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H. M. HOSSEN (*)

On new subclasses of analytic and multivalent functions (**)

1 - Introduction

Let A(p) denote the class of functions of the form

1.1 flz) =27+ ilapwz”*” (peN={1,2,...})

n=

which are analytic and p-valent in the unit disc U= {z: |2| <1}. A function
f(z) e A(p) is called p-valent starlike of order a if it satisfies the conditions

(1.2) Re[ g ) ] > q
f(@)
and
(1.3) f}e[ g ] 0 = 2p
: f(z)

for 0<a<p, peN, and ze U. We denote by S(p, a) the class of all p-valent
stalike functions of order a. Also a function f(z) € A(p) is called p —valent convex
of order a if f(z) satisfies the conditions

(1.4) Re [1 L 7@ ] >a

f(2)
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and

4 " (2)
1.5) Rell + do =2
( Oj e[ @) } e

for 0<a<p,peN and ze U. We denote by K(p, a) the class of all p-valent
convex functions of order a. We note that

(1.6) A eKp, @) if and only it L2

eS(p, a)

for 0 <a<p.

The class S(p, a) was introduced by Patil and Thakare [7], and the class
K(p, a) was introduced by Owa [5].

Many essentially equivalent definitions of fractional calculus (that is fractional
derivatives and fractional integrals) have been given in the literature (cf. e.g. [1]
Chapter 13, [2], [3], [8], [9], [11] p. 28 et seq., and [13]). We find it to be convenient
to recall here the following definitions which were used earlier by Owa [4] (and by
Srivastava and Owa [12]).

Definition 1. The fractional integral of order 1 is defined, for a function

f(z), by

(1.7) D f(z) = di(2>0),

1 f FO
) -9

where f(z) is an analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z — £)* ! is removed by requiring
log(z — &) to be real when z—¢>0

Definition 2. The fractional derivative of order A is defined, for a function

f(z), by

1 d ¢ f©

1. D} = — -
(1.8) o= h wleo

dg (0=s1<1),

where f(z) is constrained, and the multiplicity of (z — £)~* is removed, as in Defi-
nition 1.
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Definition 3. Under the hypotheses of Definition 2, the fractional derivati-
ve of order n+ A is defined by

n

(1.9) DI f(z) = %Djf(z)(osl<1;neN():NU{O}).
2

Let S*(p, a, A) denote the class of all functions f(z) in A(p) satisfying the
inequality

F(p —l) z1+/1Dz1+/1f(z)

(1.10) Re fp+1) >
f(@)

(zeU)

forA<land0<a<p,peN. Alsolet K(p, a, 1) denote the class of all functions
f(z) in A(p) such that

=2 1in14ea %
(1.11) ToaD DI e b,

for A<1 and 0 <a<p, peN. Clearly,
S*(p, a,0)=8*(p,a) and K(p,a,0)=K(p, a),
where we have set A =0. Thus S*(p, a, 1) and K(p, a, 1) are generalizations of

the classes S*(p, a) and K(p, a), respectively.
Let T(p) denote the subelass of A(p) consisting of functions of the form

(1.12) f(z)=zp—’§=:1 i n2?™" (a,4,=0; peN).

We denote by T*(p, a, 1) and C(p, a, A) the classes obtained by taking intersec-
tions, respectively, of the classes S*(p, a, A) and K(p, a, 1) with T(p), that is

T*(p, a, A) =S*(P, a, A) N T(P)
and

Clp, a, A) =K(p, a, 1) NT(p).
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Furthermore, by specializing the parameters p and 4, we obtain the following
subclasses studied by various authors:

@ T*(1, a, A)=T*(a, A) and C(1, a, ) =C(a, 1) (Owa [6]);
i T*(p, a,0)=T*(p, a) and C(p, a, 0) =C(p, a) (Owa [5]);
(i) 7*(1, a, 0) =T*(a) and C(1, a, 0) = C(a) (Silverman [10]).

In this paper, we prove several intersting results for functions belonging to
the general classes T*(p, a, 1) and C(p, a, A).

2 - Coefficient inequalities

Theorem 1. Let the function f(z) defined by (1.1). If

Ip+n+1)I(p—1) 3
1 I(p) I(p+mn—2)

ap || <p—a

2.1) ij,

n

for 1<1 and 0<a<p, peN, then f(z)eS*(p, a,1). The result (2.1) 1is
sharp.

Proof. We need only prove that (2.1) implies (1.10). In order to prove (2.1),
it suffices to show that

F(p _ /1) Zl+lDzl+if(z)

Ip+1
2.2) P+ 1) 1 <12 cen.
f(z) P
Note that
[(p+A = T(p+n+1
(2.3) Dz1+/1f(z) = M p—A-1_y (p+n )ap+nzp+nf/171,

I'(p—24) n=1[(p+n—21)
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which readily yields

F(p —i) z1+ADz1+lf(z)
I(p+1)
@)

Tp+1)Mp+n—2)

n=1

s (Mp+n+1)I(p—4
{ (p+mn ) I[(p ) 1]ap+nzp+n

2.4) 2 Xyt

n

{F(p+n+1)]“(p—l) 3
1

1 |a,n
Tp+1)I(p+n—2) }l poul

o0
1- Z |ap+n|
n=1

a
<1-=

provided that

L (Tp+n-1)Ip-2)

(2.5)
n=1| Ip+1)[(p+n—21)

& a
1] Jpal < (1 -3 |ap+n|)(1 = 5).

We note that (2.5) is equivalent to (2.1). Further, the result (2.1) is sharp for the
function

p-a |

2. - pen ).

@6 &=t T e (neN)
—a

I(p) Ip +n —2)

Thus we complete the proof of Theorem 1.

Remark 1. (1) Letting 4 =0 in Theorem 1, we obtain the corresponding re-
sult for the class S*(p, a, 0) due to Owa [5].

(2) Letting p=1 in Theorem 1, we obtain the corresponding result for the
class S*(1, a, ) due to Owa [6].

(3) Letting P =1 and 4 = 0 in Theorem 1, we obtain the corresponding result
for the class S*(1, a, 0) due to Silverman [10].
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Theorem 2. Let the function f(z) be defined by (1.1). If

on Ip+n+DNp—A) ([p+n+DI(p-21)
S ) Mp+n—2) [(p) [(p +n—2)

apla, | <splp—a)

for <1 and 0<a<p,peN, then f(z)eK(p, a,L). The result (2.7) 1is
sharp.

Proof. Note that f(z) e K(p, a, 1) if and only if

Ip—2)

21D () eS*(p, a, A).
Ip+1) A P
. Ip+n+1)I(p—4) .
Therefore, on replacing a, ., by a, ., in Theorem 1. we
Ip+1)I(p+mn—A2)
have Theorem 2. Further, the result (2.7) is sharp for the function

p—a
ITp+n+1)IMp—-A) [ [(p+n+1)I(p—21) 3
Ip) [(p+n—2) I(p) [(p+n—2)

2.8) fl)=2P+ 2Pt (neN).

Remark 2. (1) Letting A = 0 in Theorem 2, we obtain the corresponding re-
sult for the class K(p, a, 0) given by Owa [5].

(2) Letting p =1 in Theorem 2, we obtain the corresponding result for the
class K(1, a, A) given by Owa [6].

(3) Letting P =1 and 4 =0 in Theorem 2, we obtain the corresponding result
for the class K(1, a, 0) given by Silverman [10].

Theorem 3. Let the function f(z) be defined by (1.12). Then f(z) belongs to
the class T*(p, a, A) if and only if

s [(Mp+n+1)I(p—2
2.9 b+ ) I )—a Upin SP—a
n=1 F(p)]“(p—kn—i)

for A<1,0<a<p and peN. The result (2.9) is sharp.

Proof. By means of Theorem 1, (2.9) implies that f(z) € T'*(p, «, 4). Suppo-
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se that f(z) is the class T*(p, a, 4). Then

n

e Ip+n+1)Ip—21)
1+An1+4 - ap+nz
Ip—A)z""D; f(2) B n=1 T(p+1)Ip+n—21) @
= e =
Ip+1f(2) 1- Sa,, 2" p

n=1

(2.10) Re

for A<l and 0 <a<p,peN and ze U. Choose values of z on real axis so that
F(p_/l)zl+ADzl+/lf(z)

I(p+1)f(2)
letting z—17, we obtain

is real. Upon clearing the denominator in (2.10) and

s Ip+n+1)I(p—21)
2.11 — =
@11) P 77,2::1 P Ip+mn-—2A) ap+n>a(

1- El ap+7z)

which implies (2.9). The result (2.9) is sharp for the functions

(2.12) flz) =2P — (p =) 2P (neN).
Ip+n+1)I(p—A1)
—a

I(p) I(p +n—2)

This completes the proof of Theorem 3.

Corollary 1. Let the function f(z) defined by (1.12) belongs to the class
T*(p, a, 1). Then

(2.13) a,., < (- (neN).
Ip+n+1)I(p—A1)
—a

I(p) I'p +n—2)

The result (2.13) is sharp for the functions f(z) given by (2.12).
Next we have

Theorem 4. Let the function f(z) be defined by (1.12). Then f(z) belongs to
the class C(p, a, ) if and only if

oy S Lwtrt D=4 [MptntDIp=2)
=1 M) Mp+n=24) | Tp)[p+n—2)

- a ap+77,<p(p_a)
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for <1 and 0 <a<p, peN. The result (2.14) is sharp for the function

@215) fl)=2P— P 27" (neN).
ITp+n+)IMp-A) [ (p+n+1)T(p—21) B

Ip) I(p+n—41) I'p) Ip+n—2)

Corollary 2. Let the function f(z) defined by (1.12) belongs to the class
C(p, a, A). Then

216)  a,,,< plp — o) (neN).
Ip+n+1)Ip—A) ([{(p+n+1)I(p—A1)
—a
Ip) I(p+n—2) Ip)I(p+n—2)

The result (2.16) is sharp for the functions f(z) given by (2.15).

3 - Distortion theorems

By virtue of the coefficient inequalities, we can prove the following distorsion
theorems for functions f(z) belonging to the -classes T*(p, a, 1) and
C(p, a, A).

Lemma 1. The class T*(p, a, A) is closed under linear combinations.
Proof. Let the functions

3.1 fi(z) =2"— 21 Wpin, i2?T" (psy, i =051=1,2)
n=

be in the class T*(p, a, 1). Then we need only prove that the function
F)=ufi(x)+ (1 —p) olz) (0=<u<1)

is also in the class T*(p, a, 1). In fact, we have

(3.2) F(Z)=ﬂf1(2)+(1—u)ﬁ(2)=zp—g{/mpm,ﬂr(1—/t)ap+n,z}z’”"-
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Hence, with the aid of Theorem 3, we have
I'p+n+1)I(p—A1)

1 I'p) [((p+n—241)
Sup-a)+Q1-wp-a)=p—a,

—at{ua, ., 1+ —-wa,,,
(33) " {[Lt p+mn,l n)ay ,2}

which completes the proof of Lemma 1.
By means of Lemma 1, we know that T*(p, a, 1) is convex, and further that
T*(p, a, 1) has some extreme points.

Lemma 2. Let

3.4) fr(2)=2z"
and
y (p—a) p+n
3.5) Jpin(2) =27 — zP (neN).

Ip+n+1)I(p—21)
—a
I(p) [(p+n—24)

Then f(z) is in the class T*(p, a, 1) if and only if it can be expressed in the
form

(3.6) fz) = goﬂpwfpw(@

where w,., =0 and > Upin=1.
n=0

Proof. We assume that f(z) has the form (3.6). Then

0 (p—a)ﬂp+7z

=P —

3.7 fz) =z 72:1 Ip+n+1)I(p—21)
-a

I(p) I(p+n—2)

zp+7b
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Consequently, we obtain

F(p+n+1)F(p—/1)_a B (P—a)tyin
1l I'p)Ip+n—2A) [F(p+n+1)1’(p—/l)
—a

n

I(p) I(p+n—2)

= (p_a) Zlﬂern: (p_a)(l _:up) Sp_a .
which implies that f(z) e T*(p, a, 1).

For the converse, we assume that f(z) is in the class T*(p, a, 4). Then by
setting

Ip+n+1)I(p—21)
—a

) I(p+n—4
3.9) wyon= —P) (pp_"a ) a4, (nelN)

and

(3.10) p=1— 2 pyin

n=1
we have (3.6).

Theorem 5. The extreme points of the class T*(p, a, 1) are the functions
Jfpin(@)(n=0) given by (3.5) and (3.6), respectively.

Similarly, we have

Theorem 6. The extreme points of the class C(p, a, A) are the fun-
ctions

3.11) £(2) =27
and
(3.12) fop () =2"— P 27" (neN).

Ip+n+1)Ip—2) [ (p+n+1)I[(p—2) 3
I(p) [(p+n—2) Ip) I(p+n—24)
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Theorem 7. Let the function f(z) defined by (1.12) belong to the class
T*(p, a, 1), then

(p—a)p—4A)
3.13 > |2]" - m
(3.13) 1f(2) | = |z] pp+1)—ap—2) =l
and

p(p+1)—alp—-4)

for ze U. Furthermore, if 0 <A1 <1,

(p+1)(p—a)p—4) 2|

3.15 ! = P-1_
G19 @1 =l PPt 1) —alp -2

and

_ (p+1)(p—a)p—2)
3.16 "(2)| <plz|P+ ?
(3.16) lf"(2) | <plz] 1) —ap—1) ||

for ze U. The bounds (3.13) to (3.16) are sharp.

Proof. Note that the extremal function is one of the extreme points. There-
fore, we have

p—a

3.17 2)| = |2|F — max z| Pt

317 @1 =zl 21| [(p+n+1)I(p—2) 7l
—a

Ip)I'(p +n—2)

and

p—a

3.18 2)| < |2|F + max T

3.18) @] < |#] w1 | Mp+n+1)[(p—21) 1
—a

I(p) I(p+n—2)
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Now define

I(p) [(p+mn—A4)|z|P*"
Ip+n+1)I(p—A)—al(p) [(p+n—41)

(319 &4, a,m,p, |z]|) =

for —1<1<1,0<a<p, peN,neN and zeU.
If

(3.20) EA,a,n, p, |z])Z&EA, a,n+1,p, |z])
for |z| #0, then we have the first half of the theorem. Set

Ei(A,a,n,p, |z])=Tp+n+1)[(p—D{(p+tn+1)—(p+n—21)|z|}
—al(p) [(p+nr+1—-A)(1-|z]).

(3.21)

If £,(4, a, n, p, |2]|) =0, then we have (3.20). We note that §,(4, a, n, p, |2]|)
is a decreasing function of a. This implies that

gl(ll, a, n7p7 |Z|)2§1(/1, p’ n7p7 |Z|)
(3.22) ={Ip+n+2)IM(p—-)-TI(p) Ip+n+1-71)}
~{@p+n—-Tp+n+1)IM(p—-A)—-T(p) (p+n+1-1}|z|.

Since &1(4, a, n, p, |z|) is a decreasing function of |z|, we also have
823) &1 amp, |2))ZE1(4,p,n,p, D=1+ (P+n+1) [(p—A)=0

for —1<1<1,neN and peN.
In order to estabilsh the second half of Theorem 7, we note that

_ (p+n)p—a) .
3.24 ! = P-1_ P+n-1
G2 @R e
—Qa
I(p) [(p+n—21)
and
(3.25) |f'(2)| <p|z|” '+ max (p+n)p—a) 2P

neN | p+n+1)I(p—4~1)
—a
I(p) I(p+n—24)
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Define

(p+n) () [(p+n—2)|z|PT" !
I'p+n+1)I(p—A)—al(p) [(p+n—A41)

3.26) F@A,a,n,p, |z])=

and

Fid,a,n,p, |z])=T(p+n+2) T(p—){(p+n)—(p+n—-21)|z|}

3.27)
—al(p) I(p+n+1-D{(p+n)—(pP+n+1)|z|}

for 0si<1,0<a<p,peN,neN, and zeU. Since F';(4, a, n, p, |2|) is a
decreasing function of «,

Fl(l’ a7n7p7 |Z|)>F1(l, p,W/,p: |2’|)
(3.28) =(p+n){Ip+n+2)Ip-A)-Ip) Ip+n+1-21)}
—pH+n—-D{I(p+n+2)[(p—-A)—-T(P)p+n+1)Ip+n-A)}|z|.

Further, since F;(4, p, n, p, |z|) is a decreasing function of |z|, we get

Fl(j"a7n’py |z|)>F1(A5p7n’py 1)2

(3.29)
AMp+n+2)I(p—-A)+I(p) [(p+n+1—-1)=0

for 0<1<1, neN, and peN. Thus we have (3.15) and (3.16).
Finally, by taking the function

(p—a)p—2) Sp1

3.30 () =27 —
330 & = T D —ap =7

we can show that all bounds given by Theorem 7 are sharp.

Corollary 3. Let the function f(z) defined by (1.12) be in the class
T*(p, a,A) with —1<i1<1,0<a<p and peN. Then the unit disc U 1is
mapped into a domain that contains the disc

p(1+A4)
p(p+1)—alp—24) '

jw] <
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Theorem 8. Let the function f(z) defined by (1.12) be in the class
C(p, a, A). Then, if —1<1<1,

(p—a)p—A)>
3.31 > [e]? — p1
(33D @ =12 e D —ap =
and
(p—a)p — Ay .
3.32 <lel?+ P
(352 < B e+ D —ap=n7 !
for ze U. Furthermore, if 0 <A <1,
. (p—a)p—A)?
3.33 ") =plelrl - p
333 @Il D —ap -
and
_ _ 2
(3.34) @) | <ple)r—t s —LZDCD

p(p+1)—alp—24)
for zeU. The bounds (3.31) to (3.34) are sharp.

Proof By means of Theorem 6, we have

@) = |z|"

(8.35) (p—a)

— max |z|P+n
neN | Mp+n+D)IMp—A4) ([(p+n+1)I[(p—41)
—a
Mp+ 1) Ip+n—2) | I(p)I(p+n—A)
and
If) | < |z|”

3.36 —
(3:36) + max () |2|*m.

neN | Ip+n+1)I(p—2) F(p+n+1)F(p—/'L)_
T+ O Ip+n-n] TmIfp+n—2
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Let

H(, a,n, p, |z|)
337 (Fp+1) Mp+n—A))>|z|P*"
- Ip+n+1) [p-){pl(p+n+1) I(p—A)—al(p+1) I(p+n—21)}

and

H\(G a,m,p, |z))=T(p+n+1) Ip—D{@+n+17—(p+n—21)7¢|z|}

(3.38)
—al(p+D)Ip+n+1-D{p+n+1)—p+n—-21)|z|}

for —1<A<1, 0<sa<p, neN, peN and zeU. Then we know that
H(i, a,n, p, |z|) is a decreasing functions of n if
Hi((A,a,n,p, |z]) =0,

in fact, since Hi(4,a,n,p,|z|) is a decreasing function of a, H;(A,p,n,p,|z|)
is a decreasing function of |z|, we can prove that

Hl(/L ar”vp» |Z|)>H1((/1;p7n7p’ |Z|)>H1((l7p;n7p7 ]-)

3.39
( ) =p1+){Qp+n)+1-)TIp+n+D)Tp—-A)-T(p) Ip+n+1-1)}=0

for —1<A<1, neN and peN. Consequently, we have the first half of Theorem 8.
Next, we note that

'@ =plz| "

(3.40) (p—a) Pin-1
— max |z|" "
neN I(p+n)[(p—2) Ip+n+1)I(p—A)

—a
I'p+1)I(p+n—A4) I(p) (p+n— A1)
and
If" )| <plz|”!
3.41 _
(341 + max (p— ) E R

neN IMp+n)[(p—4) ([(p+n+1)I(p—27)
—a
Ip+1)I(p+n—A1) Ip) I(p+n—2)
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Define

G, a,n,p, |2|)
©842) (Ip + V)P Ip +n =) |27
ITp+n)TMp={plp+n+)I(p—A)—allp+ 1) I(p+n—-21)}

and

G, a,n,p, |z])=p[(p+n+1)I(p—-{(p+n)p+n+1)

(3.43)
—(p+n—AF|z|}—al(p+ D) TIp+n+1-2){(p+n)—(p+n-21)|z|}

for 0sA<1,0<a<p, peN,neN and ze U. Then it is sufficient to prove
that

Gi(A, a,n,p, |z])p=0.

Note that G,(4,a,n,p, |z2|) is a decreasing function of a, and
Gi(4, p, n, p, |z|) is a decreasing function of |z|. Thus we have

Gl(l7 a, n, p’ |Z|)>G1(/1; p’ n, p7 |Z|)>G1(/l, p7n, p’ 1)
(8.44) =p{lp+n)+2Ap+n)—A*} (p+n+1)[(p—21)
—MMp+1)I(p+n+1-1)=0

for 0 <A1<1,neN, and p e N which implies the second half of Theorem 8. Final-
ly, all bounds asserted by Theorem 8 are sharp for the function

(p—a)p — A7 Y

3.45 =zP -
(345) & = D+ D —ap = D)

Corollary 4. Let the function f(z) defined by (1.12) be in the class
Clp, a, A) with —1<i<1,and 0 < a<p. Then the unit disc U is mapped into
a domain that contains the disc |w| <w,, where vy is given by

(p—a)p—A)

(3.46) ro=1-— .
(p+D{pp+1)—alp—-21)}

4 - Starlikeness and convexity

Owa [5] proved the following lemmas.
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Lemma 3. Let the function f(z) be defined by (1.12). Then f(z) is p-valent
starlike of order a if and only if
4.1) 2_‘,1(p+n—a)ap+nsp—a
for 0 <a<p.

Lemma 4. Let the function f(z) be defined by (1.12). Then f(z) is p-valent
convex of order a if and only if

4.2) El p+rn)p+n—a)a,,,<plp-—a)

n=

for 0 <a<p.
By applying the above lemmas, we now prove

Theorem 9. Let the function f(z) defined by (1.12) be in the class
T*(p, a, A) with 0 <A <1 and 0 < a <p. Then f(z) is p-valent starlike of order a.

Proof. Note that

< Ip+n+1)I(p—1)

4.3 +
“3) P T T+ -2

for 0s1<1,0<a<p, neN and peN. This shows that

) > (Mp+n+1)I(p—2A)
4.4 B = )
@) 2@ S 20—

ara, ,Sp—a,

and we complete the proof of Theorem 9 in view of (4.1).
Similarly, by using Lemma 4, we have

Theorem 10. Let the function f(z) defined by (1.12) be in the class
Clp, a, 1) with 0 <A <1 and 0 <a<p. Then f(z) is p-valent convex of order o.

Remark 3. For A =0, the classes T*(p, a, 4) and C(p, a, 1) reduce to the
class T*(p, a) and C(p, a), respectively, which were introduced by Owa [5]. It
follows that

4.5) T*(, a,0)=T*(p, a)
and

(4.6) Clp, a,0)=Cp, a).



68 H. M. HOSSEN [18]

Hence, by means of Theorem 9 and Theorem 10, we have

4.7 T*(p,a,)cT*(p,a,0) ((0<i<l)
and

4.8) Clp, a,)cClp,a,0) (0=s=i<l).
Since

4.9) r(p+n+1)r(p_i)—a$p+n—a
I'p) Ip+n—A4)

and

Ip+n+1)Ip—A) ([(p+n+1)[(p—21) 3

(4.10)
) T(p+n—4i) | Ip)Mp+n—2

ar<@+n)p+n—a)

for A<0, 0<a<p, peN and neN, we also have

(4.11) T*(p, o, )>T*(p,a,0) (A<0)

and

(4.12) Clp, a, A)>C(p, a,0) (1<0).
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Summary

The object of the present paper is to derive several interesting properties of the classes
T*(p, a, 1) and C(p, a, 1) consisting of analytic and p-valent functions with negative
coefficients.



