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On new subclasses of analytic and multivalent functions (**)

1 - Introduction

Let A(p) denote the class of functions of the form

f (z)4z p1 !
n41

Q

ap1n z p1n (p�N4]1, 2 , R()(1.1)

which are analytic and p-valent in the unit disc U4]z : NzNE1(. A function
f (z)�A(p) is called p-valent starlike of order a if it satisfies the conditions

Re { zf 8 (z)

f (z)
}Da(1.2)

and

�
0

2p

Re { zf 8 (z)

f (z)
} du42pp(1.3)

for 0GaEp , p�N , and z�U . We denote by S(p , a) the class of all p-valent
stalike functions of order a . Also a function f (z)�A(p) is called p2valent convex
of order a if f (z) satisfies the conditions

Re {11 zf 9 (z)

f 8 (z)
}Da(1.4)
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and

�
0

2p

Re {11 zf 9 (z)

f 8 (z)
} du42pp(1.5)

for 0GaEp , p�N and z�U . We denote by K(p , a) the class of all p-valent
convex functions of order a . We note that

f (z)�K(p , a) if and only if
zf 8 (z)

p
�S(p , a)(1.6)

for 0GaEp .
The class S(p , a) was introduced by Patil and Thakare [7], and the class

K(p , a) was introduced by Owa [5].
Many essentially equivalent definitions of fractional calculus (that is fractional

derivatives and fractional integrals) have been given in the literature (cf. e.g. [1]
Chapter 13, [2], [3], [8], [9], [11] p. 28 et seq., and [13]). We find it to be convenient
to recall here the following definitions which were used earlier by Owa [4] (and by
Srivastava and Owa [12]).

D e f i n i t i o n 1. The fractional integral of order l is defined, for a function
f (z), by

D 2l
z f (z)4

1

G(l)
�

0

z f (z)

(z2z)12l
dz(lD0) ,(1.7)

where f (z) is an analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z2z)l21 is removed by requiring
log (z2z) to be real when z2zD0

D e f i n i t i o n 2. The fractional derivative of order l is defined, for a function
f (z), by

D l
z f (z)4

1

G(12l)

d

dz
�

0

z f (z)

(z2z)l
dz (0GlE1) ,(1.8)

where f (z) is constrained, and the multiplicity of (z2z)2l is removed, as in Defi-
nition 1.
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D e f i n i t i o n 3. Under the hypotheses of Definition 2, the fractional derivati-
ve of order n1l is defined by

D n1l
z f (z)4

d n

dz n
D l

z f (z)(0GlE1; n�N04NN ]0() .(1.9)

Let S *(p , a , l) denote the class of all functions f (z) in A(p) satisfying the
inequality

Re { G(p2l) z 11l D 11l
z f (z)

G(p11)

f (z) }D a

p
(z�U)(1.10)

for lE1 and 0GaEp , p�N . Also let K(p , a , l) denote the class of all functions
f (z) in A(p) such that

G(p2l)

G(p11)
z 11l D 11l

z f (z)�S *(p , a , l) .(1.11)

for lE1 and 0GaEp , p�N . Clearly,

S *(p , a , 0 )fS *(p , a) and K(p , a , 0 )fK(p , a) ,

where we have set l40. Thus S *(p , a , l) and K(p , a , l) are generalizations of
the classes S *(p , a) and K(p , a), respectively.
Let T(p) denote the subclass of A(p) consisting of functions of the form

f (z)4z p2 !
n41

Q

ap1n z p1n (ap1nF0; p�N) .(1.12)

We denote by T *(p , a , l) and C(p , a , l) the classes obtained by taking intersec-
tions, respectively, of the classes S *(p , a , l) and K(p , a , l) with T(p), that is

T *(p , a , l)4S *(P , a , l)OT(P)

and

C(p , a , l)4K(p , a , l)OT(p) .
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Furthermore, by specializing the parameters p and l , we obtain the following
subclasses studied by various authors:

(i) T *(1 , a , l)4T *(a , l) and C(1 , a , l)4C(a , l) (Owa [6]);
(ii) T *(p , a , 0 )4T *(p , a) and C(p , a , 0 )4C(p , a) (Owa [5]);
(iii) T *(1 , a , 0 )4T *(a) and C(1 , a , 0 )4C(a) (Silverman [10]).

In this paper, we prove several intersting results for functions belonging to
the general classes T *(p , a , l) and C(p , a , l).

2 - Coefficient inequalities

T h e o r e m 1. Let the function f (z) defined by (1.1). If

!
n41

Q { G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} Nap1nNEp2a(2.1)

for lE1 and 0GaEp , p�N , then f (z)�S *(p , a , l). The result (2.1) is
sharp.

P r o o f . We need only prove that (2.1) implies (1.10). In order to prove (2.1),
it suffices to show that

N G(p2l) z 11l D 11l
z f (z)

G(p11)

f (z)
21NE12

a

p
(z�U) .(2.2)

Note that

D 11l
z f (z)4

G(p1l)

G(p2l)
z p2l211 !

n41

Q G(p1n11)

G(p1n2l)
ap1n z p1n2l21 ,(2.3)
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which readily yields

N G(p2l) z 11l D 11l
z f (z)

G(p11)

f (z)
21N

4N !
n41

Q { G(p1n11) G(p2l)

G(p11) G(p1n2l)
21} ap1n z p1n

z p1 !
n41

Q

ap1n z p1n N
E

!
n41

Q { G(p1n11) G(p2l)

G(p11) G(p1n2l)
21}Nap1nN

12 !
n41

Q

Nap1nN

G12
a

p

(2.4)

provided that

!
n41

Q { G(p1n21) G(p2l)

G(p11) G(p1n2l)
21} Nap1nNG g12 !

n41

Q

Nap1nNh g12 a

p
h .(2.5)

We note that (2.5) is equivalent to (2.1). Further, the result (2.1) is sharp for the
function

f (z)4z p1
p2a

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

z p1n (n�N) .(2.6)

Thus we complete the proof of Theorem 1.

R e m a r k 1. (1) Letting l40 in Theorem 1, we obtain the corresponding re-
sult for the class S *(p , a , 0 ) due to Owa [5].

(2) Letting p41 in Theorem 1, we obtain the corresponding result for the
class S *(1 , a , l) due to Owa [6].

(3) Letting P41 and l40 in Theorem 1, we obtain the corresponding result
for the class S *(1 , a , 0 ) due to Silverman [10].
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T h e o r e m 2. Let the function f (z) be defined by (1.1). If

!
n41

Q G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}Nap1nNGp(p2a)(2.7)

for lE1 and 0GaEp , p�N , then f (z)�K(p , a , l). The result (2.7) is
sharp.

P r o o f . Note that f (z)�K(p , a , l) if and only if

G(p2l)

G(p11)
z 11l D 11l

z f (z)�S *(p , a , l) .

Therefore, on replacing ap1n by
G(p1n11) G(p2l)

G(p11) G(p1n2l)
ap1n in Theorem 1. we

have Theorem 2. Further, the result (2.7) is sharp for the function

(2.8) f (z)4z p1
p2a

G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

z p1n (n�N) .

R e m a r k 2. (1) Letting l40 in Theorem 2, we obtain the corresponding re-
sult for the class K(p , a , 0 ) given by Owa [5].

(2) Letting p41 in Theorem 2, we obtain the corresponding result for the
class K(1 , a , l) given by Owa [6].

(3) Letting P41 and l40 in Theorem 2, we obtain the corresponding result
for the class K(1 , a , 0 ) given by Silverman [10].

T h e o r e m 3. Let the function f (z) be defined by (1.12). Then f (z) belongs to
the class T *(p , a , l) if and only if

!
n41

Q { G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} ap1nGp2a(2.9)

for lE1, 0GaEp and p�N . The result (2.9) is sharp.

P r o o f . By means of Theorem 1, (2.9) implies that f (z)�T *(p , a , l). Suppo-
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se that f (z) is the class T *(p , a , l). Then

(2.10) Re { G(p2l) z 11lD 11l
z f (z)

G(p11) f (z)
}4Re { 12!

n41

Q G(p1n11)G(p2l)

G(p11)G(p1n2l)
ap1nz n

12!
n41

Q

ap1nz n

}D a

p

for lE1 and 0GaEp , p�N and z�U . Choose values of z on real axis so that
G(p2l) z 11l D 11l

z f (z)

G(p11) f (z)
is real. Upon clearing the denominator in (2.10) and

letting zK12, we obtain

p2 !
n41

Q G(p1n11) G(p2l)

G(p) G(p1n2l)
ap1nFa g12 !

n41

Q

ap1nh(2.11)

which implies (2.9). The result (2.9) is sharp for the functions

f (z)4z p2
(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

z p1n (n�N) .(2.12)

This completes the proof of Theorem 3.

C o r o l l a r y 1. Let the function f (z) defined by (1.12) belongs to the class
T *(p , a , l). Then

ap1nG
(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

(n�N) .(2.13)

The result (2.13) is sharp for the functions f (z) given by (2.12).

Next we have

T h e o r e m 4. Let the function f (z) be defined by (1.12). Then f (z) belongs to
the class C(p , a , l) if and only if

!
n41

Q G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} ap1nEp(p2a)(2.14)
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for lE1 and 0GaEp , p�N . The result (2.14) is sharp for the function

(2.15) f (z)4z p2
p(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

z p1n (n�N) .

C o r o l l a r y 2. Let the function f (z) defined by (1.12) belongs to the class
C(p , a , l). Then

ap1nG
p(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

(n�N) .(2.16)

The result (2.16) is sharp for the functions f (z) given by (2.15).

3 - Distortion theorems

By virtue of the coefficient inequalities, we can prove the following distorsion
theorems for functions f (z) belonging to the classes T *(p , a , l) and
C(p , a , l).

L e m m a 1. The class T *(p , a , l) is closed under linear combinations.

P r o o f . Let the functions

fi (z)4z p2 !
n41

Q

ap1n , i z p1n (ap1n , iF0; i41, 2)(3.1)

be in the class T *(p , a , l). Then we need only prove that the function

F(z)4mf1 (z)1 (12m) f2 (z) (0GmG1)

is also in the class T *(p , a , l). In fact, we have

F(z)4mf1 (z)1 (12m) f2 (z)4z p2 !
n41

Q

]map1n , 11 (12m) ap1n , 2( z p1n .(3.2)
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Hence, with the aid of Theorem 3, we have

!
n41

Q { G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} ]map1n , 11 (12m) ap1n , 2(

Gm(p2a)1 (12m)(p2a)4p2a ,

(3.3)

which completes the proof of Lemma 1.
By means of Lemma 1, we know that T *(p , a , l) is convex, and further that

T *(p , a , l) has some extreme points.

L e m m a 2. Let

fp (z)4z p(3.4)

and

fp1n (z)4z p2
(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

z p1n (n�N) .(3.5)

Then f (z) is in the class T *(p , a , l) if and only if it can be expressed in the
form

f (z)4 !
Q

n40
m p1n fp1n (z)(3.6)

where m p1nF0 and !
n40

Q

m p1n41.

P r o o f . We assume that f (z) has the form (3.6). Then

f (z)4z p2 !
n41

Q (p2a) m p1n

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

z p1n .(3.7)



60 H. M. HOSSEN [10]

Consequently, we obtain

!
n41

Q { G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}2 (p2a) m p1n

{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

4 (p2a) !
n41

Q

m p1n4 (p2a)(12m p )Gp2a .

(3.8)

which implies that f (z)�T *(p , a , l).
For the converse, we assume that f (z) is in the class T *(p , a , l). Then by

setting

m p1n4

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

p2a
ap1n (n�N)(3.9)

and

m p412 !
n41

Q

m p1n(3.10)

we have (3.6).

T h e o r e m 5. The extreme points of the class T *(p , a , l) are the functions
fp1n (z)(nF0) given by (3.5) and (3.6), respectively.

Similarly, we have

T h e o r e m 6. The extreme points of the class C(p , a , l) are the fun-
ctions

fp (z)4z p(3.11)

and

(3.12) fp1n(z)4z p2
p(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

z p1n (n�N) .
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T h e o r e m 7. Let the function f (z) defined by (1.12) belong to the class
T *(p , a , l), then

Nf (z)NFNzNP2
(p2a)(p2l)

p(p11)2a(p2l)
NzNP11(3.13)

and

Nf (z)NGNzNP1
(p2a)(p2l)

p(p11)2a(p2l)
NzNP11(3.14)

for z�U . Furthermore, if 0GlE1,

Nf 8 (z)NFpNzNP212
(p11)(p2a)(p2l)

p(p11)2a(p2l)
NzNP(3.15)

and

Nf 8 (z)NGpNzNP211
(p11)(p2a)(p2l)

p(p11)2a(p2l)
NzNP(3.16)

for z�U . The bounds (3.13) to (3.16) are sharp.

P r o o f . Note that the extremal function is one of the extreme points. There-
fore, we have

Nf (z)NFNzNP2max
nF1 { p2a

G(p1n11) G(p2l)

G(p)G(p1n2l)
2a

NzNP1n}(3.17)

and

Nf (z)NGNzNP1max
nF1 { p2a

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

NzNP1n} .(3.18)
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Now define

j(l , a , n , p , NzN)4
G(p) G(p1n2l)NzNp1n

G(p1n11) G(p2l)2aG(p) G(p1n2l)
(3.19)

for 21GlE1, 0GaEp , p�N , n�N and z�U .
If

j(l , a , n , p , NzN)Fj(l , a , n11, p , NzN)(3.20)

for NzNc0, then we have the first half of the theorem. Set

j 1 (l , a , n , p , NzN)4G(p1n11) G(p2l)](p1n11)2 (p1n2l)NzN(

2aG(p) G(p1n112l)(12NzN) .
(3.21)

If j 1 (l , a , n , p , NzN)F0, then we have (3.20). We note that j 1 (l , a , n , p , NzN)
is a decreasing function of a . This implies that

j 1 (l , a , n , p , NzN)Fj 1 (l , p , n , p , NzN)

4]G(p1n12) G(p2l)2G(p) G(p1n112l)(

2](p1n2l) G(p1n11) G(p2l)2G(p) G(p1n112l)(NzN .

(3.22)

Since j 1 (l , a , n , p , NzN) is a decreasing function of NzN , we also have

(3.23) j 1 (l, a, n, p, NzN)Fj 1 (l, p, n, p, 1)4(11l) G(P1n11) G(p2l)F0

for 21GlE1, n�N and p�N .
In order to estabilsh the second half of Theorem 7, we note that

N f 8 (z)NFpNzNP212max
n�N { (p1n)(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

NzNP1n21}(3.24)

and

N f 8 (z)NGpNzNP211max
n�N { (p1n)(p2a)

G(p1n11) G(p2l)

G(p) G(p1n2l)
2a

NzNP1n21} .(3.25)
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Define

F(l , a , n , p , NzN)4
(p1n) G(p) G(p1n2l)NzNp1n21

G(p1n11) G(p2l)2aG(p) G(p1n2l)
(3.26)

and

F1 (l , a , n , p , NzN)4G(p1n12) G(p2l)](p1n)2 (p1n2l)NzN(

2aG(p) G(p1n112l)](p1n)2 (p1n11)NzN(
(3.27)

for 0GlE1, 0GaEp , p�N , n�N , and z�U . Since F1 (l , a , n , p , NzN) is a
decreasing function of a ,

F1 (l , a , n , p , NzN)FF1 (l , p , n , p , NzN)

4 (p1n)]G(p1n12)G(p2l)2G(p) G(p1n112l)(

2(p1n2l)]G(p1n12) G(p2l)2G(p)(p1n11) G(p1n2l)(NzN .

(3.28)

Further, since F1 (l , p , n , p , NzN) is a decreasing function of NzN, we get

F1 (l , a , n , p , NzN)FF1 (l , p , n , p , 1 )F

lG(p1n12) G(p2l)1G(p) G(p1n112l)F0
(3.29)

for 0GlE1, n�N , and p�N . Thus we have (3.15) and (3.16).
Finally, by taking the function

f (z)4z p2
(p2a)(p2l)

p(p11)2a(p2l)
z p11(3.30)

we can show that all bounds given by Theorem 7 are sharp.

C o r o l l a r y 3. Let the function f (z) defined by (1.12) be in the class
T *(p , a , l) with 21GlE1, 0GaEp and p�N . Then the unit disc U is
mapped into a domain that contains the disc

NwNE
p(11l)

p(p11)2a(p2l)
.
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T h e o r e m 8. Let the function f (z) defined by (1.12) be in the class
C(p , a , l). Then, if 21GlE1,

Nf (z)NFNzNp2
(p2a)(p2l)2

(p11)]p(p11)2a(p2l)(
NzNp11(3.31)

and

Nf (z)NGNzNp1
(p2a)(p2l)2

(p11)]p(p11)2a(p2l)(
NzNp11(3.32)

for z�U . Furthermore, if 0GlE1,

Nf 8 (z)NFpNzNp212
(p2a)(p2l)2

p(p11)2a(p2l)
NzNp(3.33)

and

Nf 8 (z)NGpNzNp211
(p2a)(p2l)2

p(p11)2a(p2l)
NzNp(3.34)

for z�U . The bounds (3.31) to (3.34) are sharp.

P r o o f By means of Theorem 6, we have

Nf (z)NFNzNP

2max
n�N { (p2a)

G(p1n11) G(p2l)

G(p11) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} }NzNP1n

(3.35)

and

Nf (z)NGNzNP

1max
n�N { (p2a)

G(p1n11) G(p2l)

G(p11) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} }NzNP1n .

(3.36)
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Let

H(l , a , n , p , NzN)

4 { (G(p11) G(p1n2l) )2 NzNp1n

G(p1n11) G(p2l)]pG(p1n11) G(p2l)2aG(p11) G(p1n2l)(
}(3.37)

and

H1 (l, a, n, p, NzN)4G(p1n11) G(p2l)](p1n11)22(p1n2l)2 NzN(

2aG(p11) G(p1n112l)](p1n11)2(p1n2l)NzN(
(3.38)

for 21GlE1, 0GaEp , n�N , p�N and z�U . Then we know that
H(l , a , n , p , NzN) is a decreasing functions of n if

H1 ( (l , a , n , p , NzN)F0 ,

in fact, since H1(l, a, n, p,NzN) is a decreasing function of a , H1(l, p, n, p,NzN)
is a decreasing function of NzN , we can prove that

H1 (l, a, n, p, NzN)FH1 ((l, p, n, p, NzN)FH1 ((l, p, n, p, 1)

4p(11l)](2(p1n)112l) G(p1n11) G(p2l)2G(p) G(p1n112l)(F0
(3.39)

for 21GlE1, n�N and p�N. Consequently, we have the first half of Theorem 8.
Next, we note that

Nf 8 (z)NFpNzNP21

2max
n�N { (p2a)

G(p1n) G(p2l)

G(p11) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

NzNP1n21}(3.40)

and

Nf 8 (z)NGpNzNP21

1max
n�N { (p2a)

G(p1n) G(p2l)

G(p11) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}

NzNP1n21} .
(3.41)
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Define

G(l , a , n , p , NzN)

4
(G(p11) )2 (G(p1n2l) )2 NzNp1n21

G(p1n) G(p2l)]pG(p1n11) G(p2l)2aG(p11) G(p1n2l)(

(3.42)

and

G1 (l , a , n , p , NzN)4pG(p1n11) G(p2l)](p1n)(p1n11)

2(p1n2l)2 NzN(2aG(p11) G(p1n112l)](p1n)2 (p1n2l)NzN(
(3.43)

for 0GlE1, 0GaEp , p�N , n�N and z�U . Then it is sufficient to prove
that

G1 (l , a , n , p , NzN) pF0 .

Note that G1 (l , a , n , p , NzN) is a decreasing function of a , and
G1 (l , p , n , p , NzN) is a decreasing function of NzN . Thus we have

G1 (l , a , n , p , NzN)FG1 (l , p , n , p , NzN)FG1 (l , p , n , p , 1 )

4p](p1n)12l(p1n)2l 2( G(p1n11) G(p2l)

2lG(p11) G(p1n112l)F0

(3.44)

for 0GlE1, n�N , and p�N which implies the second half of Theorem 8. Final-
ly, all bounds asserted by Theorem 8 are sharp for the function

f (z)4z p2
(p2a)(p2l)2

(p11)]p(p11)2a(p2l)(
z p11 .(3.45)

C o r o l l a r y 4. Let the function f (z) defined by (1.12) be in the class
C(p , a , l) with 21GlE1, and 0GaEp . Then the unit disc U is mapped into
a domain that contains the disc NwNEr0 , where r0 is given by

r0412
(p2a)(p2l)2

(p11)]p(p11)2a(p2l)(
.(3.46)

4 - Starlikeness and convexity

Owa [5] proved the following lemmas.
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L e m m a 3. Let the function f (z) be defined by (1.12). Then f (z) is p-valent
starlike of order a if and only if

!
n41

Q

(p1n2a) ap1nGp2a(4.1)

for 0GaEp .

L e m m a 4. Let the function f (z) be defined by (1.12). Then f (z) is p-valent
convex of order a if and only if

!
Q

n41
(p1n)(p1n2a) ap1nGp(p2a)(4.2)

for 0GaEp .

By applying the above lemmas, we now prove

T h e o r e m 9. Let the function f (z) defined by (1.12) be in the class
T *(p , a , l) with 0GlE1 and 0GaEp . Then f(z) is p-valent starlike of order a.

P r o o f . Note that

p1nG
G(p1n11) G(p2l)

G(p) G(p1n2l)
(4.3)

for 0GlE1, 0GaEp , n�N and p�N . This shows that

(4.4) !
n41

Q

(p1n2a) ap1nG !
n41

Q { G(p1n11) G(p2l)

G(p) G(p1n2l)
2a} ap1nGp2a ,

and we complete the proof of Theorem 9 in view of (4.1).
Similarly, by using Lemma 4, we have

T h e o r e m 10. Let the function f (z) defined by (1.12) be in the class
C(p , a , l) with 0GlE1 and 0GaEp . Then f(z) is p-valent convex of order a.

R e m a r k 3. For l40, the classes T *(p , a , l) and C(p , a , l) reduce to the
class T *(p , a) and C(p , a), respectively, which were introduced by Owa [5]. It
follows that

T *(p , a , 0 )4T *(p , a)(4.5)

and

C(p , a , 0 )4C(p , a) .(4.6)
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Hence, by means of Theorem 9 and Theorem 10, we have

T *(p , a , l)%T *(p , a , 0 ) (0GlE1)(4.7)

and

C(p , a , l)%C(p , a , 0 ) (0GlE1) .(4.8)

Since

G(p1n11) G(p2l)

G(p) G(p1n2l)
2aGp1n2a(4.9)

and

(4.10)
G(p1n11) G(p2l)

G(p) G(p1n2l)
{ G(p1n11) G(p2l)

G(p) G(p1n2l)
2a}G(p1n)(p1n2a)

for lE0, 0GaEp , p�N and n�N , we also have

T *(p , a , l)&T *(p , a , 0 ) (lE0)(4.11)

and

C(p , a , l)&C(p , a , 0 ) (lE0) .(4.12)
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S u m m a r y

The object of the present paper is to derive several interesting properties of the classes
T *(p , a , l) and C(p , a , l) consisting of analytic and p-valent functions with negative
coefficients.

* * *


