof of (H2). Setk =6 = 1. We will show that for all x, u’ € P(Rd) and for
any T > 0, there exists Cr > 0 such that

(22) sup 185°C 1) = S5°(p) — LTIl — )|y < Cr i — w3,
tel0,

where £S7°[ 1] is the linear semigroup associated with the solution S§°u. Hence (H2)
holds with Fp = F; = Co(R?), F; = M*(R?) when k = 6 = 1. To prove (22) consider

atﬁ = Q(.ﬁv ﬂ)v ﬁ) =
Oigr = Q(gt, g1), 9o =
Ol = QUfishe) = QUi h) + Qs £, ho=go—fo =1/ — .
The solutions to these equations, f, g, and , and ¢ = f — g — h is the remainder term

in (22), and this can be estimated by a Gronwall argument to give the estimate, with
CT ~ eCT

Proof of (H3). Take F5 = Lip(Rd). The Wasserstein (or Tanaka) distance
between two measures is defined as

Wi(u,v) = inf J le —y|dy(e,y) =inf E[|X — Y|].
yel ()
ExE
Here I'(u,v) is the collection of y € P(E x E) such that u= fy( dy) and
v = [ p(de,-). An equivalent definition is
E

Wilu,v) = sup{ ’ J¢(9€)(ﬂ(d9€) — w(dx))

ol <1}
Tanaka [45, 44] proved that if p}, p? are the solution so of the Boltzmann equation
with initial data p}, p3 € P(R"), then

sup Wi(p}, p%) < Wi(p}, p2) .
[0,71]

Now (H3)

Y u,v e PE) sup dist s/ (S, S°(v) < Cp" dist.z (1, v),
[0,7]

with Fg = Lip(Rd), follows immediately from Tanaka’s result.
Proof of (H4). Here we need to check that the dual of F5 = Lip(Rd), F} sa-
tisfies

7Y@y |20 8]y < Ce [Pl
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For any @ € C*1(F}),

| () — ()|

o] .

< sup

|L' (RHN
P X#£Ye(RHY

WG, i)
<@l oy g g1 < C1Ploncry

This implies that (H4), and hence all four hypotheses are satisfied, and Theorem 6.3
is a consequence of Theorem 6.1.

6.6 - Other examples and comments

Another model that is covered by Theorem 6.1 is the McKean-Vlasov sys-
tem [36]. Here the N-particle system is defined as

da} = o;dB} + FN(uy, (i, dt,  1<i<N,

with X% := (¢!,..., 2" 1,2, . &) and FV : R x P(RY) — R?. The nonlinear
McKean-Vlasov equation on P(R%) defined by

P Qo pO=py in PR,

with
1 d d
Q) =5 D0 EE) — Y OuFue)p)
o,f=1 o=1

In this case, the hypotheses (H1) to (H4) can be verified with F; = H?
Fo = H**2 Fg = Lip(R%).

But the abstract theorem presented here does not cover e.g. the Boltzmann
equation for hard spheres, i.e. the case that Griinbaum attempted to solve. A more
detailed analysis, involving weighted spaces, is required for that. A proof is given
in [38].

Another important result in [38] is that in some cases all estimates can be carried
out uniformly in time (contrary to the estimate above, which involves constants that
grow exponentially with the time interval). It is not at all obvious that such a result
could be true, considering the calculations carried out in Section 4.2. For large times
the exponential e/ will be dominated by large powers of L, and for any fixed N, the
same variables must be reused many times, potentially creating correlations that
remain also when N increases. For the Boltzmann equation and the related N-
particle systems, the stationary measures to the N-particle systems are themselves
chaotic, and this may help getting the uniform estimates.
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However, the model of flocking described in Section 3.3 does not have this
property. It is a “pair interaction driven master equation” which are defined in [9],
where it is also proven that propagation of chaos holds for all times, but that the
stationary states for the N-particle systems are not chaotic. Another model studied
in [9] is called a “choose the leader model”. In that model a pair interacts in such a
way that one of the two particles (randomly chosen in the pair) tries to take the other
particle’s velocity, but makes a random error. That is also a pair interaction driven
master equation, and in this case some calculations can be carried out explicitly, and
in particular one can find explicit expressions for the marginal distributions. These
expressions show that the stationary states are not chaotic.

Propagation of chaos is an important concept, and many questions remain open,
most notably the question of propagation of chaos for a deterministic particle system
and a rigorous derivation of the Boltzmann equation, valid over a macroscopic time
interval. I hope that these notes have given some flavour of this and recommend the
reader to look in the literature for many more results. Some relevant references
are [12, 1, 26, 31, 8, 43, 7, 42, 36].
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