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LAszLO TOTH (*)

Asymptotic formulae concerning arithmetical functions
defined by cross-convolutions, VIII.
On the product and the quotient of 04 ; and ¢, (*%)

1 - Introduction

Let IN denote the set of positive integers and let A(n) be a subset of the positi-
ve divisors of n for each n e N. The A-convolution of the arithmetical functions f
and ¢ is given by

1) (frag)m)= 2 f(d)gn/d).
deAn)

W. NARKIEWICZ [5] defined the A-convolution (1) to be regular if

(a) the set of arithmetical functions is a commutative ring with unity with re-
spect to ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c¢) the function I, defined by I(n) =1 for all » € N, has an inverse u 4 with re-
spect to the A-convolution and u,(p*) e {—1, 0} for every prime power p°

For example, the Dirichlet convolution D, where D(n) = {deN: d|n}, and
the unitary convolution U, where U(n) = {d e N: d|n,(d, n/d) =1}, are regular.
It can be proved, see [5], that an A-convolution is regular if and only if
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(i) A(mn) = {de: de A(m), e A(n)} for every m,neN,(m,n) =1,

(i) for every prime power p“ there exists a divisor t =t,(p®) of a, called the
type of p® with respect to A, such that A(p™) = {1, p’, p%, ..., p™} for every
1e{0,1,..., a/t}

The elements of the set A(n) are called the A-divisors of x.

Let 04 ((n)= 2 d* denote the sum of s-th powers of the A-divisors of n
deA(n)

and let ¢ 4 ((n) = DA U 4(n/d) be the generalized Euler function. Note that
)

deA(n

for s=kelN, ¢4 .(n) represents the number of integers x (mod ") such that
(2, n’“)A, r =1, where (a, b)4,, stands for the greatest k-th power divisor of a
which belongs to A(D).

For A=D, op ((n)=0,(n) and ¢p (n) = ¢ (n) are the usual divisor-sum
and Euler-type functions. For A= U, oy () =0c¥(n) and ¢ ;, ;(n) =@ ¥(n) are
the unitary analogues of these functions, investigated by E. CoHEN [1], K.
NAGESWARA Rao [4] and others.

For other properties of regular convolutions see also P. J. MCCARTHY [3] and
V. SitA RAMAIAH [6].

In [8] we introduced the notion of cross-convolution of arithmetical functions
as a special case of Narkiewicz’'s regular convolution as follows. We say that the
regular convolution A is a cross-convolution if for every prime p we have either
ta(p®) =1,ie. A(p®) = {1, p, p%, ..., p"} =D(p®) for every a e N or t,(p*) = a,
ie. A(p") ={1,p"} =U(p*) for every a e N. Let P, = P and @, = @ be the sets
of the primes of the first and second kind of above, respectively, where P U Q =P
is the set of all primes. For P =P and @ = ¢ we have the Dirichlet convolution D
and for P=0 and @ =P we obtain the unitary convolution U.

Furthermore, let (P) and (Q) denote the multiplicative semigroups generated
by {1} U P and {1} U Q, respectively. Every n e N can be written uniquely in the
form n =mnpng, where npe (P), nge (Q).

If A is a cross-convolution, then

2) A(n) = {deN:d|n,(d, n/d) e (P)}
and (1) can be written in the form

3 (ffag)n) = % f(d) g(n/d).

(d, n/d) e (P)

In [8] we gave asymptotic formulae for > o 4,s(n) and D) 4, (1), where

nNsL N

s>0 and kelN, assuming that A is a cross-convolution.
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In [9] we established asymptotics for X, o,(n)¢ (n), > o,(n)/¢(n) in case

nsw nsw

s>0 and for > ¢,(n)/o,(n) in case s=1.

NS

The aim of this paper is to extend the results of [9] for 04 ; and ¢ 4 , instead
of o, and ¢, in case of cross-convolutions. We obtain, as a particular case, the
corresponding results for o and ¢ ¥ which are also believed to be new.

2 - On the product o, (n) ¢4 (n)

If A is a regular convolution and s >1/2, then inequalities

2s

8(2s)

<04 4n) Py (n) <n*

hold for every n € IN, where  is the Riemann zeta function, cf. [2]. Hence we expect
that the average order of o4 ((n) @4 (n) is BA,SnZS, where 1/0(2s) <B4 (< 1.
Let

1\7! 1\!
@P(Z)Zn(l——) ) CQ(Z):H(l_—) .
P p Q p

pe ? pe

Theorem 1. If A is a cross-convolution and s> 0, then

By,
(4) Z OdA,s(n) ¢A,s(n) = =k x23+1 + O(Ra(x7 Q))v
n<w 28+1
where
1 1 1 2 1
BA,s=CP(S+1)CQ(28+1)pgD 1- ol Bl + PEE )}]Q(l‘ e + e

and Ry(x, Q) =2 (s> 1), x%log?x(s = 1 and Q infinite set), x*log x(s =1 and Q
finite set), x*"1(s<1).

Proof. Let f4 ; be the arithmetical function defined by

04, M) Qa (m)= 2 d* fa (n/d),
deA(n)

for every nelN.
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It is easy to check that f, , is multiplicative and
-1, if peP,a=1 or peQ, aclN,

fA,s(p)_{gbs(pa)paS(]_%), iprP,CLBZa

for every prime power p? where s is a fixed real number, cf. [9], Lemma 1.
Therefore

Sl(x)s’2’0A7S(n)¢A,S(n)=d§<:fA,s(d) > e,

e<uw/d
(e, d) e (P)
Now using the estimate
plag) x™*! e
) S o= X 0@ @)
n<w ag(r+1)
(n, a) e (P)

valid for every » =0, a e N and for every ¢ with 0 <& <1, where ¢ = ¢, is the
Euler function, 7 ¢(a) =1 (Q finite set), o _.(a) (Q infinite set), cf. [8], Lemma 7
and [7], Lemma 2.1, we get

P(dg)

i@ do(2s+1)

20 s(d>( (/)1 + O(ﬂQ(d)(x/d)zs”))

2s+1
_ @t (@) 9dg) +O(x2m 5

2s+1d<e  d*7ld, d<e

|fa, () |17 (D) )

d25+s

2s+1 o d, d
_* 3 Ja..(@ #ldo) +O(x2“1 5 1

28+1d=1 d23+1dQ d>z ds+1

)+0

prre s 1@ )

d<u ds+e

taking into account that |fy ;(n)| <n® for every neN. It also yields that the
series appearing here is absolutely convergent and its sum is B, ;, by Euler’s
product formula. The first O-term is O(x?**1/x*) = O(x**!) and the second O-
term is O(x?*) if s> 1, choosing & =0; it is O(x%log x) for s=1 and Q finite;
O(x*log”xz) for s=1 and Q infinite, in both cases with ¢=0; finally it is
Ox®*eel 5 ) =0@@**) if 0<s<1 and e<1—s, see [7], Lemma 2.2.

Corollary 1. Fors> 0 the average order of the product o4, ;(n) ¢ 4 (1) is
BA’ Snzs.
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Corollary 2 (A=U). If s>0, then

% 25+ 1

% * — x %
gxos(n)qbs(n) s 11 +O0(R} (),

where

2 1

2s+1 + 2s+2

Br=¢2s+DII|1-
P p p

and RX(x) =2 (s>1), x®log?x(s=1), * (s <1).

3 - On the quotient o,  (1)/¢ 4 ;(n).
Theorem 2. If A is a cross-convolution and s> 0, then

n<a ¢A,s(n)

where

ps+1+p—1) ( ( 1) > 1
Cy =Cps+D (1 + —"—— ) I](1+2(1-=2]> ———
A, CP peP ps+2(ps_1) peQ P j:lp](pjs_l)

and S;(x) =1(s>1), 2! *7¢(0<s<1) for every £>0.

Proof. Let g4 , be the arithmetical function given by

OA,s(n) E gAys(d)

P s(n) deAdw)

for every neN. We obtain that g, , is multiplicative and

2
w1 if peP,a=1 or peQ, aelN,
P —
gA,s(pa)z 1 1 )
REEE M(l——q) . ifpeP, az2,
P ;s
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for every prime power p¢ where s is real and s # 0. Consequently, applying (5)
for r=0 and ¢ =0 we have

04, 5(n)

n<wx ¢A,s(7’b)

(p(dQ) €r
Q

+0(nq(d))

e<u
(e, d) e (P)

=EmM)21=EmM%
d<u <uw/d d<u

gA,S(d) ¢(dQ) L0

B x(gx ddy (dgng,s(d) ﬂQ(d))
< s d dgo) s d

_p 3 94l D9 +o(xz ga. @D )+0(29A,5(d>nQ(d)).
= ddQ d>z ds<ux

Here for s >0, g4 ,(n) <2°™/¢ (n) = O(n®~*) for every & > 0, cf. [9], Lemma 6,
where w(n) stands for the number of distinct prime factors of n. Therefore the
above series is absolutely convergent and its sum is C, ;, using the Euler product
formula. The first O-term is O(x >, 1/d***7%) = O(x'~**¢) for every s > 0 and the

d>x

second O-term is, by (n)=0(n?), O t(d)/d*~2)=0(> 1/d*~¢)=0(1) for
d<sux d<ux

s >1 (choosing ¢ <s — 1) and it is O(ml‘s;“‘), with € <s, for s <1 and the proof
of (6) is complete.
Corollary 3. For s>0 the mean value of o4, s(n)/p 4, s(n) is Cy ;.

Corollary 4 (A=U). If s>0, then

o¥(n)

- ¢*(n) :CS*QC+O(SS(QC)),

where

Cs*=H(1+2(1— 1) » ;)
P pli=tpl(p”—1)

and S;(x) 1s defined in Theorem 2.
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4 - On the quotient ¢ , (n)/o4 ;(n).

Theorem 3. If A is a cross-convolution and s=1, then

s(n)
(7) ¢AY—=DA7JC+O(S§(90))7
n<w ()'A’S(n)
where
s—1)p & is—1)
DA s = H (1— 2 — (p ) : D ' )
, peP p(ps-l-l) pZS =2 (p]s_l)(p(]+1)s_1)

< 11 (1_2(1_1) > ;)
peQ pli=1pipr+1)

and S,(x) 1s giwven in Theorem 2.

Proof. Define the function h, ; by

¢A,s(n) _ 2 hA,S(d)

04, 5(n) acAm
for every neN. We obtain that &, , is multiplicative,

p(a—Z)S(ps_ 1)3

— , if peP, a=2,
(p(a+1)s_1)(pas_1) p
by, (p*) = 9
— , if peP,a=1 or pe@, aelN,
p*¥+1

for every prime power p“ and the proof is like that of Theorem 2, see also [9],
Theorem 3.

Corollary 5. For s=1 the mean value of ¢4 (n)/oa, (n) is Dy .
Corollary 6 A=U). If s=1, then

» pE(n)

n< 0’2‘(%)

=DFx+0(S,(x)),
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where

LASZLO TOTH [8]

Ds*zl_[(l—z(l— l) i ;)
P pli=1pl(p”+1)

and S,(x) s giwven in Theorem 2.
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Abstract

Let A be a regular convolution of Narkiewicz type, o, (n) denote the sum of s-th
powers of A-divisors of n and let ¢ 4 ,(n)= 2 d*u,(n/d) be the generalized Euler
d

eA(n)

function. In this paper we establish asymptotic formulae for 2 o A, s(M)@ 4, 5(n),

n<w

n<sx

> 04 s(M)/P 4 () in case s>0 and for > @4 s(M)oy (n) in case s =1, assuming

n<T

that A is a cross-convolution, investigated in our previous papers.
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