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GIOVANNI CIMATTI (%)

General recombination-generation laws

for charge transport equations (**)

1 - Introduction

There is a strict relation in representation of ion electro-diffusion and the phe-
nomenological theory of the electron and hole transport in semiconductors. The
basic equations [20] are essentially the same, the main difference being in the ge-
neration-recombination term which may have different analytical expressions [13],
[23]. In this paper we present a unified treatment for a quite general class of ge-
neration-recombination laws. Moreover, since heat production plays an important
role in many applications, we assume the diffusion coefficients to be given func-
tions of the temperature and couple the system of diffusion with the heat flow
equation. Let p and n denote the concentration of positive and negative charges
respectively, ¢ the electric potential and E = —V¢ the corresponding electric
field. The flux densities are given by the relations

(1.1) J,=—B(0) Vp — upVe
(1.2) J,=—D(0) Vi + Vg,

where B(6) and D(6) are the coefficients of diffusion, 4 and v the ionic mobilities,
6 the temperature and

(1.3) 1=J,-J,
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the total current. Throughout this paper ionic mobilities are supposed to be con-
stant. This is inherent to the method and, as pointed out by the referee, excludes
consideration of, e.g., Ga-As devices, see [3]. We shall study the system

1.4) pe+V-J,=R(p,n)
1.5) n+V-J,=R(p, n)
(1.6) —edp=p—n
1.7 0;,—V-(kV0) = —1-Vo,

where k, a positive constant, is the coefficient of thermal diffusion. Crucial in the
model is the form of the generation-recombination law R(p, ). The law, typical of
the ionic conduction, for example in a salt

R(p, n) = N§ — apn,

is often inadequate in other situations. It is well-known that other mechanisms
are more important, especially in semiconductor devices. A more realistic model is
the Shockley-Read-Hall recombination-generation rate which reads

N¢ — apn

R= r>0 i=1,2,3

7”1+1”2p+7”3n ’

and take into account the essentially quantistic nature of the processes involved.
In this paper we make an attempt to present a unified treatment for a quite large
class of recombination-generation law satisfying the geometric condition (D) of
Section 2, which permits to prove the existence of an invariant region for the con-
centrations and the unique solubility of the related initial-boundary value pro-
blem. Hypothesis (D) also implies the existence of at least one electro-neutral sta-
tionary solution (p, 7, @, 0), p = 7. In certain cases (see Section 3), the time-de-
pendent solution tends, as t— «, to (P, 77, @, 6). The heat production term in the
right-hand side of the heat flow equation (1.7) is also a major modelization pro-
blem. The simplest form W, = (J, —J,)-E =1-E proposed in [8] is the same of
the metallic conduction. However, in a semiconductor, where there are two types
of carriers and where the individual carrier fluxes are not conserved, there is an
additional production-consumption of heat through recombination-generation. To
take into account this peculiar phenomenon, a different formulation has been pro-
posed in [1] ie.: W, =V-(E,J,— E.—J,), where E. and E, are the conduction
band edge energy and the valence band edge energy respectively. For non dege-
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nerate materials W, simplifies to Wy = (J,, —J,,)-E + R(p, n)(E, — E,), where the
dependence on the recombination law becomes nicely apparent. On the other
hand, even more general formulations for heat generation have been proposed,
see e.g.: [23]. In Section 4 we consider as heat generation term a generic function
W, p, n, Vo, Vp, Vn) with minimal assumption on W. Clearly in this way there
is no hope of proving for the stationary problem a theorem of existence and uni-
queness for arbitrarily large data. However, for small data this can be obtained
using the implicit function theorem in Banach spaces.

Time dependent solutions for carrier transport equations have attracted great
interest from the point of view of nonlinear PDE’s. We quote the pioneering pa-
per of M. S. Mock [16], the contribution of H. Gajewski and K. Groger [7], and the
works of T. Seidman and G. Troianiello [21], [22] where the temperature coupling
is considered. Most of these works are concerned with special recombination-ge-
neration laws.

2 - Existence and uniqueness of a classical solution

Let 2 be an open and bounded subset of R? with a regular boundary 32. We
shall use the Holder space C* 7(2) and the Sobolev spaces W ?(Q), W ?(Q)
and L0, T; W5 ?(Q)). For definitions and properties we refer to [1]. The L2
norm in Q is denoted || ||, moreover we define

Q=0x(0,T), TI=02x{0}Udx(0,T, S=32xI0,T].
Let u(x, t) be defined in @ and let 0 <a <1. We set

| u(Py) — u(Py) |

Ullp = Sup |u Ul = [[Ullp + su
il =sup el =+ sy ST
S| ou S| ou v
o=t + 3 S0 lea= a3 2] | 2
1=1 3901: a i=1 axi l1+a at a

where d(P;, P,) is the usual parabolic distance i.e. d(Py, Py) = (|a' —x" |*+ |t’
—t" V2, Pi=(x',t"), Pa=(x",t")xeQ. We say that ue C1(Q), (¢=0, a,
1+ a, 2+ a), if |[u], is finite (). Crucial in proving existence will be the following
a priori estimates proved by A. Friedman [5], [6].

() Note that C4(Q) = CY(Q).
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Theorem 2.1. Let u(x, t) e C27*(Q) be a solution of the equation

=

3 3
2.1) 21%‘(90’ t) (O 21 b;(x, t) u, + c(x, t) u—u, = f(x, t)

in the cylinder @ and u |, = h. Assume that there exists a function ¥(x, t) such
that ¥, ¥, «» ¥y are continuous in @ and which coincides with % on I'. Let the
domain QeC?%* and the coefficients in (2.1) be continuous and satisfy the
conditions

3
2.2) 2 ay(w, 1) §;E;=> Hy 2 &
1,j= i=
3 3 3
2.3) 2 gl + 2 0lly + llelly < Hy, 2 flag [ < He
,j=1 ! j=1 y=1
where

|a;(Py) — a;(Py) |
|96"—.%'”| + |t1_t//| :

2.4) ”%’”f = iug ”aij(P)” + Supp,, Pyes

Then, for any positive o <1, there exists a constant k¥ depending only on
o, Hy,, H;, H, and @ such that

2.5) llly + 5 < ElL £l [¥1l-

We shall study the following initial-boundary value problem (EP) which is ob-
tained inserting (1.1) and (1.2) into (1.4) and (1.5) and plugging (1.3) in (1.8)

(2.6) pe— V-(B(6) Vp) —uV-(pVe) = R(p, n)

@.7) n; — V-(D(0) Vn) + vV-(nVg) = R(p, n)

2.8) —edp=p—n

2.9) 0, V-(kV0) = (up + vn) |Vo|2 + [B(0) Vp — D(6) Vnl-Vg

2.10) p(x, 0) =po(x),  n(x, 0) =ne(x), O(x,0)=0,®), xe2
(2.11) D =Dy, n="ny, 6=0, on S=09Q2x[0,T]

(2.12) g=¢, on S=02x][0,T].
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Equations (2.6) and (2.7) can be rewritten, by (2.8), as:

2.13)  p,— B(O) Ap— [B'(0) VO + uVe]-Vp = — %p(p —n) +R(p, n)

@14)  n,— D(O) An + [vWe — D' (6) VO]-Vn = %n(p —n)+ R(p, n).

We make on the data the following hypotheses.
(A) There exist functions ¥, (x, t), k=1, 2, 3 of class C* *(Q) which coincide
on I respectively with p,, py, 79, 1, and 6, 6,. Moreover

(2.15) Po=0, Py =0, Ny =0, n,=0.

(B) There exists a function A eC? “(Q) which reduces to ¢, on S.
(C) B(O), D(0) e C1(R!) satisfy

(2.16) B(6)=B;>0, D(0)=D,>0
2.17 |B'(0)| < By, |D"(0)| <Ds.
(D) R(p, n) is a function locally lipschitz in R Moreover, let F = (£, g) be the
vector field
U
flp,m)=— ;p(p —n) + R(p, n)

9(p, n) = %n(p -n)+ R(p,n).

Let us define X, = {(p, n) e R*; 0 <p <7, 0 <n <7}, r>0 and denote 3%, the
boundary of X',. We assume that there exists 7 > 0 such that, for all =7, F| 5,
does not vanish and points toward the interior of X .

Remark 2.1. If Hypothesis (D) holds, at least one stationary solution of
electroneutrality, i.e. p = n, exists. In fact, we have R(0, 0) >0 and R, 7) <O.
Let # >0 be any solution of R(p, p) =0. It is easy to verify that (p, n, ¢, 0)
=(n,n,q,0) is a stationary solution of (1.4)-(1.8) if 4@ =0 and 0 solves the
equation

—V-(&kV0) = (un +v) |V |2.

An example of a dissociation-recombination law to which the theory applies is
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given by
R(p,n) =N§ —apn’f, p>1, a>0.

Deﬁne Flz{(p,n)r ’}’Z/:O, 0<]0<T}» FZZ{(p,n)y p=r, 0<n<7‘}7 FSZ{(pan)7
n=r,0<p<r} I'y={(p,n); p=0,0<n<r} and let n be the exterior unit
normal to 9% ,.

Let w(n) =F-n|p,= — Lv(r—n) + NZ — arfn’. 1t is easily seen that
“ &

1

B-1
w(n)s—ﬁr2+ﬁ(L) +N§—a(L)
e e\ afle afle

Hence, if 7 is sufficiently large we have F-n|,, <0 when 0 <n <7 and r=7.

£
-1

Eventually increasing 7 we find, on the whole boundary of X¥,, F-n <0 when
r = 7, except for the corner’s point on which condition (D) can be verified directly.
Another recombination term which satisfies (D) is of the form

N¢ — apn

R(p, n) =
b (p, n)

with a positive function r(p,n). When r(p,n)=(+rp+ryn), >0, i1=1,2,3
we have the well-known [23] Shockley-Read-Hall law.

Theorem 2.2. Let (A)-(D) be satisfied. Then problem (EP) has one and only
one classical solution.

Proof. We apply the Leray-Schauder principle, referring for a precise state-
ment to the book [6], pag. 293. Let B = (C'"“(@))® and w = (p, n, 0) € B. Define
the map @ : B x[0, 1]— B,

(2.18) W=ow, ), w=®@u0, Aelo,1],
via the following chains of linear problems:
(2.19) —edp=p—mn, g=¢, on 0R

pi— (1 =A)+AB(0)] A4p —AluVe + B'(0)VO]-Vp

(2.20) u
=1|R(p, n) - ;p(p —-n)

(2.21) plx, 0)=py(x), p=p, on S,
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s — [(1=4)+AD(0)] An +A[vWe — D' (0) VO]-V#

(2.22) v
=A|R(p, n)+ —n(p —n)
&

(2.23) n(x, 0) = ny(x), n=mn, on S

224)  6,—V-(xV0) = A (up + vn) |Vo|* + (B(O) Vp — D() Vn)- Vgl
(2.25) 0(x,0)=04x), 6=6, on S.

By elliptic regularization we have

(2.26) @, t) e C*T4@),

and, by Theorem 2.1,

93

227 pla, t), (e, ) e CLH@), O<a<d<l

(2.28) 0(x, 1) e C'T°(Q).

Thus @ is well-defined and compact. We claim that the solutions of the functional
equation

(2.29) P(w, A)=w, 1iel0,1]

are a priori bounded in the B-norm by a constant which depends only on the data.

Equation (2.29) is equivalent to the system

py— (1 —=A)+AB(6)] Ap — AMluVe + B'(6) VO]-Vp

(2.30)
=A[— %p(p—n) + R(p, n)]
(2.31) p(x, 0) =po(x), p=p, on S
n,— [(1 = 1)+ D(0)] An + A[vVo — D' (0) VO]-Vn

2.32

232 =i Znp—n) + R(p, n)

&
(2.33) n(x, 0) =ny(x), n=mn, on S

(2.34) —edp=p—mn
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(2.35) ¢=¢, on S
(236)  0,—V-(&kV0) = Al(up +vn) |V |* + (D(O) Vp — D(0) Vn)-Ve]
2.37) 0(x, 0) =0,(x), 6=60, on S.

We first find an a priori bound in the C°(@)-norm using assumption (D). Take
>0 such that » =7 and

(2.38) (po(x), my(x))eX,, VeeQ
(2.39) (pp(a, t), ny(ax, t) e, V(x,t)eS.
We prove that, if 1e(0, 1] and w= (p, n, 0) is a solution of (2.29), then
(2.40) (p(x, t), n(x, ) ex,, Y, t)eqQ.
Let, by contradiction,
@HeQ and (p@ b)), n@ D) e,

Recalling (2.38) and (2.39), there exists, by continuity, ¢ * € (0, 7] and x* € Q such
that

(2.41) (p(x, t), n(x, t) eX,, Vte [0, t*), Vre
(2.42) (plx*, t*), n(x*, t*)) e d2,.

Assume, e.g.

(2.43) (plax ™, t*), n(x*, t%)) € I's.

Then

(2.44) pla, t*) <ple*, t*), Vee 2

(2.45) pla*, ) < ple*, t*), Vte [0, t*].

Hence

(2.46) Vp(xe*,t*) =0, Ap(x*,t*) <0, pi(x*, t*)=0.

Furthermore, we have

(2.47) — ﬁp(ac*, t ) ple®, t*) —nlx™, t*)] + R(p(x*, t*), n(x*, t*)) <0,
&
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since the vector field F' defined in assumption (D) points toward the interior of
2 ,. Evaluating (2.30) for (x, t) = (x*, t*) and 1 € (0, 1], we obtain that (2.43) is
impossible in view of (2.46) and (2.47). If (p(x*, t*), n(x*, t*)) belongs to other
parts of the boundary of X, the proof is similar. Hence (2.40) follows and we
have

(248) 0<px,t)<r, O<nx,t)<r, V(r, t)e@Q  Viel0,1].
From (2.34) we infer, with a constant C depending only on the data,

(2.49) Vellew@ < C-

Multiplying (2.30), i.e.

(2.50) pr— (1 =A)Ap = AV-(B(0)Vp) — AV-(upVe) = AR(p, n),

by p — ¥ and integrating by parts over 2, we deduce, using the Cauchy-Schwartz
inequality and recalling assumption (B) and (2.48), (2.49),

d
2.51) —jpzdx+j|vp|2dxsc
dt | y

for all 0 <¢t<T and with C an appropriate constant.
A similar inequality holds for n. The Gronwall’s inequality yields the estima-
tes:

(2.52) p,n are bounded in L *(0, T; L2(Q2)NL%20, T; W-2(Q)).
(2.53) Vp, Vi are bounded in LZ%(0, T; L%(Q)).

As the right hand side of (2.36) is bounded in LZ2(Q), by (2.49) and (2.53) we
have

(2.54) 0 is bounded in WY 2(0, T; W*2(Q)).

Applying a result of O. A. Ladyzhenskaia (see [12] page 443), we obtain from
(2.30)-(2.33) that

(2.55) Vp, Vn are bounded in C°(Q).
By Theorem 2.1 applied to (2.30)-(2.37) we also conclude that:

(2.56) p,n and 6 are bounded in C'**(@),
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by constants depending only on ¥, (1=1,2,3), By, Dy, r and T. Thus all solu-
tions of (2.29) remain in a bounded set of $B. To apply the Leray-Schauder princi-
ple we need to show that the map @ is uniformly continuous with respect to
Ael0,1]. Let w=(p,n,0eB,A1{,A:,€[0,1] and w,=Pw,A,), wWs=Dw,1s),
where @, = By, Ty, 0y), We= P2, %9, O5). Let P =p,—po, N =y — s,
O=0,—0,. By difference from (2.30);-;,, (2.30),-,,, we obtain that P satisfies

(2.57) P, —a(x,t; A1) AP —2A,b(x, t)-VP = (Ay— A;) Kz, t),

where b(x, t) and JHx, t) are easily computed and do not depend on A. Owing to
Theorem 2.1, we have

2.58) IPllor+oqy < k|Az = 21] .
In a similar way
(2.59) INler+aqy < klAs=21], | Bller-agy<k|Aa—41].

Hence the uniform continuity follows and problem (EP) has at least one solution.

A straightforward application of the Gronwall’s inequality implies uniqueness. Let

(pi, niy @i, 0), 1=1, 2 be two solutions of problem (EP) and define
P=pi—ps, N=n1—my, ¢=¢1—¢s, O=0,—0,.

By difference from (2.6) we have

P,—V-(B(0,) VP) — V-[(B(6,) — B(0,)) Vp, ]
—uV-(p V) — uV - (PV5) = R(pr, ny) — R(pa, ).

(2.60)

Multiplying this equation by P and integrating by parts we obtain, using assump-
tion (B),

1d

5 Eszdx+Bof|VP|2dxsj|@| |V, | | VP de

(2.61) a 2 a

+u[ 1P| V9| |VP|de +u [ | P| Vg | |VP|dw + Ly [(P2+ |N||P]) da
Q Q Q
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In the same way, having (2.7) multiplied by N and (2.9) multiplied by @, we
get

1d

3 o [N2de + Dy [ |VN|*de <Ly [ |0 |Vna| | VN |de

2.62) a 9 9

+v [ |m||Vg||VN|dw +v [ |N||Voz| |VN|de + Ly [(N* + [N||P]) de.
Q Q Q

|@|%de + k| |VO|*du
31010 1]

< J(ulpll +v|n (Vo] + |Ves|) |Ve||©|da
2.63) g
+ [@|P| +vIND)|0]|Vgo| e+ [B©) |Vpi| Vo] |O]dx
Q Q

+ [BO)|VP|[Vgo||O]de + Ly [ |Vps | Ve | |©|2da
Q Q

Moreover, from (2.8) we easily deduce
(2.64) Vol < C(lPll + [N

1
Adding (2.61), (2.62) and (2.63), using the elementary inequality |a||b| < —a®
27y
+ —b2 7 >0, and the Cauchy-Schwartz inequality, we obtain, recalling (2.48)
and (2.64),

1d

= —(IPI? + NI + [©1F) + (1 = nCy)(|IVP?
2.65) 5 3 PP+ INTF +[01F) + (1 = 5 C)(IV P

+|[VNIE + [IVOIR) < Cy(|P|? + NI + |0]F)

1
where C, and C; are constants easily computed. If we take 7 = —— and apply the
o . . 20,
Gronwall’s inequality, uniqueness follows. ®
3 - Asymptotic behaviour of solutions

In this section we treat the recombination-generation term typical of the ionic
transport [13], i.e.

3.1 R(p,n)=N¢—oapn, a>0,
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and assume
3.2) u=v=>0, D(0) = B(0), Dy<=D(9)<d.

Let 02 =0Q,U0Q,,0Q2 N IR, =0, 92, # @. We consider equations (2.6), (2.7),
(2.8) and (2.9) with the boundary conditions

3.3) p=n= % on 09,
(3.4) P = Dp, n=mn, on 0Q,
(3.5) ¢g=¢, on 092,

3.6) Vop-n=0 on 09Q,,

where n is the unit outward normal vector along 992 ,. All other assumptions re-
main the same. We prove the following asymptotic estimate:

t+1 5 5
j ( Py = 0N g, oy - Do )dr
) Va Va
3.7 .
NO 2 0 2) —t
< — 2| Hlmg— = || | dr e T+ C(2dY +d?).
0‘[( Do \/a 0 5

If 0Q2,=0, we have the stronger result

N, N,
3.8) Hp(-, t) — 0 —0, n(-, t) — -0 —0, as t— o,
Va Va

A similar problem, but with different boundary conditions, is studied in [16] and
[17]. To rescale the problem in a more convenient form we define in this
section

Va Va ; t I

89 P=—p-1, N=—n—-1, t= , U=
NO N(] \/aN() aNO

2|5

, @ =

In terms of these new quantities, equations (2.6), (2.7) and (2.8) become, after sup-
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pressing the tildas,

—V-(B(0)VP) — uVP -V

3.10
(310 +(1—ﬁ)N+(1+—)P+(1——)PN+ Lpzog
& & &€ &

- V-(D(@)VN) +uVN-Vo

@10 +(1—ﬁ)P+(1+—)N+( )PN+£N2=O
€ € € €

3.12) —edp=P—-N

(3.13) P=N=0 on 09,

(8.14) =@, on 09,

(3.15) P=P,, N=N, on 092,

(3.16) Vop-n=0 on 09Q,.

Let &(x) e C* () such that

. &)
(3.17) lim =
v—3822 dist (x, 992 5)

and define ¢, =min{g, »} 7', n a positive constant. If we multiply (3.10) by
PZ, and (3.11) by N, we obtain, using (3.12) and adding the resulting equa-
tions,

Edij(Pz+N )& dx+J'D(9)(|VP|2+ |VN|?) ¢, da
(3.18) +[GP, N, L ydn= - j D(6)(PYP + NVN)-VE , d

Q

+ g j(NZ—PZ) Vo-VE, da,
Q
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where f = ﬁ, and
€

B
G(P,N,p) ==
(3.19) ( =3

+(1+pB)P*+N?% +2(1-8)PN.

(P®+ N3) +

1- g)(P2N+N2P)

We relay on the following elementary

Lemma 3.1. If

(3.20) B>p=——,

there exists m >0 such that

(3.21) GP,N,B)=m(P?+N?% forall Pz=-1,N=-1.

Proof. We have

G(P, N, pB) = g(P—N)Z(N-f-P)+,3(P—N)2+P2(N+1)+N2(P+1)+2PN.
Consequently, if P=0, N=0, we get G(P, N, ) =P?+ N2 Let —1<P<0.

We have

BB
GPLN, p)= 5+ 5

NG — ‘1— g ‘(N+N2)+ (1+p)N2—2|1-|N.
Hence we can find C > 0 such that G(P, N, B) = C(P>+ N?)if —1<P<0 and
N = N with N > 0 sufficiently large. Since G(P, N, ) = G(N, P, p), it remains
to examine the behaviour of G in the set

A={(P,n);0>P>—-1, -1<N<N}U{(P,N);0>N> -1, -1<P<N}.

If (3.20) holds it is easy to check that G(P, N, ) >0 when (P, N) e 2A\{(0, 0)}.
We claim that G(P, N, ) >0 in A; if this is not true, there is a point (Pq, N¢)
e A such that VG(P¢, N¢, ) =0. Now the critical points of G are (0, 0) and

4 4
(— S-3 ) for all B> 0, and (a(B), y(B)), (y(B), a(B)) where
28— 482 —2\/25° — 552 1 28

“= 17— 4f+1 !
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2B —4B%+\/2B% —5B%+2p

o= 17— 4f+1

If (3.20) holds, the roots (a(B), y(B)), (y(B), a(B)) are either complex coniugate or
a(B) < —1 (in particular a(B) = —1). Since G has no critical points in A, we infer
the validity of (3.21). =
Assuming hereafter (3.20), we have from (3.18), since P= -1, N= —1,

i 2 2 2 2

o (P*+N*)¢,de+m |[(P°+N*)¢,dx
(3.22) @ @

< c(dj |VP-VE, |de +d [ |IN-VE, |de + | |V§,,-v¢|dx).
Q Q Q

We integrate (3.22) with respect to ¢ over [¢, ¢+ 1] to obtain
f[P?(t+1)+N2(t+1)] g, do — j[P2(t)+N2(t)] ¢, d
[} Q
t+1 t+1
(3.23) +m j(P2+N2)§,]dxdrsc(dj [1VP-vE, |dedr +
t Q e
t+1 t+1
+d [ [|VN-VE, |dedr+ | j|v¢-vg,,|dxdr).
tQ e
To estimate the terms on the right hand side we integrate (2.51) and the analo-

gous inequality for n over [f,f+ 1] to get

t+1

(3.24) dsup [ [|VP|*dwdr<C
t=0 P
t+1

(3.25) dsup [ [|VN|*dedr<C.
t=0 ;o

Hence

1

t+1 t+1 3
jj|vp-vg,7|dxdfs( | j|vp|2dxdr)
t Q

t Q



102 GIOVANNI CIMATTI [16]

t+1 % C 1
: jj|vz;,,|2dxdr) < ( | |VC|2dac)2,
t Q

1/2
1’]d Uy, 3232)

where U(y, 992,) = {xe Q; dist(x, 9Q2,) <n}, (the various C denote positive
constants generally different). Since |V{| is bounded and meas {U(n, 02;)}
<C,, we deduce

t+1
(3.26) d | I|VP-VC,7|dacdrsC\/g
n

t Q

and, in a similar way,

t+1
(3.27) d | j|VN.Vz;n|dmfsc\/ﬂ.
t Q n

On the other hand,

1
f|V¢>-V§”|dacS— j |Vg-VE|da
Q 77”“(7],392)

1

. 2 3 1
(3.28) < l( J’ de) ( j Czdx)z

2
UGy, 022) g UGy, 622)

=

1

1 Vo-VE|? |\
Sy]Z(‘[%dx) .
5 g

Since V¢-VE belongs to W!2(2) and vanishes on 92, we have, by (3.16),

Vo Vg |?
(329) f |C—2| de < C”VQ)”(ZWLZ(Q))S
Q

(see [9] page 65). Collecting the estimates from (3.27) to (3.29), we rewrite (3.23) as

[P N+ 1) ¢y de — [(P24 N0 &y de
Q Q

(3.30) t41
\d
+m (P2+N2?)¢ dxdtsc(— +Vn .
tj QJ ! \/7—7
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Owing to the fact that

U(P2+N2)dx—J(P2+N2)Z;,7dac <0y,
Q Q

inequality (3.30) turns into

j(zﬂ N2t +1) de — j(zﬂ + N2)(t) da
Q Q

(3.31) t+1
+ j(PMN%deC(ﬂ +\/ﬁ+n).
R Vi

If y=d' and

t+1
At) = j j(P2 +N?) dedr,
Q

t
(3.31) becomes
(3.32) AT() + A1) < C(2dVA + d?)

and the Gronwall’s inequality implies (3.7).
To prove (3.8) when 92, = @, we simply multiply (3.10) and (3.11) by P and N
to find, again by Lemma 3.1,

11
833 = — [(P2+ N du+d [(|VP|*+ |WN|?) du+m [(P2+ N?) de <0
2 dt 5 5 5
which implies (3.8).
4 - Existence and uniqueness for the stationary problem with general heat-pro-

duction term

The heat generated and consumed in the process of generation-recombination
is not taken into account in the energy equation (1.7). For this reason more com-
prehensive models have been proposed in [2] and [23], where as heat production
term is taken

N2_ 92
@1 W=(,up-l—vn)|V(p|2+¢9(ﬂVp—VVn)-V§0+O—WL( & )

"p, n) as + 0
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Besides, the Einstein relationship between mobility and diffusivity, i.e.
4.2) BO)=ub, D(O) =20,

6 absolute temperature, is not compatible, if 4 and v are constants, with assum-
ption (C) of Section 2. Here we present a local result of existence and uniqueness
for the stationary problem under assumptions which are consistent with (4.1),
(4.2) and also with temperature-dependent coefficients of thermal diffusion. Let
@(x) be the solution to the problem

(4.3) Ag=0, @=¢, on 0392,
and put

44) p:%, %:%.
Suppose k(0) € C°(R!) and

4.5) K(0)=ky>0 for all OeR!.

Let W(0, p, n, Vo, Vp, Vi) be a general heat generation term and define
%
(4.6)  w=2(0) = IK(T) dv, F(x,w)=WZ '(w),p,7, Vg, 0,0).
0

Assume 0 ,eCl “(69Q),
4.7) 0,>0

4.8) F(x, w)=0.

49) F(x, w) is measurable in x for all w
' and continuous in w for almost all xe Q.

There exist two non-negative functions C(x)eL *(2), C;(x)eL?*(Q) such
that

(4.10) |F(x, w)| < C(x) |w| + Cy(x).

F' is monotone in w, i.e.,

(4.11)
[F(x, w) — F(x, w)1(w; —wy) =0, VYw,, woeR!, Vrxef.
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The temperature 6(x) corresponding to electroneutrality is given by the pro-
blem

4.12) -V-(x(0)Ve) =W(,p,n, Vp,0,0), 6=0, on 922,
which is equivalent, by (4.6), to
(4.13) —Aw=F(x, w), w=24(0) on 0%.

The theory of monotone operators applies to (4.13) in view of (4.9)-(4.11). If w(x)
is the unique solution of (4.13), we have 0(x) = Z ~'(w(x)). Moreover, the maxi-
mum principle implies, by (4.7) and (4.8),

(4.14) O(x)>0 in Q.
Finally, we assume
(4.15) B@(x)) =By>0, D@x)=Dy>0 in Q.

If D(6) and B(0) are given by (4.2) and W by (4.1), all these hypotheses are sati-
sfied. We consider the following problem (SP):

(4.16) —V-(BO)Vp) - V- (upVp) = %

(4.17) p=p+& on 389

(4.18) ~V-(D(0) Vn) + V- (vuVg) = NG —apn
(p, n)

(4.19) n=m+, on 0Q

(4.20) Cedg=p—n

(4.21) o=¢, on 00

(4.22) —V-(x(0) V() = W(6, p, n, Vg, Vp, Vn)

(4.23) 6=6, on 02,

where 0, satisfies (4.7). If £,=(,=0, then (p, n, @, 0) = (P, 7, @, 0) is a solu-
tion to problem (SP). Define

(424) e&»:p_}_o: Czn_%f wz(p_¢a 77:0_9
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and u = (&, ¢, v, n). In term of this new variables (SP) becomes

My(u) =: =V-(BO +n) V0) = V- [u@ +&) V(@ + )]

(4.25) N aPE+nE+80)
r(p+&,m+8)
(4.26) E=&, on 0Q

My(u) =: =V-(DO +n) V) + V-[v(@ +&) V(@ +v)]

4.27) L HPLATELED)
rP+ET+E)

(4.28) t=¢, on 99

(4.29) My(u) =: —edyp — (E—8) =0

(4.30) Y=0 on IR

“31) M) =: —V-[x(0+n) V(O +1)]

' WO +n,p+E0+E, V@ +y), VE, VE) =0
(4.32) n=0 on 9Q.

Theorem 4.1. There exists 6 >0 such that, if

(4.33) [Epllce< 0, [Ellce< 6,

problem (SP) has one and only one solution.
Proof. We apply the inverse function theorem in Banach spaces. Let
X=(C**(Q)* % {v(x)eC**(Q),v=0 on 9Q}?
Y=(C“@)' % (C>“(O2)F, u=(, ¢ p,neX,
and define the operator F: X—Y,
F(u) = (M, (w), Mz (w), M3(w), My(u), &lsq, &lse)-

We have F(0)=0. It is easy to check that FeC'(X,Y) and F'(0)(w),
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w= (P, N, ¢, ©) is given by
F'(0)(w) = (—V~(B(§) VP) —uV-(PV®) —upAg¢

+y(P + N), —V-(D@) VN) + vV-(NV) + vidg
+y(P+N), —ed¢p — (P —N), —V-(x(0)VO)

~V-(x'(® OV0) - W, 0 - W,P -~ W,N
3 — —_— —_—
- AZI(Wﬁaxg(pwi_Fprfoi—{—W”Tiin)’ Plag’ Nla.Q)

1
where y = = NyVa, =7, ) and the barred partial derivatives of W are com-

puted in (8, p, n, Vo, Vp, Vn) = (0, D, 7, V@, VD, V). Let h = (hy, hy, hg, hy,
P,, N,) eY. We prove that the linear functional equation

(4.34) F'(0O)w)=h

has one and only one solution. This equation is equivalent to the boundary value
problem:

(4.35) —V-(B@) VP) — uV-(PVG) — upAd + y(P + N) = Iy
(4.36) —V-(D®) VN) + vV-(NVG) + vide + y(P + N) = hy
4.37) —edp— (P—N) =y

(4.38) P=P,, N=N, on 0Q

(4.39) $=0 on 0Q.

We do not write the equation in ® which follows from (4.34) since it is uncoupled
from the system (4.35)-(4.39). Plugging (4.37) in (4.35) and (4.36), we have

(4.40) Ly(P,N)= —V-(B(®) VP) — uV-(PV®) + y(aP + bN) = I,
(4.41) Ly(P, N)= —V-(D@®) VN) + vV-(NVE) + y(cP + dN) = h,

(4.42) P=P,, N=N, on 99,
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where we used the notations

(4.43) a=1+r1, b=1-1, c=1—y, d=1+y,
(4.44) r=ﬁ—#, X='B—V
ae ae
(4.45) Elzhl_ ﬁphg, Ezzhz‘f' Kﬁh/g
& &

To rewrite (4.40)-(4.42) with homogeneous boundary conditions, let us define
(4.46) w=P-P, wu=N-N,

(4.47) L(x)=h—Li(P,N),  l(x)=hy—Ly(P, N),

where P and N are solutions to the problems

(4.48) —-AP=0, P=P, on 09

(4.49) -AN=0, N=N, on 49.

The proof that (4.34) is an homeomorphism will follow from the existence and uni-
queness for the problem

(4.50) Ly(uy, ug) =1
(4.51) Ly (uy, ug) =1y
(4.52) U =u=0 on 9Q.

Let us consider the bilinear forms in (H{(R))?

4.53) a;(u,v)= I[B(E) V- Vo, + puuy Vo-Vo, + ylau + bus) v11 da
Q

4.54)  as(u,v) = J[D(?) Vg Voy — vy V@ -V, + y(cus + dus) vo] da .
Q

Assume ¢ #0; we claim that there exists A=2 such that a(u, v) =a;(u, v)
+ Aay(u, v) is coercive in (H{)? ie.

(4.55) a(u, w) Zmlulfyye  for all  we (Hy).
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Recalling that 4@ =0 and integrating by parts, we have

a(u, u) = j[B(?) [V |24 ADO) |V, |* + y(aut + (b — Ac) uyuy + Adug)] du .
Q

If

3t+3ty+3x+1

y
(1—y)?

)

the quadratic form

au? + (b —7c¢) uyuy + Adud

is definite positive and (4.55) follows by (4.15). If ¢ =0 and b # 0 we consider the
bilinear form a(u, v) = Aa;(u, v) + a2(u, v) and redefine 1 accordingly. When
¢ =b=0 of course no problem arises. By the Lax-Milgram lemma there is one

and only one weak solution to problem (4.50)-(4.52) which can be regularized. This
in turn implies that (4.34) can be uniquely solved with respect to w. Therefore, if
(4.33) holds, problem (SP) has one and only one solution.
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Abstract

The nonlinear system of P.D.E. describing the electro-diffusion of ions is studied in
both the evolution and stationary case. The crucial property for proving existence of sol-
utions turns out to be the presence of an invariant region for the concentrations under
quite general hypotheses on the recombination law.



