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1 - Introduction

1.1 - Kinetic equations

We usually denote by «kinetic equations» those equations in which the unkno-
wn is the phase space density

QD f,x,v)=0

of particles which at time ¢ and point & move with velocity v.

Such a modeling is in some situations an alternative to the study of equations
(such as the Navier-Stokes system) in which the unknowns (such as the usual density
0, the mean velocity « or the internal energy e) only depend on ¢ and x.

The phase space density (1) typically verifies an equation of the form

@) ghf+vV,f=R,

where R often depends on f. The reason for that is that when there is no interac-
tion between the particles and their surrounding environment (including themsel-
ves), they will move at a constant velocity and along straight lines. In other wor-
ds, for all times ¢ and 7, point x and velocity v, a particle which at time ¢ sits at
point & and move with velocity v will sit at time ¢ + 7 at point x + vr and will keep
its velocity v. This entails that

3) Vr, f(t+rt,xc+or,v)=f(, x,v),
or, after differentiation with respect to 7,
4) S f+v-V, f=0.

Then, the left-hand side R appears as the contribution of the environment on the
motion of the particles.

Note that formulas like (2) are typical of classical mechanics. When relativistic
or quantum effects must be taken into account, the variable v is replaced by the
momentum p or the wave vector k, and equation (2) becomes

6) 3 f+v(p)V, f=R
or
6) 3, f+vk)V, f=R

Those are still considered as kinetic equations, as long as the function v is not
constant on some substantial part of the domain of variation of p or k (this is of
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course always true in the relativistic context, and in most of the other situa-
tions).

Equations like (5) are also typical of the kinetic formulations of conservation
laws.

Note finally that in many situations (e.g. in the study of radiative transfer and
in the study of realistic gases, or in the modeling of sprays), the density f also de-
pends on extra variables (such as the frequency v of the photons for the radiative
transfer, the internal energy I of diatomic gases, the size », the temperature 6
and even sometimes the eccentricity y of the droplets for the sprays).

The behavior of the solutions of eq. (2) strongly depends on the form of the
term R.

When a given force F(f, x) acts on the particles (such a force can also depend
on v in specific situations, for example when the particles are charged and feel the
action of a magnetic field, or when the force is the drag force due to a surroun-
ding gas), the particles will follow the trajectories of the following system of diffe-
rential equations:

(7 x(t) = v(t),

8 v(d) = F(¢, 2(1)),

and the corresponding partial differential equation satisfied by f (that is, the PDE
whose characteristic curves are exactly the solutions of eq. (7), (8)), is the Vlasov
equation

9 O f+vV, f+F({, x)V,f=0.

In many cases, the force F' is itself related to f (through Poisson’s or Maxwell’s
equations for example). That leads to the classical Vlasov-Poisson or Vlasov-Ma-
xwell systems.

The equations we wish to investigate in this document are of a different type.
We describe them in the sequel.

1.2 - The Boltzmann equation

When the forces acting on the particles are mainly due to the collisions of the
particles between themselves, one is led to write down the Boltzmann equation.
This equation is valid when one is interested in a situation where the typical di-
mension of the physical objects under study are of the same order as the mean
free path of the particles (that is, the length of the trajectory of a typical particle
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between two collisions). When this is the case, the gas is said to be rarefied. For
gases which are not rarefied, one has to use the equations of fluid mechanics
(such as the compressible or incompressible Euler or Navier-Stokes systems).

Many features of the Boltzmann equation are related to the hypothesis that
the gas is rarefied. In particular, this assumption implies that the collisions are bi-
nary (that is, the ternary, ete., collisions are neglected), they are localized in time
and space (that is, the size of the region in which the velocities of the particles va-
ry is small in front of the size of the objects under study), and no correlations oc-
cur between the velocities of the particles (that is, roughly speaking, collisions do
not occur very often, so that the probability for a particle to encounter a particle
which has already interacted with it (through other particles) is negligeable).

Starting from the general form (2) of kinetic equations, we see thanks to the
property of locality in space and time that

R(t, x,v) = R(f(t, x, )(®).

It is therefore sufficient to define the effect of R on a function f depending on v
only.

We denote by f;(v;, v5) the joint density of two particles with respective velo-
cities v; and v,. We see (thanks to the assumption that the collisions are binary)
that we must take into account only two distinct phenomena which modify the
number density of particles with velocity v.

First, because of a possible collision with a particle of velocity v,, a particle
which had v for velocity will end up with a velocity v’ (its partner in the collision
will end up with velocity v..).

Secondly, some particle with a velocity w will encounter a particle with velocity
w, and will end up with a velocity v after the collision (its partner in the collision
will end up with velocity w.,).

We now denote by p(v;, v,—wv3, v4) the (density of) probability that for two
particles sitting at the same point « at a given time ¢, a collision occurs and tran-
sforms the ingoing velocities v; and v, in the outgoing velocities v, v, (we shall
see that in the so-called non cutoff case, this quantity is in fact far from being a
probability density, since it is not integrable).

We see that R(f) is the sum of two terms —R ~ (f) and R * (f) which respect-
ively correspond to the two phenomena described above.

According to their definition, R~ and R * write

R’(f)(v)=f f sz(v,v*)p(v, Ve =0, V) dvg dv’ doy,

CEN A
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and

R*(fHw) = f J JfZ(w, wy) p(w, Wy —>v, w.) dw,, dw, dw.

woWs

According to the hypothesis that no correlations occur, we can replace in the
previous formula f;(v, v,.) by f(v) f(v,) and fo(w, w,) by f(w) f(w,). Then, R is
clearly quadratic as a function of f. As a consequence, we shall from now on deno-
te it by Q(f, f), and we obtain the formulas

QUL =Q (/L —Q (f,.1)
with
Q (£, = [ [[£0) fw.) po, va—v', vl dvid’ o,
and
Q (£, = [ [ [ ) fwe) pw, we—v, wl) dw;dw,dw.
We now introduce the microreversibility assumption
Yoy, vg, V3, Uy, Py, V2= 03, vy) = p(v3, Vy—V1, V2).

This assumption is justified by the fact that the motion of two interacting particles
is modeled by ordinary differential equations which are reversible.
We get the formula

QULEN® = [ [ [(F@)fw) =) f0.)) po, vu =0, i) dvidv’ do,.

Then, we use the conservation of momentum and kinetic energy in a colli-
sion:

(10) V40, =0+ vy,
a I G A 1
2 2 2 2

Note that the conservation of kinetic energy holds only in the case of monoatomic
gases. For gases of the real atmosphere such as diatomic nitrogene N, and diato-
mic oxygene O, only the conservation of the total energy holds : one has to intro-
duce various kinds of internal energy (vibration, rotation) in order to get a reali-
stic modeling.

As a consequence, the measure p is concentrated on the set defined by identi-
ties (10) and (11). At this point, it is useful to parametrize those equations.
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When we are interested in a two-dimensional situation, the best way to para-
metrize seems to use the center of mass reference frame, that is, the frame mo-

+ Vy

v .
ving with velocity . Then, the conservation of energy simply becomes

[v—v.|2= v —vi|?

Finally, v’ and v, are defined by

where R, is the rotation of angle 6.

The situation is not so good in dimension N equal or bigger than three. Then,
two different parametrizations are traditionally used. The first one uses symme-
tries, and has the advantage of being linear with respect to v, v,. It writes

v =v+ (v —0)0) o,

’

Ve =0y — (04 — V) 0) o,

with w varying in the sphere (or half sphere) SV~1,
We shall however rather use the parametrization which uses the center of
mass reference frame, and which writes

v+ vy N |[v— v, | o

12 v = ,
(12) 2 2

v+ vy |[v— vy |
13 Ve = - o,
(13) i 5 5

with ¢ varying in the sphere S¥ 1.
Note that o and w are related by a simple change of variables (Cf. [19] for
example to get a precise formula for the corresponding Jacobian).

The Galilean invariance which holds in the context of binary collisions entails

— v,
that the measure p(v, v,,—v’, v4) can only depend on |v — v, | and .
v — vy [0 = vy |

(or

| | ‘W ‘, or even |6| in dimension 2).
v — /U*
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We now can write down the «final» form of Boltzmann’s collision operator:

QLN = [ [ (@) fwh) —f@) fw)

vseRN geSN1
(14)
v—0
—_ -o) dodv,,
|V — v |

xB ( |v— vy,
where B is called the cross section (sometimes a slightly different definition of the
cross section is presented, namely B/|v — v, |), and v', v, are given by formulas
(12), (13).
We shall also use the bilinear form Q(g, f) related to the quadratic form
Q(f, ), and defined by

Qo. N = [ [ (fw)gwi) —f) g(vs))

v eRY gesN-1
(15) -
V—
- * -0) dodv,..

><B(|v—v*|,
|V = 4|

Finally, we write down the standard form of the Boltzmann equation:
(16) atf+v'vxf=Q(f’f)7

where @ is given by (14).

For a general exposition of the theory of the Boltzmann equation, we refer to
[23], [25] and [70].

The rigorous derivation of the Boltzmann equation starting from the dynamics
of N particles in interaction is performed in [53] and [22] in the context of local (in
time) solutions or of global (in time) solutions close to vacuum.

1.3 - Cross sections

It is possible to (almost) explicitly compute the cross section B when the inter-

particle force is proportional to » ~* (with » denoting the interparticle distance and

$>2). In such a case (and in dimension 3), B writes (with cos 6= G

00|

B(|v—v4]|, cos0) = |v—v*|ﬁb(c050),
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with b a smooth function except at point 1 and

K
amn sin 6b(cos 0) ~g_.g —— »
65
with K > 0.
+1
Since i > 1, the singularity in the angular variable 6 is always non inte-

s—1
grable. Because of the difficulties entailed by this singularity, Grad has proposed
to introduce an angular cutoff near 6 = 0 (Cf. [42]). It means that we replace B by
a new cross section

~ EELN
B(|v—vy|, cos0) = |v—v,]|+7 b(cosh),

with b smooth, or at least such that 6+ sin 0b(cos 0) is integrable near 6 =0.
In the sequel, we shall speak of cutoff cross sections (or cutoff potentials)
when B is locally integrable, and of non cutoff cross sections (or non cutoff poten-
tials) when B has a singularity like in (17).
Note that the decomposition @ =Q © — Q ~, with

a®  Q (,NHw= | jf(v’)f(v>;>3(|v—v*|,ﬂ.o)dadv*,
U*E]P\N geSN-1 |v_v*|

19 Q (,Hw= | jf(v)f(v*)3(|v—v*|,ﬂ-a)dadv*,
[0 = 4|

veeRY gesN-1

holds only when the cross section B is integrable (that is, cutoff).

We shall also speak of hard potentials when B— + o« as its first variable tends
to infinity, of soft potentials when B — 0 as its first variable tends to infinity, and
of Maxwellian molecules when B does not depend on the first variable (what we
shall call cutoff Maxwellian molecules in the sequel is sometimes called pseudo
Maxwellian molecules).

Finally, note that the case when s = 2 (that is, the Coulomb potential), leads to
a different equation, namely the Fokker-Planck-Landau equation.

1.4 - Basic properties of Boltzmann’s kernel

We shall systematically use in the sequel the so-called pre/post collisional
change of variables (v, vy, 0) ="', vy, 0) which ensures that for all functions
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f=fw, vy, v, vy, 0), one has (at the formal level):

ff ff(v,v*,v',v;,a)dodv*dv

RN RN SNfl

:J'J' Jf(v’,v,;,v,v*,o)dadv*dv.

RN RN SN71

This formula is obvious when one uses the parametrization with 6 in dimension
two (or, in fact, the parametrization with w in higher dimension). The proof can be
found for example in [19].

We shall also use the change of variables (v, vy, 0) —(vy, v, 0), Which ensu-
res that for all function f=f(v, vy, v', v4, 0), one has (still at the formal
level)

ff ffw,v*,v’,v;,a)dadv*dv

RN RN SN71

=J’ J’ ff(v*,v,v;,v’,o)dadv*dv.

RN RN SN -1

As an immediate consequence of those formulas, we get the following various
weak formulations for Boltzmann’s kernel Q:

[eu, hw ey dv= [ [ [ (p@")—pw)
RN

(20) RY RV gN-1
X f(v) f(vy) Bdodv,. dv,
1
e nwewdr=— [ [ [ (wd)+9@) =)= pw)
21 ey RV RV §N-1
Xf(w) f(vy) Bdodv,. dv,
1
Jernwew dv==— [ [ [ (pwd+90@)=-o0)-pw)
(22) RN RN RN gN-1
X (f(") fvi) — f() f(vy)) Bdodv, dv.
|v]®

Plugging ¢(v) =1, v;, —— in formula (21), we get the conservation of mass,
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momentum and energy at the level of the Boltzmann operator:

1
23) [t Hw ljflz dv =0.
RN —_
2

Boltzmann’s H-theorem is obtained by plugging ¢ = log f in (22).
Defining the entropy dissipation by

D(f) =~ [ QU F)w) log fw) dv
RN

we get
D(f)=ii j j (") Fl) —f0) fvs))
@24) RN RN 8
g(M)Bdadv*dv.
f) f(v,)

We observe (this is the first part of Boltzmann’s H-theorem) that D(f)=0.
Then, it is possible to prove (under suitable, but rather weak assumptions on B
and f) that

D(f)=0 < WweRY, Q) =0

0 Iv—u|2)
< F0=0,T>0,uecRY, f(r) = ——ex (—— )
0 € fw) 2l p 5T

This is the second part of Boltzmann’s H-theorem (Cf. [70]).

1.5 - A priori estimates

Since this work is more concerned with the qualitative properties of the sol-
utions of Boltzmann’s equation than with the existence theory, we shall only state
some basic a priori estimates related to the conservation properties of the pre-
vious section, and only one theorem of existence.

We first introduce the Cauchy problem for the spatially homogeneous Boltz-
mann equation. That consists in looking for solutions to the full Boltzmann equa-
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tion (16) which only depend on the variables ¢ and v, a compatible initial datum

being given.

In other words, it writes
(25) 9, f(t, v) = Q(f, [T, v),
(26) f(oa ) :ﬁn-

According to the results of the previous subsection, the solutions of this equa-
tion (at least formally) satisfy the conservation of mass, momentum and en-

ergy

1 1
@7) Vi=0 | i, |aw= | %, |d
= Yy J’ f ,7.) |?]|2 V= I ﬁnv |’U|2 7-)’
veRN - veRN -
2 2

and the decay of the entropy (defined by [ flog fdv and not by — [ flog fdv as in
physies)

t
Vi=0, j f(t, v) log f(t, v) dv + jD(f)(s) ds
(28) veRN 0
< f Jin(v) log f;,, (v) dv.

veRN

Then, it is easy to show (still at the formal level) that as soon as the initial da-
tum has finite mass, energy and entropy (in the two next formulas, flog fis repla-
ced by f]log f|, so that only nonnegative quantities are considered : this does not
lead to any difficulties), that is when

(29) Ko= [ fu@ 1+ [0+ [log i) ) dv < + 20,
veRY
there exists for all 7>0 a constant C;>0 (only depending on K;,) such that

T
30)  sup jf(t,v)(1+|v|2+|1ogf(t,v)|)dv+jD(f)(s)dsscT.
eRY 0

tel0,T]
v

In the sequel, we shall use the following (now classical) theorem of existence,
proven in [8], [9] and [40]:
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Theorem 1. Let B be a (nonnegative) cross section satisfying (for xeR
and 6[0, 7)),

sin 0B(x, cos ) < K(1 + |x|) |6] 17,

for some K >0 and y < 2 (that is, cutoff or non cutoff hard potentials or Maxwel-
lian molecules).

Let also f;, be a (nonnegative) measurable function from RN to R such that
K;, < + o (K;, is defined by (29)).

Then, theve exists a solution f=f(t,v) lying in L*(R,; Li(RY)) and
C(R, ; @' (RY)) to eq. (25) written in the weak form (Cf. eq. (21)) for all test fun-
ctions ¢ € M(RY),

o[ st v prdo= [ [ @i+ pw)

RN RN RN gN-1

—p(vy) — () f(t, v) f(t, vy) Bdodv, dv.

This solution can be constructed in such a way that the conservations of mass,
momentum and energy and the decrease of the entropy hold.

1.6 - Simplified models

In the sequel, we shall be led to consider various simplifications of Boltzmann’s
kernel, which we now describe.

The first one is the so-called Kac’s operator (Cf. [47]). It acts on functions of a
one-dimensional variable (v e R) and writes

2w
QUf, /Hw) = f J (f(veos 6 — v, sin Q) f(vsin O + v, cos H)
(31) R 0

—f() f(vy)) B(|6]) dO dv,

for some nonnegative cross section 5. We shall conserve for this model the termi-
nology on cross sections that we adopted for the Boltzmann equation. That is, it is
said to be cutoff if B is integrable, and non cutoff if B(6) ~4_(|60| ' 7, for
y €10, 2[.

Mass and energy, but not momentum, are conserved for this operator. The H
theorem is also valid except that in the second part of the theorem, the set of all
Maxwellians must be replaced by the set of centered Maxwellians. As we shall see
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in the sequel, this operator is very close to the Boltzmann operator for Maxwel-
lian molecules when it is restricted to the radially symmetric functions.

The second model that we shall introduce is even simpler. It acts on functions
of a periodic variable (veT!), and writes

1/2

62 QUENW = [ [Lfw+0) 0" =0)—f) fw)] 0] dodv".

—1/2 7l

This operator is close to a linear operator in the sense that (at the formal
level)

1/2

(33) QUMW) = [ fawydw [ (flw+6)=fw)) B|0]) db.

Tl -1/2
It is associated to a spatially inhomogeneous equation which writes
(34) atf(t’ 90, /U) + COS(ZJT/U) aﬂcf(t7 .’)C, U) = Q(f? f)(t’ 90, /U)r

where the unknown is the number density f'= f(t, x, v). Here, t = 0 is the time va-
riable, the position variable is xeT?, and veT' parametrizes the velocity
cos (27w) of the particles. This model was introduced in [30].

Finally we introduce the classical linear Fokker-Planck operator

QUNH(w) = V-(Vf +f),

and the corresponding (confined) linear Vlasov-Fokker-Planck equation (someti-
mes also called kinetic Fokker-Planck equation)

(35) O f+vV, =V, V(x)-V, =V, (V, f+of),
where V is the confining potential. Here x and » vary in RY, and the equation mo-
dels the motion of a particle in a thermal bath.

1.7 - The Fourier transform in the context of the Boltzmann equation

For a given function f : RN —R, we define its Fourier transform f (someti-
mes also denoted by Ff) by the formula

F& = [e " fla) do.

RN
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With this definition, the inversion formula writes

fl) = @m)~Y [ e5f(8) d,
RN

and Plancherel’s formula becomes

[ 17@ 2de = @)Y [ |f)|*dec.

RN RN

We shall also use the relationship between derivatives and moments. Denoting by
a a multiindex of NV, we have

3, (&) = (i&)*f (&),
and
(— @) f(E) = 3, f (E).

In the sequel, we shall use the Fourier transform with respect to various va-
riables (f and x, x and v, v only, ete.). We shall therefore systematically recall
which variables are concerned and what are the name of the corresponding Fou-
rier variables.

Like for other PDEs, the Fourier transform is useful in many ways in the con-
text of the Boltzmann equation. For example, it enables to obtain explicit solutions
in some situations (typically, in the case of Maxwellian molecules, which somehow
plays a role in the theory of the Boltzmann equation analogous to that played in
the theory of PDEs by the linear equations with constant coefficients, Cf. [15] and
[16] ). It is also extremely useful for the study of the smoothness of the solutions,
as we shall see repeatedly in the sequel.

We recall that the large |&| behavior of f(&) is related to the smoothness of f.
This link is best seen in the context of Sobolev spaces based on L 2. Precisely, for
all seN, the norms

1/2
( ) j|aaf<x>|2dx)

S
RY
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and

1/2
( [1F@pPa+ |§|2>8d§)

RN

are equivalent and define the same space H*(RY).
So are the norms

_ 2 1/2
(j|f(9c)|2d”+f fMdydm)
RY

W |x_y|N+23

and
1/2
(j|f<§)|2<1+|§|2>3d§) ,
RN

for the space H*(RY) with s€]0, 1[.

1.8 - Some notations for spaces of functions

In addition to the norms of H?® defined above, that is

12
IIfHHs(RN)=( f |F(&)]2(1+ |g|2)sd§) ,

RN

we introduce for 0 < s < N/2 the homogeneous Sobolev space H*(RY) of functions
f of L*NW=29(RN) such that fe LA (RY) and |E]*f(&) e L2(RY). Its norm is
given by

1/2
(36) If HS(RNF( | If(rS)IZIrSIZSdS) .

EGRN

We shall also use for p =1, ¢ =0, the weighted space L?(R") embedded with
the norm

1/p
37 £ gy = ( j |f() |P(1+ |v|)’”’dv) ,

veRY
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and for ke N the Sobolev spaces
Wh=(RY) = {feL*(RY), Vae N, |a| <k, |8, flp=@n < + =},
embedded with the norm

[ fllwe = xvy = 2 1180 [l = ).
la| sk
a

N

2 - Averaging lemmas

2.1 - Introduction

Averaging lemmas are designed for the study of the regularity of the solutions
of kinetic (transport) equations of type

(38) o f(t, &, v) +v-V, f(t, x,v) =g, x, v)
or of the (space independant) type
(39) v-V, f(w, v) = g(x, v).

Because of the hyperbolicity of the operators v-V, and J; + v-V, (their respec-
tive symbols are (with obvious notations) iv-& and it + 1v- &), there is no hope that
the solution f of eq. (38) (or eq. (39)) be smoother than the right-hand side g. In
fact, for any f (that is, as singular as one wants), f(x — vt, v) is a (weak) solution
of eq. (38) with g =0.

However, the set of & (different from 0) such that v- i = (0 varies when v

varies, so that when one takes averages in v of f (weak) solution of eq. (38) (or
eq. (39)), there is some hope of getting a function (of ¢, x) smoother than g.
Unfortunately, though eq. (38) has a very simple explicit solution, namely

t
ft, x,v) =0, x—vt,v) + fg(s, x—v(t—s),v)ds,
0

it seems very difficult to prove such a gain of smoothness by using this formula
without Fourier transform.

The use of the Fourier transform, on the other hand, enables to obtain this
gain of smoothness. This was first observed in [39], [38] and [1].

In the next two subsections, we give two proofs using the Fourier transform,
but in a very different way. In the first one, better adapted to a steady equation,
or to a situation in which one needs smoothness in the time variable, the Fourier
transform is taken with respect to ¢ and «. In the second one, better adapted to si-
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tuations where smoothness in the time variable is not required, the Fourier tran-
sform is taken with respect to  and v.

2.2 - Use of the Fourier transform in x or t, x

We begin here by recalling the proof of [38] in the case of the steady equation,
when the averaging function ¢ is L * (and compactly supported). We give estima-
tes which are fully explicit, but not necessarily optimal in some respects. In parti-
cular, sums of norms instead of products appear in the right-hand sides of our
estimates.

Theorem 2. Let f=f(x, v) be a function of L*(RY x RY) such that g =v
-V, f also lies in LE(RY x RN). Then, for all function ¢ in L~ (RY) with its sup-
port included in [—R, RN, the following estimate holds:

2
[ 6,0 p) dv
(40) RY

< 4@RN |l = wv) (£ 1B 2 vy« w¥) + 91F 25 ) -

Hl/Z(RN)

Proof. We denote by f the Fourier transform of fin the « variable only, and
by & the corresponding Fourier variable. Then, g(&, v) =i(v-&) f(& , V).

The idea is to consider separately those v e RY such that |- i is large

and those such that |v- i is small.

The computation gives (for some function 6 = 6(&) which will be chosen later on)

2 2

sz‘ j F(E, v) p(v) dv

o] 20

[7(& v p0) dv
RN

N 2
2 ‘ [ F&wvowd

£

1]

o= | <06

- I R
\2‘ | " —’v-i (&, ) pv) do
|€]

2 R 2
T2 ‘ [ FEwvewdo

|- S| <o

H
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|p(v) |? ~
[v-—=—1[=0 v R
1€ |§|
w2 [ lew P [IfE ode
ol <8 R
|§|
N-1 d/Ul
2||<z>||L vy (2RN 12 j [ 13, v|2aw
|§| 0 RV

+2[lgllf - (20) 2RI ! [ |F (&, v)|do

RN

<4C2RY gl - o [18&, 0 2dv+0 [ |7 ) |2dv).
RN RY

1
ol&|*

1
We conclude by taking 6(|&|) = —.

Note that a different choice of 6 would enable to obtain at the end a product of
norms of f and ¢ instead of a sum of such norms. =

This result can be extended in many ways. We give here the proof of two use-
ful such extensions.

The first one enables to treat the case of kinetic equations with right-hand si-
des including derivatives in the v variable (first-order derivatives as in Vlasov, or
second-order derivatives as in Landau, but also fractional derivatives such as in
the non cutoff Boltzmann equation). The second one enables to treat space-depen-
dant equations. Of course those two extensions can be combined in a single theo-
rem, but we shall not write down such a theorem in this work, since we wish to
present only typical proofs, not optimal results.

We begin with the theorem adapted to the Vlasov equation. The estimate
given here is almost explicit (that is, explicit up to a numerical constant which can
be estimated). With respect to the previous theorem, It needs more derivatives of
the averaging functions ¢. The proof is very close to that of [34].

Theorem 8. Let f=f(x, v) be a function of L*(RY x RY) such that g =v
-V, fis of the form g = 3% h, where h e L2 (RN x RY) and 3% denotes any derivati-
ve in the v variable of order K. Then, for all function ¢ in W = (RN) with its
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support included in [ —R, R1Y, the following estimate holds (for some constant
CK > 0):

< Cx RY 7| |Ryx = vy

[ 6,0 9wy do|

Hl/Z(K+ 1)(RN)

(41)

X (Hf”%Z(RN « &My F Bl 2y < gY)) -

Proof. We still denote byf the Fourier transform of fin the « variable only,
and by & the corresponding Fourier variable.

Moreover, we introduce (for 6 = (&) to be chosen later) a cutoff function y 5 of
M(R) which takes its values in [0, 1], has its support in [ =29, 26], and satisfies
xs(@) =1 for xe[ -0, 0]. We still use the identity g(&, v) = i(v-&)f(é, V).

We compute:

2
<2

=<

[F& v ) dv

RY

&
) ( )()d
V) %o H v) dv

[Fe, v)(l —x,;(v- i)) o) v

q
N KN,
2 Jf(S,U)Xa(?) ﬁ)qﬁ(v)dv +2 J (g v (l—x(s(v‘l—;))ﬂv)dv ’
RY RN
—~ g 2
jf(f,vm(v-—)qs(v)dv
H
£V 5 gx 2
h of(1 - — |89 s
R B Ll R A GO Bt

RN

(with obvious notations)

<2 | |p@ Py [ |7 v |*dv
RN

|v-T§||sza

LS g [, 02

|?}‘§|2R+2 UJl &0 | v

[o- 5| =20 RY
Ié]

3 Chg | 070

P+Q+R=K

<8R gl -y [ 17, v) 2w

]RN



[21] ABOUT THE USE OF THE FOURIER TRANSFORM... 21
—-2P

o)
+ C 2RV 1 |69 ¢|P =
P+Q§4R:K P (2R) BE 169 BlIZ = vy

j L“E(g,mz dv
RN

20 |2)1|2R+2

< CR™ Ol - [ 176 0 2w
RN

5-2P-2R-1 -
||3Q¢||%°"(RN>I | (&, v) |2dv).

P+Q+R=K |§|2 o

Choosing
o=|&| ®T,

the previous computation yields the estimate

[ F&, ) p) dv | < CRY glfrm. = v,

RN
x(|§| J|f(5,v>|dv+S§K|§| Rilh(é,vﬂdv).

This in turn enables us to write down the estimate

[ g7

& =1

2
dE < Cg RVl [frs. = ey

[F&, ) pw) dv
RN

X(I f |f(§,v)|2dvd§+S§KJ J |§|2%|E(§,U)|2dvd§).

HES HES!

Since on the other hand, it is easy to estimate

[ 1e177| [7E v g a

HES RN

2
dg

by the LZ norm of f, we conclude the proof. =

We now treat the second extension of theorem 2. This is the case when f,
which also depends on t, satisfies eq. (38) on R X R¥ x RV, It enables to get
smoothness of the averages in v of fin both variables ¢ and x. The proof is close to
that of [38]. In order to use such a result in the context of the study of the Cauchy
problem for a partial differential equation, one has in general to use techniques of
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truncation, ete., in the time variable. Those technicalities can sometimes be avoi-
ded when one uses the results of next chapter.

Theorem 4. Let f=f(t, x, v) be a function of L*(R x RY X RY) such that g
=0, f+vV, flies in L2(R X RY x RY). Then, for all function ¢ in L * (RY) with
support included in [—R, RIY, the following estimate holds:

2
[fe, ve@adv| - <4lgli g (2R 25+ 14 R +12R2 48 R?)
(42) & s

X (”f”%z(ﬁx RVxRrY) T ”gH%Z(RX RN x RN)) .

Proof. We now denote by f the Fourier transform of f in the ¢ and x varia-
ble only, and by 7 and & the corresponding Fourier variables. The relation bet-
ween f and g is now g(z, &, v) =i(r +v-&) f(r, g, v).

We compute (for any o)

g(z, &, v)
Wt +0v-§)

ff(r &, v) ¢p(v) dv

-RV

2
<4‘1|5|<1||>21«3‘[ ¢(’l))d’1)‘

—~ 2 - 2
+4‘15sl,|,|smjf(r,é,v>¢<v>dv +4‘1g>1 [ Fa &g do

RN |[z+v-&| <0

g(z, &, v

4 ‘1|5|>1 J Wt +v-§)

|[t+v-&| =0

dv
s41|§|$1,IIIBZR”‘p”%”(RN)( J W)( j|g(f g, v)|? dv)
lo] <R

¢()d‘

+41|§|$1,|tS2R||¢||%°°(RN)( f dv)(j|f(r, 5,7))|2d?1)

lo| <R RY

+41|5|>1H¢H%°°(RN>( J’ dv)( f |f(z, E,v)|2dv)

[t+v-E| <0, |v|<R RN

d .
+41|§|21||¢||%°°(1RN)( J —v)( f |g(z, &, v)|2dv).

=12
[T+v-E| =0, |v|<R |‘L’+’U§| RN
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We now observe that

N
dv - (2R)

+u-E[ 1
|T ,U‘fv:l E|_L_|2_l€2

Ligj<1, iz 228 J’ 1|g|s1,|z\z23,

|v| <R

Lig <1, o <2r f dv < 2RV g <1, o <25

[v] <R

0
N7
lig =1 J dv< (2R) 1?1|§|21,\1|s6+}€|§|’
v +v&| <0, |o] <R €]

dv 2RV ! dw
Lig=1 5 S 5 |
|7 +v-§| €]

|t+v&| =0, |[v| <R s

lw| =z —

,|w—‘TZ_||SR

_ 1 1
< (2R 1(1r|S2R|§| _6|§| + 17 =2r H)lmap

Then,

[ [ qer+1ep “agdr

R x RY

[Fz, & v) pw) dv
RN

<[ [ Uel+1&D

&l <1

[Fx, & ) g dv|*dzdr
RN

+ ] (7] + 1D ] [Fx, & v p@) dv “dedr

&= 1, |7] <2R[¢] RV

[ Qe+iED “dgd

|&] =1, 7] =2R|§&|

[F@, & v) o) dv
RN

<[ [ (e +1) dedr

&l <1

[Fx, & v) o) dv
RY

+j J (1+2R) |&| jf(z, £, v) p(v) dv|? dEdr

|6 =1, 7] <2R|| RY

|,w|2 [§]=1

23
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s I R )

&) =1, 7| Z2R|&|

[F@ & v ) dv|?dsde
RN

<dlglf - R [ [ (|7 + D)

R x RY

SR
Wlm sor +2R1 szza}

X( J |f(z, &, v) |2dv + f | 9(z, E,v)|2dv] dEdr
RrRY RN

s 1
+ 4|2 « e, (2R 1 (1+2R) 5{_"' J
- fgil R

X( J |f(z, &, v) |2dv + f | 9(z, E,v)|2dv] dEdr

RN RN

+
+4||¢||%°°<RN)(ZR)N_IJ J Izl + &)

P NETH

X[ f |f(z, & v)|2dv + f lg(z, &, v)l%lv] dédr.

RN IRN
Note finally that 6 =1 yields the theorem. =

Many more extensions of the previous results can be found in the works of
[36], [37], [35], [12], [58], [64] and [52]. Among those extensions, one can write do-
wn results in L? instead of L? (those are obtained by interpolation techniques),
one can replace v by a(v), where a is any function satisfying a non degeneracy
condition, and finally one can introduce in the right-hand side of the equation de-
rivatives in ¢, © of order strictly less than one.

2.3 - Use of the Fourier transform i x, v

We now introduce a different way of looking at averaging lemmas. We are in-
terested in this section only in the time-dependant case, but we don’t try to get re-
gularity in the ¢ variable. As a consequence, the results we shall get are more
adapted to solutions of the transport equation which are defined on a time inter-
val [0, T, for which the initial datum is given.
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Though the results are weaker than those of the previous section, the proofs
turn out to be more easily extendable in the case of discretized in time
equations.

The idea used here consists in writing down the Fourier transform in « and v
of the free transport operator, instead of its Fourier transform in ¢ and x. This
procedure was used in particular by Golse (Cf. [37]) and by P.-L. Lions and Per-
thame (Cf. [59]).

As we noticed previously, the interest of this method lies in the fact that it
yields results when some discretization in time is in order. Such a situation is de-
scribed in [31]. In this work, the operator splitting technique between the free
transport part and the collisional part of the Boltzmann equation is studied, in the
framework of renormalized solutions. We give in next subsection another example
of dicretization in time.

The proof given here is inspired of [20]. We denote by L? — w the weak topo-
logy of LZ.

Theorem 5. Let feC([0, T, L2(RY x RY) —w) solve eq. (38) for some
geL2(0, T[ xRY x RY). We denote fy=f(0, ). Then, for any vy e C.~(RY), the
average quantity

(43) 0(t, @) = [ ft, @, v) (o) dv

RY

lies in L%(10, T[, H*(RY)), and for all s> (N —1)/2,

llo y llz2qo, 71, m2rYy < Cy s J f [foCx, ) |2 |9() |2(1 + |v|?) dvda

RN x RV

(44)

+H f (1ft, @, v) |+ |9, @, 0) [P |9p@) [2(1+ |v|*) dvdacdt |.

[0, T]x RN x RN

Proof. Let us denote f(t, &, v) the Fourier transform of f in the x variable,
and Jf(t, &, ) the Fourier transform of f in the x, v variables. Then, (38)
yields

(45) of +iv-Ef=g.
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Solving this equation in the sense of distributions, we get
t
(46) Ft, & 0) = e " HFy(E, v) + [e " EG(E — 5, &, v) ds.
0
Multiplying (46) by y(v), we obtain
i
4D FE 0 p@) =e TEIRRE 0+ [e gt = s, £ 0) ds,
0
and after integration in v,

i
(48) 0,(t, &) = Ffyw)E, &) + [ Fgy)t = s, & 58) ds.
0

This type of formula with double Fourier transform evaluated at (&, t£) was
used in [37]. For a.e. £ RY, we estimate this quantity thanks to Cauchy-Schwarz
inequality, and get

t
49 |o,t, & [P <2| F(fow)§, t&) |? +2tf | Fgy)t —s, &, sE) |*ds.
0

Integrating this estimate on ]0, 7], and using the variable t=t—s, we
obtain

T T
[16,t, & 2at<2 [ | Fhp)E, o) |2at
0 0

TT
(50) w27 [ [| Hgy)(x, & s&)|*drds
00

T|&| £ ) £ )
Ff w)(s 0= )‘ "(glp)(t, g,e—)‘ drds.
|§| J ‘ ' H |§|J f H
Let us now state a very classical trace lemma.

Lemma 1. Let ¢ e H*(R)) with s> (N —1)/2. Then, for any oeR" such
that |o| =1,

(51) lpzo) L2 ey < Cn, s lTd = 4,)7 @llL2ry).-
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For each integral in z, we use this lemma and Plancherel’s identity. We get for
a.e. &,

CN,S
€]

[ 1w, v 2+ oy do

veRN

T
[18,¢, & 2dt <
0

Cvs [ _
= f f | gy(t, & v) |2(1 + |v]?) dvdr.
|5|t=07)eRA
Then,
T
[ [1el1e,e opadscy [ [ o po?
0 rY RN x RN

Xt o|rdvdet [[ [ 1f@ @0 2 lp@) [P+ o]y dodedt |

[0, T1x RY x RN

24 - Time discretization

We use here the techniques of the previous subsection to get averaging lem-
mas adapted to a time discretization of eq. (38). More precisely, we present the
Euler implicit scheme and the second-order Crank-Nicolson scheme correspon-
ding to the free transport equation (that is, eq. (38) with g = 0). The results of this
subsection are extracted from [20].

Note that another example of time discretization is presented in [20]. It con-
cerns the convergence of the operator splitting method for the Boltzmann equa-
tion in the renormalized framework (Cf. [31]). Let us also mention that there
exists another method to prove the convergence of the splitting algorithm, which
does not use averaging lemmas, see [72].

Finally, we underline the fact that the results of this subsection belong to the
general class of the so-called «averaging lemmas at the limit». Those are designed
to prove the convergence of the numerical schemes towards the solutions of the
kinetic equations. They can concern other variables than ¢.

We introduce implicit methods for solving the free transport equation o, f+ v
-V, f=0. The distribution function f is approximated by " at time nAt (4t >0,
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nelN). We treat the cases of the Euler implicit scheme

fn+1 _fn
(52) T L 4y, frti=o,
At !

and of the second-order Crank-Nicolson scheme

n+l__ rn (g n+1
53) A S A MY
At 2

The initial datum f;, =f° is assumed to belong to L2(RY x RY). Then f" is uni-
formly bounded in L2, | f"||pz2wy«ry) < [|f°/l2wy « ry). For any test function
ypeC7(RY), we define the averages

54) oy(x) = Jf”(x,’v) P(v) dve L*(RY).

]RN
We begin with an easy computation for the Euler implicit scheme.

Theorem 6. For the Euler implicit scheme (52), 0% eH"(RY) for any
n=1, and for any s> (N —1)/2,

(66) Atngl”@fv ”?‘1“%{”) < Cy o lp@)(1 + [0]2)F = wy) ||f0||%2(Rj;’xRﬁ')-

Proof. We denote byf or by Jf the Fourier transform of f with respect to
the « variable, and by & the corresponding Fourier variable.
The solution f"*! of (52) is given in terms of f" by

oo

(56) i x,v) = fe"“’f”(ac—Atsv,v) ds,
0

and we easily deduce by induction that for any n =1,

© n—1
" (x, v) zofe =5 (ns_—l)!fo(x — Atsv, v) ds,
(67

° n—1

J/c\n(g, v) = e 71'Atsv<§f0(§, v) ds.

Ojes (n—1)!
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Then, for a.e. EeRY, the Fourier transform 0, of the average in v of f,

61 = [ v p@) dv
RN

(568)
= j T TG, Ats9) ds.
According to the Cauchy-Schwarz inequality,

]

(59 |gy®]*s [e

0

n—1 ® n—1

s st P
(n—l)!dsofe (n—1)! | FTPIE, Ats) | ds,

and since the first integral has value 1,

n-1

o . 9 T - ___
Atn§::1|9¢(§)| <At0f(nzle (n—1)!

) | FFOPE, AtsE) |2ds

2

(60) fr’(f“w)(s,z%) dz
CN 70 /2
< [ 179G, ) [Pdallp@)1 + 0272 [ =y

veRY

by the same estimate as in Theorem 5. The result (55) follows by integration with
respect to the variable £. =

We now turn to the Crank-Nicolson scheme, and propose a very different type
of estimate.

Theorem 7. For the Crank-Nicolson scheme (53), the following compac-
tness estimate for averages in time holds. For any R >0,

(61)

N 2 AB
At 2 X 00y (&) ‘ dé < Cw(AtzAz + 7) ”fOH%Z(R;.VxR{Y),
‘f‘ >R "=

where me N, (¥,)o<n<m 0re arbitrary complex numbers, and

m—1

(62) A= 20|X72_Xn+1|+|Xm|’ B =4t EO|%7L|
n= n=

represent respectively the total variation and the L' norm of y.
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Proof. We use the same notations as in the proof of Theorem 6.
The solution f”*! of (53) is given in terms of f" by

e, v) =2 Je‘sf”(m— %sv, 'u) ds — f"(x, v),
0

(63) l—iﬁv-é
~ 2 —~
fnJrl(g’ ’U) = Tfn(g’ ’U).

Therefore, for any n =0, we obtain by induction

1—1%0-5 !
(64) frE o= ———| "¢,
1+1—v-&
2
and
(&)= [F& v pw) dv
RN
(65) 1-idle |
— 2 70
= [| ——— | P& vy v

RNl 1+1—w-
2 3

Let us now introduce the angle 6 €] —m, n[ defined by

At
1—-1—w-
2 5

(66) — =
1 +i£v~§
2

At
or equivalently 6 =2 Arctg ( > v-& ) Then,

7 at 5 7,858 = [ 9(0) F(&, v y(w) dv,

n=
]RN

(68) @0) =4t 2 x,e ™.
0

n=
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Using Abel’s transform, we get

m—1 n ) m )
@(0) = At Zo(xn ~Xn+1) (ZZOe ‘”9) + Atxmgoe i,
© AtA
|p(0) | S —————
| sin (6/2) |

At At z
Now, since sin(6/2) = ?v-g/\/l + (?v-é) , we obtain

(70) |(6) | < AtA + .
|v-&]

But we can also use the trivial estimate |@(0)| < B, and combined with (70) this
yields

(71) |p(0) | sAtA+min(ﬂ,B).
|-

Now, coming back to (67) we get for a.e. Ee RN

m 2 PN
|4t 2 r2p0) | < [17°E v Pav [ 1000 [y 2ae

1) R R
<2 [ |1, o) [*dv| At A% [ |p(o) [2dv + jminz(ﬂ,B)m(v)ﬁdv :
RN RN RN |v§|

The last integral can be computed,

fminz(ﬂ , B) |p(v) |?dv
Ry |v-§]

©

. 2A
= ._[w mlnz( |§||u| ,B) (7)’6‘!L

u=

g 2
w(ug +v’) dv’)du
(73)
< Oy, s )1+ [0} = e, J rni112(i , B) du
|&]ul

— o0

' 8AB
= CJ @1+ o2 -y S
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Finally, estimate (72) gives for any s> (N —1)/2

|0 S ey | <2 [ 176 v a

RN

(74)
AB

|&]

x (”w|%2(RN)At2A2 + Cy, @)@ + 02 =)
and (61) follows by integration in £. =

Let us now emphasize the big difference between the two schemes described
above. Using the implicit scheme (52), we immediately see that for n=1,
"+ Atv-V, f"e LZ . Therefore, according to [38], o% € H;”. However, in general
Q?/, ¢ H'”? (for example, take for f° a tensor product). Then, in an estimate like (61),
we only get a term in 1/R (a term in At appears if the sum starts at n=0).

For the Crank-Nicolson scheme (53), the situation is very different since there is
time reversibility, as in the continuous case (the L? norm of /" is constant). When f°
varies in L?, f" also varies in L?, and thus o7, only lies in L? (for a given n). Compac-
tness only occurs for averages in time, and we must have a term in A4t in (61). How-
ever, the situation here is worse than in the continuous case, since we can only esti-
mate an average in time with respect to a smooth function x(¢) (of bounded variation),
whereas in the continuous case, an L ? function is enough. Note that this regularity of
y is really needed. There is no inequality like (61) with the L? norm in time instead of
the average with respect to y. This can be seen by writing (65) as

0
. 1+tan® —
2

. i o 2 0 &
(75) 0,8 = g o 0 (z;—‘, —tan— — +v'|dv' —————db
@ J ML”’ atlg) 2 |g| At|¢|

Then by Parseval’s formula

At 3 |98
ne’z

. ) 1+tanzg
=27t J jfo (, an—iJrv’)dv’—
at|gl 2 |&] At

0=—-7  yregd
At 2

€]

du,

:27212 Jfo (g,ug +v)d’

and it is impossible to control the term in At |£|.
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3 - Regularity of @ *

3.1 - Introduction

We recall the general form of the positive part @ * of the Boltzmann operator (18),

QL Hw= | f(“zv* _ |”_2v*|o)f(v+v* AR

, 2 2
v e RV
(76) geSN-1
V—
xB(|v—v* |, ——— .g) dodvy,
|[v— vy |

where B is the cross section.

The classical assumption of angular cutoff of Grad (Cf. [42]) that B is integra-
ble will always be made in this section.

The properties of @ * with the assumption of angular cutoff of Grad (without
this assumption, @ * is not defined even for very smooth functions f) have first
been investigated by P.-L. Lions in [54], [65]. In this work, it is proven that if B is
a very smooth function with support avoiding certain points, then

) Q*(f, f)”]l[(N—l)/Z(R;Y) <C|f

for any fe L' N L2(RY).
The proof of this estimate used the theory of Fourier integral operators. The
very restricting conditions on B were not a serious inconvenience since in the ap-

L) f 2y

plication to the inhomogeneous Boltzmann equation, only the strong compactness
in L' of @ (f) was used, and not the estimate itself, so that these assumptions
could be relaxed by taking a suitable approximation of B.

An extension of this work to the case of the relativistic Boltzmann kernel can
be found in [6].

Then, a simplified proof of (77) was given by Wennberg (Cf. [78] and [79]) with
the help of the regularizing properties of the (generalized) Radon transform. The
hypothesis on B were considerably diminished, so that for example forces in » ~*
with angular cutoff and s =9 were included.

We intend here to give a yet simplified proof of (77)-like estimates, using only
elementary properties of the Fourier transform. Moreover, we prove that the esti-
mate holds for a large class of cross sections B, including all hard potentials with
cutoff (that is when s =5).

One of the drawbacks of the results here given is that instead of having a L!
norm times a L? norm in the right-hand side of (77), we only get a L2 norm to the
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square. The proofs of this section are extracted from [19]. They are also close of
that of [60].

3.2 - A simplified situation

We begin with the simplest possible cross section, that is B = 1. We only treat
here the three-dimensional case for the sake of simplicity (the two-dimensional ca-
se is in fact slightly more involved because some part of the computation cannot
be written down explicitly).

Our theorem writes :

Theorem 8. For any ¢ >0, there exists a constant C, only depending on ¢
such that for any fe L{(R®) N L&, (R, Q7 (f) e H'(R®) with

(78) Q" (fs Pl < CellflEe -
Proof. We note first that for all fe L{(R®)NLE,,(R®), the kernel

Q7 (f, f) lies in L*(R?).

Therefore, we can compute the Fourier transform of Q* (f, f),

= B i vV, |V — vy |
o= [ (5 el
7a:Sz\
(79) xf(“;’* + |”_2”*| o) do dv dv,

= f” ¢ ~E @R 1= ORF () f(v,) dodvdu,,

U,U*ERS
oeS?

according to the pre-post collisional change of variables.
We then note that

+1
J'ei|v—v*|a~§/2do_:2n J' ei|v—v$|\§\u/2du

oeS? u=-1

sin(%|v—v*||§|)
[v=v« [18]
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Thus we obtain

sin(é |v—v*||.§|)

B0 Q ANE =87 [[ e FUIf) flv,)

v,v*eRS

|v—vs][£]
Using the variables

+
(81) 2 Y v*, W=V — Vy,

we get

QU@ =8x[ [ e i f+w) fz—w2)
R3><R3
sm( |w||§|)

x—dwdz
|w| | €]

(1
w " s1n(5|w||§|)
) R
|§ | J 2 2 |w|
According to Cauchy-Schwarz’s inequality and Plancherel’s identity,

dw
w1+ ]

fl&l Q7 (&) |? d§<64nj
R3

<[ ‘f('+ %)f('— %)(5) ‘2d§<1+ 0] )+ daw

(z+ E)f(z— —) ‘ (1+ |wP'dwdz

<c] ]

R® R?

<C [ [f0Pfw P+ jo—v, D' dvdv,

R? R?

<G ||fHL(1+s)/2

and the proof is complete. =

35

dvdv,.
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3.3 - General cutoff cross sections

We now turn to the general case, that is when cutoff hard potentials (or Max-
wellian molecules) are considered (note that assumption (82) below is satisfied
only by potentials gently cutoff).

The proof, extracted from [19], follows the same lines as that of the previous
section, but is slightly more involved. We still only consider dimension three.

Theorem 9. Let B be a continuous cross section from 10, o[ X[ -1, 1] to

R, admitting a continuous derivative in the second variable. We assume that B
satisfies the estimate:

oB
®2) Ve>0, Yuel[-1,1], |B(x, u)| + ‘ a—(x,u)‘ < Kp(1+x).
%

Then, for any € > 0, there exists a constant C, only depending on & such that for
any fe LI (R®) NLE, (R®), QT (f, ) e H'(R?) with

(83) 1Q* (f, H)lzre) < CEKBHf”%émQ-

Proof. We first note that since |B(x, u) | < Kz(1 + x), the integral (76) de-
fining Q" (f, f) is absolutely convergent for a.e. v. Moreover, @ (f, f) e L1(R?),
and

(84) 1Q (fs Pl < 47 Kg || fI 1.

Therefore, we can compute the Fourier transform of Q* (f, f),

Q (f:f)&) = ”j e’”"gf(v—'—v* _ |7)—?)*|0)f(v+v* N |v—v*|0

, 2 2 2 2
v, vs€R3
oeS?
(85) xB(|v—v*|, ﬂﬂ) do dv dv,
0= 0]
= [[] e-M*v*-'”-v*“>/2f<v>f<v*>B(|v—v*|, "% o) dodvd,,
|0 = |

v,v*eRS
geS?
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according to the pre-post collisional change of variables. Thus we obtain

86  QTUANE = [[ e EUTIRA) fw,) D - vy, &) dvdo,

v, V% € R3

where for any w, Ee R*\{0}

D(w, f;—') = J‘ ei|lv\(i-§/2B ( |w| : w .0) do
oeS? |U)|
+1 2
87 - pilwl[Elu2
1¢JI ¢fo

2
|w|, u +V1 \/ ) osqz)d(pdu
IEI ] ol

with spherical coordinates and

(88) u=o- i .
€]
Integrating by parts, we get
+1 ;
261|w| [&w/2
Dw, 5=~ [ ——m

i|w] €]

u=-1

2n
< |

& w U 1 3 w \?
180 Twl \Vi—ae el e )
(89) 70
X B (|w| +V1 \/ —)zcosga) do du
Su UIE ] Ifl |w]
i|wl|&|/2 —i|wl||&|/2
+?e— (| |,i. w )_2? 2ﬂ3(|w|, s w
tlwl €] &l |w] ijw] €] 1&] [w]
and therefore
e +1 |%|
D(w, &)| < Kp(1+ |w|) [ |1+ ——— | du
Do 1= g 'f( \/—1_u2)
(90) +— 87 Kp(1+ |w|)

|w] |£]

24
< T K1+ 1/ w)).

|&]
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Coming back to (86) and using the variables

v+ Uy

(91) z= P W=V — Vy,
we get
(92) QT ANE = [ W(w, & Dlw, &) dw,
welR?
where
(93) Ww, & = [ e =5 +wi2) f(z — wi2) de
zeR3

is a Wigner-type transform of f. Then, according to Cauchy-Schwarz’s inequality,
we get for any & >0

weR?

dw

94 Dw, £)|? ———
(94) X j |D(w, &) | AT

weR3

Kj

Hh

[ 1w, & 12+ )+ duw.

weR3

&
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Finally, using Plancherel’s identity, we obtain

[BEREAARGIRE

EeR?
<CEKj [ | [ W), 5>|2d5)<1+ 0] daw
weR? \EeR?

(95)
=C.Ki2n) I( f |f(z+w/2)f(z—w/2)|2d2)(1+|w|)3“dw

weR? \zeR3

= KR [ 1) f0) P+ o= v, P dvdv,

v, vxeR?

<C. K3 2x?||fIli2

(3+e)2?

and the proof is complete. =

Note that assumption (82) can be relaxed (in order to treat (not too) soft po-
tentials for example). The estimate is then not as good as in the previous theorem
(Cf. [19] for more details).

3.4 - Propagation of singularities for the spatially homogeneous Boltzmann equation

The results obtained in the previous subsections can be directly applied to the
study of the propagation of singularities for the spatially homogeneous Boltzmann
equation.

This is due to the fact that as soon as the cross section is cutoff, the Boltzmann
operator @ can be written under the form

QU =Q" (f, /) —fLf,
where Q* is defined by (18) and
Lf(v) = (A = f)(v),
with

Ax) = j B(oc,

oesN-1

—-o) do.
||
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As a consequence, a solution of (25), (26) can be written under the «Duhamel»
or mild form

t
ft) =f, exp (— f (A *f)7) dr)
(96) ’

t t
+ fQ*(f,f)(S) exp (— J(A # f)(7) dr) ds.
0 s

Let us look for example at cross sections like
B(x, u) = |x|“b(u),

where a€]0, 1[ and b is of class C! on [—1, 1] (that is, typical cutoff hard
potentials).

We consider solutions of (25), (26) which lie in L * (R, ; LZ(RY)) for some lar-
ge s (such solutions are known to exist as soon as the initial datum also lie in the
same space).

Then, for all s,7=0, (A=*f)(r)eHY?*"*(RY) and Q" (f, f)(s) e HN VZ(RN),
According to formula (96), we see that for all £=0, and p< (N —1)/2,

f%nEHll())c(RN) Aad f(t) Engc(RN)~

This can be seen as a theorem of propagation of singularities. As can be deduced
from formula (96), the singularities of the initial datum are propagated (in a trivial
way: they stay at the same position in the space of velocities) and decrease expo-
nentially fast. Such a behavior is confirmed by numerical simulations.

4 - Propagation of singularities for the spatially inhomogeneous Boltzmann
equation

4.1 - Introduction

In this section, we investigate the smoothness (more precisely, the lack of
smoothness, that is, the singularities) of the solution of the full cutoff Boltzmann
equation (16).

In the sequel, we shall in fact limit ourselves to cross sections B which satisfy
the following assumption:



[41] ABOUT THE USE OF THE FOURIER TRANSFORM... 41

Assumption 1. The nonnegative cross section B lies in Wh* (R, x[—1,1]).
We denote as in the previous section

, L -0) do,
||

Ax) = j B(x

oesN-1

and

QUL =Q7(f, /) — LS.

Note that the classical cross sections of (cutoff) Maxwellian molecules or (cu-
toff) regularized soft potentials satisfy this assumption. The case of (cutoff) hard
potentials, which do not satisfy Assumption 1 because of the large relative veloci-
ties, is briefly discussed in a remark at the end of section 2.

In this section, we shall deal with solutions of the full Boltzmann equation (16),
for which many kinds of solutions exist.

Global renormalized solutions have been proven to exist for
a large class of initial data by DiPerna and P.-L. Lions in [33] (Cf. also [54] and
[55]). Global solutions (in the whole space) close to the equilibrium have been stu-
died by Imai and Nishida in [46] and Ukai and Asano in [71]. Finally, global sol-
utions for small initial data were introduced by Kaniel and Shinbrot (Cf. [48]) and
studied by Bellomo and Toscani (Cf. [11]), Goudon (Cf. [41]), Hamdache (Cf. [43]),
Illner and Shinbrot (Cf. [45]), Mischler and Perthame (Cf. [61]), Polewczak (Cf.
[65]) and Toscani (Cf. [68]).

In our study of how the singularities of the initial datum are propagated by
the Boltzmann equation, we need some smoothness (basically, we need that f be
L~ with some decay in x, v), and we shall therefore concentrate on the frame-
work of small initial data, where such estimates are available. We think that our
work is likely to extend to solutions close to the equilibrium, but we shall not inve-
stigate this case.

We consider only the dimension three for the sake of simplicity.

We recall here one of the theorems of existence of such small solutions. We
use a formulation adapted to our study, which is inspired from [61].

Theorem 10. Let B be a cross section satisfying assumption 1 and f, be
an itial datum such that, for all x, veR® x R3,

1
97) 0 <fin(x, v) < (81]|4],=) texp —E(|x|2+ |v]%) |-
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Then there exists a global distributional solution f to Boltzmann equation (16)
with initial datum f,,, such that, for all T>0, te[0, T] and x, ve R® x R?,

1
(98) 0 <f(t, x,v) <Crexp —E(|ac—'ut|2+|v|2) =My, 2, v),

where Cp is a constant only depending on T and |A|-.

We now state the main result of this section. It concerns the form of the singu-
larities of the solution of the Boltzmann equation (in our setting), and is extracted
from [21]. An analogous result in a different setting can be found in [7].

Theorem 11. Let B be a cross section satisfying assumption 1 and f;, be
an mitial datum such that (97) holds. Then we can write, for all (t, x, v) e R,
x R3 x R3,

f(t; X, 7)) :fm(x _'Ut) Fl(t7 X, ’l)) +F2(t’ X, ’l)),
where T'y, I'ye H% (R, X R®x R?) for all ael0, 1/25[.

This theorem shows that the singularities of the initial datum (that is, for
example, the points around which f;, is in L? but not in H* for any s > 0) are pro-
pagated with the free flow, and decrease exponentially fast (since in fact I"; has
an exponential decay).

In particular, an x-dependant version of the result of subsection 3.4 holds. Na-
mely, for all t=0 and s <1/25,

feH (R®*XR®) <« fe H*(R®x R®).

The proof of Theorem 11 uses the regularizing properties of the kernel @ *
presented in the previous section. We recall that they were first studied by P.-L.
Lions in [58], and extended by Wennberg in [78], [79], by Bouchut and Desvillet-
tes in [19], and by Lu in [60]. We also recall that those properties are exactly what
is needed to give the form of the singularities of the solutions to the spatially ho-
mogeneous cutoff Boltzmann equation (this is the result of subsection 3.4). In or-
der to conclude in our inhomogeneous setting, we also have to use the averaging
lemmas of Golse, P.-L. Lions, Perthame and Sentis (Cf. [38]), in the form of Theo-
rem 5.

Proof. We briefly sketch the proof of Theorem 11 before detailing it. The
main idea is the following: we write down the Duhamel form of the solution of the
Boltzmann equation (as in the spatially homogeneous case), also called the mild
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exponential form. For (¢, x, v) e R, X R® x R®, we have

t
fit, x,v) =fi,(x—vt, v) exp(— fo(o, x—v(t—o0),v) do)
0

3
(99) + [Q+ (f, s, @ =t =), v)

0

t
xexp(— fo(a, x—v(t—o0),v) da)] ds.

We are going to prove that both Lf and Q" (f, f) lie in LZ.(R, ; H%(R? x R?))
for any ae]0, 1/25[.

We now begin to give a detailed proof. Next subsection is devoted to the study
of the regularity of Lf.

4.2 - Regularity of Lf

Denoting by B the ball of radius R and center 0 in R®, we prove the following
intermediate result:

Proposition 1. Suppose that B satisfies assumption 1 and that fi, is such
that (97) holds. Then, for any T >0 and R >0, there exists Ky p>0 such
that

L1200, 7 21203 % 3 < Ko, & AL = i3y -

Proof. Let us choose T > 0. Since Lf is the convolution with respect to v by
A, we obviously have that, under assumption 1, Lfe L2([0, T, x R%; HLZ(IR3))
(in fact, Lf lies in L2([0, TT, X R%; Wik (R?))) and satisfies

LAz 0, 71 x s 112800y < K, R AW = ).

It remains to prove that Lfe L2([0, T}, x R3; HEZ(R2)).
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Let us define the function 7;, 0 <1 <1/2, by T, (v,) = e **, and study the
following quantity

||Lf||%2<[o, T, x R3; HV2(R3))

dvdt.

2 dh
AW =00, @+ Iy 00 = £, @, 0,0) doy | de T
t,vx,h Vs

We want to use Theorem 5, which we here recall under the form:
Lemma 2. Let feC([0, T]; LE(RE X R3)) solve the equation
O f+v.V.f=g in 10, TITXR3xR3,

for some geL%([0, T]x R x R?).
Then, for any vy e (R?), the average quantity defined by

0Nt @)= [ ft, @, 00) y(vy) do,

Vy € R3

belongs to L2([0, T1; HY2(R®)) and satisfies, for any s> 1,

llo » (2o, 71, rrzcrey < Cs[ J 17C0, 2, v,) |% [P 0e) |21+ vy |?) dvy da

x,v

£ [ 19t 2,00 P [ [P+ [0, 2 dv,dodt |,

1,2,V

where Cy is a constant only depending on s.
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Using Lemma 2, eq. (100) becomes, for any s>1 and any open ball B of R?,

||Lf||%2([o, Tl x Br,; H2(RE))

e

J' ﬁn(x5 /U*)
T; (vs)

2

< [ Jea-

€ Br

L2([0, T); HY2(R?))

2
(101) <G f [ ’ |A(W = v,) |2 | T2 (vs) |P(1 + |05 |*) dvye dic

ve Bp LT, V=

+ f ‘(atw* V) o s

2
|[A(v —v,) |2 | T5(vs) [P(1 + |, |2)sdv*dacdt] dv

1,2,V
Jin I P
< Cp M} 7 — o+ vV,
R s A, s T (RS)( T, |lL2?xr?) [ )Ta L2([0, T] x R® x R?
where Cp , is a constant and
(102) M;, = sup |T; (v )(1+ |vg [*)7?].
’!)*ER

Note that, since we have (97), the following estimate holds:

0< S, v) <

ef|x\2/2 e(171/2)|v|2’
T, (v)

where k is an absolute constant, so that (recall that 0 <1 <1/2) we can find a
constant C; >0 such that

(103) ‘ fm <C,.
T, llL2R*xR?)

Moreover, we have

(104) ‘(aﬁ—v V. ) |Q (/)] |fo| .
T, T, T,

It is clear, by (98), that

|f(t,90,1))Lf(t,.’)C,’l))| < MT(t,QC,U)LMT(t,OC,U)
T, (v) b T, (v)

1 2 _1 2
— @ —vt| e(/l 2)|v| )

<C}2n)*?||AL- e *
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Hence there exists a constant C, such that

LA
T,

<C,.
L2([0, T] x R3 x R3)

(105) ‘

It is also clear that, for (¢, x, v) e [0, T] x R® x R3,

Q" (f, /)t, x,v) | 1
T;'(”U) Tl(v)

[ £t 2,07 fit, @, v0) Bdodw,

Vi, O

< Q+(MT, MT)(ta .’)C, 7))
T, (v)

MT(t’ X, /U) LMT(t’ xr, 1))

)

T;(v)
so that
4

(106) H QT (S, 1) <o,

T, L2([0, T] x R3 x R3)
Taking (105)-(106) into account, (104) implies that
107) H(&t+v-V.)i < (.

! T, [lL20, T1x R x R?)

Then, using (103) and (107) in (101), we get

IZF 20, 1, 5 m: 12y < CoCF M JIAIE -
Recalling that Lfe L2([0, T, x R3; HL2(R3)), we finally obtain that
(108) Lfe L*([0, TT; Hgl (R x R})),
which ends the proof of Proposition 1. =

We now turn to the more complicated term @ (f, f).

4.3 - Regularity of Q@ (f, f)

Studying @ * (f, f), a new difficulty arises when we try to prove that this term
is (somewhat) smooth in x, v. Namely, @ * (f, f) itself cannot easily be expressed
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in terms of averages in v of f, whereas it was possible for Lf in the previous
section.

However, its own averages in v (that is, for { smooth, quantities like
fQ+ (f, ), x, v) &(v) dv) can be expressed in terms of averages in v of f. More
v

precisely, they are integrals with respect to an auxiliary parameter of such avera-
ges in v.

Therefore, the strategy of proof is now the following: in a first step, we show that
averages in v of Q@ (f, f) are somewhat smooth in x, and we keep track of the ave-
raging function ¢ in the estimate which expresses this smoothness. Then, in a second
step, we approximate Q* (f, ) by @ (f, ) *, ., where &, is a smoothing family of
functions. The quantity Q* (f, f) *,, is (somewhat) smooth in & according to the
first step. It simply remains to use the properties of smoothness in v of @ (f, f)
(that is, the results of the previous section) to control the difference between
QRY(f,f) and QF (f,f) *,C., and to optimize the parameter &.

We begin with the first part of this program.

4.3.1 - Study of the averages (in velocity) of Q*(f,f)
This part is devoted to the proof of the

Proposition 2. Let e M(R3), B satisfying assumption 1, and f,, such that
(97) holds. Then we have, for any T >0 and he R3,

2
[Q ()t @+ 1, 0) = Q7 (£ 1)t @, ) L) do | dedt
(109) te v

< Kpll&lf = o) | 1?2,

where Ky is a constant that depends on T' (more precisely on the constant Cr in
(98) and on ”BHWI'”(R+><[0,1]))-

Proof. Let e M(R3). We have

(110) J'Q+(f,f)(v) Cw) dv = J f") flvy) BE(v) dodvy dv.
R3

v, V%, O

By changing pre/post collisional variables, eq. (110) becomes

v, V%

Ay [QUANW LW dv= [ ) fv,) [BLw") dodv,d.
R3 o
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Let us set

(112) Z(v, vy) = j BE(w') do,

which depends neither on ¢ nor on & and belongs to L * (R® x R?). As a matter of
fact, we have

IZI17, = 5 w3y < 47BllL, = (x5 x 52 16l = (x5 -

Note that we still cannot directly express the quantity [ Q" (f, f)(v) &) dv in
RS

terms of averages in v of f, because Z is not a tensor product. As a consequence,
we approximate Z by (integrals) of such tensor product.

This is done by taking a mollifying sequence (v ,), - of functions of v. Thanks
to (111), we get

@, ) tw) dv

R3

) = jf(v)f(v*)( fZ(w,w*)tpg(v—w)tpg(v*—w*)dw*dw)dv*dv

v, Vx W, W

+ j f(v)f(v*)[ j (Z(v,v*)—Z(w,w*»wsw—w)wg(v*—w*)dw*dw] dv,dv.

V0% WWs

We name I, (respectively I,) the first (respectively second) integral in (113). They
are functions of te R, and xeR3.

® KEstimate on I.
The integral I; can be rewritten as
11 = J Z(w; w*) Qy)g(-fw)(f)(ta 9(/') Qz/)a(~7w*)(f)(ta 90) dw* dw7

where ¢ ,(f) denotes the average quantity of f with respect to v.
Let us study the norm |[v;,I; — I |20, 71 s3), for ke R®, with the notation
7,9(®) = g(x + h).
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The following equality holds:

[ leati = 1 |*dwat

t,x

[ 200, 00y - (E @+ 1) 0y (FNE, 24 1)

w, W

t,x

2
=0y, —w) (), ) 0y, =) (E, 2)] dwy dw ‘ dx dt.

We immediately get

t,x t, w, Wi

|(Q w,;(-*w)(f)(ty x+ h) -0 wl:(-fw)(f)(ty .’)C)) ng(-fw*)(f)(t x+ h)

2
+leg('_uj)(f)(t’ x)(@ V)g('—w*)(f)(tv x+ h/) - Qws(-—w*)(f)(t, 90)) |dw* dw ‘

[ @ =1d 0y (X, @)

W, W

< c||z||%m(ﬁgxﬁg)[ [ dtda
t,x

2
XT3y (F)E, @) |dus dw‘ du dt

2
+ jdtdx j |((rh—Id)Qw£<._w*)(f))(t,x)gv)g(_w)(f)(t,ac)|dw*dw‘ dwdt].

t,x w, Wi

In the previous inequality, the two terms can be similarly treated. For example,
let us study the second one, which we name J.

J= f( J’th.(-*w)(f)(t, x) dw)2

tye W

2
x( [ 1@ =1 0y (P, @) |dw*) du dt

Wk

2
< Cy J ( J |((z), = Id) 0y, — o) ((E, @) |dw*) dxdt,

t,x \Wx
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where Cyp is the constant in (98). Let us choose 0 < 6 <1 < 1/2. Using the nota-
tion 7T, as in subsection 4.2, we have

J< CT( fe9|“’*|2dw*)

W

X( [ (@ =10) 04w (NF(E, @) &% o, dacdt)

1,20,

2
2
<Cr,o|h| de* eIl

Wi

ev-non( )
Pl —ws) T T/1

Then, thanks to the averaging lemma (Lemma 2), we obtain

L2([0, T} H2(R?)

2
T<Cr g5 |k| [ dw, o™
Wi

- 2
x[ j f‘“(x’—v*)wg(v*_w*)?ﬂ(v*)?(n|v*|2)8dv*dx

T; (v, )?

@, Vs

v ] (@roev

t,x, Vs

%)(ty 9(/', ,v*)Z

X1 (v — wy ) Ty (0, P (1 + |v*|2)sdv*dacdt].

Let us take care of the term with f;, (the other one is treated in the same way
thanks to (107)). We notice that, for any w, € B(v, ¢),

2

2 ” 2
e0|w*| seZ@\uﬂ e20£

We thus have
2
[erter | ﬁf}(x(’—v”;)wg(v*—w*)m(v*)Z(1+ |04 |2)" dv, dev dav,
AU

Wi x, Vs

< f fio (@, v )P

P TP oY
AU

X,y Vs
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X ( f 1oy (v, — 1w, ) dw*) dv, dx

Wy € B(Vse, €)

< J’ fin (@, v )P

TR |0 12 2% [l [ 2 o, dic
ANUse

X, Vx

"M, _, ) 2
< 7OV

63

Jin

T;

L2(R? % R3)

for 0 <e<1.
Note that we have used that |[y.|[f:<e ® and M, 4, is defined by (102).
Hence we get, thanks to (103),

C, o,
J< 2t
&
and finally
(114) lendy = Ll 20, 11 x w3y < Cay 0, s 217 = s vy € 72 | ]

® Fstimate on I,.
Let us now study the norm ||z, I, — I5 |20, 7y x 5#), With the same notation 7,

as before. We successively have

||Th12 =1, ||%2([0, T] x R3)

[ (b @t by v) £ @+ by v, = (8 @, 0) @, 0,))

v, Vs

= jdtdx
t,x

x( f (Z(v, vy) = Z(w, wy)) Y (v —w) P (v — W) dwy dw) dv,. dv :
(115)

w, Wi

2
< Ol =i [ Lol o) o)

2
X Jdtdx( J(rh+Id)(|f(t,x,v)f(t, x,v*)|)dv*dv) .
t,x

V, Vs

Thanks to (98), the second integral term is bounded by a constant K= 0. Hence
there exists a constant Cp=0 such that

(116) [e3 12 = L |F 20, 71 % vy < Cr 2. = g3 w3y €2

® Fstimate on the average quantity.
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Under assumption 1, the following inequality clearly holds:
(117) 1 Zw1. = k3 w3y < CllEllwr. = ey,

where C is a constant depending on 7' and HB”WI’”(IhX[—l,I])- Consequently,
using (113)-(117), we get, for ke R?,

J

t,x

2
[lQ (£ 1)t @+ by ) = Q* (£, )Xt &, )1 E) do | dwdt

< Kpllglfn. s (e® + & 72 |R)),
that gives (109), if we choose & = |h|">.
Thus, we conclude the proof of Proposition 2. =
4.3.2 - Study of Q¥ (f,f)
We turn back to the proof of our theorem.

Let us once again choose a mollifying sequence (¢ )5 ¢ of functions of v. We
obviously have, for all 6 >0,

QTSN =@Q N =ws Q@SN+ vs *,Q7 ([, f)

Note that, thanks to (109), for any heR?® and 6 >0,

2
[Q (£ 1)t @+ kg w) = @ (f, )X, @, W) (0 = w) duwo | dedt
(118)  te " w

< Clly 5@ =)y =y |R]*7 < CO % | R [*P.

On the other hand, we know that thanks to the regularizing properties of @ *
(theorem 9), and thanks to the fact that fe L * ([0, T] X Bg; LZ(R3)) (for all s,
R>0), Q" (f,)eL (0, T]X Br; H'(R?)) and therefore

(119) HQJr(fyf) ) *vQ+(faf)||L2([0,T]><$R><$R)sca'

Using again the translations 7, in the variable x (k€ R®), and assuming that
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|| <1, we successively have

|7, QF(f, )= Q" (f, f)|*dvdadt

(t, 2, v)e[0,T] X B X Br

gC[ f QT (f,. /)=y #, Q7 (f, ), x, v) |*dvdadt

t,x,v

(120)

+ [ 1@y =, Q) = v, #,Q (£ ONE, @, v) Pdvdadt
t

x,

S Cr(0%+ |h|7P678),

thanks to (118)-(119).
Then for a good choice of ¢ (that is, 0 = |2|*®) in (120), we find the following
estimate:

T 1/2
jj j|z,,Q+(f,f)—Q+(f,f)|2dvdxdt) <C|h|"®,

0 (Br)y (Br)y

which ensures that Q" (f, f) e L2([0, T1X (Bg),; H*((Bg),)), for any 0<a<1/25.
Besides, we know that Q™ (f, f) e LZ([0, T1X (Bg).; H'((Bg),)).
Then, by a standard interpolation result, we can state that for all
ael0, 1/25],

(121 Q" (f, /) e L*([0, T1; Hi3(R® X R?)).

4.4 - Conclusion

Let us now conclude the proof of Theorem 11. Note that if we use the notation
(i, x, v)=f(t, x+ot, v), formula (99) is (at least formally) easily rewritten as

t
A, e, v)= exp(— JLf#(a, x, V) do) X
(122) ’

t s
(fin(%, v) + J [Q+(f,f)#(8, x, v) exp( JLf#(o, x, V) do)] ds).
0 0

In (122), we name E, the first exponential term and £, the whole integral term
with Q*.
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We first notice that since Lf has the same H 2 smoothness in both variables x
and v, it is clear that Lf*eL?([0, T]; HI2(R?x R?)). In the same way,
Q" (f, /) lies in L2([0, T1; HL(R? X R?)) for all a€]0, 1/25[.

Besides, we have, for any heL?([0,T];H“(BrXBg), R>0, aecl0,1/25],

T

(123) j

0

2
dt<T* ||h||%2([0, Tl; H*(Br X Br))*

L2([0, T; H*(Bg X B))

t
[ o) do
0
Using (123) with k= Lf#, we immediately obtain that for any te [0, T1,
t
fo#(o) doeL2([0, T1; HY2(R? x R®)).
0

Its time derivative is exactly Lf* which also lies in L2([0, T1; H2(R? x R?)).
Consequently, we have proven that

t
[L1#(0) doe Hi (R HEZ (R x R) c HIE(R, x R x RY).
0

Since x+—¢€" is a bounded C * function on [ — T max Lf, T max Lf], we can con-
clude that E; belongs to H2(R, x R®x R?).

Then, we notice that E, is the integral of the product of two terms which are
both in A=L2([0, T]; HA(R*x R*)N L~ (R, x R®*x R?) for all ae]0, 1/25[.
The previous vector space A is in fact an algebra, so E) is the integral of a term
that lies in A. Using once again (123), we find that E, belongs to H% (R, X R?
x R3) for all ae]0, 1/25[.

Since E; and E, are obviously in A, Iy = E, and I, = E, X E, lie in A too, so
that both quantities belong to H% (R, x R® x R?) for all ae]0, 1/25[.

Finally, from (122) back to the standard formulation, we obtain (99) with the
required smoothness on both I'; and 5, because T, and T, have the same smoo-
thness in the three variables ¢, x and v. =

In this proof, we have only considered cross sections B lying in the space
Wb = (R, x [—1, 1]), which covers the case of (cutoff) Maxwellian molecules and
(cutoff) regularized soft potentials.

We briefly explain here how to transform the proof to get a result in the case
of hard potentials (with angular cutoff) or hard spheres.

Note first that the solutions of [61], which have an exponential decay in both a
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and v, are replaced by solutions with an algebraic decay in at least one of the va-
riables, like those of [11] or [65]. Then, throughout the proof, if the algebraic de-
cay concerns the variable v, the function T, is replaced by S;(v,)=(1

Q" (f, /)

A

A
+ |v4|?) 2. The estimate on becomes then more intricate (but is still

valid).

Then, one has to replace the estimates in W * by estimates in C%# (except
for hard spheres) because the cross sections of hard potentials are only Holder
continuous, not Lipschitz continuous.

Finally, the L. * estimates must be replaced by weighted L. * estimates because
the cross sections of hard potentials (and hard spheres) tend to infinity when
|v — v, | tends to infinity. At the end, the exponent in the Sobolev space is less
than 1/25 (and may be very small for hard potentials close to Maxwellian molecu-
les, because of the bad smoothness of the cross section for small relative
velocities).

The situation for true soft potentials (that is, when one keeps the true singula-
rity of the cross section for small relative velocities) is not so good, and one pro-
bably needs to find new estimates to prove a result of smoothness in such a
case.

Finally, when one considers a cross section without cutoff, or the Landau
kernel, a very different behaviour is expected, and will be described in the
sequel.

5 - The Fourier transform of the Boltzmann operator with Maxwellian molecules
and applications

5.1 - Introduction

Up to now, we have used the Fourier transform Q(f,f) of Boltzmann’s kernel
Q(f, ), but we have only written it in terms of f itself and not in terms of f

In this section, we shall use a formula, written down by Bobylev in [13], [16],
which enables to express directly Q(f,f) (or @ * (f,f)) in terms of f. This formula
is computed in subsection 5.2.

However, this formula is easily tractable only for a special kind of cross sec-
tions, namely the Maxwellian molecules. We recall that in our terminology, it
means that B depends only on the second variable. As a consequence, many resul-
ts are valid only for that particular type of cross sections, and many others, whose
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validity is larger, are more easily proven in the case of Maxwellian molecu-
les.

In subsection 5.2, we write down Bobylev’s identity, which expresses Q(f,f) in
terms of f. Then, in the remaining subsections, we treat only the case of
Maxwellian molecules, and give at the same time results which are only valid for
this cross section (study of explicit and eternal solutions, uniqueness in the non
cutoff case) and results which have a larger validity, but which can be proven mo-
re easily when Maxwellian molecules are considered (a new proof of the regulari-
zation properties of Q * (f, f), and the study of the smoothness of the solutions of
the non cutoff spatially homogeneous Boltzmann equation).

5.2 - Bobylev’s identity

We write down here the proof of an identity due to Bobylev, which enables to
obtain a simple expression of the Fourier transform of Boltzmann collision opera-
tor (or even, separately, its positive and negative part) in terms of the Fourier
transform of f. The proof is extracted from [15].

Theorem 12. We consider Boltzmann’s kernel Q in the case when B does
not depend on |v—v,|:

v—0
|—*| 'U) dad'l)*.
,U_,U*

Q(g,f)(v)=f f{g(v;)f(v’)—g(v*)f(v)}b(

JRN SNfl
Then, the following formulas hold (f or Jf both denote the Fourier transform of f

n the variable v):

(124) FIQ (9, /® = | b(|—§|-o) §E) Fe") do,
SNfl

(125) FQ (9. )& = | b(% -o) §0) f(&) do-
SNfl

In the previous formulas, we have used the shorthand notation

_EtlEle &0

12 ¥
(126) § 2 >

Proof. We perform here the calculation of the Fourier transform of the gain
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term in a general Boltzmann collision operator:

Q@@= [ | Bllv-ul.

]RN SN71

|”_—”*| -o) 9wl) fv') dodv,.
/U_,U*

First of all, for any test-function ¢(v), holds
V=
[ @ nwewan= [ Bllo=v], L)
RV R2N  gN -1 |’U—U*|
Xg(y) f) p(v") dvdv, do .
Plugging ¢(v) =e "¢ in this identity, we get

FAQ (g, NI® = [ g f@)

RZN % SN—l

2 : " dvdv, do.

v _/U* 7i'u+v* & - |[v—vs|
><B(|v—v*|, ) 2 e

|[v— v,
A key remark by Bobylev is that

V=V, —ilrmEl e
JB(|1)—1;*|,—0)6 : " do

gN-1 |’l)—1)*|

7iﬂa~va*
= JB(|v—v*|,|—§|-a)e 20T g

SA771

This is a consequence of the general equality

| Feo, oy do= | Fl-o,k-0)do, I = k| =1
SN*I SN71
(due to the existence of an isometry on S¥ ! exchanging ! and k).
Thus,

Q@M= [ g0 f B(lo=vl, -0

H

—iE- vEsk v—vk

Xe 2 e o= dvdv, do

= J g(vy) f(v) B ( |v— vy, |—§| -0) e WE e Tt dydu, do,

RN x §N -1

where £* and £~ are defined by (126).
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By the Fourier inversion formula, this is also

1 . 5 5
(7 4) f( )B( — V|, — )
<2ﬂ>flj” Bl g

X gle s g g~ E" g i & gy dn] dv dv,, do

1

~ @aY

[ dmarom

RZN x SN71

X

Bl |v—v4]|, i-o give C1s =& g 1= qy iy N dody dy .
|€]

R2V

By the change of variables ¢ =v —v,,

f B(|v—v* | y |—§| .g) eiv*~(m*E’)ei'w(n*ﬁ)dvdv*

RZ N

= B\ lq| i-o‘ e O +n=—EE) o —iqg-Gx=§7) Jo du

RN R¥

=(2n)N/2§(|17*—§ ] |—§|o) Sy =E— 4],

where O is the Dirac measure, and B( |&], cos @) = fB( |q|, cos@)e ~¢ dg deno-
RN

tes the Fourier transform of B in the relative velocity variable.
Thus the Fourier transform of @ (g, f) is given by

1

(ZJI)N/Z

K

[ dmoFE-n0B(In.-& 1, 5

RV x N1

ol dngdo.
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Writing £, =7n,—& 7, we find in the end

FIQ* (9,))E) = [ e reofE -0

(275)N/2 Ny gN-1
(127) RY xS
= §
xB( Eql, —-o)dg*do.
=] €]

In the particular case considered here (that is, when B(|z|, cos 6) = b(cos 0)),
we have

B(|&,|, cos0) = (2m)V2O[E . = 0] b(cos 0),
and as a consequence

Q" (9, IO = j§<s>f<§+>b(|—;-a)do.
gN-1

The formula for F[Q~ (g, f)1(E) is then easily obtained by the same kind of com-
putations (but much simpler). =

We now write down a simpler form of the Fourier transform of Boltzmann’s
kernel (in the case of Maxwellian molecules) for functions which are radially sym-
metric (or, equivalently, for functions the Fourier transform of which is radially
symmetric). We observe that

+12 2 -2 = 2
&= e lET = —
so that if we define 6 by
cos(20) = i -0,
€]

we obtain
|ET|?=|&|%cos?0, |E7 %= |&|*sin® 6.

Then, the Fourier transform of Boltzmann’s kernel (in the case of Maxwellian mo-
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lecules) for functions which are radially symmetric writes (with £eR)

/2

(128) FQ (¢, NI& = [ §(Esind) F(eosd) p(|6]) do,
0= —m/2
/2
(129) FQ (9.NO = [ §0)F& p|o])dp,
0=—m/2
where

1
B(|6]) = ESin(2|0|)b(cos(20))

(in dimension 3). Remember thatf and g are even functions of £ in the previous
formulas.

Those formulas are sometimes called the Fourier transform of Kac’s operator,
since its corresponds to taking the Fourier transform in (31), that is, when v e R
and

Qg, ()

=J J-{g(vsin@+wcos9)f(vcos9—wsin0)—g(w)f(v)}ﬁ(|0|)dwd0.
R -7

5.3 - Euxplicit and eternal solutions of Boltzmann’s equation with Maxwellian
molecules

Using formulas (128) and (129) and making the change of variables
52

xr=—=—, s=cos?0,
2

together with the change of function
o(t, @) = f(t, &),

Boltzmann’s equation for radially symmetric functions writes

1

(1381) o, ¢(t, x) = j {o(t, sx) ¢(t,(1—s)x) — p(t, 0) ¢p(t, x)} G(s) ds,

s=0

where G is related to b.



[61] ABOUT THE USE OF THE FOURIER TRANSFORM... 61
The systematic study of this equation was made by Bobylev and Cercignani.

The results of this subsection are extracted from their articles [17] and [18].
First, we look for solutions to (131) of the form

(P(t, %.) =e —2(1m¢0(xe —ZM),

for a, A eR.
The equation satisfied by ¢ is

1
(182)  —2Ay¢(y) = f{¢o(sy) $o((1=98)y)—¢o(0) po(y)} G(s)ds.
0
We see that ¢ (y) =(1+y)e ¥ is a solution to eq. (132) as soon as
1 1
A= onsu — $) G(s) ds.

As a consequence, we obtain solutions ¢ to eq. (131) of the form

o, x) =e 2“(1 + xe 2M) exp (—axe ~2M).

Those in turn lead to the following formula for the Fourier transform of the Boltz-
mann equation:

f(t, &) =ea§2(1 + % |§|262M) exp(_ % |§|2ezu).

The well-known BKW mode (Cf. [13], [14] and [51]) is then recovered by ta-

1
king the inverse Fourier transform of the previous formula (with a = — , and in
dimension 3): 2
—it 2
 EE— ( IR 3))
3(1—e¢ M\ 1—¢H

|v]® )
21 —e M) |’

f(t’ 7)) = (2‘7'[(1 —e _M))—S/Z

xexp(—

This has long been the only (up to some transformations) known nonnegative
(nontrivial) explicit solution to the (spatially homogeneous) Boltzmann equa-
tion.

However, Bobylev and Cercignani recently discovered (Cf. [17]) new nonnega-
tive explicit solutions in the particular case when G =1.
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We only write here the simplest one. It is given by the formula

©

1 5
(133) ft,=2"3a 3¢
0 (u+

U

ue

|v|2672t/3 )2 du .

2

This solution is said to be eternal. This means that it is defined and nonnegati-
ve for all times teR.

This does not contradict the conjecture that all eternal (nonnegative) solutions
with finite mass and energy of the (spatially homogeneous) Boltzmann equation
are trivial (that is, Maxwellian). The reason for that is that the solution given by
(133) has infinite energy.

In fact, Bobylev and Cercignani recently made a significant step towards this
conjecture by proving the following result (Cf. [18]):

Theorem 13. Let f be a radially symmetric nonnegative eternal solution of
the Boltzmann equation with Maxwellian molecules such that all its moments of
even order

m, () = [ fit,0) [o]*" do

are finite for all te R. Then, f is a (constant) Maxwellian.

Proof. We can suppose that m,=1 and m; = N without loss of generality
(this is possible thanks to a multiplication and dilatation of f). Then, we want to
prove that

‘,.‘Z

f(t, v) = (20) Mo 2

We now use the Fourier transform of f and keep the notations (¢, s, G, ete.) of
this subsection. For the sake of simplicity, we write down the proof only in the ca-
se when G =1.

The equation satisfied by ¢ is (131). The same equation is satisfied by vy defi-
ned by

Y, x) =e” (1, x),
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that is
1
134 dyt, @) = [ {wt, s) y(t,(1 =) @) = 9(t, 0) y(t, @)} G(s) ds.
s=0

According to the definition of 1, we simply want to prove that for all te R, «
eR,, i, x)=1.

Then, writing (with the convention that the derivatives concern the second
variable)

+ o (p(n)(t, 0)

Ppt, x) = 2 —————a",

n=0 n!
w(n)(t 0)

Y(t, ©) = 2 ,

T
we see that for all n =2,
n!
3y (t, 0) =2, p"(t, 0) = > —

p+q=n,p,qell,n—11 plq!

(135) )
Xyt 0)p @, 0) [57(1—s)ds,
0

2

n+1
We now suppose that we do not have (0, ) =1 (that is, fis not a Maxwellian

initially), so that there exists p € N, such that v@(0,0)=0fori=1,...,p—1,
and y® (0, 0) =0.

Then, thanks to (135), it is clear (by induction) that for all te R, v @ (¢, 0) =0
for i=1, ..., p—1. Again by induction, for all teR, @ (¢, 0) =e*fp@(0, 0)
for i=p,...,2p—1, and

with 1, = ~1.

)

(p) 2 (p) 2
T/J(Zp)(t, 0): w(Zp)(O’ O)— Bpw (0, 0) :|e/12”t+ Bpw (0, 0) ez/lpt

22, — Ls) 22, — Ls)
with
( p)‘ 1 sP P
= (Y)ZJ (1-syds.
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Then, we observe that 24,<41,,, so that

B,y®(0,0)
EEEsee——
21, — s,

24 pt <0

Because
o(x) = e “y(x),

one has for all nelN

!
PN 0= D L (—1)yy®t, 0),

a+b=n q!b!
so that
2p (2p)!
(2p) t,0) = —1)2P—byy® t, 0
P 0= 2 e Y e
:sz_l (Zp)Y (_1)2P*b621bt
b=p (2p —b)!b!

B,ﬂ/)(p)(o, 0)2 o Bpl/)(p)((), 0)2
20, — Asp 20, — Asp

+ w<2p>(0’ 0)— 2/1pt.

When t— — o, the dominant term in the previous formula is the term in e2*»!,
and it is strictly negative.

This means that there exists a time T’ (negative and large enough in absolute
value) such that ¢ ®” (T, 0) is negative.

We now recall that expanding

2
ft, |k = Je”k”lf(t,ac) dac=¢)(t, %)

in power series, we get for all nelN,

¢™(t, 0) (=
2" n! 2

1 n
,l) fﬂcf”’f(t, @) de,

so that the assumption that f be nonnegative entails the nonnegativity of
¢=P(t, 0) for all te R and p e N, and we have a contradiction. Then, f is initially
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a Maxwellian and (thanks to a standard theorem of uniqueness), it will remain a
Maxwellian for all times.

We also notice that in the computation above, there is no need that the power
series (of ¢ or i) converge, nor is it compulsory for the equation on ¢ to be defi-
ned for all time: those are only used at the formal level to write equations on the
moments of f, and could be removed from the proof. =

Note that the only other known result concerning the eternal solutions of
some spatially homogeneous kinetic equation is the result by Villani (Cf. [76]) for
the Fokker-Planck-Landau equation.

5.4 - Uniqueness for Boltzmann’s equation with Maxwellian molecules without angu-
lar cutoff

We present here a result of stability of the (cutoff or non cutoff) spatially ho-
mogeneous Boltzmann equation with Maxwellian molecules in a weak norm due to
Toscani and Villani (Cf. [69]).

In the non cutoff case, no other proof of uniqueness is known.

First, we define by

&(f, ) = sup LE IO
gerV |€]

)

a distance between functions f, g € L4 (RY) such that

1 1 1
[ 1) |;’|2 o= [ g |;’|Z dv=[0}.
W ok " - N/2

Note that for such functions f, g, the quantity d,(f, g) is indeed finite.
Then, the following property holds :

Theorem 14. Let B be a cross section verifying B(x, u) = b(u) (that is, of
Maxwellian molecules type) with |sin@|b(cos0) <K|6]|'"7 and K>0, y <2
(in other words, cutoff or non cutoff).
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Then, for all (nonnegative) energy-conserving solutions f, g of the spatially
homogeneous Boltzmann equation (25) with respective initial data f;, and g;,
satisfying

1 1
fﬁrL(v) | |2 d/’U fgi7l(v) | |2 d/U

RY

RN

2 2
(such solutions are known to exist thanks to Theorem 1), one has the relation

vVt = 07 dZ(f(t7 ')7 g(t, )) S dZ(ﬁn’ gin)'

Proof. We can impose (up to a translation, a dilatation and a multiplication)
that

1 1

1
jﬁn(v) | |2 d’l) ng(v) | |2 d’U - [ ] .
RY 2 RY 2 N/2

Then, thanks to the identites (124) and (125), we see that f and ¢ satisfy
Vt=0, f(t,0)=gt, 0)=1
so that

8.f (&) = j FEHFED f(&))b(

) do,
sV

|&]

2= [ g )= b o] do

¥ |

and

ST OGO = [ IFEDTE)~5E) 6N~ FO -GN | - o) do.

H
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But

FEDFED)—GE)GET) L FED=GETD) | |E P
< |fE")
EE <17 | B | EE

L FED=GED | |ET
el Bk ‘|s|2

_ & -5 ‘( E7 1+ |£+|2)
geRY Hk Hk
< sup | L0200 |
geRV HE
Then, denoting (&) = %, we obtain

5

8i(&) < j 1 h(&)]b(| :

gN-

o] do.

Supposing momentarily that b is integrable (cutoff assumption), we immediately
get that dy(f, g) = sup |h(&)| decreases with ¢.

Since this estlmaie does not depend on b, it also holds in the non cutoff case
(this is easily obtained by imposing a cutoff depending on a parameter such that,
when this parameter goes to 0, the cutoff cross section converges to the non cu-
toff one). =

Note that the previous estimate immediately implies a property of uniqueness
(as we already pointed out, such a property can easily be obtained without the
Fourier transform in the cutoff case, but the proof above is the only one up to now
in the non cutoff case).

5.5 - Alternative proof for the properties of @~

We now propose a proof of the smoothing properties of @ * which uses Bobyle-
v’s identity and which is therefore particularly simple when Maxwellian molecules
are considered. The assumption and the conclusion are close to that of Theorems
8 and 9, but are not exactly the same.
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We shall use the following formula to compute some integrals on the sphere
SN-1 (N =2). It deals with functions which only depend on one component: for
any function S defined on ] -1, 1[,
WwN-ne 1

(136) | By do= 2”—1 [ B —ut¥=2qu,
N1 I( 5 y-1

We now state our result. The proof is close to the one used in [19]:
Theorem 15. Asswme that

(137) beL*(0—1,1[,(1 —u®)N=32qy).

Then for any fe LE(RYN), Q*(f)e H¥N "V2RY) and

(138) ”Q+ (f)”H(N’”/Z(RN) s CN”b”LZ(]—l, 1 (1 = u2)N =32 gy Hf”%{Z(RN)-

Proof. We know that

139)  Q* (fif)&) = jf(g_flo)f(§+2|g|o)b(|—§|'0)da.
geSN-1

We have by Cauchy-Schwarz’s inequality

sy -~ — —~ 2
RTRGCIEE| f(f |5|")f(f+|5|0) do
geSN-1 2 2
(140)
f |b(i.g) zda,
R
and the last integral can be computed by (136),
w-ne 1
(141) f b(i-o) 2d(j: 2”— f |b(u)|2(1—u2)(N*3)/2du,
A

=l
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Then,
J f(S—ZISIO)f(EJrZISIO)ZdO
oesSN-1
:gesil L _% f(g—m)f(swo) Lo

< L TP 5 e

rrSN vr=|g

- N5
Therefore,

[ aslEl Rt (@

teRrY

coo (552 (2] o

<Cy [[ 1FD @ 1 @) |dud

A, ueRN

‘dédn

< Cylfllzam lofll ey, =

As we shall see in the sequel, it is possible to extend this proof to non Maxwel-
lian molecules cross sections.

5.6 - Gain of smoothness for Kac equation without angular cutoff

In this subsection, we investigate the smoothness of the solutions of the spa-
tially homogeneous Boltzmann equation when the cutoff assumption of Grad is
not made. The result is quite different from that of the cutoff case, since we shall
in fact prove that an immediate effect of smoothing occurs, as in the heat
equation.

In order to put into evidence this effect, we investigate here the simplest non-
trivial model, that is Kac’s equation (defined by (130)) or, equivalenty, Boltzman-
n’s equation with Maxwellian molecules in a radially symmetric context.
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We shall even restrict our attention to a typical non cutoff cross section, that is
(142) B 0|) = |sin0|‘zcos01w|5n/4,

rather than try to give general conditions.
We state a theorem which was first proven in [26]. The proof given here is how-
ever extracted from [29].

Theorem 16. We consider Kac’s operator @ defined by (130), together with
the cross section (142).
Then, for all measurable even initial datum f™ =0 a.e. on R satisfying

(143) E(f,) = j(1 + v+ |log £ |) frdy < + oo,
R

the Cauchy problem
(144) 9, f(t, v) = QUf, ), v),  fO,-)=f

has an a.e. even nonnegative solution f such that

(145) sup j(1 + o2+ |log f(t, v)|) f(t, v) dv < + .
t>0
R

In addition, for all T>0,

(146) fe L[z, + o[, H*(R,)).

Proof. We admit the existence of an even a.e. nonnegative solution to eq.
(144) such that the conservation of mass and energy holds, and such that the entro-
py decreases. Moreover, we shall write down the estimates on f as if it were smooth.
In order to justify all our computations, we should in fact write them on the solution
of an approximated problem. We shall not do that here for the sake of
simplicity.

According to formulas (128) and (129), we see that

71/2

FAQg, NIO = [ [§(Esing) F(eos0) —5(0) F(©1A(|0]) db.

0= —m/2
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Then, for all a =0,

(147) [ Q. X&) F(&)|5|*ds=A+B,

R
with
/4
A={ | [f(&cosm §(&sin0) f(©)
(148) R —a/4

- %§(0>(|f(5) |2+ |f(§cost9)|2))] || |sin 6| 2 cos 6 d6 dE

and

/4

1 -~ 7 7 .
(149) B:EJ [ 50 (IFzeos0) |2 = | F(©)[2)|£]** |sin 6] ~*cos 0 d0 dE.

R —m/4
Changing variables by & cos 8+ shows that

/4

1 s :
Bl = 5 j jg(0)|f(§)|2|g|2a[(cos0)-2a—1]|sme|-2cosed9
(150) R —n/4
< B, [9) dil 7.
R

with
/4

(151) E,= | Kcos6)72* ~ 11 |sin 6] “2cos 6.d6 < + .
— /4

The most important estimate is the one concerning A:

/4

As—éj [[GF@ P+ FEesn)

R —m/4

cos O

(152) X §(0) — | §(&sin0) )| |2 d6 ds

|sin 6|*

/4

1 = ~ e . -
s_Ef [ 17®12@0) - |§(Esin) ) |&]* |sin 6] cos 0 d6 d

R —m/4

(since g =0 ae., §(0) =||gll;1=|g(&)| for all £eR).

71
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We now use the change of variables (&, ) — (&, &sin 0) (this is where the spe-
cial form (142) of the cross section helps) and get

|EI/V2 du
_ - -~ 5 z 2 2a+1
As zJ | @O =1ganIF@? g oo de

1 1
< - > f fg(x) (1 = cos (ux)) dae dul|| a1z — V2| I .

-1 R

As a consequences of estimates (150) and (153), we see that

2
e

ass) [ QG HIE) FE) |E[**dE< ~C, ullf]

R

?_I(HI/Z + Dg‘ « ||f|

where C, , and D, , are nonnegative constants depending only on a >0 and E(g)
(defined in (143)).
We now take the Fourier transform (in v) to both sides of (144) and multiply the
resulting equation by f(t, &) |€|** (remember that f is real because f is even).
We know that thanks to estimate (154),

d
(155) - IFDOIZ < = Cp |l f O e + Dy | F O

Here, C; , and Dy, , only depend on a because the evolution semigroup of (144) con-
serves the mass and energy of f and decreases the H function.

Using an interpolation of H“ between H“*'? and H ¢ for d large enough
(typically d >1/2 so that LjcH ¢, estimate (155) becomes (for some s,, K,,,
L,>0),

d \
(156) %Ilﬂwl 2.< — Kl F )5 + L.

Then, using a Gronwall type inequality, we see that for all «, t,, T >0,

sup [|f0)|

ty<t<

He< + ®©.

Note that the method used here is very close to that of Nash for the parabolic
equations.

The proof described in this subsection applies to the 3D homogeneous (non ra-
dially symmetric) Boltzmann equation for Maxwell molecules without angular cu-
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toff: for all a.e. nonnegative measurable initial data with finite mass, energy and en-
tropy, the number density f satisfies f(t, -) € C * (R®) for all ¢ > 0. This is partly
proven (in 2D) in [28].

6 - Extensions in the case of other cross sections

6.1 - Introduction

One could think that though somehow complicated, the formula giving the Fou-
rier transform of Q(f, f) in terms of the Fourier transform of f when the cross sec-
tion is not that of Maxwellian molecules will enable to extend the results of the pre-
vious section.

However, it turns out that this idea is hard to put in application. Among the rare
works using this formula, one can quote [27] and [66].

In fact, in order to extend the theorems of the previous section, it seems a better
idea to find estimates in the standard space in which appears the cross section of
Maxwellian molecules, and only then, to take the Fourier transform.

In this section, we present two applications of this vague idea. The first one ena-
bles to extend the proof of the regularity properties of @ * obtained in the previous
section. The second one deals with the non cutoff spatially homogeneous Boltzmann
equation.

Finally, we conclude this introduction by pointing out the analogy between the
role of the Maxwellian molecules (with respect to other cross sections) and the role
of the linear PDEs with constant coefficients (with respect to the linear PDEs with
variable coefficients). The ideas developed in this section have their origin in this
analogy.

6.2 - Properties of @

We now propose an extension of the result of Subsection 5.5 in the case of hard
potentials. We obtain a result which is close to that of Theorem 9, but still with an
assumption and a conclusion slightly different. The theorem and its proof are
extracted from [19].

We shall make on the cross section the following assumption:

Assumption 2. We suppose that B takes the form

V= Uy

157 B |v—uvsl, v

V= Vy |

0| =bi(|v—vy]) bz( |

0= |
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where b; and b, are functions defined on ]0, «[ and ] —1, 1[ respectively, and
satisfy for some K; =0, a,=0,

(158) Vi >0, |01 (2) | < Kp(1+a)*,
and
(159) boeL2(01—1, 1[,(1 —u?)N =32 qy).

Then, the following result holds:

Theorem 17. Under Assumption 2, for any feLf,,RY), Q(f,f)
e HYN"V2(RN) and there exists a constant Cy >0 such that

(160) ||Q+ (f,f)”HW*WZ(RN) S CNKb”bZ||L2(]71,1[,(17u2)‘N’3)/2du)”f”%lzmb(RN)'

Proof. We first define the operator @* for functions of two variables
F(vy, v5), v1, v, RV by

VR |V — vy | v+ vy |V — vy |
()W) = F( = - o, + o
q jL” 2 2 2 2
Uv:;AT’l
sz(ﬂ -a)dadv*.
|V — vy |

Then, Theorem 17 is the direct consequence of the following proposition:

Proposition 3. For the linear operator (161), we have
G If byeL'Q—1,1L(1 —u®)N=32dqy), then for any FeL'(RNxRY),
Q1 (F)eLY(RY) and

27[(N— 1)/2
(162) ”Q+ (F) ||L1(1RN) = T Hb2 ||L1<] — 1, 1[,(1 — u2)N =32 gy) ||F||LI(RN>< RN)-
155
2

Gi) Ifbpe L2 —1, 1[,(1 — u®)N =32du), then for any F e L*(RY x RY) such
that (vy —v)F e LE(RY x RY), the integral (161) is absolutely convergent for a.e.
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v, Q(F)e HN~V2(RN) and

(o (F)HHW*IVZ(RN) S CN”bZ”LZ(]— 1, 1[,(1 = u®)N =32 gy
(163)
X ||F||i/22 (v, — Ul)F”g‘?-

Let us postpone the proof of Proposition 3 and deduce Theorem 17.
Proof of Theorem 17. Let us define
(164) F(vy, v) =f(vy) f(wz) by(Jve — vy ]).
Then, it is clear that Q" (f, f) = Q" (F). Now, by (158) we have
|[F(vy, v5) | < [fo)|| f(we) | Ky (1 + |0y — vy )
(165) < Ky |[f(o) || fo2) |[(1+ |og | + |vz]|)*
S K (LA o DS [+ o) fwp) ]
Therefore,
(166) WFl <Kl AZ 1Pl < K IF1Z,
and since

| (e —v1)F(vy, vo) | < |0y | |[F(vy, v2) | + |v2| | F(vy, ve) |
<K |(1+ |o DM flo) | |(1+ v ) f(wy) |

+ Ky | (1 + |og D fo) | [ (1 + |v2|)”‘”’f(v2)|,
we also have

(167) vz — vy) Fll2 < 2K, | f

f”L12+Ilb.

2
L(zb

Now since b, e L? by (159), we can apply Proposition 3 (ii), and we obtain that
Q*(f,/)=Q*(F)e HN V", and

(168) 1Q* (f, Hllrov-ve < Cy boll 2 K, | FI172 (1 £112

ap L1+ab’

and (160) follows since | f

<l ™

Proof of Proposition 3. Estimate (i) is easy, and we only prove (ii).
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By a computation similar to that of Subsection 5.2, we get

) Q&= | F(

gesN-1

- +
s
2 2 ||
Then, the computation closely follows that of Theorem 15.
We have by Cauchy-Schwarz’s inequality

a0 @ Pers | |F(§—f|0,§+|2§|0) ‘o | |ﬂ(i.a)

gesN-1 gesN-1

and the last integral can be computed by (136).
Then,

2
F , do

2 2

J

oeSN1

=[(E—nm &+7 = oS- §+n dn
<M>J|§| ‘F(—z I )H(VzF vlF)( . 5 )’ e

A(S— [Elo &+ Iéla)

where V,F and V,F are the gradients of F with respect to the first and second va-
riables. Therefore,

_ =(&—|&lo &+ |&lo
e | [r(Ectee sxie)

2

do

EeRN oeSN-1
< 2V 2aPV|F 2wy vy [z — 01) Fll 2y < vy,

and together with (170), we obtain (163). =
6.3 - Gain of smoothness in the non cutoff case

6.3.1 - Introduction and presentation of the estimate

As specified in the general introduction of this section, we shall not try here to
use the formula which gives the Fourier transform of Q(f, f) in terms of the Fou-
rier transform of f for non Maxwellian molecules. Instead, we shall choose a quanti-
ty (the entropy dissipation) which is monotonous with respect to the cross section,
so that it is possible to estimate it in terms of the same quantity for Maxwellian mo-
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lecules. Then, a computation close to that of subsection 5.6 yields an estimate of re-
gularity (typically, some Sobolev norm of V/f can be estimated by the entropy
dissipation).

In this subsection, we consider only the dimension three, and we take a cross
section B which satisfy the two following assumption (for all x =0, 0e[0, x]):

171 Ky |07V <sinOB(x, cos0) < K, (1 + |x|) |6] ',

for some K,, K; >0 and v€]0, 2[.

This is a typical assumption of non cutoff hard potentials (including Maxwellian
molecules), except that usually for hard potentials, the cross section takes the value
0 for & = 0. This last difficulty leads to tremendous technicalities but can be overco-
me. We shall not present those difficulties here. This subsection presents works
which are included in [4]. In this reference can be found a much more complete
overview of the problems tackled here.

We shall prove here the following estimate:

Theorem 18. Under assumption (171) on the cross section, one has

172) D(f) = ¢, |[Vf]

2l fI2

for some constants ¢; and ¢, which may depend on K, v and (only) on the mass, en-
tropy and energy of f.

6.3.2 - Proof of the estimate

First we use the monotonicity of D with respect to the cross section B in order

to replace B by b= b( |Z:;’*| ~0) defined by

(173) sin @b(cos ) = K, |6] 1.

We get

a4 DNH=- [ (@) fw)~fw) f@) log f(v) Bdvdv,do

R2N x gN -1

(175) > — j (fvg) f(") = f(v,) f(v)) log f(v) bdv dv, do.

]RZN X SN—l
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Then, we rewrite D(f) using the standard pre/post collisional change of
variables:

DNz~ [ (@) f) = f) fw) log fv) bdvdv, do

RZNstfl
> J fvy) f(v) log J) bdvdv,do
RN 5 gN -1 S
(176)
J ( f) )
= S | f(v) log ——— — f(v) + f(v") | bdv dv, do
R2N 5 gN -1 f")

[ feo(f@ —fw)) bdvdv,do,

RZNXSA’fl

This decomposition splits D(f) into two parts, the first of which is signed and
retains all the smoothness control. As for the second, it involves strong cancella-
tions due to the presence of the term f(v) — f(v').

Under our assumptions on the cross-section, a general lemma (called cancella-
tion lemma) of [4] gives a bound for the second term on the right,

ff(v*) (f@) = f") bdvdv, do < ¢ || £])7;.

For the first term, we use the inequality

vlog = —x+y= (Va— Vo
Yy

which can be proven easily using the fact that it is homogeneous of degree
one.
Hence

2
177) D)+ e llflzy = [ (Vi) = Viw) bdvdv, do.
From now on, we let

F() =V f(v)

and we use the notation F'' for F(v').
Then we use the following result (written in an arbitrary dimension N):
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Lemma 3. The following Plancherel-type identity holds for arbitrary func-
tions ge LY(RY), Fe L*(RY):

J Jg(v*)(F’ Fy*b (_—v‘o) dv dv,. do
2N gN-1 |1}—7)*|
R&Y S7
(178) <2n)NJ j [5(0) | F(&) |2+ 56(0) | F(& ™) |?
RY S*
—E/(s)F@*)’ﬁ(g)—a@)H&*)F@)]b(l—;-o) dédo,

with the notations of (126).

Proof of Lemma 3. Expanding the quadratic term in (178) gives three
terms,

179 F'?—2FF' + F2.

From now on, we denote by @, (and @,") Boltzmann’s operator (and its positi-
ve part) with the cross section b (that of Maxwellian molecules).

We begin with the middle term. By the pre/post collisional change of variables
and Parseval’s identity,

jb(ﬂ )g(v*)p Fdvdv,do= [Q (g, F) Fdv
|V — vy |

= o )N [ 7l (g, P F de.

Then, we invoke Bobylev’s identity (124) and deduce that

J’b(l )g(v )F' Fdvdv, do
|V = vy

1
= o ? (|—§| ") §(&™) FE™) F(§) dédo.

Of course, this expression is also equal to its own complex conjugate. This sho-
ws how to compute the cross-products in (178).
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Next, we note that, since [ b(k-0) do does not depend on the unit vector k,
SN—I

Jb(& .0) g(vy) F2dvdv, do = Jdofg(v*) dv*IFZdv
[V — vy |
(180)

1 £ L
- bl —=—. 0) | F|2%(&) dodE,
(271)1"J (IEI O)g( VIFS) dods

where we have applied the usual Plancherel identity.
For the term involving F''?, we first make the change of variables (v, v)
— (Vv — Vg, V), and then v—2’ to obtain

2
ffg(v*)b(ﬁ-o) rU*F(erzﬂ)‘ dvdo dv,,
v

(181) oN -1
= [ 9@ bupv', 0) ———— |1, F") [*dv’ dodo,
v

[v" |

where

’ 2
w(v',w:z(—” -o-) -1,

v’

and 7_, F=F(v, +-).
Because | 7, F)| = | HAF)|, and using the fact that [ b(k-0) do does not
1

depend on k, we obtain gVt
1 2N71 .
Gy [owo [ [puee, on—E IR Pdcdo | av..
5 5
€]

Finally we note that the inner integral does not depend on v, so that, reversing
the change of variables, we can rewrite the last expression as

§+—|§|0) Zdéda.

1 £ _
- S . A
<2x>Ng(0)Jb(|§| 0)‘ ( >
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Putting all the pieces together, we conclude the proof of the identi-
ty., =

As a consequence, we see that

[ jb(ﬂ-o)gw*)(F'—F)Zdvdv*do

RIN gN-1 |’U—?}*|

|F(§>|2[ [ 85 0) G~ 3 1) dol as.

227 3 o &l

Then, we use the following result:

Lemma 4. Suppose that b satisfies assumption (173). Then, there exists a
positive constant C, depending only on the mass, energy and entropy of g and b
such that for |§| =1,

(182) Jb(l_il'“)(ﬁ(o)—|§(§‘)|)do>Cg|§|V-
SZ

This lemma is itself a consequence of the two lemmas below.

Lemma 5. There exists a positive constant C;, depending only on the
mass, enerqy and entropy of g such that for all EeR3,

g0)—19(&) | =C, (JE|*A1).
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Proof of Lemma 5. Note first that for some 6eR,

§(0) = |G(®)| = [g) (1 = cos (v-& +0)) do

Rii
. v-&E+ 60
=2 fg(v) smz( 5 ) dv
R3
= 2gin’e g(v) dv
(183) {|v|<r,VpeZ, |v-E+0—2pr| =2¢}
. ||g||L1(R3)
=2 sin’e||gll Lz — Tl - J g(v) dv
. 7 LE 0 2 g
lopsm3pez g + g ~r <2y
. ||g||L1(R3)
=2 sin’e [[|gll 1) — ——— — sup fg(v) dvl.
r 14| s%(m)%uﬂm
When |&| =1, we obtain our lemma with
. ||9||L1<H3>
6 =2sintefloloe - 24— fowal,
r [A] <4e@r?+ 2203 4

£>0 and r> 0 being chosen in such a way that this quantity is positive.

When |§| <1, we put 6 = £ in (183), and set

5
. 2 6
C, =262 inf M ‘
lsl<t] 6% |&|*
||g||L1(lR3)
x gl - 2 s [ganl,
r 4] <40rP(1+ L)

0>0 and >0 being chosen in such a way that this quantity is positi-
ve. ®

Lemma 6. There exists a constant K(v), such that if

sin 0b(cos 6) ~ as 6—0, >0

01+v

then for all EeR?, |&E| =1,

jb(%.o)(|§—|2/\1)doal{(v)|§|”-

S2
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Proof of Lemma 6. We first note that
2
|§7|2: |§| (1_ ia)
2 €]
Passing to spherical coordinates, we find for some 6,>0,

T

jb(l—‘;-a)(|g—|2/\1)do=2njsineb(cos0)
0

S2

X

i
T cosO)N1]|do

_ K” |1E]262 do
= TT. J T/\l 01+v'
0

By the change of variables 6 — |£|6, this integral is also
6o
L[ 67 do
H| (7 M) i
0
so that when |&| =1, Lemma 6 holds with

0o 1o
K(v):KnJZO— 1) do
0

2 - 91+v'

6.3.3 - Regularity for the spatially homogeneous Boltzmann equation wi-
thout cutoff

Let B be a cross section satisfying assumption (171), and f a solution of (25),
(26) given by Theorem 1.

A straightforward application of Theorem 18 shows that such a solution sati-
sfies the smoothness estimate

(184) Ve L*([0, TT; HZ(RY)).

If we suppose moreover that B is smooth (and corresponds to hard potential) with
respect to the first variable, then it is possible (at least in dimension two) to prove
that f lies in Schwartz’s space S.
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7 - Inhomogeneous dissipative equations

7.1 - Introduction

We now wish to investigate the interaction of the free transport operator and
of the non cutoff Boltzmann operator. Unfortunately, there is at the present time
no good setting to study the smoothness of the solution of this equation (the re-
normalized solutions with a defect measure of Alexandre and Villani (Cf. [5]) do
not seem to be regular enough). As a consequence, we turn to simplified models
keeping the same features.

We begin with the classical linear model of Vlasov-Fokker-Planck with a confi-
ning potential, which models particles interacting with a thermal bath. This is a Ii-
near second order PDE, for which it is possible to use the theory of Hérmander
of hypoellipticity (Cf. [44], [49], [50], [24]). We propose here a direct computation
by Fourier transform when the potential is quadratic (this enables to find a classi-
cal explicit solution in this case), or close to quadratic (then, this computation ena-
bles to directly find the smoothness in all variables even when the time tends to
infinity).

Then, we introduce a model which is quadratic, but close to linear (in the
sense that the collision operator is a product of a function depending only on ¢ and
x by a linear operator). We prove that some smoothness in all variables occurs as
soon as t>0.

7.2 - Viasov-Fokker-Planck equation with quadratic potential

We consider in this subsection the Vlasov-Fokker-Planck equation with a qua-
dratic confining potential, that is, equation

(185) O f+vV, f—uV,f=V, - (V, f+uf) =0.

We perform here a classical computation which enables to obtain the explicit
(Fourier transform of the) solution to this equation, once an initial datum is
given.

We first write down the Fourier transform in « and v of eq. (185). We denote
by & and # the corresponding Fourier variables, and by f the Fourier transform
of f. This equation writes

(186) Of +nVf +(p— 8-V, f +|n|*f =0.
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We introduce the characteristic differential system associated to eq. (186):
(187) E=n, &0)=E&,

(188) n=n—-=§&  n(0)=n,,

the solution of which is given by

L2V (VL (VB VR
(E®),n(®) = %e [(?cos(?t) Esm(7t Ey+sin 71& 70,
(189)
—sin(ﬁt Eo+ ﬁcos(ﬁt +lsin(ﬁt))no].
2 2 2 2 2
Then, the solution of equation (186) satisfies
d - -
(190) Ef(t’ &), n(®) = — |n(@®) |2f (¢, &E@), n(t)),

so that

- - 1
f(ty g(t)y n(t)) :f(o, 50, 770) exp E(l’](}lz'f' |§0|2_4§0‘770) @tCOS(\/gs)t)

\/—

(191) +73(|go|2— |70]%) e'sin (V/3t)

2 1
+§«waﬁ—mm+am@w+§qaﬁ+wmﬁ.
Noticing now that equations (189) can be solved in the form

goze_é([cos(§t)+ ?sin(?t)]§—2§sin(§t) 77),
L I s

We obtain in this way the final explicit form of the Fourier transform of
eq. (185):

@, &, n)zf[o, e%((cos(ét + %sin(?t)) §—2§sin(§t) n),
(s ) L e
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where
A(t, &, m) = (—% + ge‘t— %e‘tcos(\/gt)nL ?e‘tsin(\/gt)) |E|?

e 2o Lo %wm«@)) nl?

4 . V3 )2
- _t .
36 sm( 5 En

Then, it is possible (by studying the quadratic form appearing in the previous
formula: this is done in Lemma 7 below) to prove that f is smooth as soon as
t>0.

The idea of the previous computation can be summarized in the following re-
mark : the Fourier transform changes a linear partial differential equation with
constant coefficients into an ordinary differential equation (the Fourier transform
is not taken here with respect to the time variable). It also changes a linear par-
tial differential equation with affine coefficients into a first order partial differen-
tial equation. Such an equation can then be solved with the methods of characteri-
sties.

7.3 - Viasov-Fokker-Planck equation with a potential close to quadratic

We now introduce a confining potential

Edl
(192) Vix) = S + @(x),

where @ e H*(RM).
It is not possible to find an explicit solution to the corresponding Vlasov-
Fokker-Planck equation

(193) atf+v'vxf_ Vrv(x)vvf_ VU’(va'f'?)f) =Oa

as in the previous subsection, but we still can obtain an hypoellipticity property
which is uniform when {— o, using a computation close to what we did in the
previous subsection.

More precisely, we prove the following proposition:

Proposition 4. Let fe C(R;, LY(RY x RY)) be a solution of eq. (193), with
V(x) given by (192). Then, for any t,> 0, the function f lies in the space L * ([t,,
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+ 0); Cy (RN x RN)), i.e. has all its derivatives in x and v bounded, uniformly
for t=1t,>0.

Proof. We first establish a convenient representation formula. We rewrite
equation (193) as

(194) 8tf+v'vxf_x'vvf_ Vv'(vvf+vf) :V@(:)C)va,

and denote by

(195) F g m= | e St 0) doda

RN x RV

the Fourier transform of f.
Eq. (194) becomes

(196) &f +n-Vef +(p =8V, f +|n|*f =in-Vaof.

We introduce (as in the previous section) the characteristic differential system as-
sociated to the first-order differential part of the left-hand side of (196):

197) E=1,

(199 =n-¢,
the solution of which is given by the flow

2 ¢ 3 3 1 3

Ty(& n)=——e> [(icos(it) - Esin(it

V3 2 2 2
—sm| —
2

?t)n,

& +sin

Jor (e L 2]

=[T}(&, m), TFE, m].

The solution of equation (196) can be written under the (semi-explicit) Duha-
mel form

~ LT3 (&, ) |2do

Ft, ) =Fo(T_(E, ) e
(199)

- [TE (& m) P do

t
1 T2 (&, ) VOf(s, T, (&, ) e ds .
0
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After the change of variables c—t — 0, s—t — s, we end up with the so-cal-
led Duhamel representation of f:

— [h 172 (&, ) |2do

f, &) =Ffo(T (& m)e

200 ! .
(200 i [ 12,8, ) VIG5, T (6 ) e
0

— o112 (&, ) |2do

ds .

We now give two lemmas.

Lemma 7. There exists K>0, such that for any s=0, & neRY, one
has

(201) j T2 (&, ) |2do = K(inf (s, 1) |£]2 + inf (s, 1) |n]2).
0

Proof of Lemma 7. It is obviously enough to prove the lemma for
se [0, sy] for some sy <1.
But for se[0, sy], we have

f|T§g(§, n) |*do = ge‘lf sin(—go) &

0 0

Fou[ o) gl o))

+(—cos| —o0
2

2

e‘l((s— %\fs)) |E|2+ (l—cos(\/§3)+ %\fs) —s) En

(2 b o

(202) =

w | Do

e a (5)(s? |&]?) +2ax(s) (s &) + az(s)(s|n]|*),

w| Do

where

S—M 1_COS(\/§S)+M_S
@) ame— Y V8

,  ag(s)=
8 2 252
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1 sin(\/gs)
V3

+s+ %cos(\/gs) - %
(204) asz(s) =

S

Then, a,(0) =1, a5(0) =3/4, as(0) =3/2.
The eigenvalues of the matrix

DTZ(S) — (al(s) a2(8))

as(s) as(s)

are strictly positive for s = 0, and by continuity, are bounded below by K > 0 for
se [0, sg] if sy is small enough.
For such parameters s, we get

5 2
(205) j|T§0(§, ) |2do = ge’lK(s3|§|2+s|n|2),
0

and the lemma is proved. =

Lemma 8. Let sye[0,1] and

S0

(206) LSO(E’ n) = f(s|§| + |7]|)9_K(53|§|2+3|n|2>d8 .
0

Then there exists C >0 (depending only on K) such that

C

207 L, (&, € —.
(207) |Ls, (&, m) | 15 e P+ )

Proof. Thanks to the change of variables u =s|&|*® and v=s|n|?, we
get

+ oo + oo
J s|&|e K IEF I gs < J s|&le K15 ds
0 0

(208)

+ oo
< |§|71/3 J' ue —Ku3du,
0
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and

+ oo + o
f 97| e ~KGHIEF 511D g < f 7]e %511 ds
0 0

(209)

+ oo
< |n|? J e Kvdy .
0

On the other hand, if we denote

_ 3 _
(210) Ci= sup u?e X, C,= sup vPe %,
uel0, + o) vel0, +©)

we find

+ o + o

Js|§|e’K(83|§|2”"7|2)dsSCl J s 12g ~Kshnl* gg

0 0
(211)

+ o

<C|n|t f v 2Ky
0

and

+ + oo
— 3 2 2 — — 3 2
[ Inle R s < ¢, [ 5712 K1 ds
0

0
(212)

+
< Cz |§| -1/3 f u71/2efKu'5du .
0

Grouping estimates (208), (209), (211) and (212), we conclude the proof of
Lemma8 =

End of the proof of Proposition 4. By mass conservation,

(213) sup sup |J?(t, E,m | <follnrwy«ry.

=0 g neRN

We shall show that if

Cy
(1+ [E]2+ []?)

sup | f(t, & )| <
t=0
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(keR™), then for any ¢,>0,

Cy
- .
A+ |E]2+ |n]2) "5

(214) sup |f@t, & | <

The conclusion will follow by induction.
We first note that in view of (213) and Lemma 7, estimate (214) holds with f
replaced by

— o172 (& ) 2o

At E ) =Fo(T_ (&, m)e

Thus, according to the Duhamel representation, we only need to estimate

— [ | T2 (&, m) |2do
0 ds

t
@15)  B(t, &) = [T%,5,n) Vot —5, T, (5, ) e
0
With C, denoting various constants depending on one another, we have

Vo, £ )] = | [TBED Tt &~ £urm) e

Cy
(1+ [E]2+ [n]?)

< | dEl|TBED]

1
|& 5| El{fl

_ Cy
+ dé . | VP& L) | ——————

||V
€)= S|

< Ck
L+ &%+ [n]*"

IVl

Ck 2k | T
+ (14 |EL )| VD) |dE ..
<1+|5|2>’“<1+|n|2>’“Ri |6 | TBE ) |de
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Since

[1VoE0 |+ 5.2 de

RY
12
< Vo) |21 L [2PENLg *1/2 _adg.

<Cy ||¢)||H2k+N+2,
we find

Cr
(L+ &7+ ]2

sugﬁc?ﬂt, £, <
t=

Let sy <inf(1, {;) be an intermediate time that will be chosen later on.
We write for t =1,

t

B, & m | < [ 72,06 || Vot —s, T (& m) e
0

= [S1T2 (&, ) |2do

ds

t
3 E 2
< [2e7%(s| | + [n]) dsCye KT 1820l
S0

Ci

o Kl g
1+ T, ) |

+ [Gs1E] + In])
0

By continuity of the flow t—T}(&, ), and its linearity with respect to &, 7, we
can choose sye (0, inf(Z,, 1)) in such a way that for all se[0, sy],

1
|T (&, m)|*= 5<|§|2+ 171

Then, for t=1t,,

|B(t, &, )| <Cp(|&] + |77|)6*K(865|§|3+80|,7|2)

S0

C :
’” (s8] + m]y e et iel s g
0

+
(1+ [n|*+ &P
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The last integral is bounded by

+ o

[ Gs1&] + Iy e Ko ier =i,
0

and we conclude by Lemma 8 =

We recall that the hypoellipticity of linear operators of the form 9, + v-V, — 4,
is a standard topic [77], which has been systematically studied by Hérmander [44]
for instance. In particular, his celebrated theorem of hypoellipticity applies here
to show that solutions become immediately C* (and would apply also for much
more general linear operators). But we are aware of no study of the uniformity in
time of these bounds, whereas the previous computation easily yields this
uniformity.

74 - A space inhomogeneous model without cutoff assumption

We now consider a space inhomogeneous Boltzmann equation of the form (16).
We suppose that the collision operator is singular.

We suggest the following strategy to obtain a priori regularity estimates on f
(steps 2 and 3 below consisting of regularity lemmas analogous to the compac-
tness results in [5], [54], [55]):

1] use the entropy production (estimated by the H theorem) to control fractio-
nal derivatives of the number density in the velocity variable;

2] apply the Velocity Averaging method (see [38], [34]) to obtain smoothness
in (¢, x, v) on quantities of the form

(216) [ £t @, ) 10, w) duw

for any smooth test function y; moreover, estimate the norm (in some Sobolev or
Besov space) of such velocity average in terms of y;

3] replace y by a suitable approximation of the Dirac mass at v = w and use
the results of steps 1 and 2 above to finally obtain some regularity on f itself in
the variables (¢, x, v).

Step 1 above is the result of the study of the previous section. At the present
stage, it is however very unclear how to apply steps 2 and 3 of the strategy above
to the Boltzmann equation itself. This requires more ideas and probably tremen-
dous technicalities.
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However, the method above successfully applies to the caricature of the Bol-
tzmann equation described by equations (32) and (34). which we supplement with
the initial data

217) 10, x, v) =fy(x, v), (x,v)eT xT.

We introduce the assumption on the cross section  that for some 8, 55> 0,
yell, 3],

218) Bil6] " <pU6))<B2|0]", Oel-m, al.

Definition. Let 8 satisfy (218) and ;= 0e L *(T' x T'). An entropic sol-
ution of (34), (217) is a function f=0e L *(R* x T x TH N C(R*; @' (T! x T1))
satisfying (34), (217) in the sense of distributions as well as the following entropy
relation: for all 77> 0,

T

%”Qf(t"’c)( [| 1t 2,0+ 0)=ft, @, 0)|*8(6) do dv) durdt

@) ey
s% ” |fo(9o,v)|2dxdv—%f J AT, , 0) |2 dedo.

T! % T! T! % T!
Our main result is the

Theorem 19. Let B satisfy (218) and fy=0eL * (T x T!). The Cauchy
problem (84), (217) admits an entropic solution fe HEY~¢(R* x T x TY) for all
e>0 with

y—1

22 - r=r
(220 ) TG +8)

If fo = R, a.e. for some Ry > 0, the value in the right hand side of (220) can be re-
placed by the better regularity index

y—1

221 __r-
(221) = oy

The proof of Theorem 19 proceeds through steps 1-3 above.

We finally say a few words about the most interesting model, namely the true
inhomogeneous Boltzmann equation without cutoff. Then, the only existing setting
is that of renormalized solutions with a defect measure.
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As explained in Lions [57], a smoothness estimate in the v variable like the one
in Theorem 18, combined with a so-called renormalized formulation of the spatial-
ly inhomogeneous equation (16), is enough to prove that solutions (or approxima-
te solutions) (f,,) of (16) enjoy a property of immediate strong compactification, in
the following sense. If the sequence of initial data (fi'), . satisfies only the physi-
cally natural bounds

sup | f'(x, v)(1+ |z|* + |v|* + log fi'(x, v)) dedv < + o,

nelN
(and is therefore weakly compact in L*(RY x RY)), then for all time ¢ > 0 the se-
quence (f"(t, -, -)) is strongly compact in L'(RY x RY) (i.e., converges a.e., up to
extraction).

This property is what remains of the gain of smoothness in all variables when
renormalized solutions are concerned.

The strategy runs as follows: first, by the use of a renormalized formula-
tion [5] and [33], and velocity-averaging lemmas [38] and [34], one proves that sui-
table quantities of the form (") %, ¢ s, Where ¢ 5 (0 > 0) is a mollifier in the vel-
ocity space only, are strongly compact. Then, by truncation arguments, the smoo-
thness estimate in v applies out of a set of small measure in (¢, x), (Where
|f"(t, «, )|y may be infinite, ete.). Out of these particular sets, the velocity
smoothness entails that S(f")*,¢ s is very close to S(f"), uniformly in n, as ¢
goes to 0, and this is enough to prove strong compactness of S(f"), which in turn
implies pointwise convergence of f" if § is chosen to be one-to-one.
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Abstract

We propose here a survey of the results for the Boltzmann equation which use the
Fourier transform. In particular, we introduce various versions of the averaging lem-
mas, of the properties of smoothness of Boltzmann’s kernel, and various other computa-
tions.



