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Solutions of the Navier-Stokes equations constructed

by artificial compressibility approximation are suitable

Abstract. In this paper we prove that weak solution constructed by artificial
compressibility method are suitable in the sense of Scheffer, [18], [19]. Using
Hilbertian setting and Fourier transform with respect to the time we obtain non-
trivial estimates for the pressure and the time derivative of the velocity field which
allow us to pass into the limit.
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1 - Introduction

In this paper we investigate if the weak solutions of the Navier-Stokes equations
are suitable in the sense of Scheffer [18], [19]. The incompressible Navier-Stokes
equations in three spatial dimensions with unit viscosity and zero external force are
given by the following system

Q) {&u—Au%—(u-V)u—i—Vp—O

divy = 0,

where (x,t) € R x [0,T], u € R? denotes the velocity vector field and p € R the
pressure of the fluid. Let us recall the notion of Leray weak solution.
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Definition 1.1. We say that uw € L>((0, T); LA(R*)) N L2(0, T); H*(R?)) is a
Leray weak solution of the Navier-Stokes equations if it satisfies (1) in the sense of
distribution for all w € C{;O(R3 x R) with divy =0 and moreover the following
energy imequality holds for every t € [0, T

t
2) J deelue, H)F + 2st J dee| Ve, s)|* < J delue, 0)[.

R? 0 g3 R?

In the mathematical literature there exist several proofs of the global existence
of Leray weak solution for divergence-free initial data in L2(R?), see for example
the book P. L. Lions [14] or the monograph of Témam [27]. Several problems about
the Leray weak solutions are still open, for example it is not know whether or not
the solutions are unique or develop singularities in a finite time also for smooth
initial data. In fact the regularity requirements for proving uniqueness and global
in time regularity are not available at the present time for Leray weak solutions.
Scheffer in [18], [19] introduced the notion of suitable weak solutions that we recall
here.

Definition 1.2. Let (u,p), wu e L2(0,T); H'(R*) N L>((0,T); LA(R?)),
p € D0, T); LA(R®), be a weak solution to the Navier-Stokes equation (1). The
pair (u,p) is said a suitable weak solutions if the following local energy balance

(3) 8t<%|u|2> +V- ((%@42 +p>u) - A(%|u|2> +|VuP —f-u<0

holds in the distributional sense.

In mathematical literature (3) is called generalized energy inequality.
It is important to remark that weak solutions constructed by Leray are suitable. At
the moment the best regularity result for the weak solution of the Navier-Stokes
equations is a partial regularity result, i.e. the so called Caffarelli-Kohn-Nirenberg
theorem, [2]. This theorem asserts that the one-dimensional parabolic Hausdorff
measure of the singular set is zero and holds only for suitable weak solutions. If the
class of suitable weak solutions is a proper class of Leray weak solution is an open
problem since Scheffer’s works. The method usually used to construct suitable weak
solutions are regularization of the non-linear term, [2], adding hyper viscosity, [1].
Recently Guermond, [9] proved that some type of Faedo-Galerkin approximation
lead to a suitable weak solution. He used classical Lions [12] method of fractional
derivative in order to obtain maximal regularity in negative Sobolev space. In par-
ticular Guermond proved that Faedo-Galerkin weak solutions of the three dimen-
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sional Navier-Stokes equations with Dirichlet boundary condition are suitable pro-
vided they are constructed using finite-dimensional approximation spaces having a
discrete commutator property. In this paper we prove that Leray weak solutions
constructed by the artificial compressibility method are suitable in the sense of the
Definition 1.2. The artificial compressibility approximation was introduced by
Chorin [3, 4], Oskolkov [15] and Témam [25, 26], in order to deal with the difficulty
induced by the incompressibility constraints in the numerical approximation. The
approximation system reads as follows

(4) { O’ + V' = = (u'- V) - §(dlv uu’
edp” + divu = 0,

where (x,t) € R® x [0, T, w* = w*(x,t) € R® and pf = pie,t) € R, f* = fé(x,t) € R3.

Témam showed the convergence of this approximation on bounded domain.
Recently in [6] and [7] the result was extended in the case of the whole space and
exterior domain, respectively. In [6] the converge towards Leray weak solutions of
the Navier-Stokes equations is achieved by using the dispersive structure of the
system. Here we will consider the system (4) endowed with the following initial
conditions

(5) w'(x,0) = ug®)  p(,0) = py(),
such that

(6) uh — ug in LA(R?) as ¢ — 0,
(7) Vephy — 0 in LA(R) as e — 0.

As we will see later on in Section 3, in order to get some a priori estimate on »* and p*
we need to assume that

8) ui € H'(RP).

We will be able to prove the following theorem

Theorem 1.1. Let (u*,p%) be a weak solution of the system (4) with initial
data (5) and such that (6), (7) and (8) are satisfied. Then (u?,p*) converges to a
suitable weak solution of the Navier-Stokes system as ¢ goes to zero.

For proving this theorem we have to estimate carefully the pressure term p* and
Vept. Since we haven’t the incompressibility constraint we cannot use classical
method based on the elliptic equation associated to the pressure. Also the dispersive
approach, as in [6], cannot be used. We will use the method of Lions of the fractional
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derivative in order to get the necessary estimates. The paper is organized as follows.
In the Section 2 we recall some basic fact about Navier-Stokes equations and the
artificial compressibility method and fix some notations. In Section 3 we obtain the a
priori estimates which allow us to pass into the limit. In Section 4 we give the proof of
the main result. We want to point out that the estimates of the Lemma 3.3 are the
core of this paper.

2 - Notations and preliminary results

For convenience of the reader we establish some notations and recall some basic
fact about the artificial compressibility approximation.

2.1 - Notations

We will denote by D(R? x R;) the space of test function CgC(Rd x R,), by
D'(R? x R,) the space of Schwartz distributions and (-,-) the duality bracket
between D' and D and by M;X’ the space C([0,7];X)". The inner product in
L2(R%) will be denoted by parentheses, namely (u,v) := [ w(x)v(x)dx. Moreover

k R¢
WEP(RY) = (I — A)2LP(R?) and H¥(RY) = W*2(RY) denote the non homogeneous
Sobolev spaces for any 1 <p <oc and ke R. Wk*p(Rd) =(—- A)ng(Rd) and
HE(RY) = WF2(R?) denote the homogeneous Sobolev spaces.
Let H be a Hilbert space, we define H”(R; H), y € R the space of tempered dis-
tributions v € S'(R; H) such that

Ja kD 5| Bk < + 00
R

where v is the Fourier transform with respect to the time of v. The space
H'((0,T); H) is defined by those distributions that can be extended to S'(R; H) and
whose extension is in H7((0, T"); H). The norm in H?((0, T); H) is the quotient norm.
Moreover, we shall denote by @ and P respectively the Leray’s projectors @ on the
space of gradients vector fields and P on the space of divergence - free vector fields,
namely

Q=Valdiv P=1-Q.

Finally, The notations LP(L?), LP(W*%), LP(H*) and H"(H*) will abbreviate respec-
tively the spaces LP([0,T];LY(RY), Lr([0,T]; WrF(R?), LP(0,T]; H*(RY) and
H'([0, TT; H¥(R%).
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2.2 - Artificial compressibility approximation

In this section we recall some previous result about the approximating system
that we rewrite for convenience of the reader.

1
9) { o' + Vp' = A’ — (u* - V)u' — é(div u®)u’®
eopt + divuf = 0.

As said in the Introduction we consider two initial condition, namely

(10) u'(x,0) = up@)  pila, 0) = pgla),
such that

(11) ufy —ug in LA(R?)  ase—0

(12) Veph — 0 in LA(R) as & — 0.

In [6] it was showed the following result.

Theorem 2.1. Let (u*, p°) be a sequence of weak solutions in R? of the system
(9), with the initial data (10). Let us suppose that (11) and (12) are satisfied. Then
there exists w € L*(L?) N L2(H") such that w* — w weakly in L2(H"). The gradient
component Qu of the vector field u’ satisfies Qué — 0 strongly in L2(LP), for any
p € [4,6), while the divergence free component Pu® of the vector field u® satisfies
Pu? — Pu strongly in LX(LZ,)). Moreover, w = Pu is a Leray weak solution of the
mcompressible Navier-Stokes equations.

3 - A priori estimates

In this section we deal with the a prior: bounds for our approximating system.
Let be p, ¢, 7 and s real numbers such that the following relations hold:

2 3 3 s
13 —+ - =4, e [1,2], E[l,—}, = =,
(13) 27 g P q 3

These relations follow from the Sobolev embedding theorems, in particular if p, ¢
satisfy (13) then the following embedding holds

(14) LP((0,T); LYR*) ¢ H™"((0, T); H*(R?)).

The first a priori estimate regards the nonlinear terms
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Lemma 3.1. Let u* be a weak solutions of the system (9), then:

e there exists a constant ¢; > 0, independent on & such that

(15) sup [[w @Iz + (||| L2y < @1
2€(0,7)
e there exists a constant ca > 0, independent on & such that

< c2

& & 1 & 3 &
(16) H(u -Vu +§u divu S

The proof of (15) follows by standard energy method and the proof of (16) follows
by an interpolation argument and the embedding (14).

Since we are going to use Fourier transform with respect to time we need to
extend all the function from [0, 7] to R. We define by u# the following extension of u*

t+Dui on[—1,0]
ur = { ' 0,7 +1)
0 on [T + 1, c0].
Let ¢ € C*(R) be such that supp(p) c (= 1,7+ 1) and ¢ =1 on [0, T'], we denote

with abuse of notation
u’ = pu’.

Next we define the following function
, 1., .
(1 + g+ puy — (1 + t)¢((u8 Ve S dww) te(-1,0

f{,’ —
— gp((uﬁ -Vt + %us divue) + o u tZ(—1,0).

It follows that u* e f* are well defined on ( — oo, + oo). By using (8) it follows that
there exist ¢ > 0, independent on ¢, such that

() T

Lemma 3.2. Let (u*,p®) be a solution of the system (9), there exists ¢ > 0,
ndependent on &, such that

e forall o e %,%) and r<f:§(1+a), one has

(18) 19| ez < €
(13 _
e foralls € 55 and r > ¥, one has
(19) ||8tu8||1-1—r(1i1’8) <,
(20) ”AMKHHH‘(H’S) <ec.
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Proof. We start by proving (18). By taking the Fourier transform with respect
to the time of the system (9) we obtain
@) Zinkd’i — Mt + VpE = fe
e2inkp® + divus = 0.

Let o > 0, we multiply the first equation of (21) by the complex conjugated of —A *u#
and the second by the complex conjugate of —4~*p¢. By summing up and by taking
the imaginary part we obtain the following inequality

(22) \Fel| (e, A~%02)| < |(fe, A %u) 2.

1 11
Now we choose a such that o« < s <1 4+ 2. Since s € {E , ;) we have that o € {Z , 5).
By interpolation we get

(23) ]l e < [lwe]l7 e pRicS
204+1—

where y = T Inserting (23) in (22) we have

2—y 1—y
(24) Vel o232 < ell ful g 128 -

2
We set v = Z——Yy’ then we have
P

(25) o757 o213 < oL+ (KD FEIE e 2 -

By integrating (25) with respect to the time and by using Hoélder inequality we get

26 | e i < el iy
R

If we set 7 :=
The estimates (19) and (20) can be proved by using the same argument. See [8] for
further details. O

The following lemma is the core of the paper.

Lemma 3.3. Let (u*,p?) be a weak solution of (9), there exist a constant

1 1
¢ > 0, independent on & such that for s € {E §> r>r -3 2 Je ( ﬁ) and

!
1-126
p e (0, 10 )we have

(27) 101 ey < €
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and

(28) Vel

-,5)— :

Proof. The estimate (27) can be proved by observing that from the first
equation of the system (9) we have
(29) Vp© = £+ it — O’

and by using (19), (20) and (17). Now we are going to prove (28). Let us consider the
second equation of (21)

(30) 2rikept + divu® = 0.

By multiplying (30) by 42" p¢ we obtain

(31) KHIVEDIZ s < el s 0ur, V).

From (31) we have

32) s 0 D]y
H7§+0 — H72+3() (1 + |k|)%+g,

1-120 . . . . .
where ff € | 0, 10 ) By integrating with respect to the time (32) and by using
the Holder inequality we have
(33) S Y L IR 1 BN

The right hand-side of (33) is bounded by using (18) and (27), provided ¢ € (O,é)
andfe (0 1-120
10 )

4 - Convergence to a suitable weak solution

In this section we give the proof of the Theorem 1.1.
Let us multiply the first equation of (9) by u*¢ with ¢ € CSO(R3 x R), ¢ > 0, then
we have,

T T T
Jdt(@tus, u'p) — Jdt(du‘g, u'e) = — Jolt(u‘E - Vul ute)
(34) 0 0 0

T T
— J dt % (W divu®, u’ep) — J dt(Vp®, u’p).
0 0
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By integrating by parts we obtain

T
Jdtqvm 5 < [arl" 6+ a9
0 0
(35) . .
Jdt( ol v¢)+Jdt(ufpf V) + Jdt(pf div e, ).
0 0 0

We estimate each term of (35) separately.
By weak lower semicontinuity and the fact that «¢ — u weakly in L2(F 1) we have
that
T T
(36) Jdt(|Vu|2,¢) < lim} ig1det(|Vu”\2,¢).
0 0

Since u* — u strongly in L2(L2 ), we get

loc”?

T T
(37) J ('“' ¢t+4¢> J ('“' ¢t+A¢> as ¢ — 0.
0 0

Next, by interpolation we have that u* — u strongly in L?(L?) and that « is bounded
in L4(L?), so it follows

T T
(38) Jdt( et V) — Jdt( fuf &) ase — 0.

0 0
In order to estimate the last two terms in (35) we have to use carefully the estimates
of the Lemma 3.2 and Lemma 3.3. We start by estimating

T

J dt(u’p®, V).

0

2 3
Letn>0,wesetr==+17ns= 10 This choice implies that ||p°|| ) is umformly

5 1)
bounded. So p* — p Weakly in H7(0,7), HLOC(RS)) Now let ;7 e [O ] and set
|
2=15"" < o —(1 + o —¢). This choice implies that [u’ | e+ 18 unlformly

bounded and as a consequence u® — u weakly in H*((0,T); H*). By standard
compactness lemma we have that the immersion of H*(H %) in H"((0, T); H -5(R%))

is compact provided t > » and s > o. Since 5 € (0 > we have s > o, and if we

20
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choose n = 51—0(3 - 20;7/) we have 7 > r and so we obtain that u* — u strongly in

H(0,7),H ~5(R®)). Now it follows easily that

loc

T T
(39) Jdt(psue, Vé) — Jdt(pu, Vo) ase¢ — 0.
0 0

By using the second equation of (9) we have that

T T
| atrr,aiver| < v | aucvint i
0 0
" & &
VRNV gy I e
So by choosing ¢ and f as in the Lemma 3.3 we have that
T
Jdt(p", divg) — 0 ase¢ — 0.
0
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