Riv. Mat. Univ. Parma (6) 2 (1999), 1-9

GIANCARLO CANTARELLI (*)

Stability of the origin of scalar comparison equations, I (**)

Dedicated to the memory of G. L. Braglia

Introduction

In this paper we consider the scalar differential equation

1.1 w=at) fu),

where a: R*—R and f:[0, U) =R, 0 < U< o, are continuous functions, and
f(w) >0 on (0, U).

Equation (1.1) is the most usual scalar comparison equation that we obtain by
applying the comparison method [2], [3] to the Liapunov’s direct method [7], [8].
This justifies the search for sufficient and necessary conditions for the Liapunov
stability of the origin u =0 of equation (1.1), i.e. for the stability of the set
{0} cR*. This paper is one of a series on the stability of scalar comparison
equations.

Throughout the paper we denote by u(t, ty, uy) a solution for the Cauchy
problem

(1.2) w=a(t) flu), u(ty) = uo,

with t, on R™ and %, on [0, U). Moreover, by I = [{,, o), t, <w < ©, we denote
the right maximal interval of existence of the solution u(t) = u(t, ¢y, ug).
Assume that u(t) > 0 on an interval JcI. This implies that f(u(¢)) >0 on J.

(*) Dipartimento di Matematica, Universitd, Via D’Azeglio 85, 43100 Parma, Italy.
(**) Received November 26, 1998. AMS classification 34 D 20, 34 A 40.
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Hence from (1.1) we obtain, by separating variables,

wu(t") t"
(1.3) j = = [a(s) ds, Vit ed .

Then define

t
A(t) = exp k - j a(s) ds] , Vie R,

0

u d
Moreover, if j—s < oo for every ue (0, U), define
o J(s)

Y ds
1.4) F(u)=expl —], Yuel0, U),
Oj f(s)

otherwise, put

" ds
1.5 F = — Y 0, 0),
(1.5) (u) eXpL f(s)] ue( )

where % is a suitable constant on (0, U).
From (1.3) we obtain so that

1.6) AR F(u@")) =AG") F(u®')), Vt', t'ed.
Remark 1.1. If J% = o for every ue (0, U), it is easy to show that
S
0

there exists a unique solution u(t) for the Cauchy problem (1.2) (see also [6]). This
implies that u(t) >0 on I, provided that u,> 0. Thus from (1.6) we get

A(ty) F(uy)

(L.7) Fu(t)) = A0

, Viel,

where F(u) is given by (1.5).

In Section 2 we investigate the case where f ds/f(s) = ©, for every
0
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u e (0, U). Such assumption enable us to give necessary and sufficient stability
conditions (Theorems 2.1, 2.2, 2.3) that, although not completely original, improve
and complete classical results (e.g. [5], Chap. 3). It is worth noting that all results
of Section 2 continue to hold when f(%) is not defined on the origin (see Example
2.3).

In Section 3 we assume that

(1.8) a(t) f(0)=0, VieR™,

u d
together with j JTS) < oo for every u € (0, U). Under such assumptions we show
s
0

that the origin of (1.1) is stable if and only if a(f) <0 on R* (Theorem 3.1). Other-
wise we prove that the origin can be eventually uniformly stable (Theorem
3.2).

Remark 1.2. Condition (1.8) ensures that if a solution u(t) is defined on the
right maximal interval of existence I = [%,, w) with w < o, then necessarily (see
Nagumo’s theorem [1], Chap. 4) u(t) = U as t—w ~. It is worth noting that (1.8)
automatically holds in the important case where f(0) =0.

2 - Stability criteria
Throughout this section, and without further mention, we shall suppose
that

— = o, Vue (0, U).

Then F(u), defined by (1.5), is a strictly increasing function mapping the interval
(0, U) homeomorphically onto the interval (0, F(U)), where F(U) = limUF(u).

Thus F(u#) may be considered a function belonging to class K in the sense of Hahn

[4].

Theorem 2.1. The origin of (1.1) is stable if and only if there exists a con-
stant ¢ >0 such that

@ Alt) =c, VieR".

Proof. Let us suppose that condition (i) holds and let ¢, on R and ¢ on
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(0, U) be given. Then, since ¢ < A(%,), a constant 0 = d(%,, ¢) on (0, £] exists such
that F(6) = (c/A(ty)) F(e). Fix arbitrarily u, on (0, ). By (1.7) we have

At)F©) _
A(t) A(t)

F(u(®)) < F(e) vtel,

where u(t) =u(t, ¢y, uy). Hence, in view of condition (i),
F(u(t)) < F(e) Vtel.

This implies that u(f) <& on I. Hence I =[t,, ), and the origin of (1,1) is
stable.

Conversely, suppose the origin of (1.1) be stable. Take ¢ on (0, U), and denote
by 6 a constant on (0, ¢] such that wu(t, 0,0) <e for every t=0. Since
A(ty) =A0) =1, from (1.7) we obtain so that

F(9)

€)

AQt) = VieR",

and thus condition (i) holds by ¢ = F(6)/F(¢). This completes the proof.

Theorem 2.2. The origin of (1.1) is uniformly stable if and only if there
exists a constant k=1 such that

@ A(t') s KAL), Vi'=z0, Vt"=t'.

Proof. Let us suppose that condition (i) holds, and let € on (0, U) be given.
Then a constant 6 = d(e) on (0, €] exists such that F(d) = F(¢)/k. By (1.7) we
have, for every t,=0 and u, on (0, J),

A(ty)F(0)  Alty)

Fu(t =
() < A() kEA(T)

F(e) Vtel.

On the other hand, condition (i) ensures that A(f,) < kA(t) for every t=t,.
Thus

F(u(t)) < F(e), Viel.

ie. w(t) <eon I and I = [{,, ). Since 6 not depends on t,, the origin of (1.1) is
uniformly stable.

Conversely, assume the origin be uniformly stable. Fix € on (0, U). Then there
exists a constant 6 = d(e) on (0, ] such that u(t, ty, 0) < e for every {, =0 and
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t=1t,. Then from (1.7) there follows that

Ay < T 4 Vi, =0, Vit
0/ = F(é) ’ 0= Yy = L0y

and so condition (i) is satisfied by putting k = F(¢)/F(6). This completes the proof
of Theorem 2.2.

Corollary 2.1. Suppose that there exist two constants ¢, >0 and cy such
that

@) g SA() <, VteR".
Then the orign of (1,1) is uniformly stable.

Proof. It is clear that condition (i) of Theorem 2.2 is satisfied by
]C=CQ/CI.

Theorem 2.3. The origin of (1.1) is equi-asymptotically stable if and only
if

@) Alt) > o as t— .

Proof. We recall that the origin is called equi-asymptotically stable if it is
stable and equi-attractive [7].

Assume that condition (i) holds. Then Theorem 2.1 ensures that the origin of
(1.1) is stable. So it is enough to prove that it is equi-attractive, i.e.

@1Vt =0, 3FIre(0,U), Vee(0,U), 3IAT>0, Vuye(0,r), Vt=t,+T
u(t, ty, ug) <e.

Fix arbitrarily t,=0. Since the origin is stable, there exists a constant
r=1r(ty) on (0, U) such that all solutions u(t) = u(t, t,, uy) with u, < r exist glob-
ally in the future. Then if u,e (0, r) we have, in view of (1.7),

A(ty) F(r)
2.2) Flut)) < IZT)T V= t,.

Moreover, however we take ¢ on (0, U) condition (i) ensures that there is a con-
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stant T = T(t,, r, ¢) for which

Az AW s,
F(e)

Thus, taking into account (2.2), we obtain that F(u(t)) < F(¢) on [ty + T, o). This
prove that condition (i) is sufficient for equi-asymptotic stability.

Conversely, assume the origin of (1.1) equi-asymptotically stable. Thus, by the
definition (2.1) of equi-attractivity, all solutions starting from u, e (0, ) tend to 0
uniformly with respect to u,. On the other hand (1.7) implies

Ay = A F) oy
F(u(t))

and so A(f)— o as t— o. This completes the proof.

Example 2.1. Let us consider the scalar equation

% =e'(sin2t — cos?t) log (1 + u).

Since A(t) = exp {e’cos®t — 1}, we can apply Theorem 2.1, but we cannot ap-
ply Theorem 2.2 or Theorem 2.3.

Example 2.2. Let us consider the equation

13

w=('—elcos®t)u.

o
Since fa(s) ds<1foreveryt'=0and t"=1t’, then condition (i) of Theorem 2.2

"
holds by choosing k = e. On the other hand A(%) is not bounded, and so we cannot
apply Corollary 2.1.

Example 2.3. Let us consider the equation
w=e!(1l—5sin’t) e 1/,

By applying Theorem 2.3 we recognize that the origin is equi-asymptotically
stable. Moreover, Theorem 2.2 ensures that the stability is not uniform.
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3 - Eventual stability

It will be supposed in this section that

a(t) f(0) =0, VieR*Y,
and
£<oo, Yue (0, U).
o [0

Then F(u), defined by (1.4), is now a strictly increasing function mapping the in-
terval [0, U) homeomorphically onto the interval [1, F(U)).

Theorem 3.1. The origin of (1.1) is stable if and only if a(t) <0 on R'.

Proof. Itis clear that when a(t) <0 on R™ then the origin of (1.1) is stable.
Thus we limit ourselves to show that when there is ¢ > 0 for which a(f) > 0 then
the origin of (1.1) is unstable.

In fact, take J = [¢;, t,] such that £ eJ and a(t) > 0 on J. Moreover, fix ¢, on
(¢4, t2) and choose ¢ on (0, U) for which

3.1) F(e) <

Notice that such ¢ exists since A(ty) < A(t,). Suppose for contradiction that there
is uy on (0, U) such that u(t, ¢, uy) =u(t) <& on [i;, tz]. On the other hand
u(t) >0 on [%y, t;], since it is here increasing. Then we can apply (1.6), putting
t’'=t, and t”"=1t,. Taking into account that F(u(ty)) < F(e), we obtain so
that

A(ty) Fuy) <A(ty) F(e)
which contradicts (3.1) since F(uy) > 1. This completes the proof.

Theorem 3.2. The origin of (1.1) is eventually uniformly stable if and only if
6)) Vo>1, ar=o, vi'=T, Vt"=t' Al')<cAl").

Proof. The origin is called eventually uniformly stable if [8]
3.2) Vee(0, D), a7 =0, o< (0, ¢), Vi, =T, Yu, <90, Vi=t,

M(t, tO) /M/O) <& ’
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where u(t, t,, uy) denotes the maximal solution of (1.1) satisfying u(t,) = u,.
Fix arbitrarrily € on (0, U). Condition (i) ensures that there are two constants
T=0 and 6 (0, ¢) such that

3.3) A(t') < &) A(t") vi'=T, vt"=t'
. F(a) , = 5 = .

Take t, = T and u, on (0, ), and put u(t) = u(t, t,, u,). Suppose for contradiction
that there exists ¢ > t, for which u(t) = . Thus we can choose ¢’ on (t,,t) such
that u(t') =0 and d<wu(t)<e on [t',t]. Hence from (1.6) one has, putting
t// — z,

A(t") F(6) = A@®) F(e)

which contradicts (3.3) since ¢ > ¢’ = T'. So condition (i) ensures eventual uniform
stability of the origin.
Assume now the origin not eventually uniformly stable, namely

B.4) Fee(0,U), VT=0, Yoe(0, ), It,=T, Juge(0,0), Ft>ty: ul, t,u))=¢.

Take ¢ satisfying (3.4) and take arbitrarily a constant ¢ on the interval (1, F(¢)).
Moreover, fix arbitrarily 77=0 and 6 on (0, €). Without loss of generality con-
stant 6 can be chosen so smal 1 that F(0) < F(¢)/o. Assumption (3.4) ensures that
there exist ty=T,t' >t,and t >t' such that w(t') =9, u(t) =¢ and d S wu(t) <e
on [t', t]. From (1.6) there follows that

F(e) -
A(t') = ——A(t) = dA(t).
F(o)
Hence, 3o >1,V¥T=0,3t'=T,3t >t': A(t') = 0A). We have so showed that
condition (i) is untrue. This completes the proof of Theorem 3.2.

Easily we show that the following sufficient conditions for eventual uniform
stability are corollaries of Theorem 3.2.

Corollary 3.1. If there exists a constant C >0 such that A(t)—C as
t— oo, then the origin of (1.1) is eventually uniformly stable.

Corollary 3.2. Assume that the continuous function a.(t)=max{a(t),0},
for every te R™, belongs to class LY (R™). Then the origin of (1.1) is eventually
uniformly stable.



[9] STABILITY OF THE ORIGIN OF SCALAR COMPARISON EQUATIONS, I 9

Remark 3.1. When a. (¢) belongs to L'(R") also condition (i) of Theorem
2.2 holds. Consequently, by applying Theorem 2.2 we show that: if J (ds/f(s)))

0
= o for every u > 0, and the continuous function a. (t) belongs to class L*(R"),
then the origin of (1.1) is uniformly stable.

References
[1] J. P. AUBIN and A. CELLINA, Differential inclusions. Set-valued maps and via-
bility theory, Springer Verlag, Berlin, New York 1984.
[2] R. Conrti, Sulla prolungabilitda delle soluzioni di un sistema di equazionti dif-

ferenziali e applicazioni, Boll. Un. Mat. Ital. 11 (1956), 510-514.

[3] C. CORDUNEAU, Applications of differential inequalities to stability theory, (Rus-
sian) An. Sci. Univ. «Al I. Cuza», Iasi Sect. I Mat. 6 (1960), 47-58.

[4] W. Hann, Stability of motion, Springer Verlag, Berlin 1967.

[5] V. LAKSHMIKANTAM and S. LEELA, Differential and integral inequalities, vol. 1,
Academic Press, New York, London 1969.

[6] L. PicciNiIN, Remarks on a uniqueness problem for dynamical systems, Boll.
Un. Mat. Ital. (5) 18 A (1981), 132-1317.

[7] N. RoucHE, P. HABETS and M. LALoy, Stability theory by Liapunov’s direct
method, Springer Verlag, New York, Heidelberg, Berlin 1977.

[8] T. YOSHIZAWA, Stability theory by Liapunov’s second method, The Math. Soc. of
Japan, Tokyo 1966.

Summary

Stability criteria of the origin w =0 of the scalar differential equation u = a(t) f(u)
are provided. The present paper is one of a series on the stability of scalar comparison
equation. The above mentioned equation is the most usual comparison equation that we
obtain by applying the comparison method to Liapunov’s direct method. Many applica-
tions to the stability of the origin of Lagrange equations of holonomic mechanical
systems will be provided in next papers.



