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SEVER SILVESTRU DRAGOMIR (*)

Generalizations of Precupanu’s inequality
for orthornormal families of vectors

in inner product spaces (**)

1 - Introduction

In 1976, T. Precupanu [6] obtained the following result related to the Schwarz
inequality in a real inner product space (H;{-, -)):

Theorem 1. For any a,beH, x, ye H\{0}, we have the inequality:

—lalllll +¢a, b) _ (@, a)(w, b) | (y, @)y, ) , (@, @)y, b, y)
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In the right-hand side or in the left-hand side of (1.1) we have equality if and
only if there are A, ueR such that
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Note for instance that [6], if y L b, ie., (y, b) =0, then by (1.1) one may
deduce:

—llal/||b]| + {a, b al||[b|| + {a, b
. TRy | RGP

for any a, b, x € H, an inequality that has been obtained previously by U. Richard
[7]. The case of equality in the right-hand side or in the left-hand side of (1.3) hol-
ds if and only if there are 4, ueR with

(1.4) 2, a)yx = (Aa + ub) ||

For a =b, we may obtain from (1.1) the following inequality [6]

_@a? | ()

(1.5) 0< . {0y, a)(x, y)

e ly I e

This inequality implies [6]:

< [la?.

2
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(1.6)

In [5], M.H. Moore pointed out the following reverse of the Schwarz inequality
@D [y, ) <lllllell, v, zeH,

where some information about a third vector x is known:

Theorem 2. Let (H;{-, ) be an inner product space over the real field R
and x,y,zeH such that:

(1.8) [z, )| = @ =olallllyll, <z, 2)| = @ = el [kl

where ¢ 1s a positive real number, reasonably small. Then

1.9 [y, z2)| = max{l —&e—V2e,1—14e, 0}||y|| ll2]l -
Utilising Richard’s inequality (1.3) written in the following equivalent form:
x, a)y{x, b x, ay(x, b
a2 SO <o, py <2 Oy

e el

for any a, be H and x e H\{0}, Precupanu has obtained the following Moore’s
type result:
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Theorem 3. Let (H;{, -)) be a real inner product space. If a, b, x € H and
0<e;<eqy are such that:

e1llzllllal < (@, a) < e, all[all

(1.11)
e[l Ibll < (v, b) < &5kl [l0l] ,
then
(1.12) (2ef = Dol [lpll < (a, b) < (2&% + 1) [lal |6 .

Remark that the right inequality is always satisfied, since by Schwarz’s ine-
quality, we have (a, b) <||a/|[|b]]. The left inequality may be useful when one assu-
mes that ¢, (0, 1]. In that case, from (1.12), we obtain

(1.13) —lallflell < 2&% = Dllal 6] < (a, b)

provided &,|j2/|ja] < (x, @) and e, |jx|/|jp]| < (x, b), which is a refinement of
Schwarz’s inequality

~lallllell < ¢a, b).

In the complex case, apparently independent of Richard, M.L. Buzano obtai-
ned in [2] the following inequality

lel[llo]] + |{a, )|

(1.14) [{x, aXx, b)| < 5

[l

provided x, a, b are vectors in the complex inner product space (H;(:, -)).

In the same paper [6], Precupanu, without mentioning Buzano’s name in rela-
tion to the inequality (1.14), observed that, on utilising (1.14), one may obtain the
following result of Moore type:

Theorem 4. Let (H;(-, ) be a (real or) complex imner product space. If
x,a, be H are such that

(1.15) (@, a)| = A —ollxllall, |{x, by| =@ -2l
then
(1.16) [{a, b)| = (1 —4e+2e?)]al ] .

Note that the above theorem is useful when, for ¢ e (0, 1], the quantity 1 —4e¢
2
+2¢2>0, e, ee(o, 1- % .
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Remark 1. When the space is real, the inequality (1.16) provides a better
lower bound for |{(a, b)| than the second bound in Moore’s result (1.9). However,
1t 1s not known if the first bound in (1.9) remains valid for the case of complex
spaces. From Moore’s original proof, apparently, the fact that the space (H;(:, -))
is real plays an essential role.

Before we point out some new results for orthonormal families of vectors in
real or complex inner product spaces, we state the following result that comple-
ments the Moore type results outlined above for real spaces:

Theorem 5. Let (H;{-, ) be a real imner product space and a,b, x,
y e H\{0}.
(i) If there exist 6., 05 (0, 1] such that

@a) o wa
el [ (e
and 60, +0,=1, then
<9(7, y) 1 2 3
1.17) — L= —(0,+0y) — = (=-1).
klllyl ~ 27" 2
(i) If there exist u,(us) e R such that
x, a){x, b
o] < %&Mnan el

and 1Z2u,=20 (=1<u,<0), then

(1.18) [—1<]2u,-1< M(SZ/tz-f—l[Sl]).
(il

The proof is obvious by the inequalities (1.6) and (1.10). We omit the details.

2 - Inequalities for orthonormal families

We recall that the finite family {e;};.; is orthonormal in (H;(-, -)), a real or
complex inner product space, if
0 ifi=y
(€;, €) = { L
1 ifi=y
where 1, jel.
The following result may be stated.
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Theorem 6. Let {e;};c; and {ﬁ}je ; be two finite families of orthonormal
vectors in (H;(:, ). For any x, ye H\{0} one has the inequality

(21) i§e:I<x’ ei><ei, ?/) + 7§J<x’.f}><ﬁa y>

2 3 (o e) e s) = 5| < lellol.

iel,je

The case of equality holds in (2.1) if and only if there exists a LeK such
that

22) o=ty =2(Z(r, @) =2 20, £))-

Proof. We know that, if u, veH, v#0, then

9 2 ],,[12 _ 2
. om0 = W =0,
ol ol
showing that, in Schwarz’s inequality
(2.4) [(u, 0} |* < [l [0l

the case of equality, for v # 0, holds if and only if

(u, v)
ol

(2.5) u= v,

i.e. there exists a 1€ K such that u = Av.
Now, let u:=2 X (x, e;)e;—x and v:=2 2 (y, fi) fi— y.
Observe that el 7t

2
ol = o St e e ~4 Re(She ey e ) + Lo
el iel

4 3 (@, @) [* =4 3 (2, e) [+ el = P,
and, similarly

ol = 1P
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Also,
<?/L, 1)) =4 ie]z;l’eJ@g’ ei)(]?’ y><ewf;> + <96, ?/>

-9 ;E:I(x, e;)ei, y)y—2 Ej](ac,]j)(]?, Y).

Therefore, by Schwarz’s inequality (2.4) we deduce the desired inequality (2.1). By
(2.5), the case of equality holds in (2.1) if and only if there exists a 1e K such
that

2 El(m, e;ye—x =2 (2 E}(y,f,)ﬁ - y),

which is equivalent to (2.2). =

Remark 2. If in (2.2) we choose x =y, then we get the inequality:

@6) | D)+ S -2 S (@ el a)en £)—
iel jed iel,jed 2

1
< o ol
2

for any xeH.
If in the above theorem we assume that I =J and f;=e;, iel, then we get
from (2.1) the Schwarz inequality |{x, y)| <|l[|y]-

IfINdJ=0,IVUJ=K, g.=¢, kel, g.=f, ked and {g;}rcx is orthonor-
mal, then from (2.1) we get:

1 1
@7 S oo - 5@ | < Slllol, =y

which has been obtained earlier by the author in [3].

If I and J reduce to one element, namely e; = < , fi= i with e, f#0,
then from (2.1) we get lel 171

@ e y)  @AEY @l nes 1
2.8 —9. — Z{ux,
@9 E T IAF BT g 0

1
< S lellldl, @ yeH

which is the corresponding complex version of Precupanu’s inequality (1.1).
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If in (2.8) we assume that x =y, then we get

(@, ), 1@ A @ e e, f)
R 7P ERKE

The following corollary may be stated:

2.9)

1 1
Skl | < > el
2 2

Corollary 1. With the assumptions of Theorem 6, we have:

(2.10)

Sw, e v+ 2 K02 2 (e b e )|

iel

<

[ )| + | 2, e )+ 20 £)(fs )

Do |~

1
—2 Z_E[%EJ@% ei){fi» y){ei, i) — 3 [(x, ¥) | |
1
< 211 )1 + el .

Proof. The first inequality follows by the triangle inequality for the modu-

1
lus. The second inequality follows by (2.1) on adding the quantity — |(x, y)| on
both sides. = 2

Remark 3. (1) If we choose in (2.10), x =y, then we get:

@ |Zlw e+ Slw -2 % @ e)s o)

< \2|<x,ei>|2+2|<x,ﬁ>|2
iel jed

1
+ < [l
2

—2 S (@ e)(f o) ) - gl

iel,je

< [l

We observe that (2.11) will generate Bessel’s inequality if {e;};c1, {fi} jey are di-
sjoint parts of a larger orthonormal family.
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2) From (2.8) one can obtain:

(2.12) (x, e){e, y) (x, I y) _9. (x, e)(f, y){e, [)

+
lel 1P lell* L1

1
< 5 Uellllgl+ 1€, )11
and in particular

[, e)|* | K, N)* (@, e)(f; e)e, f)
2.13) —2
( lF I el 11

< [JelP,

for any x,ye H.

The case of real inner products will provide a natural genearlization for Precu-
panu’s inequality (1.1):

Corollary 2. Let (H;(-,-)) be a real inner product space and {e;};.r,
{fi};es two finite families of orthonormal vectors in (H;(:, ). For any x,y
e H\{0} one has the double inequality:

1
2.14) wa’ y) | = [l 1
< 21@0 ey, e;) +7§](x,]})<y,]§>—2 is%d@’ ei)(ys fi){ei £;)

1
< E[HWHHyH + [ (2, ) [1.
In particular, we have

@) 0<ZSef+ S -2 3 (o e)@h) )

iel
< el

for any xeH.
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Remark 4. Similar particular inequalities to those incorporated in (2.7)-
(2.13) may be stated, but we omit them.

3 - Refinements of Kurepa’s inequality

Let (H;(, -)) be a real inner product space generating the norm ||-||. The com-
plexification He of H is defined as a complex linear space H x H of all ordered
pairs (x, ¥), «, y € H endowed with the operations:

@, p+@,y)=@@+a',y+y"), x,x,y,y eH,;

(o+11)-(x,y) :==(ox —ty, 70 + 0Y), «,yeH and o,teR.

On H. := H X H, endowed with the above operations, one can now canonically
define the scalar product (-, -)c by:

3.1) (z,2")c =z, 2" )+ (y, y")+il{x', y)— (2, y")]
where z= (x, y), 2" = (', y') e H-. Obviously,
el = [l + P, 2= e, y) e He.

One can also define the conjugate of a vector z = (x, y) by z := (¥, —y). It is easy
to see that, the elements of H, under defined operations, behave as formal «com-
plex» combinations x + iy with x, y € H. Because of this, we may write z = x + iy
instead of z = (x, y). Thus, z = — y.

Under this setting, S. Kurepa [4] proved the following refinement of Schwarz’s
inequality:

1 _
32) [{a, 2)c |* < EHOLHZ[IIZII%wL (2, 2)c |1 < llalP[lIf%.,

for any ae H and ze He.

This was motivated by generalising the de Bruijn result for sequences of real
and complex numbers obtained in [1].

The following result may be stated.
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Theorem 7. Let (H;(:, -)) be a real inner product space and {e;};.1, {]?}jEJ

two finite families in H. If (Hq; (-, -)c) is the complexification of (H;{(-, -)), then
for any we He, we have the inequalities

(33) 2w, e+ 2w, [ =2 2w, edew, foles £)

1 -
< 5wl + | 2w, e+ 2w, f)

-2 > {0, exdew, feden 1)) - —<w W)

iel,jed

1 _
< 5 Hholle + 1w, ) |1 < ol

Proof. Define g;e H, g; :=(¢;, 0), jel. For any k, jel we have

(91> 9)c = ((ex, 0), (ej, 0))c = (e, ej) =0y,

therefore {g;},_; is an orthonormal family in (He; o o).
If we apply Corollary 1 for (H¢;(:, -)c), * =w, y =W, we may write:

(3.4 24w, ei)eles Mo + 2w, [)(f; W)

-2 > (w, el £, Wekes, )

iel,jed

1
< S lwllcllle+ | 2w, e )+ 2w, £45,7)

-2 z <w 6>L<]§7w>(,<eu.f}> <w W)c

1el,jed

1 _ _
S E[|<wyw>c| + [[llc 1|
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However, for w:= (x, y) e H-, we have w = (x, —y) and

’M)>C <( 0)7('%; _y)>C = <e.7’ 9(3> + i<ej7 ?/)

and

<w) ej>‘(? = <(9€, ?/), (6j5 O)>C = <9€, ej) + i<ej’ y>
showing that (e;, w) = (w, e;) for any jel. A similar relation is true for f; and
since
1
lhellc = 12l = (Ul + llyl*) 2,

hence from (3.4) we deduce the desired inequality (3.3). =

Remark 5. It is obvious that, if one family, say { JS}]’E ; is empty, then, on
observing that all sums >, should be zero, from (3.3) one would get [3]
jed

E<wa ei>%‘,

iel

1
(3.5) 5 [{w, W) | + —<w7@>c

1 _
< 5 Hholl + 1w, ) [T < ol

If in (3.5) ome asswmes that the family {e;};c; contains only one element

Tal , a =0, then by selecting w =z, one would deduce
a

1 _ 1 _
|<a7 2’>‘C|2$ <a) 2’>%— §<zaz>‘C + E |<z72>(‘|

1 -
< 5 lalP Ll + 1z, 2)e 11,

which is a refinement for Kurepa’s inequality (3.2).
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Abstract

Some generalizations of Precupanu’s tnequality for orthornormal families of vectors

m real or complex imner product spaces and applications related to Buzano’s, Richard’s
and Kurepa’s results are given.



