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On the optimal reinforcement of an elastic membrane (**)
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1 - Introduction

Reinforcing an elastic structure subjected to a given load is a problem which
arises in several applications. The literature on the topic is very wide; for a clear
description of the problem from a mechanical point of view and a related biblio-
graphy we refer for instance to the beautiful recent paper by Villaggio [6].

We consider here the simple case of an elastic membrane occupying a domain Q
and subjected to a given exterior load f € L?(Q). The shape u of the membrane in the
equilibrium configuration is then characterized as the solution of the partial dif-
ferential equation

(1.1) —du=f inQ

together with the corresponding boundary conditions of Neumann or Dirichlet type
on 9Q (or on a part of it).
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The reinforcement of the membrane is usually performed at its boundary, by
the addition of suitable stiffeners, whose total amount is prescribed.
Mathematically, this is described by a nonnegative coefficient a(x) which acts on
the Neumann part of the boundary 02 and modifies the boundary conditions into
the new ones:

au

+alx)uy =0 on 9Q.
ov

(1.2)

The problem of finding an optimal reinforcement for the membrane then consists
in the determination of a coefficient a(x) which optimizes a given cost functional.
The optimization criterion we consider in this paper is the so called elastic
compliance, which has to be minimized in order to provide a membrane as stiff as
possible. More precisely, for every coefficient a € L'(9Q) we consider the related
energy

(1.3) &)= inf{J |Du|2 dx + [ a@u?dHN 1 — 2Jf(x)udac U € HI(Q)}
Q 0

0. Q

and the compliance

(1.4) Cla) = —&(a),

so that the optimal reinforcement problem can be written as

(1.5) min{C(a) o e LY0Q), J adHN 1 < m}
o)

When some part Iy of the boundary is fixed, that is Dirichlet conditions are imposed on
Iy,in (1.3) the space H'(2) has to be replaced by the space {u € H'(Q) : u =0 on I}
and correspondingly in (1.5) the coefficient a(x) will be searched among the ones which
vanish on I'y.

More generally, in this paper we allow the reinforcement to take place in some
prescribed compact set K C Q so that in (1.5) the constraint supp e C K has to be
added. We will show that the constraint above is variationally closed; in other words,
aminimizing sequence {a, }, . may converge to a measure x with nonzero singular
part, as it happens in several shape optimization problems (see for instance [1]).
However, due to the particular form of the reinforcement problems, we will show
that this does not occur and that an optimal coefficient a,,; actually exists in LY(K)
with possibly a boundary part in L'(0K).

We end the paper by some numerical computations on some two dimensional
examples.
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2 - The mathematical setting

Let us now precise the optimization problem we study and the notation used
throughout this paper.
The capacity of a subset A is defined by

Cap(A) = inf { J [|Vu|2 +uf]de : ue MA}.
RY
where Uy is the set of all functions u of the Sobolev space H L(R™) such that » > 1
almost everywhere in a neighborhood of A.

If a property P(x) holds for all x € E except for the elements of a set Z C £ with
Cap (Z) = 0, we say that P(x) holds quasi-everywhere on ¥ (shortly q.e. on E). The
expression almost everywhere (shortly a.e.) refers, as usual, to the Lebesgue measure.

We denote by £ the N—dimensional Lebesgue measure and by H? the d-di-
mensional Hausdorff measure. Let B(x, r) be the ball of center x and radius ». The
average of a function « in the ball B(x,r) is defined by

1
(2.1) Uy (2) :W J udl .

B(x,r)
We recall the classical result about Sobolev functions: if w € H(Q), then there exists
a Borel set £ C Q such that Cap (£) = 0 and for all x € Q\ E, the following limit
exists
w(x) = lim u,(x);

r—0F
the function # is called the quasi-continuous representative of u.

Let x and v be two Borel measures in RY; following the notation concerning the
differentiation of measures (see [4]), we define for each point x in RY

. (B, r)
2.2) D, ulee) = liminf Trpr=os -

The following result can be easily deduced from [4] (Lemma 1, page 36).

Lemma 2.1. Let 0 < o < 400 be fixed. Suppose that D, u(x) < o for u-a.e.

x € A. Then
uA) < ow(A).

In particular, if there exists a constant « such that D, u(x) < « for u-a.e. ¢ € RY,
then the measure y is absolutely continuous with respect to the measure v. In this
case,D u € ijo(RN ) and by the differentiation theorem of Radon measures (see [4]),
D, 1t is then the density of x with respect to the measure v, that is g = D, uw.
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We consider a smooth bounded connected open set 2 and two compact sets I'y
and K included in the closure of Q; the sets are supposed to be smooth enough, the
sense of “smooth” being precised later. In particular, we assume that K is the closure
of a regular open set; the case K = 022 can be recovered by Theorem 3.3 by taking a
larger domain Q 5> Q. f=flg,and K = Q \ Q.

We denote by My(K \ I'y) the class of all nonnegative Borel measures (possibly
~+oo valued) supported in K \ I'g which vanish on all sets of capacity zero.

If I'y is a set with positive capacity or if 4 is a nonzero measure, then the ex-

pression
1/2
( J \Vul die + Juz dﬂ)

Q Q

defines a norm on the Hilbert space X,(Q) = H{(Q, I'y) N L*(Q, ). Here HY(Q2, I'p) is
the Hilbert space of all functions « € H'(€2) which vanish on I'y. This last condition is
intended in the sense of capacity, that is « = 0 q.e. on I'¢, where u denotes the quasi-
continuous representative of u.

If f € LA(Q) and u € Mo(K \ I'p) we may consider the elliptic problem

{—Au+uu = f in Q

2.3
®3) u = 0 on [

whose precise meaning has to be given in a weak form: u € X,(22) and

(24) JV%VU dx + Juv du = va de Vv e X, (Q).
5] Q

The class My(K \ I'p) can be endowed with a variational convergence (called y-
convergence); more precisely, a sequence (u,,) is said to y-converge to x if the related

quadratic forms J \Vul? dae + Juz dyu,, are I'-convergent to J |Vl da + Juz dpwith
Q b Q )
respect to the L2(Q) convergence. This implies that for every f € L?(Q) the weak
solutions u,, of (2.3) with x,, converge in L?(Q) to the weak solution u of (2.3) with .
We refer to [1] for a detailed presentation of elliptic equations of the form (2.3)
and of their applications to shape optimization problems.
Given f € L?(Q), for every measure i € MoK \ I'g) we consider the related
energy

(2.5) E(w) = inf{J |Du|2 dx + Juz du — ZJf(x)udac cuwe HY(Q, Fo)}.
Q a Q
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The compliance of a measure u € My(K \ I'p) is defined by
C() = — EQ).
We choose a Lagrangian formulation to take into account the total mass of the re-
inforcement and consider the optimization problem

(26) /teMrr()l(iII{I\Fo){C(ﬂ) T OCN(K)L

where o is a nonnegative parameter. This formulation is equivalent to the following

2.7 min  {C(w) : W(K) = C},
( ) ,ueMo(K\l"o){ (,U) ,U( ) }
where C is a suitable nonnegative constant. It is well known (see for instance [1], [3])
that every measure in Mo(K \ I'o) can be obtained as a y-limit of a sequence in L(K);
therefore, if K = 09, problem (2.7) is the relaxed formulation of the initial boundary
reinforcement problem (1.5).

3 - The results
We first deal with the problem of existence of solutions.
Theorem 3.1. Problem (2.6) has at least one solution.

Proof. Let (u,).cx be a minimizing sequence for problem (2.6). Up to a sub-
sequence, we may assume that (u,,),cn y-converges to a measure i which belongs to

MoK\ T'p). Consequently, the sequence of functionals G, (1) = J |Vu|2 dx + Juz du,
Q Q
I'-converges to the functional G(u) = J|Vu|2 dx + Juz du in L?(Q) (see [3]). We

deduce that o 5

Ce) = lim Clg,)

and since the total mass u+— u(Q2) is lower semicontinuous under the y-convergence
(see [2]), the measure u is a solution of (2.6). To conclude the proof, it is sufficient to
show that C(u) < +oc0. Indeed, this does not occur only if Cap (I'y) =0, x = 0 and

J fdx # 0; in this case it is enough to compare C(x) to C(v) where v is a nonzero ad-

Q
missible measure of My(K \ I'y). O

The next lemma gives some necessary conditions of optimality for the solutions of
the optimization problem (2.6) and has the uniqueness of the solution as a direct
consequence.
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Lemma 3.2. Let u be a solution of problem (2.6) and let u be the solution of
(2.3) associated to u. Then

(3.1) lu| < Vaqe. in K and |u| = Vo p-a.e.

Moreover i is the unique measure for which the conditions above are satisfied.

Proof. The proof of the first part is similar to the proof of the optimality
conditions in [2]. We only change the first family of perturbations to take into account
the fact that the admissible measures are supported in K \ I'y. The first family of
perturbations we consider is u, = u + epL —g\ r,-

Let now (1;);—1 2 be two measures which satisfy the optimality conditions, and let
(4;)i—12 be the associated solutions. Since %; and uz are in L>(K), their quasi-con-
tinuous representatives belong to X, (2) N X, (2). Taking the difference between
the variational equations (2.4) verified respectively by %; and %z, and using (ugz — %1)
as test function, we obtain

(3.2) J|V(ug — u1)|2 dx + Jug(uz —uy) dus — Jul(ug —u)du, =0.
Q K K

Introducing in (3.2) the optimality conditions (3.1) previously proved, it is easy to
obtain that u; = uy. Let now u be the quasi-continuous representative of u,; then by
taking again the difference between the variational equations verified by u re-
spectively for the measure x; and u,, we obtain that for all ¢ € X, () N X, (2)

(3.3) Juco duy = JWD dus.
Q Q

By taking ¢ = uy as test function in (8.3), with y € H}(Q, I'y) we easily obtain the
uniqueness of the optimal measure, and the proof is concluded. |

We now give and prove the main result of this paper.

Theorem 3.3. Let f € LP(Q) with p > N. Suppose that the boundary of K is
CY1. Then there exists a function a € L®(0K) such that the solution of the problem
(2.6) verifies

1

(34) r=—

(f+£'_U+ +f7/:‘—U*) +aHN e

S

where

(3.5) Ut={u=va}NKand U ={u=-Va}nK
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being u the solution of the state equation (2.3) associated to u. Moreover there exists a
constant C depending on N, Q and K such that

lall o < C'f\'g“” :

Proof. Without loss of generality we can suppose that K U I'y C 2. Indeed,
consider problem (2.6) posed in the open set Q such that Q@ ¢ Q with the source f
extended by zero outside Q. Lemma 3.2 implies that the solution of problem (2.6) in Q
coincides with the extension by zero of the solution of problem (2.6) in Q.

Consider a test function ¢ € D(Kjy \ I'¢) where Ky is the interior of K. For all
nonnegative integers p, the function u”¢ belongs to X,(€). By introducing u?**1p as
test function in the equation (2.4) and letting p — + oo, we obtain by the same ar-
gument used in [5], that

1 _
(3.6) UKy = NG (f+£ —fu—yank +F D_{u:—\/i}mK)
Consider x € 0K \ I'y and (p,), the family of functions defined by
y —af .
1) o) = - if ly—a|<e
0 otherwise.

Taking ug, as test function in (2.4) we obtain

1
(3.8) J (pg|Vu\2 dx + 5 J VulVo, dx + Juzgoe du = qu(pg de.
Q Q Q Q

Using the optimality condition of Lemma 3.2, we have

(3.9) J(p6 du < é <qu(08 do — %JV%ZV% dm) .
Q Q Q
Let w € HY(Q\ K) be the solution of
—Mw = |f] in Q\K,
(3.10) w = o on 0K,
Z—Zz = 0 on 0Q.

By the assumptions made on f and K the function w belongs to W>=(Q \ K) and there
exists a nonnegative constant C = C1(2, K) such that [[Vw[| ;o x) < C1llf 100
Since |u| < /xin K we have |u| < win Q \ K. The functions #* and w? belong to H'(Q).
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Considering x such that |u(x)| = v/, by Lemma 4.3 of [2] we have

(3.11) lim inf — % J Vu? —uw?)Vo,de < 0.
Q

Moreover, a straightforward computation shows that there exists two constants Cs, C3
depending only on N such that

N— 2 N
< Coval|Vall o™+ Cal| Vi o0 -

J VurVe, de
Q

Then there exists Cy = C4(V, Q, K) such that

. 1
(3.12) timsup -y | [ V¥, de| < Civalf e
£ o
and since u € L*>(Q),
1 N/
(313) St [ do < C VPl o i

Q

Passing to the limit in (3.9) and using facts (3.11), (3.12) and (3.13), we obtain that

. 1 Cy

e—0
Q
Thanks to the smoothness of the boundary of K, there exists C; = C5(K) such that
.. 1
(3.15) Q@; p@) < Cslim inf —o— J 9, dp.
Q
Combining (3.14) and (3.15), and using Lemma 2.1, we conclude that for H¥ 1-a.e.
x € 0K \ Iy
(3.16) D (@) < ¢ 171
. N_ (. I ,
_HH); H=oK L) = NG, Lr(Q)

where C = C(N, Q, K). This ends the proof. O

It is possible to extend the result above to the case when the boundary of K is
piecewise smooth.

Proposition 3.4. Suppose that the boundary of K is a countable union of
CY! curves. Then there exists a € LY(OK) such that the characterization of the
optimal measure (3.4)-(3.5) is still valid.
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In RZ, the conclusion of Theorem 3.3 is still valid if all the connected components
of Q\ K which contain the support of f are convex polygons.

Proof. If the boundary of K is piecewise C! the constant C; depends on the
point x. So we can only conclude that u—yx is absolutely continuous with respect to
the Lebesgue measure. In the particular case of convex polygons in R, we know that
the solution w belongs to W22+, so the constant C; does not depend on x and the
proof is still valid. O

Remark 3.5. e Under an additional hypothesis of regularity, the singular
part of the optimal measure can be expressed in terms of o and . If we suppose that
the surface density a is strictly positive in a neighborhood of x € 9K \ I'y, then u is a
C' function in a neighborhood of x and a direct application of the Green formula

gives that
__u (6;% L ou )
o \Onloke  On oK,
0 . . . .
where ou and — are respectively the outside and inside normal derivatives
ON 10Ky ON 10K

of # on the boundary of K.

e In the particular case where I’y is empty, and the function f is nonnegative, the
solution of the optimization problem is explicit. Indeed, by the uniqueness of the
measure u given by Lemma 3.2, the optimal measure is given by

__low
r= Vo O 10K

where w is the solution of (3.10), which coincides with the solution of the state
equation associated to .

4 - Some numerical computations

In this section we give some examples of numerical solutions. At left of the three
figures, we represent the data of the problem and at right the density of the optimal
measure in a gray scale. In the two first examples, the design region Q2 is the square.
In the first one (Figure 1), the support K is the boundary of ©, and the function f is
equal to —1 in the white part, to 1 in the black one, and to zero elsewhere. In the
second one (Figure 2), the support K of the measure is in gray and the function f is
equal to 1 in the upper half square and to zero in the other part. In the third and last
example, we consider the triangle as design region (in gray at left of Figure 3) and
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Fig. 1. — Left: support and source, right: optimal measure.

Fig. 2. — Left: support and source, right: optimal measure.

Fig. 3. — Left: support and source, right: optimal measure.
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two Dirichlet parts 'y on the boundary of the triangle (in black). The source f is
constant and the support K is the whole triangle; the optimal measure is represented
at right in black.
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Abstract

We consider an elastic membrane occupying o domain Q of RY under the action of a given
exterior load f. The membrane can be reinforced by the addition of a suitable potential term in
the energy; this is usually a boundary term but also other situations can be considered. We
study the optimal configuration of the stiffeners which provide the best reinforcement of the
membrane.






