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Oscillation of first order delay differential equations

with variable coefficients (**)

1 - Introduction

Consider the first order delay differential equation

1) 2t)+pt) et —1)=0

where p(t) = 0 is a continuous function and 7 is a positive constant, or the more
general one

where p;(t) =0 are continuous functions and 7; are positive constants,
1=1,2,...,n.

By a solutions of equation (1) (or (2)) we mean a function
xeC([ty— o, ©), R) for some t, =0, where o =1 (or 0 = 112512(”{11-}) satisfy

equation (1) (or (2)) for all ¢ =t,. As it is customary, a solution of equation (1) (or
(2)) is said to oscillate if it has an unbounded set of zeros for arbitrarily large t.
Otherwise is called nonoscillatory. The equation will be called oscillatory if every
solution defined on some ray is oscillatory.

Ladas [1] and Koplatadze and Chanturia [2] obtained the well-known oscilla-

(*) Department of Mathematics, Faculty of Education, Ain Shams University, Rosy,
Cairo, Egypt.
(**) Received January 22, 1999 and in revised form September 9, 1999. AMS classifica-
tion 34 K 15, 34 C 10.



184 H. A. AGWO [2]

tion criterion for eq. (1)

t
1
Ba) hmMJp®®>—.
t— e

t—1

Ladas and Stavroulakis [3], Arino, Gyori and other authors, (see [4], [6]) es-
tablished different sufficient conditions for oscillation of eq. (2) which are in some
sense extensions of (3a) in the case of several delays such as,

(3b) hm 1nf J E p;(s) ds > —
e
t— Tmax
n 1/m n
3¢) 1@mdﬂm@ Er>—
—w \j=1
(3d) lim sup j Z p;i(s)ds>1,
t— o
and
. . n 1
(3e) hgn inf > 7,p:(t) > = .
—w =1 e

Recently, Li [7] obtained a sharper sufficient condition by improving condition
(3a). Also he extended this result in his paper [8] for eq. (1) and eq. (2) as the
following:

t+t;
Theorem A. Let 7,=max{7,, 7y, ..., T, }. Suppose that E fpl(s) ds>0
for t =1, for some t,>0 and that

t+1,
(4a) lim sup J P, (s)ds>0.
t—
If, in addition,
" t+1;
(40) | ( 2 pih) In (e by j pi(s) ds) :
to

then every solution of eq. (2) oscillates.
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Corollary. If

t+1;
n 1
) lim inf > j p,(s)ds> —
t—ow =1 ; e

then every solution of eq. (2) oscillates.

Finally, Tang and Shen in [9] obtained an other sharper sufficient condition
for the oscillation of all solutions of eq. (1) which improves previously known
results.

Theorem B. Let p(t) e C([ty, ), N") and let t be a positive constant. De-
fine the following sequences of functions:

2

p®) = [ pls)ds, t=t+7,
t—1
t
Pe+1() = fp(s)pk(s)ds, t=t,+(k+1)7,
t—1
t+rt
nt) = [ pls)ds, 1>t
t
t+71
Pri1(®) = fp(s)pk(s)ds, t=t), k=1,2,3, ...

t

Suppose that there exist a t; >, + t and a positive integer » such that

1 _ 1
pn(t) = _n ’ pn(t) = _n ) t> tl’
e (4
and
3 n—1 1
©) | pw]exple1p, ) = | 1| dt= =
(4

ty +mnt

Then every solution of eq. (1) oscillates [9].

In this paper we obtain a sufficient condition for the oscillation of all solutions
of eq. (2) which is more general than eq. (1), by extending the technique in [9] to
be suitable for delay equations with several delays.
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2 - Main results

Consider eq. (2) and define the following sequences of functions

pk,O(t):17
(7 o )
Pr, () = J’ (Zpi(s)pi,m_l(s))ds, t=ty+mr;, Vj=1,2,..,n,m=1,2,...
=1 =1
and
Pg(t):].,
(8) t+Ty

l’m(t): 2 J pk(s)l'm,—l(s)dsy t?to, m=1,2,....
k=1
t

The main result is the following theorem.

Theorem 1. Let p;(t)eC([ty, ©), R"), i=1,2,...,n and 7T,
=max {1, Ty, ..., T, }. Suppose that there exist a t, >ty + v, and a positive in-
teger m such that

1 — 1
9) pk,m(t)zm, Pm(t)27, t>t;, k=1,2,...,n, m=1,2, ...
e e
and
3 < m—1 1
(10) [ Zwnwiewlem p 0 - = |-1pdi=o,
to +mrt, k=1 e

where py.,,(t) and P, (t) are defined by (7) and (8) respectively. Then every sol-
ution of eq. (2) oscillates.

Proof. Rearrange the terms of eq. (2) such that 7, <7,<... <7,. Assume
the contrary. Then eq. (2) may have an eventually positive solution a(t). Then
there exists a t, = t; such that x(¢) <0, x(¢) > 0 for all £=t,. Dividing eq. (2) by
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x(t) and integrating from t—17, to ¢, t=1{,+7,, we get

x(t—1,) "a x(s—1.)
11 = - (s) ——— | ds|.
an O expLL (glpz(s) - ) s]
Putting
ﬁc(t—l’k)
12 t)y= ——— k=1,2,... .
( ) wk( ) x(t) ) y Hy y N

Since () <0, x(¢t)>0. Then w,(t)=1 for all k=1,2,...n and for all
t=t,+17,. From (11) and (12) one can write

13) wy(t) = exp[ f (iépi(s) wi(s)) ds]

t—1p

and consequently,

¢ n
(14) wk(t)Be[ [ (;lpi(s)wi(s)) ds], k=1,2, ..., n.

t—1y
Set

Wy, o(1) = w,(0)

¢ n
w1 () = j/_;pi(s)ws)ds, t=t,+1,,

t—1p

t
n
wy,, o(t) = f i;pi(s)wiyl(s)ds, t=t,+21,,

t—1y

bt
(15) wk,m(t): J"lei(s)wi,mfl(s)dsa t>t2+m‘[m

t—1p
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and
(16) v (8) = w (1) — 1, t =1,
¢ n
ve 1= [ 2 pi(s) vils) ds, =t +7,,
1—Th 1=1
¢ n
vy, o(8) = J 'Z pi(s) v; 1(s) ds, t=t,+ 27,
-7, 1=1
t n
an Vi, (1) = J 2 i) v, 1(8)ds,  t=t,+mr,.
i=1
t—1yp

Since w,(t) =1 for all k=1, 2, ..., n, it follows that

18 v@® =0, v ,H=0, t=t+mr,, k=1,2,...,n, m=1,2,...
From (14) and (15), we get

(19) wp@) =e" Twy o (t),  t=t+(m-1)7,

and consequently, from (13) and (19) we have

¢ n
(20)  wy(t) = exp [eml J (A;pi(s) wiym,l(s)) dsl, t=t,+mr,.

t— Tk
In the view of (7), (16) and (17) we obtain
wk,m—l(t) = ,Uk,m—l(t) + pk,m—l(t) )
and then substituting in (20), we get

¢ n
wt) = expleml [ (2 pi@os 1)+ 1,1 9))) ds]

t*‘[k

¢ n ¢ n
= exp [ean—l J' ‘lei(s) vi,mfl(s) d8+€m_1 J lez(s) pi,’mfl(s) ds]

t—1y t—1y

fou 1 1
= exp[em‘1 J 'lei(s)vmn,l(s) ds+ — +e" 'y — —], t=t, +mr,,
i= e e
t—1p
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and consequently

t
ul 1
(21) wk(t)zlemJ’ lei(s)viym_l(s)ds+1]+exp emlpkym(t)—;], t=t,+mr,,
iz

t*‘[k

From (21) we have

¢ n
Py (t) [wk(t) - [em f fgﬁpi(s) Vi —1(8) ds + 1“

t—1y

6o, 1
(22) Bpk(t)lemf ,_;pi(s)vi,mq(s)dSJrl exp[em_lpk””(t)_;]_l}

t—1p

1
2plc(t)[exp[emlplc,m(t)_ _:l_l]y t2t2+mrn-
e
In view of (16) and (17), then (22) becomes
m m—1 1
pk(t)[vk(t) —e€ vk, m(t)] = pk(t) eXp € pk, m(t) - E - 1 ) t = t2 + MmT,,.
ie.
S m, S m—1 1
2 PO = e (]2 2pid) jexp e Pt = — | =1, i,
Integrating the above inequality from t3 =1, +mt, to T >3+ mr, we get
T n r n 1
23) | 2 pOlvi) =", (0] dt= | 20 {exp [emlpk,mu) - ] - 1} dt.
ts 5
From (10) and (23), we obtain

Ty
(24) lim j > Pl (t) — e™ vy, (D] dE = oo .
T—>°°t3 k=1
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Since

J E pk(t) vk m(t) dt_ f 2 pk(t)[ f Z pl(s) vz m— 1(8) ds]

-1

é j 2 (s)vi‘m1(3)[ka(t)dt]ds

7‘51

f 2p2(8) vl m— 1(3) PI(S) dS

\%

*'L'

J PI(S)ZPl(S)[ J kflpk(g)vm 2(&) df]

t3

WV
M=
!
. Ms

E+1;
p@wmz@ljmwﬁmm4@
&

\%

n §+1;
j Em@mmz@ﬂz meH®M4§

T-27,

[RACHFACERRNOTT
t3

So we have,

T—mz,

jZMmmmmm>w jP@ﬂEmmmm]

using (9) the above inequality becomes

T—mt,

(25) jEmmwmmm> j PFACEACES

(8]
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Thus,

T—mz,

j S pOln(t) = v, ,, (0] dt < j Spou®d- [ 3 pmu

t3

T n
= j 2 pu) w0 dt.

T—mz,
In view of (24) we have,
(26) lim j 2 D) v (1) dt = o0
ooT mz,
This shows that either
@27 lim j Z D) di = o0
T—-mt,

or, there exists k*e {1, 2, ..., n} such that

(28) lim sup vy« (t) = oo .

t—

If (27) holds, then

lim sup J' E pk(s) ds= oo .

t—
t—14

By a knowning result in [5], [6], every solution of eq. (2) oscillates.
If (28) holds, then

(29) lim sup wy,«(t) = o .
t— o
Since
x(t—1
wk:ual, k=1,2,...,n
x(t)
then

x(t—11) =2 —1,) =),
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and consequently
(30) w1>wk21, k:1,2,...,’n.

On the other hand, integrating eq. (2) from ¢ -t to ¢, we obtain

¢ n
x(t)—x(t—rk)+j S pi(s)a(s—7,)ds=0.
=1
t—1y
ie.,
¢ n
(31) ac(t—rk)>f > pi(s)a(s—1;)ds, k=1,2,...,n.
=1

t—1p

From (31) by successively substituting (m — 2) times and using the decreasing
nature of x(t), it follows that

(32) w(t —7g) >t —71) Pr,m-1(0).

In view of (9) for any ¢ =1t, + 7, there exists £e (t — 74, t) such that

20m :

frn n
m’ J' 2 pk(S) pk,m—l(s) ds =
2e ) kel

¢ n
@) [ 3P py o as) ds =
g

Integrating eq. (2) over [&, t] and [t, £+ 7,], we have

tﬂ
(34) w(t)—ﬂc(f)Jrszlpk(s)%(s—fk)dSZO, tzl+(m—1)1,,
Q-
and
41 n
@5)  w(E+Ty)—a)+ J kElpk(s)x(s—tk)ds=0, tzt,+(m—1)71,.
t -

Omitting the first terms in (34) and (35) and substituting (32) in resulting inequal-
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ities, we get

¢ n
&> [ 2 pus) pr, -1 () s — 1) ds
g

(36) t 1
>a(t =71 [ 2 puls) prw-1(8) ds = ——alt —71)
: k=1 2e
and
§+rm
x(t) > J kglpk(s) P/c, m—l(S) 90(8 - Tl) dS
37 '

+1
§+m

1
>0 [ 3 puls) P () ds = —a(d).
Jok=1 2e

From (36) and (37), we obtain

x(t) > e x(t—1q)
and consequently,
(38) wy () < 4e?™, t=zt,+(m—1)71,.
But from (30) we get
1 < w(t) < w, (t) <4e?™, tzt,+(m—1) 7.

This contradicts (29) and completes the proof.

Corollary 1. Let p;(®)eC(lty,, »), N*), i=1,2,..n and 7,
=max {7y, Ty, ..., T, }. Suppose that there exist a t; >ty + v, and a positive in-
teger m such that

1 — 1
(39) lign inf py, (0 > — and lizn infP,(t)> —, t>t, k=1,2,...,n,m=1,2,...
— o e’ —® e”

n’

where py. ,,(t) and P, (t) are defined by (7) and (8) respectively. Then every sol-
ution of eq. (2) oscillates.
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3 - Example

Consider the delay differential equation

. 1 1 .
(40) x(t) + 3—(1+cost)x(t—n)+ F(1+51nt)x(t—2n)=0, t=0.
e e

1
ie., p1= §(I+cos t), 1,=mm,

1
pe(t) = — (1 +sint), 15=2m.
15¢
We have:

t— o

t+zr1 t+2m 1 1 1
1) lim inf — (1+cos &) dl+ — (1+sind)dl|=—((Tx—-10) < —.
M (tj 5o (T+eos O d j ——(1+sin ©) e:) = )<~

This shows that Corollary of Li (5) do not hold.

t—

1 1 12 1
2) liminf([—(l+cost)][—(1+sint)}) Br) < —.
3e 15¢ e

This shows that (3¢) do not hold.

t
(3) lim sup J[i(1+cos§)+ L(1+sin§)}d§=L(Gn+\/26)<1.
t—ew O 3e 15¢ 15¢

This shows that (3d) do not hold.
.. T 2m . T 1
4) lim 1nf(—(1+cost)+ —(1+smt)) = —("T-V29) < —.
t—eo \ e 15¢ 15¢ e

This shows that (3e) do not hold. But according (7) and (8) one can write

t t 1 1
PL®= [ GO Py +po©) pog(@) dE= | (—<1+cos O+ — (L+sind)) dg
. 3e 15¢

t—m t—
2 . 2

= — + —sgsint— — cost,
5e 3e 15e

t

Py, (t) = J (p1(O) pl,o(C)‘i‘pz(C)pz,o(C))dC

t—2m

! 1 1
tiﬂ ( 3e( cos ) 15e( +sin §) | dg

%4

e
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Then
.. 1 1
lim inf p(t) = — (67 —V26) < —.
t— o ’ 15¢ e

So, we find p;,(f) and py»(f) as following,

t
Pra= [ (P1(©) P1a(©) + p(E) P2y ()
t—m

~

1 2n 2 2 4m
— (1 + cos — + —sinf— —-cos |+ ——(1+sin d
j [ 36( C)( be ¢ 15e . 7562( &) de

s 3e
437 —1 4(25+ 67
— (42n—5)+¥sint—¥cost,
225¢2 45¢2 225¢2
lim inf p;5(t) = T 4 \/25(3n — 12+ (25 +67)°> 1
inat P2 22562 22502 pe

and

t

Poa= [ (2r(©) Pra(@) + pa(D) oa(D) AL

t—2m

t
1 2m 2 2 47
= — (1 + cos — 4+ —sin{— —cos{|+ — (1 +sin d
t!ﬂ { 36( C)( be  3e : 15¢ : 7562( ks
2m 1
= 0x+7)> — .
22562( ) e?

Also,

t+m t+2m

n)= [ p@p@dct+ [ pa(O)py(©)ds
t t

t+m t+2m

. 1 }
= tj 5(1+c0s§)d§+ tf E(1+sm§)d§=E(7n—1o sint),

1 1
lim infp;(t) = — (T —10) < —.
t— e 15¢ e
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But,
- Lron
i) = [ m@OB@ A+ [ QP dg
tt+zr 1 t Lion
- [ 5oz (1 eosO(Tr—10sin ) de+ | | Sz (1 sin 0T —10sin£) g
= 22; 5 [897% — 107 — 2(10 cos t + T sint)].
Consequently,

1 PP a— 1
— e e

Then, by Corollary 1, every solution of (40) oscillates.

Remark. Equation (40) is also oscillatory by (3b), where

"1 1 d4x 1
lim inf —(1+cos&+ —(1+sin dt= — > —.
t— o { 3e ( & 15¢ ( O de 5e e

t—2m
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Abstract
A sufficient condition for the oscillation of all solutions of
i)+ X pt) et —7,) =0
i=1

where p;(t) = 0 are continuous functions and t; are positive constants, is obtained, which
18 an extension for the previously known results.
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