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L solutions for 2 x 2 systems of conservation laws

Abstract. We consider a 2 x 2 hyperbolic system of conservation laws with
genuinely nonlinear characteristic fields and L> data. We extend the existence
result of Glimm-Lax removing their assumption on the geometry of the Lax curves.
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1 - Introduction

In this paper we briefly present the main result of [4]. We consider a non-linear
2 x 2 system of conservation laws, i.e.:

(1) O+ Op[ f(w)] = 0

and the Cauchy problem

B { o + O [ f(w)] =0
(0, 2) = u(x).

Our aim is to extend the result [10, Theorem 5.1] relaxing the assumptions taken
therein on the geometry of the shock—rarefaction curves. Nevertheless, the result of
Theorem 1.11is the same of that in [10, Theorem 5.1], namely the existence of a weak
entropy solution to (2) for all initial data with sufficiently small > norm.

On the flow f in (1) we assume the following Glimm-Lax condition, analogously to
[10, formula (1.4)]:

(GL) f:B(0,r) — R, for a suitable » > 0, is smooth with Df(0) strictly hyperbolic
and with both characteristic fields genuinely non linear
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where B(0, r) is the ball of IR? with center 0 and radius 7. The main result of this paper
is the following:

Theorem 1.1. Under the assumption (GL), there exists a sufficiently small
7 > 0 such that for every initial condition v € L} (R; R®) with:

loc
3) [Pl <7

the Cauchy problem (2) admits a weak entropy solution for all t > 0.

The solution is constructed as limit of the e—approximations v* constructed
through the front tracking algorithm used in [6], suitably adapted to the present
situation. First, asin [10], careful decay estimates on a trapezoid (see Figure 2) allow
to bound the positive variation and the L> norm of v* on the upper side of the tra-
pezoid. Under the further assumption that a suitable 1> estimate on v* holds, see
condition (A) in Paragraph 4.3, a technique based on the hyperbolic rescaling allows
to extend the previous bound to any positive time. The approximate solutions can
hence be defined globally in time.

A key point is now to provide estimates that allow to abandon condition (A). This
is achieved through L> estimates essentially based on the conservation form of (1)
and on the previous results on the trapezoids. It is here that the integral estimates in
Section 6 allow us to extend the result in [10].

As a byproduct, we also obtain Theorem 3.3, under the standard Lax condition

(L) f:B(0,r) — RZ for a suitable » > 0, is smooth with Df (0) strictly hyperbolic and
each characteristic field is either genuinely non linear or linearly degenerate.

Indeed, Theorem 3.3 is an existence result valid for all initial data having small >
norm and bounded, not necessarily small, total variation.

In this connection, we recall that in the case of systems with coinciding shock and
rarefaction waves, the well posedness of (2) in L>* was proved in [3] under
condition (L). A continuous semigroup of L> solutions for Temple systems under
condition (GL) was constructed in [8].

2 - Notations

Denote by A(u) the 2 x 2 hyperbolic matrix Df (), by 41, A2 its eigenvalues and by
l1,ls (resp. r1,72) its left (resp. right) eigenvectors, normalized so that

1 j=i

0 jei  Bi=12

el =1, (), r) = {



[3] L SOLUTIONS FOR 2 X 2 SYSTEMS OF CONSERVATION LAWS 191

If the i—th characteristic field is genuinely nonlinear, we choose r; oriented so that
4) Dlw)riu)>c>0 for 1=1,2 and u € B(,r)

for a suitable c. In the linearly degenerate case, we do not need to specify this or-
ientation. By (L), supg,,) 41 < infp,) 42

By a linear change of coordinates, we can assume that f(0)=0,
A(0) = diag(41(0), 42(0)) and that 1;(0) = —1, 42(0) = 1. We are thus led to assume
that f can be written as follows:

1 1

) = —u + 511 uf + arz Uy ug + 5022 u3 +O) ||ul®

(5)
1 1
L) = us+ Eﬁu U3+ Prg un Uz + 5522 u3 +O) |lul®
P*fi &fo
ith a;; = 0) and f8;; := 0).

WIEH ¢ (’)ui 81/L]( ) an ﬂz] 8@% 8%;‘( )

Following [5, formula (5.38)], introduce the Lax curves as the gluing of the shock
and rarefaction curves:

S;(u,0) o<0,

©) Litu, 0):= {Ri(u, 5) 0>0.

As in [5 formula (7.36)], calling £ = E(u—,u") the map giving the sizes of the waves
in the solution to the Riemann problem for (1) with data »~ and ™, it holds:

(01,09) = E(uw™,u") if and only if wu" = Le(Li(u~,01),02) .

Foraw e L} (R; RZ), define its total variation by:

loc

z X1, .,JCNE]RVVith

N
(7 TV(u) = sup{z Z |wi(er) — wio-1)]: 7 - <y }

i=1 =1
In the following, for L > 0, it will be useful also the notation:

TV(M7 L) = sup TV(u‘[x,HL])
xeR

where ;-7 is the restriction of u to the interval [x,x + L].
For a function #: R — B(0, r), we use below the L* norm
l|lu]| o, = supess |ui(x)| + supess |uz(x)] .
xeR xeR
Below, / denotes an upper bound for the moduli of the characteristic speeds in
B(0,r),i.e.

(8) A>  sup |A(w).

1=12; [Ju||<r
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3 - Construction of solutions with bounded total variation and small > norm

In this section, we modify the wave front tracking algorithm in [6, Section 2] to
construct a solution to (2) under the assumption that the initial datum has bounded
total variation and small > norm. More precisely, let % belong to

9) DOy, K) := {u € L., (R; BO, p): TVw) < K},

where K, 7 are positive constants.

Moreover, in the first two paragraphs below, it is not necessary to assume that
both characteristic fields be genuinely nonlinear. The standard Lax [11, Section 9]
condition (L) is sufficient.

3.1 - The algorithm

Fix ¢ > 0. Denote by v the Riemann coordinates of (1), see [9, Definition 7.3.2],
and call £;, R; and S; the Lax, the rarefaction and the shock curves in the Riemann
coordinates. In these variables, as in [6], we parametrize the rarefaction and the
shock curves as follows:

R1(v,0) = (1 + 0,12), S1(v,0) = (v1 + 0,2 + (v, 0) ¢%)

10
10 Ro(,0) = (v1,v2 +0), Sov,0) = (v1 +¥1(v,0) %, v2 + )

where 1, and v, are suitable smooth functions of their arguments. First, the initial
datum v is substituted by a piecewise constant v* such that:

lim [[o° — ||, =0, TV@)<TV@ <K, [v°],<n.

e—0+

At each point of jump in 7% the resulting Riemann problem is solved as in [6,
Section 2]. Let ¢ € C*(R; R) be such that

-2
pl@) = 0 for o -1
o) € [-2,0] for ¢ € [—-2,-1]

plo) = 1 for ¢ <
>

and introduce the e-approximate Lax curves
Liv,0) = p(a/Ve) Siw,0) + (1 — pla/V/e)Ri(v,0) fori=1,2.

An ¢—solution to the Riemann problem for (1) with data v—, v" is obtained gluing
e-rarefactions and e—shocks. e—rarefactions of the first, respectively second,
family are substituted by rarefaction fans attaining values in ¢7 x R, respectively
R x &7, traveling with the characteristic speed of the state on the right of each
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wave, see [6, formulae (2.13)—(2.16)]. A 1-shock with left state v~ and size o1, such
that o1 < — 24/¢, travels with the exact Rankine—Hugoniot speed Aj(v™, o1). When
o1 > —2,/¢, we assign to this jump an interpolated speed 2] defined as an average
between the exact Rankine-Hugoniot speed i{(v,0) and an approximate char-
acteristic speed, see [6, formulae (2.17), (2.18) and (2.19)]. For every g; <0, it holds

(11) (L™, 0y) <A™, o) < A7)

2-shocks are treated similarly, we refer to [6, Section 2] for further details.

If the i—th characteristic family is linearly degenerate, the shock, the rarefaction
and the ¢—approximate Lax curves coincide. Moreover, the characteristic speed is
constant along these curves, so that the interpolation related to the shocks speed is
trivial. Gluing the solutions to the Riemann problems at the points of jump in v* we
obtain an e¢—solution defined on a non trivial time interval [0,¢;], 1 being the first
time at which two or more waves interact. Any interaction yields a new Riemann
problem, so that a piecewise constant ¢—solution of the form

(12) — Z 'Ua){]xmxuﬂ] with /Ua+1 = ,C% ([fi (’Ua7 O'La), (727(1)
a

is recursively extended in time. Hence, we obtain a sequence of ¢—approximate solu-
tions. Here, the meaning of ¢—approximate solutions is slightly different from that in
[6, Definition 1]. The wave speed of the approximate solution is here simplified, possibly
loosing the Lipschitz continuous dependence that has a key role in [6], but allowing for
simpler proofs in the present situation. We refer to [4, § 3.1] for further details.

3.2 - Existence and properties of the approximate solutions

In this paragraph we show that the e—approximate solutions constructed by the
previous algorithm are well defined, see Theorem 3.1.

Throughout, by C we denote a positive constant dependent only on f and r as
in (L).

The following Lemma provides the standard interaction estimates.

Lemma 3.1. There exists a positive C such that for any interaction resulting
in the waves of and oy, the following estimates hold.
1. Ifthe interacting waves are oy of the first family and o, of the second family,
o7 —o1| + oz — x| = Clovoz [(jor | + |z [) -
2. If the interacting waves ' and " both belong to the first famaly, we have

!of —(d + o”)| + |02+| = Cld'd"|(|o’] + |6"]) -
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3. If the interacting waves ¢’ and ¢” both belong to the second family, we have
|Jﬂ + ‘0‘; — (@ + a”)’ = Cld'd"|(|o'] + |6"]) .

The proof is in [6, Lemma 2 and Lemma 3].
Assume now that the e—approximate solution v* is defined up to time 7' > 0. For
1=1,2,t€[0,T] and x € R, introduce the quantities

Li(t,x) == min{4;(v*(t,x —)), 4 (V¢ x +))}
2i(t, @) == max{4;(v°Ct, ¢ —)), (v, 2 +))} .

For any X € R, the generalized i-th characteristic through (7', X) is an absolutely
continuous solution «x(¢) to the differential inclusion

{xepﬁmhiﬂmﬂ
oT) = X.

The minimal backward i-th characteristic through (7, X) is the generalized i-th
characteristic such that, for ¢ € [0, T'],

y:(t) := min{x(?): « is a generalized i-th characteristic through (7', X)},

where we omit the dependence of y;(t) from (7', X). It is clear that y;(¢) is well defined,
for v* piecewise constant, see [1, Theorem 2, Chapter 2, § 1].

As areference about minimal backward characteristics on exact solutions, see [9,
Paragraph 10.3]. Backward characteristics on wave front tracking solutions were
used, for instance, in [7, Section 4].

To estimate the norm |[v*(T)|| ., for T > 0, we follow backward the i—coordinate
v} along the minimal characteristic y;(¢) through (7', X), for all X € IR. Using the Lax
inequality (11) and the choice adopted for the speed of rarefaction waves, we can
conclude that y; does not interact with any i—shock with size ¢ < — /¢, it can coincide
on anon-trivial time interval with an i—wave with size ¢ > —/, it can cross a wave of
the other family or pass through an interaction point where a rarefaction of its family
arises, see Figure 1. The total size of the j-waves, with j # ¢, which may potentially
interact with y;(f) after time ¢ is given by the functionals

(13) Qit) = Z |o24] and  Qu(t) := Z |14

@, <y1@) 0:,>Y2(t)

where we referred to the form (12) of v:. Now we also define, as usual, the total
strength of waves and the interaction potential:

(14) V@?) = Z |Gial, QW) := Z |0iagjpl,

ia (04,0 p)EA
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Fig. 1. Two 1-shock ¢’ and ¢” interact resulting in a 1-shock ¢f and a 2-rarefaction oy .
A 2-characteristic y» (thick line) is superimposed to the 2-rarefaction and passes through
the interaction point.

where A is the set of all couples of approaching wave-fronts, see [5]. Using the in-
teraction estimates of the Lemma 3.1, we prove the following result.

Proposition 3.1. Fix a positive M'. Let the e-approximate solution
v¢ = V8(t, x) be defined up to time t > 0. At time t an interaction between two waves
o’ and o" takes place. If TV (v°(t7)) <M’ and |v°(E)||, is sufficiently small, then v*
can be defined beyond time t and

|O.l0.l/|

AQ° (1)) < T

We introduce now the following two functionals:
(15) @) =V (@) + K QUr(1)
(16) OX(t) = ([ (t, yi(®)| + [[07]],) € 4O+ H R

where ¢ = 1,2, @ depends on y and H,H and K are positive constants precisely
defined in the next proposition.

Proposition 3.2. Fix positive M, M'. Choose an initial datum v such that
10%]] . <n. Assume that the e-approximate solution v¢ = vi(t, x) is defined up to
time t > 0. If n is sufficiently small, TV (v°t™)) <M’ and ||[v(E — )| <M|v*||, then,
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choosing K > 2C (|o’'| + |o”|), H=CM? |v¢||,, and H =2H (|¢'| + |¢"|), we have
that:

(a7 AY4E) <0

(18) A6t <0 fori=12.

A detailed proof can be found in [4].

Proposition 3.3. There exist positive M and Cy such that, for all n,e
sufficiently small, if the e-approximate solution v¢ = vé(t,x) corresponding to the
initial datum v € D(y, K) is defined up to time T, then, for all t € [0,T7],

V') <K and [0 Ol < M|o*], -

Proof. Let t €[0,7T]. To bound the L* norm, for any x € R, first choose
H = CM?n and H = 4CM3#?, as in Proposition 3.2. Then, recursively,

|| < @ by (16)
< 650 by Proposition 3.2
< ZneCMzn(Q(0)+4Mi7Q(O)) by (16)
< 2pelMEnQA+My for a suitably large C
< My for M = 2¢? and n<1/(CM?)

for 7 =1,2. Taking the supremum with respect to x, we obtain the desired
bound.
Similarly, to bound the total variation, apply recursively the previous results:

TV @) < Ci Y@ by (15)
< C1Y40) by Proposition 3.2
< G TV@) by (15)
< GK by (9)
completing the proof. O

Hence, by the Proposition 3.3, if 7* € D(y, K) and if the approximate solution v
can be constructed on some initial interval [0, 7], then v%(¢, -) € D(Mpy, C2K) for all
t € [0, T']. In order to prove that v* can actually be defined for all t > 0, it remains to
show that the total number of wave fronts and of points of interaction remains finite.
The proof is deferred to [6].

Hence, we have the following theorem.
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Theorem 3.1. Let (L) hold. Fix a positive K. Then, there exist positive n and
M such that for every initial condition v € D(y, K) and for every sufficiently small
& > 0, the Cauchy problem (2) admits an e—approximate solution v¢ = vé(t,x) such
that

(19) Ol <M V]l -

Under condition (GL), we also have the following decay estimate.

Theorem 3.2. Let (GL) hold. Fix a positive K. Then, there exist positive n
and M such that for every initial condition v € D(y, K) and for every sufficiently
small & > 0, the e—approximate solution v¢ = vé(t,x) to the Cauchy problem (2)
constructed in Theorem 3.1 satisfies for all t > 0, for all a,b € R and fori=1,2:

ct

(20) TV (ui@)sla, b]) <%+ M (5] TV (30 — it b+ 111) + )

with ¢ as in (4) and . as in (8).

3.3 - Existence of solutions

For the sake of completeness, we pass the e—approximate solutions to the limit
& — 0. This standard application of Helly compactness Theorem yields a slight ex-
tension of the wave front tracking construction exhibited in [6]. Indeed, the mere
existence of solutions to (2) is here obtained under the assumptions that the total
variation of the initial datum be bounded.

Theorem 3.3. Let (L) hold. Fix a positive K. Then, there exist positive n, M
such that for all w € D(y, K), the Cauchy problem (2) admits a weak entropy so-
lution, which is the limit of the wave front tracking approximate solutions con-
structed above and satisfying

[0l < M [[9]] -

Moreover, if also (GL) holds, then there exists a positive M such that for all t > 0,
forall a,b € R and fori =12,

TV* (0:(0); [a, b]) < bc’—t“ + M7 TV(T}; [a — Jt,b+ it])
with ¢ as i (4) and Jas in (8).

Thanks to the estimates proved above, the proof is standard and, hence, omitted.
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4 - Construction of a Solution with small > norm

We now prove Theorem 1.1 in the case of initial data satisfying the stronger
conditions

21) e C'(R:BO,p) with ’d”

<L,

o0

see [10, i), ii) and iii) in Section 5].
We are going to use an inductive method. Define, form = 0,1,2, ... and for every
L > 0, the m-trapezoid by

t ¢ [tma b + At and
(22) Ay =< (t,x) € [0, +ool x R:

© € [ —20L 4 it —ty), 2L — At — t)]

see Figure 2, where:

(23) tw=@" —1DL/2). and At, =2" 'L/
t
2mJ,
7 e —
Am
7SO
,,,,, 2™,
A x

Fig. 2. Construction of the trapezoids.

The upper side of A\, measures 2" and the lower one 2"*!L. The upper bases
of 4 trapezoids A, ;1 cover the lower basis of A,,. We denote by A, (x) the
translation of the m—trapezoid: A, (x) := (0,2) + A,,. Correspondingly, we in-
troduce the domains

(24) Dy, (5, 20 %) = {v € Ll .(R;B(0,9)): TV(v; 2" L) < 20 g} .
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4.1 - Construction in the 0-trapezoid

In this paragraph we show that we are able to construct a solution in Ay(x), for
all x € R. In fact, since the initial datum satisfies (21), we can always choose L >0
such that

(25) TV(@,2L) < 20//c.

Then, with reference to (24), we prove the following result.

Proposition 4.1. Let (GL) and (21) hold. Then, there exist a sufficiently
small n > 0 and positive M, M such that for every initial condition v € Doy, 207 /),
the Cauchy problem (2) admits a weak entropy solution v = v(t,x) defined for all
t € [0,L/23] and

@l <M [[9]]

R L— )
TV (002 — i) < 2222 Ml TV@s2L).

The proof follows directly from Theorem 3.3 and the finite speed of propa-
gation.

4.2 - Construction i the m~-trapezoid

Now we prove that, if a solution v to (2) satisfies suitable conditions at time t = £,,,,
then this solution can be extended on all the interval [t,,,%,,.1]. We also provide
suitable estimates for later use.

Proposition 4.2. Let (GL) hold. Then, there exists a sufficiently small n > 0
and positive M, M such that if v(t,,) € Dy (K\/7, 20;1/ c), then the problem (1) with
datum v(ty,) admits a weak entropy solution v = v(t,x) defined for t € [ty ty11]
satisfying

(26) @Il <M [Jotn)ll

292m[, — it

27  TV® (vi(t); 2@2™L — it)) < P M ot TV(@; 2" 1L).

Above, D, (K /7, 20/, /c) is defined in (24). The proof is entirely similar to that of
Proposition 4.1.
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4.3 - Existence of a global solution

In this paragraph we assume the following a priory bound:

(A) Whenever it is possible to define up to time ¢,, a solution v to (2) with an initial
datum satisfying (21), then there exists K > 0 such that, for all m € I\,
lv@)|l < K./, where 5 is an upper bound for ||| .

It is motivated by the recursive proof of Theorem 1.1 and by the following
Proposition.

Proposition 4.3. Suppose there exists up to time t,, a weak entropy solution
v = (¢, x) to (2) with an mitial datum satisfying (21). Let (GL), (25) and (A) hold.
Then, for all sufficiently small >0, if ||V <# for all m € N we have the
estimate

A

c

TV (v(tn); 2" L) <20~ .
Now, we are able to prove the Theorem 1.1.
Assume first that the initial data satisfies (21). By an application of

Proposition 4.1, we are able to construct a solution for all ¢ € [0, L/2/]. Now, assume

that a solution exists up to time t,,, with m > 1. Then, by (A), we may apply

Proposition 4.3 to obtain the TV bound at time ¢,,. Therefore, again thanks to (A), we

apply Proposition 4.2 to extend the solution up to time ¢,, 1. The proof is thus ob-

tained inductively.
Consider now a general initial datum satisfying only (3). Asin [10, Section 5], we

approximate the initial datum v by a sequence of mollified data v,, such that each v,

satisfies (21). So, we are able to construct a sequence of solutions v, to (1) related to

the initial data v,. Then by [9, Theorem 1.7.3] we can select a subsequence that
converges to a limit v, which is a weak entropy solution to (2).

5 - The L*> estimate

The next step consists in proving that the a priori bound (A) is in fact a consequence
of the other assumptions in Theorem 1.1 when the initial datum satisfies (21).

Proposition 5.1. There exists a positive K such that for all initial datum v
m (2), satisfying (3) and (21), the following estimate holds, for all m € N, on the
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solution v = v(t,x) to (2):
[v@)ll < K/n,
where t,, is defined in (23).

Proof. For m =0 the thesis holds, provided K > /4. Now, by induction,
suppose that the theorem holds true up to m — 1.

The lower basis of A, is covered exactly by the upper basis of 4 (m — 1)—tra-
pezoids. Denote by 7,1 the union of these trapezoids. Then, divide 7,_; by hor-

.,bY _ into N sub-trapezoids, say 77 ™

izontal segments b? P PR

m—1r""

A

m

bJ

m—1

hn

Tm,1 p 1

m—1

Fig. 3. The union 7, 1 of the trapezoids A, ;.

At least one of these trapezoids, call it 7!, is such that

Q(v(t-1+ 0 — Dhy) s ) — Q(v(tn1 + nhy)
(28) (v " nzo,i ) lbm) ( LNy, 1)

1
< Il

by Proposition 4.3. Now, fix (¢, ) and (¢, %) on b, , with x <y. Then, using together
the usual decay estimate [5, Theorem 10.3] or [7, Theorem 1] on the region 77, ,,
together with (28), we have:

—xl M 20/

2m B E‘FW — ||'U(tm 1)”

(29) vi(t,y) < vit,x) + —

Integrating (29) separately in y and in x, we obtain

N L1 M2
L2vic N

Yy
J vt y) da| +—
y—l

(30) [vi(t, )| <

]

- || (tm l)H

At this point we consider three different cases, depending on which coefficients in (5)
vanish.
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(9f1 fz

(O) #0 a (0) = 0. Hence by Proposition 6.1,

(31) <C'yl+C"t) fori=1,2.

J%(L x)dx

l

(Note that it is this case that covers the situation considered in [10]).

2
2 Z_@{; ©=0a 8 f2 (O) 0. Then, using Proposition 6.2
2
Jw(t, w)dx|< C'n(l + C't) + Cllv@) |t fori=1,2.
!
92
3. 8}’1(0)7&0 Lf?(O) < fl(o)— @(0)?& ) Hence, by an

apphcatlon of Proposmon 6.1 and Proposmon 6.2:

Jvi(t,x)dw <Oyl +C") + C||v(t)|\iot fort=1,2.
l
Using the (worst) estimate of cases 2. and 3., we have
¢ N L . M2
. < a4 vy v A IR
it < O(14C77) + CPOIL {47 s+ 2 o)l

Setting I/t = \/n+ Hv(t)||§o, using the fact that ¢ < ¢,, and, by Proposition 4.2 and
the inductive assumption, |[v(®)||,, < MK,/7, we have

00l < O+ v+ IOIZ) + Cyfn-+ @I £+ ot 1l

M 207,
< Cf+—f+—— [0CEm-1)|

<CN\/——|— [vEm—1||

Choosing N =4CM and K =4MNC, by the inductive hypothesis, we get

o@D, < % /7. So, we can conclude:
[o(tn)||, < 2M 0@, < K7

completing the proof. Obviously, the proof is exactly the same if, instead of A,,, we
consider a generic trapezoid A,,(x) for some x € R. O

Remark that in the previous proof, case 1 covers the situation treated in [10].
Indeed, in (31) the optimal choice for I/t is [/t = /7, exactly as in [10].
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6 - The integral estimate

&h

In the case that —% 8 (0) # 0 (respectively 8_(0) # 0), there exists an invariant

region for the Varlable uy (respectively uy), see [4, Lemma 6.1]. We use this fact to
prove the following result.

Proposition 6.1. Let v =o(t,x) be the solution to (2) constructed in the
2
previous sections, with an nitial data satisfying (3) and (21). I f 8f1 (O) #+0 and

82f2 (0) # 0, then, for all segment | and for all t > 0 :

(32) < Cy(l+C").

J%‘@ x)dax

l

The set of systems considered in [10] satisfies the hypothesis of the previous
proposition, so that they always have an invariant zone. On the contrary, we consider
also the other cases.

Proposition 6.2. Let v=o(t,x) be the solution to (2) constructed in the

2
previous sections, with an mitial data satisfying (3) and (21). f 6f1 (0) 0 and

szg (0) = 0, then, for all segment | and for all t > 0 :
(33) ’ Jvi(i, w)dzr| < C'y (1 + C"F) + Cllv@®)|t

l

For a detailed proof of all these integral estimates see [4, Section 6].
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