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VINCENZO DE FiILIPPIS (¥)

Derivations on k-th commutators in semiprime rings (**)

Several authors have studied commutativity in prime and semiprime rings ad-
mitting derivations which have zero or invertible values on appropriate subsets of
a prime rings. In [3] Bergen, Herstein and Lanski proved that if R is a ring with 1
of characteristic not 2, d a non-zero derivation of R such that d(x) is zero or inver-
tible in R, for any x € R, then there exists a division ring D such that either R = D
or R = M,(D), the ring of 2 X 2 matrices over D, or R =D @ D. In [2] Bergen and
Carini generalized this result to the case of a Lie ideal for semiprime rings. Later
in [10] Lee showed that the same conclusions can be obtained if R is a semiprime
ring and f(«x;, ..., ,) a monic non-central multilinear polynomial in % non-com-
muting variables such that d(f(», ..., 7,)) is zero or invertible in R, for any
¥, ..., r,eR. Recently in [5] we studied the case when the commutator
[d(f(xq, ..., 2x,)), f(xq, ..., x,)] has zero or invertible values in R. In the present
paper we shall consider the case when the multilinear polynomial f(x;, ..., «,) is
replaced by the k-th commutator [[x;, «.], [23, %4]];, Which is not multilinear. Mo-
re precisely we will prove the following:

Theorem 1.1. Let R be a 2-torsion free semiprime ring, d a non-zero deri-
vation of R, U the left Utumi quotient ring of R. If [d([[r, 21, [7s, r41l1),
[[71, ], [75, 741)]1 =0, for any vy, rs, 13, 4 € R, then there exists a central idempo-
tent element e of U such that in the sum decomposition U = eU @ (1 — e) U, the deri-
vation d vanishes identically on eU and (1 —e) U is commutative.

(*) Dipartimento di Matematica, Universitd di Messina, Contrada Papardo, Salita Spe-
rone 31, 98166 Messina, Italy. E-mail: enzo@dipmat.unime.it
(**) Received January 18, 1999. AMS classification 16 N 60, 16 W 25.
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Theorem 2.1. Let R a 2-torsion free semiprime ring, d a non-zero deriva-
tion of R and a, b, ¢, de R such that [d([[a, b],[c, d]];),[[a, b],[c, d]].] #ZO. If
[d([[71, r2], (75, v4lli), [[71, 721,175, 7411k] is zero or invertible in R, for any
T1, Yo, T3, 4 € R, then R is a division ring.

As a consequence we will study the relationship between the structure of a pri-
me ring of characteristic different from 2 and the behaviour of [d([x;, x5]),
[2:, 25];] in a non-central Lie ideal.

1 - Commutators zero-valued

In all that follows we will denote R a 2-torsion free semiprime ring, d a non-
zero derivation of R, @ the Martindale quotient ring of R, C = Z(Q) the extended
centroid of R, S = RC the central closure of R. Moreover we will introduce the left
Utumi quotient ring U of R. Its axiomatic formulation, definition and main pro-
perties can be found in [1], [6] and [9].

In order to prove the main result of this section we will make use of the follo-
wing facts:

Claim 1 [12]. If R is a semiprime ring and I a dense sub-module of U then I,
@ and U satisfy the same differential identities.

(Notice that in the case R is prime, any two-sided ideal I of R is a dense sub-
module of U).

Claim 2 [8]. Let R be a prime ring and g(xy, ..., «,, d(x;), ..., d(x,)) a diffe-
rential identity of R. One of the following holds:

1) either d is an inner derivation in @, in the sense that there exists ¢ € @ such
that d = ad(c¢) and d(x) = ad(c)(x) = [c, x] = cx — xc, for all x e R and R satisfies
the generalized polynomial identity

g(xly ey x}w[cr 901], ,[C, xn,]);
2) or R satisfies the generalized polynomial identity g(xi, ..., ., Y1, - Yu)-

We begin by analysing the case when R is a prime ring. Hence we will extend
the result to semiprime case, by using the theory of orthogonal completion (see
[1], Chapter 3).

Lemma 1.1. Let R be a prime ring of characteristic different from 2, I a
non-zero two-sided ideal of R, d a mon-zero derivation of R. If [d([[r, 7],
[rs, v11), [[71, 721, [75, 7411] = 0, for any vy, v, 13, r4€ 1, then R is commutative.
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Proof. Denote the differential polynomial
[d([[wy, 2], (s, 24 11p), [y, @], [aeg, @4l ] = g(@y, ...,y g, d(ay), . . d(y)).
Since I and R satisfy the same differential identities (see Claim 1), then

gy, oy g, d(cy), ..oy d(eg)) = [d([[2ey, @21, (23, 2411,), (L1, @21, 25, 2411, ]

k
= [d(;(—l)h(h) [2g, 241" [0, 25 1[5, x4]"h),

k
(%(_l)h(h) [, 904]h[~%'1, Xy [ s, 904]k_h)]

is a differential identity on E.

By using Claim 2, one of the following holds:

1) either d is an inner derivation in @, induced by c € @ and R satisfies the ge-
neralized polynomial identity

g(xh .. 9(/'4,[(3, 96'1], v[cy .%'4]);

2) or R satisfies the generalized polynomial identity g(xy, ..., &4, Y1, -+ Ya)-
In this last case in particular R satisfies the identity

9@y, . s, 3, T4, 0, Y2, 0, 0) = [[[1, y2l, (23, X4]li, [[201, 2], 25, 24]11i]
that is for any », 75, 13, 74, 5€ R
[[[7ry, 751, (73, 7411k, [[71, 721, [73, 74111 =0

Since R is a P.I. ring then there exists a field /' such that R and M,(F'), the
ring of ¢ X ¢ matrices over F, satisfy the same polynomial identities.

Suppose t =2 and choose 7| = eg, 15 = €31, 1’5 = €91, T4 = €19, 15 = €12. Then we
obtain the following contradiction

0=[[—e, ex— el e, 2 — e 1x] = [—(2k) 612,(—2)k€21]
= (—1)""12% () —e) 0.

Therefore must be t =1 and so R is commutative.
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Now let d be the inner derivation induced by an element c¢ e @. Thus
0 =[lc,[[ry, rol,[rg, v4dled, [lry, 21, [7s, v4lli] = [le, [Lry, v2], 75, 74llile,

for any ry, 1, 73, 4 € R, i.e. R satisfies a non-trivial generalized polynomial identi-
tiy. By [13] it follows that S = RC is a primitive ring with soc (R) = H # 0 and eHe
is a simple central algebra finite dimensional over C, for any minimal idempotent
element e e S. Moreover we may assume H non-commutative, otherwise also R
must be commutative. Notice that H satisfies [[c,[[x, 2], [5, 24111, [[1, 2],
[xs, x411;] (see for example [10, proof of Theorem 1]).

Since H is a simple ring then one of the following holds: either H does not con-
tain any non-trivial idempotent element or H is generated by its idempotents.

In this last case, suppose that H contains three minimal orthogonal idempo-
tent elements e, f, g. Thus eH, fH, gH are isomorphic H-modules and there
are

fbg, gafe H such that fogaf=f, gafbg =g

epg, gde e H such that gdepg =g, epgde =e .

Let
[r1, 721 = [fbg, g] = fog [rs, 141 = [gde, epgl =g —e

[[ry, r21,[rs, r4lle = [ fbg, g — el = fbg .

By the hypotesis [¢, fbgl, =0, that is (—2) fbgcfbg = 0. Right multiplying by af
and left multiplying by ga we have gc¢f= 0.

This implies that, for any orthogonal idempotent element of rank 1, g and f,
gcf=0. Hence [c, g] = 0, for any idempotent of rank 1, and [¢, H] = 0, since H is
generated by these idempotent elements. This argument gives the contradiction
that ceC and d =0.

Therefore H cannot contain three minimal orthogonal idempotent elements
and so H = M, (D), for a suitable division ring D finite dimensional over its center.
This implies that @ = H and c e H. By [15, Theorem 2.3.29, p. 131] (see also [10,
Lemma 2]), there exists a field F' such that HcM,(F) and M, (F) satisfies
Le,[lx, y],[z, t1].]s =0, for F a field. As we have just seen, if » = 3 then ¢ e C and
d=0.If n=1then RcF and we are also done, thus we say H c M,(F'). We want
to prove that, in this case, we have a contradiction.
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Since for any uwe[H, H], u?cF, then
lc, uly=cu?+u?c—2ucu =2(u?c —ucu).

Fix 7,7 and denote e; the matrix unit with 1 in (7, j)-entry and zero else-
where.

Let w=[[lx, ][z, t1]-1,[2, tl1=[lx, y],[2, tll.e [H, H], and choose x=e;,
y = ey, 2=¢e; t =e;. Thus u = (—2)"e;. Moreover consider ¢ = 2¢,,e,,, With ¢,
eF. Since [c, ul, =0,

0=1[c,(—2)e;ly=(—2)* e;ce;
thus c; =0, for i=j, that is ¢ is a diagonal matrix in M,(F). Now choose
[, Y] = [es, €1 + e12] = €21 — €r2
(2, t] = [e12, €x1] = €11 — €.

If k is even then [[«, ¥], [z, t]];, = 2(es — e12) and so, since the characteristic of R
is different from 2,

0=1[c, €51 —e12lo = (—2¢11 + 2¢) €11 + (211 — 2C92) €29.

This means c¢;; = ¢ and so ce F' and d =0, which is a contradiction.
If k is odd then [[x, y],[2, t]1], =2"(ey + €;5) and

0=1[c, €5+ e12]o=2c—2cop1; — 2011 €9.

Also in this case we have the contradiction c¢;; =cg, ceF and d=0.

On the other hand, if H does not contain any non-trivial idempotent element,
then H is a finite dimensional division algebra over C and ce H = RC= Q. If C is
finite then H is a finite division ring, that is H is a commutative field and so R is
commutative too.

If C is infinite then H - F = M .(F), where F is a splitting field of H. In
this case, a Vandermonde determinant argument shows that in M,(F)
e, [[a;, 22], [23, 241]]o = 0 is still an identiy. As above one can see that if =3
then ¢ commutes with any idempotent element in M,.(F) and also if » =2 then
ceF. In any case we have the contradiction d=0. =

Now we extend the previous result to semiprime rings.

Theorem 1.1. Let R be a semiprime 2-torsion free ring, d a non-zero
derivation of R. If [d([[ry, r2],[rs, v411e), [[7r1, 721, (75, 74ll1 =0, for any
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¥1, T, 13, T4 € R, then there exists a central idempotent element e of U such that
m the sum decomposition U =eU @ (1 —e) U, the derivation d vanishes identi-
cally i eU and (1 —e) U is commutative.

Proof. It is well known that the derivation d can be uniquely extended to U
and all the derivations in R will be implicitily defined on the whole U (see Lemma
2 in [12]). Moreover R and U satisfy the same differential identities (see Claim 1),
thus

Ld([[ry, 121,73, r4llp), [[71, 721, [73, 74111 =0, V7, 1, 13, 14U .

Let M be any maximal ideal of B, the boolean algebra of idempotents in C. We
know that MU is a prime ideal of U and Ny, MU = 0. Let d be the derivation indu-
ced by d in U = U/MU, which is a prime ring of characteristic different from 2.
Notice that d satisfies in U the same property of d in U.
Hence [d([[7y, 73], [rs, 4 110), [[71, 72), [15, 4111 =0, for any wy, 7p, 13, 14, U.
Since U is prime and by previous lemma, either d =0 or U is commutative.
This implies that, for any M maximal ideal of B, either d(U)cMU or
[U, UlcMU.
In any case d(U) U[U, Ulc ]QM U =0. As a consequence of the theory of or-

thogonal completion for semiprime rings, there exists a central idempotent ele-
ment e of U such that d(eU) =0 and (1 —e) U is commutative (for more details
see chapter 3 in [1]). If pose U;=¢eU, Uy=(1—¢e) U, then U=U, DU, as
required. =

Corollary 1.1. Let R be a prime ring of characteristic different from 2, d a
non-zero derivation of R, L a Lie ideal of R. If [d([w, v]],),[u, v]1].]1 =0, for any
u, vel, then L 1s central.

Proof. Suppose L is not central. Since R has characteristic different from 2
then, by a classical result of Herstein in [7], there exists a non-zero two-sided
ideal I of R such that [I, I1cL.

Therefore [d([[ry, 721, [75, r411), [[71, 721, (75, 74111 =0, for any ry, 75, 73, 74
el and Lemma 1.1 we obtain the contradiction that R is commutative. m®

2 - Commutators with invertible values

In this section we study the following situation: R is a 2-torsion free semiprime
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ring such that
Ld([[ry, 721, [75, 41)p), [[71, 721,073, 7411,]  is zero or invertible

for any »;, s, 75, 1, € R. By the results in previous section, we may assume that
there exist a, b, ¢, de R such that

[d([[a, bl,[c, d1l),[la, bl,[c, d]lx] = 0.

At first we observe that the only case is the one in which R is a simple ring, as
the following lemma states:

Lemma 2.1. R is simple.

Proof. Suppose that there exists a two-sided ideal 0 # I # R of R. Since [
does not contain any invertible element of R then

Ld([[ry, 721, 75, 74 1), (L7, 721, I3, 74111 =0
for any 7, 75, 75, r4€l. In this case, by [12], one has that
[d([[71, r21,[75, 74110), [L7y, 721,07, 74 )11 s =0,
for any 7, 75, 13, rs€ R and sel. In particular
[d([[a, b],[c, d1I),[[a, b, [c, d]]]s =0,

ie. s =0, since [d([[a, b],[c, d1];),[[a, b],[c, d]];]is invertible. By the arbitrarie-
ty of sel we have [ =0, which contradicts our assumption. =

In all that follows R will be a simple ring with 1.
Lemma 22. Let R=M,(D), for D a division ring. If d#=0 then n=1

Proof. Since R =M,(D), by [14] there exists a derivation 6: D—D and a
matrix A € M,,(D) such that d = d, + 8, where dj is the inner derivation induced
by A, that is dy(x) = Ax — xA, for all xe M, (D), and 5: M, (D) — M, (D) is the
derivation induced by J, that is 3(27@ ;) = 26(7"77) ¢;. As in Lemma 1.1, here ¢;;

2% 2%

are the matrices unit, with 1 in (i, j)-entry and 0 elsewhere. Assume 7 = 2.
Now fix i #j and choose [[u;, us], [us, g1l = [[ey, €], [eyj, €1l = (—2) e;;.
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Hence by our assumption

[d([Twy, ugl, [ug, uglly), [Lug, uzl, [ug, uglli] = (—z)k[d(eij), el

is zero or invertible.

Since the set {[[x;, @3], [z, ®3]]; /2;€ M, (D)} is invariant under the action of
all Z(D)-automorphisms of M, (D), then for all s #t there exist vy, vy, v3, V4€ R
such that [[v, v2],[vs, v4]1] = ey # 0. Now we have

[d(est)a eyl = [Aest - estAy €]
= - estAest - estAest = - zestAest

which is a matrix of rank <1, and so it is not invertible in M, (D). Then, by our
hypotesis, —2eyAey, =0, and so e, Ae,; = 0.
This means that, for all s, t=1, ..., n, s #t, the (s, t)-entry of the matrix A is
zero. Hence A = Zaieii, where a ;e D, that is A is a diagonal matrix. Moreover
1

we remark that if ¢ is a Z(D)-automorphism of M, (D), then the derivation
d, = @dgp ~! satisfies the same condition of d, that is

[dy ([[7ry, 721,75, 7410, [[71, 721, [73, 741],] is zero or invertible in M, (D).

Forn=t=2 and beD, let ¢ = ¢, , be the automorphism of M, (D) defined by
@(x) = (1 — bey;) (1 + beyy). Then ¢ ~1(x) = (1 + bey;) x(1 — bey;) and

d,(®) = @ds(@ () + (e ' (2))
=@(Ap H(x)— @ Hx)A)
+@(8(b) e;x(1 — beyy) + (1 + beyy) O(x)(1 — beyy) + (1 + beyy) x(—6(b) ey;))
= @A) x — xp(A) + (1 — bey;) 6(b) ey + () + x(— () e,)(1 + bey;)
= @(A) x — xp(A) + 0(b) ey, — x5(b) ey, + O(x)

=dg(x) + 6(x), where B = ¢@(A) + 5(b) ey;.

Therefore, as above, B must be a diagonal matrix. Since A = Zaieii, we
obtain ‘

(—ba;+a,b+05(b))e;=0, for any beD and n=t=2.
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In particular set b =1, then a;=a; for any ¢, that is A is a scalar matrix,
A=ual,, (a=a,). Therefore 6(b) = —(ab — ba), which inplies & = —dg, and
d=ds+6=d,, —d,, =0, a contradiction. Hence n must be 1 and the proof is
complete. =

Remark. Notice that the proof of the previous Lemma can be easily de-
duced by the main Theorem’s one in [5]. We have included it for sake of
clearness.

Now we are ready to prove the following:

Theorem 2.1. Let R a 2-torsion free semiprime ring, d a non-zero deriva-
tion of R and a, b, ¢, de R such that [d([[a, b],[c, d]];),[[a, b],[c, d]1].] #ZO. If
[d([[ry, 72, [y v41), (D7, 72, [rs, 74111 s zero or invertible in K, for any
Y1, Yo, 13, T4€ R, then R is a division ring.

Proof. Suppose at first that there exists a right ideal o of R such that

[d([[xly 902], [x37 x4]]k)5 [[901, 902], [903, x4]]k]

is an identity in o.
Let aeo — {0}, then R satisfies the differential identity

f(xl, L} x47 d(xl)y ey d(x4))
= [d([[ax;, axs], [axs, axyly), [[ax;, axs], [axs, arg]];].

In other words, for any », 75, 15, r4€ R
h k h k—h
0= Eh:(—l) ) d([ars, ary" [ar,, aryllars, ary0* "), [Lar,, ars], [ars, argd];]|.

Now let
fo=d([ary, ar"[ar, arllars, ardt ")
and say

fi=rfi +fi +fi
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where

ft=d(ars, ar)ary, aryllars, ard "

=( 2 _[lars, arid@ary, arDlars, ars])Lary, aryYar, ar "

2= lars, ar " d([ary, arsDars, ar,JF ="
2= lary, ary"[ary, ary) d([ars, ar,F ")

= [ars, ary]"[ar, 0””2]( +t:kE_h_l[m"g, ary* d([ars, arsDlars, m]‘).

Consider the following generalized differential polynomials:
D (2y, s, 23, 24, d(23), d(24)) = d([as, axy])ax;, axy[ars, ax* ™"

= ( > [aws, axyF d([aws, ax,])aws, (m4]‘) lax;, axy[aws, ax "

s+t=h-1
D% (21, o, X3, Xy, A(y), d(x2)) = [aws, ax, )" d([ax;, axs]axs, ax, ] "

D3 (w1, @z, T3, X4, d(ag), d(y)) = [axs, axy]"[ax,, axy] d([axs, ax,*~")

= [axs, axdh[axl,tmz]( t kE . l[axs,am]‘*d([axg, ax4])[ax3,ax4]t).
st+t=k—h—

Denote
D (1, X, &3, Xy, A1), d(iz), d(ig), d(y)) = P, + P} + D
Therefore R satisfies the differential identitiy

(p(xla ceey Ly, d(xl)’ teey d(.’)C4))

L k
= [(%(—1) (h) D, (xy, ..., xq, d(ey), ..., dxy), [[axy, ax,], [axs, aac4]]k)].

If d is not inner then R satisfies the non-trivial generalized polynomial identity

D(x1, X2, T3, L4y Y1, Y2, Y35 Ya) -
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In particular R satisfies

¢(%17 L2, X3, gy Y1, 0, 07 O)

h k 2
= [(Eh:(—l) (h) D5, (21, X2, X3, X4, Y1, 0),[[ax,, ax,], [ax;, a%]]k)]

k
= [(%(—M(h) Loy, ax,], [axs, ax,]]y, [[ax;, ax,], [axs, cwcﬂh)]-

Moreover R is simple with 1, hence R = M, (D).
Let now d the inner derivation induced by A €@, that is

[A,[[r, 2], [73, 74111 =0 for any 7y, 15, 15, 14€0 .

Fix uwep. Let a e Z(R) such that (A — a)u = 0. Thus, for any r, 7, 13, r4€ R,
(A = a)llury, urs], [urs, ursl, =0, and

0=T[A — a,[[wr, ursl,[urs, uryllelo

= ([[ury, urs, [urs, ury11,)*(A — a)
ie. R satisfies the generalized polynomial identity

([luy, uzy], [uas, uay11)*(A — ).

As above R=M,(D).

Now we may assume that, for any a e Z(R), (A — a)u # 0, which means that
Au and u are linearly independent over Z(R).

Also in this case, by [4], [A, [[ux;, uas], [uxs, uxs]l,)o is a non-trivial generali-
zed polynomial identity in R and this implies again R =M, (D).

In any case the conclusion follows by the previous lemma.

Now we supose that for any o right ideal of R,

Ld([[@y, @21, (23, 2411k), [[21, @21, [203, @4]1]%]

is not an identity in o.

For any 7, 1y, 73, rye0, [d([[r1, 721,73, r411k), [[71, 2], (15, 4]kl ed(o) 0
+ ocd(p) + o, since d(p) + o is a right ideal of R.

Therefore d(o) + o contains an invertible element of R, that is d(¢) + 0 = R,
for any right ideal o.
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Let 01 C o2 be right ideals of R. Thus d(o,) +01 =R =d(03) + 0. Fixcep,
—01, c=a+d(), where a, beg, d(b) #0 and d(b) € 0, since c ¢ ;. In parti-
cular bR is a right ideal of R, and so d(bR)+ bR = R, and also d(bR) =d(b) R
+ bd(R) Cc 0. Therefore R = d(bR) + bRC0,, i.e. R =0,. Also in this case R is a
division ring. =

We conclude this note with an easy application to Lie ideal in prime
rings:

Corollary 2.1. Let R be a prime ring with characteristic different from 2,
d a mon-zero derivation of R, L a mon-central Lie ideal of R such that
[d([wy, us 1)), [u1, U] ] s zero or invertible, for any u,, us € L. Then R is a divi-
S0 1ing.

Proof. As in Corollary 1.1, there exists a non-zero two-sided ideal I of R
such that [, I1c L. Thus [d([[x, ¥],[z, t11),[[x, ¥],[7, t1];] is zero or invertible,
for any «,y, z,tel.

In the case [d([[x, y],[z, t1I;),[[«, y],[#, t]1],] =0 is a differential identity
in I, by Lemma 1.1, we obtain the contradiction that R is commutative.

If [d([[a, b],[c, d11;),[[a, b],[c, d]];] # 0, for suitable a, b, ¢, del, then I
contains an invertible element of R and R = I. In this case we conclude, by pre-
vious theorem, that R is a division ring. =

Acknowledgement. The author wishes to thank Professor O. M. Di Vincenzo
for his valuable suggestions which semplify some arguments of this paper.
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Abstract

Let R be a 2-torsion free semiprime ring, d a non-zero derivation of R and a, b,
c,deR such that [d([[a, b],[c, d]]),[la, bl,[c, d]].]1=0. We prove that 1if
[d([[ry, ro1,[7rs, 74 111), [[71, 721, (73, 74111 is zero or inwvertible, for any vy, rs, 13, T4€ R,
then R is a division ring.



