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On uniform exponential stability

of evolution families (**)

1 - Introduction

Let X be a real or a complex Banach space. The norm on X and on the space
L(X) of all bounded linear operators from X into itself will be denoted by
V QV .

We recall that a family F4]F(t , s)(tFsF0 of bounded linear operators is cal-
led an evolution family if the following properties are satisfied:

e1 ) F(t , t)4I , the identity operator on X ;

e2 ) F(t , s) F(s , t0 )4F(t , t0 ), for all tFsF t0F0;

e3 ) for every x�X and every tF0 the function F(t , Q) x is continuous on
[0 , t] and the function F(Q , t) x is continuous on [t , Q);

e4 ) there exist MF1, vF0 such that

VF(t , s)VGMe v(t2s) , for all tFsF0 .(1)

An evolution family F is said to be uniformly exponentially stable if there
exists N , nD0 such that

VF(t , s)VGNe 2n(t2s) , for all tFsF0 .
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Let tD0. The evolution family F is said to be t-periodic if

F(t1t , s1t)4F(t , s), for all tFsF0

and it is called periodic if there is tD0 such that F is t-periodic.
If T4]T(t)(tF0 is a C0-semigroup on the Banach space X then:

F(t , s)4T(t2s) , for all tFsF0

is a t-periodic evolution family for all tD0.
Important attempts in the study of uniform exponential stability have been

made in the papers [1], [6], [12]. A remarkable result has been obtained by R.
Datko ([3]) and it is given by the following theorem:

T h e o r e m 1.1. (Datko) Let F4]F(t , s)(tFsF0 be an evolution family on
the Banach space X. Then F is uniformly exponentially stable if and only if for
every x�X there exists M(x)D0 such that

�
t0

Q

VF(t , t0 ) xV2 dtGM(x), for all t0F0 .

Datko’s result has been generalized by Rolewicz in [13] as follows:

T h e o r e m 1.2. (Rolewicz) Let W : R*3RKR be a function with the follo-
wing properties:

(i) for every tD0, sKW(t , s) is a continuous, non-decreasing function
with W(t , 0 )40 and W(t , s)D0, for all sD0;

(ii) for every sF0, tKW(t , s) is non-decreasing.

Let X be a Banach space and let F4]F(t , s)(tFsF0 be an evolution family
on X. If for every x�X, there is a(x)D0 such that

sup
s
�
s

Q

W(a(x), VF(t , s) xV) dtEQ

then F is uniformly exponentialy stable.

Recently, for the case of C0-semigroups, Neerven gave the following characte-
rization ([10]):



29ON UNIFORM EXPONENTIAL STABILITY...[3]

T h e o r e m 1.3. (Neerven) Let T4]T(t)(tF0 be a C0-semigroup on Banach
space X and let B be a Banach function space over R1 (see Section 2)
with

lim
tKQ

FB (t)4Q .

If for each x�X the map tOVT(t) xV belongs to B, then T is uniformly exponen-
tially stable.

In this paper we shall extend Neerven’s result for the case of evolution fami-
lies in general and for periodic ones in particular. We shall also obtain characteri-
zations of Rolewicz’s type for evolution families.

2 - Banach function spaces

In this section we recall some facts about Banach function spaces over R1 .
For the proofs we refer to [7] and [14].

Let (R1 , L, m) where L is the s-algebra of all Lebesgue measurable sets
A%R1 and m the Lebesgue measure. We shall denote by M the linear space of
all m-measurable functions f : R1KC , identifying functions which are equal
a.e.

A Banach function norm is a function N : M KR14 [0 , Q] with the follo-
wing properties:

n1 ) N( f )40 if and only if f40 a.e.;
n2 ) if NfNGNgN a.e. then N( f )GN(g);
n3 ) N(af )4NaNN( f ), for all scalars a�C and all f with N( f )EQ ;
n4 ) N( f1g)GN( f )1N(g), for all f , g� M.

Let B4BN be the set defined by

B»4] f� M : NfNB »4N( f )EQ( .

It is easy to see that (B , N QNB ) is a normed linear space. If B is complete, then
B is called Banach function space over R1 .

R e m a r k 2.1. B is an ideal in M, i.e. if NfNGNgN a.e. with g�B , then also
f�B and NfNBGNgNB .

R e m a r k 2.2. If fnK f in B , then there is a subsequence ( fkn
) converging to f

pointwise a.e. (see [7]).
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For a Banach function space B over R1 we define

FB : R1KR1 , FB (t) »4
.
/
´

Nx [0 , t)NB ,

Q ,

if x [0 , t)�B

if x [0 , t)�B

where x [0 , t) denotes the characteristic function of the interval [0 , t). The function
FB is called the fundamental function of the Banach function space B .

R e m a r k 2.3. FB is a non-decreasing function.
In what follows we denote by B(R1 ) the set of all Banach function spaces B

with the property

lim
tKQ

FB (t)4Q

and with E(R1 ) the set of all Banach function spaces B� B(R1 ) with the proper-
ty that there exists a strictly increasing sequence (tn )n%R1 such that

sup
n�N

(tn112 tn )EQ and inf
n�N

Nx [tn , tn11 ) NBD0 .

E x a m p l e 2.1. We consider the Banach function norm N : MKR1 defined by

N( f )4 !
n41

Q 1

n
�

n21

n

Nf (s)Nds .

We observe that if B4BN then

FB (n)4 !
j41

n 1

j
, for all n�N*,

so B� B(R1 ), but B� E(R1 ).

E x a m p l e 2.2. For every p� [1 , Q) the space L p (R1 , C) with respect to
the norm

NfNp »4 u �
0

Q

Nf (t)Np dtv
1

p

is a Banach function space. It is easy to see that FL p (t)4 t 1/p , for all tD0 and for
tn4n , Nx [n , n11) Np41, for all n�N . So we obtain that L p (R1 , C) belongs to
E(R1 ).



31ON UNIFORM EXPONENTIAL STABILITY...[5]

E x a m p l e 2.3. (Orlicz spaces). Let W : R1KR1 be a non-decreasing and
left-continuous function which is not identically 0 or Q on (0 , Q). The Young
function associated to W is given by

YW (t) »4�
0

t

W(s) ds .

Let f : R1KC be a measurable function. We define

MW ( f ) »4�
0

Q

YW (Nf (s)N) ds .

T h e s e t LW o f a l l f w i t h t h e p r o p e r t y t h a t t h e r e e x i s t s a kD0 su c h t h a t
MW (k f )EQ i s e a s i l y c h e c k e d t o b e a li n e a r s p a c e . W i t h r e s p e c t t o t h e
n o r m

NfNW »4 i n f mkD0 : MWg 1

k
fhG1n

(LW , N QNW ) is a Ba n a c h f u n c t i o n s p a c e o v e r R1 c a l l e d t h e O r l i c z s p a c e a s s o c i a -
t e d t o W .

T r i v i a l e x a m p l e s o f O r l i c z s p a c e s a r e L p (R1 , C) , 1GpGQ . Th e y a r e o b -
t a i n e d f o r

W(t)4p t p21 , f o r 1GpEQ a n d W(t)4
.
/
´

0 ,

Q ,

0G tG1

tD1
f o r p4Q .

P r o p o s i t i o n 2.1. If 0EW(t)EQ for all tD0 then the Orlicz space LW has
the following properties

i) the Young function YW is bijective;
ii) the fundamental function FLW

can be expressed in terms of the YW
21 by

FLW
(t)4

1

YW
21g 1

t
h , for all tD0 ;

iii) lim
tKQ

FLW
(t)4Q and hence LW� B(R1 );

iv) LW� E(R1 ).
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P r o o f . i) It is easy to see that YW is strictly increasing, continuous with
YW (0)40 and YW (t)F (t21)W(1), for all tD1, so lim

tKQ
YW (t)4Q . Hence YW is

bijective.
ii) Let tD0. Since

MWg 1

k
x [0 , t)h4 tYWg 1

k
h , for all kD0 ,

it follows that MWg 1

k
x [0 , t)hG1 if and only if 1 /YW

21g 1

t
hGk . So

FLW
(t)4

1

YW
21g 1

t
h , for all tD0 .

iii) Since YW
21 (0)40, using (ii) it follows that lim

tKQ
FLW

(t)4Q .
iv) We observe that for every n�N

Nx [n , n11)NW4
1

YW
21 (1)

. r

3 - Preliminary results

We start with following

L e m m a 3.1. Let F4]F(t , s)(tFsF0 be an evolution family on the Banach
space X. If there exist dD0 and c� (0 , 1 ) such that:

VF(t01d , t0 )VEc , for all t0F0

then F is uniformly exponentially stable.

P r o o f . Let nD0 such that c4e 2nd . For tF t0F0 there exist n�N and
r� [0 , d) such that t4 t01nd1r . Then we have

VF(t , t0 )VGVF(t , t01nd)V VF(t01nd , t0 )V

GMe vd e 2nndGMe (v1n)d e 2n(t2 t0 ) ,

where M , v are given by (1). It follows that F is uniformly exponentially
stable. r
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L e m m a 3.2. Let B be a Banach function space over R1 . If S : R1K L(X)
is a mapping such that for all x�X the function

Sx : R1KR1 , Sx (t)4VS(t) xV

defines an element of B , then there exists MD0 such that

NSxNBGMVxV , for all x�X .

P r o o f . Let MB be the set of all measurable mappings f : R1KX with V f V
�B . In MB we identify the functions which are equal a.e. Thus MB is a Banach
space with respect to the norm

NfNMB
4NV f VNB .

We consider the map SA : XKMB defined by

SA(x)(t)4S(t) x , for all tF0 .

Using the closed graph theorem, it is sufficient to show that the linear map SA is
closed.

Let xnKx in X and SA(xn )K f in MB . By Remark 2.2 it follows that there
exists a subsequence (xkn

) such that SA(xkn
)K f a.e. . Since for every tF0 we

have

SAxkn
(t)4S(t) xkn

KS(t) x4SAx (t) ,

it follows that SAx4 f a.e., which proves the closedness of SA. r

L e m m a 3.3. (Müller) Suppose that A is a bounded operator on a Banach
space X whose spectral radius satisfies r(A)F1. Then for every e� (0 , 1 ) and
for every decreasing sequence of positive real numbers (a n ) with a nK0 there
exists x�X with VxV41 such that

VA n xVFea n , for all n�N .

P r o o f . See [9] or [11]. r

L e m m a 3.4. Let F4]F(t , s)(tFsF0 be a t-periodic evolution family and
A4F(t , 0 ). Then F is uniformly exponential stable if and only if r(A)E1.
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P r o o f . We observe that A n4F(nt , 0 ) for all n�N*. Hence, it follows that
if F is uniformly exponentially stable then r(A)E1.

Conversely, if r(A)E1 then there exists nD0 such that r(A)Ee 2nt and there
exists n0�N* with

VA n
VGe 2nnt , for all nFn0 .

For the begining we prove that there exists KD0 with

VF(t , 0 )VGKe 2nt , for all tF0 .

We denote by M4 sup ]VF(t , s)V : t , s� [0 , n0 t], tFs(. For t� [0 , n0 t] we
have that

VF(t , 0 )VGMGMe n0 nt e 2nt .(2)

Let tDn0 t , t4nt1r with n�N and r� [0 , t). Then:

VF(t , 0 )VGVF(t , nt)V VF(nt , 0 )V4VF(r , 0 )V VF(nt , 0 )V

GMe 2nntGMe nt e 2nt .
(3)

Denoting by K4Me n0 nt from the relations (2) and (3) we obtain that

VF(t , 0 )VGKe 2nt , for all tF0 .

Let now tFsF0, t4nt1r , s4kt1u with nFk and r , u� [0 , t). If n4k
then:

VF(t , s)V4VF(r , u)VGMGMe nt e 2n(t2s)

and if nFk11 then:

VF(t , s)VGVF(t , (k11)t)V VF( (k11) t , s)V

GVF(t2 (k11)t , 0 )V VF(t , u)VGMKe nt e 2n(t2s) .

It follows that F is uniformly exponentially stable. r

4 - The main results

In this section we shall give necessary and sufficient conditions for uniform
exponential stability of evolution families in Banach spaces.
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T h e o r e m 4.1. Let F4]F(t , s)(tFsF0 be an evolution family on the Bana-
ch space X. Then F is uniformly exponentially stable if and only if there exists a
Banach function space B� E(R1 ) such that:

(i) for every x�X and sF0 the function

fs , x : R1KR1 , fs , x (t)4VF(t1s , s) xV

belongs to B;
(ii) there exists a function K : XK (0 , Q) such that

Nfs , xNBGK(x), for all x�X and all sF0 .

P r o o f . Necessity. Let N , nD0 such that

VF(t , s)VGNe 2n(t2s) , for all tFsF0

and B4L p (R1 , C) where p� [1 , Q). Then for every x�X and sF0 we have
that

Nfs , xNpG
N

(np)1/p
VxV .

Sufficiency. Since B� E(R1 ) there exists a strictly increasing sequence
(tn )% (0 , Q) such that

d4 sup
n

(tn112 tn )EQ and c4 inf
n

Nx [tn , tn11 )NBD0 .(4)

Let n�N and sF0. For every t� [tn , tn11 ) we have that:

VF(tn111s , s) xVGMe vd
VF(t1s , s) xV

where M and v are given by the relation (1). It follows that:

x [tn , tn11 ) (t)VF(tn111s , s) xVGMe vd
VF(t1s , s) xV

for all tF0. Using the relation (4) and the hypothesis we obtain that:

cVF(tn111s , s) xVGMe vd K(x)

for every x�X , n�N and sF0. By the uniform boundedness principle it results
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that there exists L1D0 such that

VF(tn111s , s)VGL1

for all n�N and sF0.
Let sF0 and tFt1 . Then there exists an unique n�N* such that tnGtEtn11 .

Hence we deduce that:

VF(s1 t , s)VGVF(s1 t , s1 tn )V VF(s1 tn , s)VGMe vd L1 .

Denoting by L4max ]Me vd L , Me vt1( we obtain that

VF(t1s , s)VGL , for all t , sF0 .

Let x�X and n�N *. For t� [0 , n] we have:

VF(n1s , s) xVGLVF(t1s , s) xV

so

x [0 , n] (t)VF(n1s , s) xVGLVF(s1 t , s) xV

for all tF0. It follows that

FB (n)VF(n1s , s) xVGLNfs , xNBGLK(x) .

By the uniform boundedness principle we obtain that there exists KD0 such
that

FB (n)VF(n1s , s)VGK , for all sF0 and n�N*.

Since B� E(R1 ) there exists n0�N with FB (n0 )D2K . Then we deduce
that

VF(n01s , s)VG
1

2
, for all sF0 .

Using Lemma 3.1 it follows that F is uniformly exponentially stable. r

A theorem of Rolewicz’s type is given by

T h e o r e m 4.2. Let F4]F(t , s)(tFsF0 be an evolution family on the Bana-
ch space X. Then F is uniformly exponentially stable if and only if there exist a
non-decreasing function W : R1KR1 and KD0 such that:

(i) W(0)40 and W(t)D0 for all tD0;
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(ii) for every x�X with VxVG1 and every sF0

�
s

Q

W(VF(t , s) xV) dtGK .

P r o o f . Necessity. Let W(t)4 t for all tF0. Let N , n� (0 , Q) such that

VF(t , s)VGNe 2n(t2s) , for all tFsF0 .

Then for every x�X with VxVG1 and sF0 we have that

�
s

Q

VF(t , s) xV dtG
N

n
.

Sufficiency. Let M , v given by relation (1), t0D0 such that KE t0 W(1) and
d41/Me vt0 .

Let x�X with VxVG1, tF t0 and sF0. We have that:

VF(s1 t , s) dxVGVF(u , s) xV , for all u� [s1 t2 t0 , s1 t] .

Since W is non-decreasing using the relation from above it follows that

t0 W(VF(s1 t , s) dxV)G �
s1 t2 t0

s1 t

W(VF(u , s) xV) duGK .

Taking in account the way that t0 was chosen, from the last inequality we
obtain

VF(s1 t , s) dxVG1, for all tF t0 and sF0

so

VF(s1 t , s)VG
1

d
, for all tF t0 and sF0 .(5)

Denoting by L4
1

d
4Me vt0 and using the relation (5) it follows that:

VF(s1 t , s)VGL , for all t , sF0 .

Without lost of generality we can suppose that W is left-continuous (if not we
consider the function WA(t)4 lim

s6t
W(s) for tD0 and the proof is the same).
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Let LW be the Orlicz space associated to W . For every x�X and sF0
let

fs , x : R1KR1 , fs , x (t)4VF(t1s , s) xV .

If x�X0]0( and xA4
x

(K11) LVxV
we have:

YW ( fs , xA (t) )4YW (VF(s1 t , s) xA V)GVF(t1s , s) xA VW(VF(t1s , s) xA V)

G
1

K11
W(VF(t1s , s) xA V) .

It follows that

MW ( fs , xA )E1

so fs , xA�LW and Nfs , xANWG1. Because LW is a linear space and

fs , xA4
1

(K11) LVxV
fs , x it results that fs , x�LW and

Nfs , xNWG (K11) LVxV .

By applying Proposition 2.1 and Theorem 4.1 we conclude that F is uniformly
exponentially stable. r

R e m a r k 4.1. In Theorem 4.2 for W(t)4 t 2 we obtain the theorem of
Datko.

The version of Theorem 4.1 for periodic evolution families is given by:

T h e o r e m 4.3. Let F4]F(t , s)(tFsF0 be a periodic evolution family on
the Banach space X. Then F is uniformly exponentially stable if and only if the-
re exists B� B(R1 ) such that for every x�X the function

fx : R1KR1 , fx (t)4VF(t , 0 ) xV

belongs to B.

P r o o f . Necessity. If F is uniformly exponentially stable and p� [1 , Q) then
for every x�X the map fx belongs to L p (R1 , C).

Sufficiency. By Lemma 3.2 applied for

S : R1K L(X) , S(t)4F(t , 0 )
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there exists MD0 such that

NfxNBGMVxV , for all x�X .(6)

Suppose that F is t-periodic. To prove that F is uniformly exponentially
stable, according to Lemma 3.4 it is sufficient to prove that r (A)E1 where
A4F(t , 0 ).

Suppose the contrary, i.e. r (A)F1. For every p�N* we consider the
sequence

a n
p »4

.
/
´

1 ,

0 ,

if nGp

if nFp11 .

An application of Lemma 3.3 for the sequence (a n
p ) and e4

1

2
concludes that

there exists xp�X with Vxp V41 and

VA n xp VF
1

2
, for all n�N* with nGp .(7)

If we denote by

L»4 sup ]VF(t , s)V : t , s� [0 , t] , tFs(

then for every n�N , x�X and t� [nt , (n11) t) we have

VF( (n11) t , 0 ) xVGVF( (n11) t , t)V VF(t , 0 ) xVGLVF(t , 0 ) xV .(8)

From (7) and (8) we obtain that

x [0 , pt) (t)G2LVF(t , 0 ) xp V42Lfxp
(t), for all tF0 and p�N*.

Using the relation (6) it follows that

FB (pt)G2ML , for all p�N*.

This last inequality contradicts the assumption that B� B(R1 ). r

T h e o r e m 4.4. Let F4]F(t , s)(tFsF0 be a periodic evolution family on
the Banach space X. Then F is uniformly exponentially stable if and only if the-
re exists a non-decreasing function W : R1KR1 with W(0)40 and W(t)D0 for
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tD0 such that:

�
0

Q

W(VF(t , 0 ) xV) dtEQ , for all x�X .

P r o o f . Necessity. It results for W(t)4 t , for all tF0.
Sufficiency. Without lost of generality we may assume that W is left-conti-

nuous (if not we can use WA(t)4 lim
s6t

W(s) and the proof is the same).
For the begining we prove that

lim
tKQ

VF(t , 0 ) xV40 , for all x�X .

Let x�X0]0(. Assume that VF(t , 0 ) xVKO 0 for tKQ . Hence there exists
eD0 and tnKQ such that:

VF(tn , 0 ) xVFe , for all n�N .

Without lost of generality we may assume that t0F1 and tn112 tnF1 for all
n�N . Let M , vD0 given by the relation (1). If n�N and t� [tn21, tn ] then
using

VF(tn , 0 ) xVGVF(tn , t)V VF(t , 0 ) xVGMe v
VF(t , 0 ) xV

we obtain that

VF(t , 0 ) xVF
e

Me v
, for all t� [tn21, tn ] and n�N .

Hence we have

�
0

Q

W(VF(t , 0 ) xV) dtF !
n40

Q

�
tn21

tn

W(VF(t , 0 ) xV) dtF !
n40

Q

W g e

Me v h4Q

which is a contradiction.
Using the uniform boundedness principle it follows that there exists LD0

such that

VF(t , 0 ) xVGLVxV , for all tF0 and x�X .

Let LW be the Orlicz space associated to W and for every x�X let

fx : R1KR1 , fx (t)4VF(t , 0 ) xV .
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For all tF0 we have that:

YW ( fx (t) )4 �
0

fx (t)

W(s) dsG fx (t) W( fx (t) )GLVxVW( fx (t) ) .

Then we obtain that

MW ( fx )4�
0

Q

Y( fx (t) ) dtGLVxV�
0

Q

W(VF(t , 0 ) xV) dtEQ .

It follows that fx�LW for all x�X . Using Theorem 4.3 and Proposition 2.1 it
results that F is uniformly exponentially stable. r

R e m a r k 4.2. Generally, if the periodic evolution family F4]F(t , s)(tFsF0

is uniformly exponentially stable and W : R1KR1 is a non-decreasing function
with W(0)40 and W(t)D0, for tD0 it does not result that

�
0

Q

W(VF(t , 0 ) xV) dtEQ

for x�X0]0(. This fact is illustrated by the following example

E x a m p l e 4.1. Let X4R and

F(t , s) x4e 2(t2s) x , for all tFsF0 and all x�R .

It is obviously that F is a periodic evolution family which is uniformly exponen-
tially stable.

We consider

W : R1KR1 , W(t)4

.
`
/
`
´

0 ,

2
1

lnt
,

et ,

t40

t� g0,
1

e
l .

tD
1

e

Then W is a continuous non-decreasing function with W(0)40 and W(t)D0, for
tD0.
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Let x�R*. Then

�
0

Q

W(NF(t , 0 ) xN) dt4�
0

Q

W(e 2t NxN) dt

4 �
0

NxN
W(y)

y
dyF �

0

a x
W(y)

y
dy ,

where a x4min mNxN ,
1

e
n . Since for every e� (0 , a x ) we have

�
e

a x
W(y)

y
dy4 �

e

a x
1

ylny
dy4 ln gln 1

e
h2 ln gln 1

a x
h

it follows that

�
0

Q

W(NF(t , 0 ) xN) dt4Q , for all x�R*.
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A b s t r a c t

The aim of this paper is to obtain necessary and sufficient conditions for uniform
exponential stability of evolution families. We obtain generalizations of some theorems
due to Datko, Neerven and Rolewicz.
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