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ALESSANDRA DE Ro0SSI (%)

A posteriori error estimates

for hierarchical methods (*¥)

1 - Introduction

A posteriori error estimates have been largely used in the last years in the nu-
merical resolution of partial differential equations. Such estimates are not only
important to determine the reliability of the method (an algorithm is defined reli-
able when the quantitativity control of error is guaranteed) but also to provide an
adaptive optimization tool of the grid and for this reason they are at the basis of
the local refinement schemes (% and p refinement). The literature on the subject
is vast (see for instance [12], [7], [20], [3]).

In the numerical resolution of physical or technological problems it is possible
that the global accuracy of the numerical approximation is deteriored by local sin-
gularity. An obvious remedy consists in refining the discretization near the critical
regions, that is, to set more grid-points where the solution is less regular.

A priori error estimates are often insufficient and it is been proved the neces-
sity of an error indicator which could be calculated a posteriori through the nu-
merical solution of the problem.

Thanks to the analysis developed in [7], it is proved in this paper that if the
discrete solution of an elliptic boundary value problem is expanded according to a
multilevel decomposition, then its higher level component is an a-posteriori error
indicator.

Let us suppose to solve a problem in a discretization space V,, corresponding
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to a mesh J;, (h is the discretization parameter). If we refine the mesh, that is we
consider a & such that & < &, we will obtain a new mesh J;, and thus the discretiza-
tion space will be enriched by the addition of new hierarchical basis functions to
the set of functions already used for ¥,. Named ¥; the new space, we suppose
that ¥; admits a hierarchical decomposition

W = Vh$ Wlm

where W), is a space not necessarily orthogonal to ¥, generated by the additional
basis functions (the symbol & means a direct sum which may not be orthogonal).
Moreover, the error indicator used is simply the component of the solution uj; € V5
in the space W), that is, written u; in the form

Up = Uy t e,

where u;, is the component of u7; in 9, and ¢, is the component of uj; in 1¥9,, we ob-
tain estimates of the form

Cilluw—wl < el < Cellw—wnll,

where C;, C,> 0 are constants of order one.
In this paper three cases are analysed:

— the case of a selfadjoint, positive definite variational form;
— the case of a variational form that is nonselfadjoint and indefinite;
— the case of a modified variational form.

We make the saturation assumption. This states that in energy norm the sol-
ution uj; e V; constitutes a better approximation to the exact solution % than u,
€ V,. A demonstration in the case of linear finite elements for the stabilized con-
vection-diffusion problem is given in [9].

We also assume the strengthened Cauchy-Schwarz inequality. Such inequali-
ties are widely used in the analysis of iterative methods based on hierarchical fi-
nite element bases ( see for instance [21], [5], [11]) and in the analysis of a posteri-
ori error estimates. A quite number of forms and proofs have been given in the
case of finite elements, corresponding to different uses (see for example [5], [11],
[18]).

In the case of not selfadjoint problems we must add the continuity assump-
tion and the inf-sup condition.

These results are applied to the stabilized convection-diffusion problem in the
last paragraph and they justify the wavelet-based adaptive finite element method
([8D.
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2 - The selfadjoint case
We consider the solution of the selfadjoint variational problem

{ find u e © such that
a(u, v) =fw), YveV,

where V is an appropriate Hilbert space, a(-, -) is a positive definite bilinear form
and f(-) is a linear functional. The energy norm associated with a(-, -) is denoted
by

e I* = aCu, w).

Let 9,c ¥ be a finite dimensional subspace and consider the approximate
problem

find u;, eV, such that

2.1) {
aluy, v,) =f(v), Yo, e,

The solution of (2.1) satisfies the best approximation property

llow =l = int o=y,
h € Vi

Now we define a larger space W, h < h, that is a space such that ), c v V.
In this space we have the approximate solution wuj; satisfying
2.2) aluy, vy) =f(v3), Y, eV
and
o =wzll = inf o —vil.
The approximate solution uj is not computed but it is important in the theor-
etical analysis of the a posteriori error estimate for u,. In particular we assume

that the approximate solution uj; converges to « more rapidly than u;,. This is ex-
pressed in terms of the saturation assumption

2.3) o =zl <Bllw— |

where <1 independent of #.
Now we decompose the space V; in the direct sum of V), and \W,, where ¥, is
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an appropriate supplementary not necessary orthogonal

(24) '&‘);; = -@h @ Wh'

Moreover we assume the strengthened Cauchy-Schwarz inequality for the
decomposition

2.5) law, w | <y|[v]| lw]l, Yve, Vwew,

where y <1 independent of h.
Now we want estimate the error % — u;, by the component of uj; in W,. Decom-
pose the approximate solution u; as

up = /ﬁh + éh,
where u;, eV, and ¢, e W,. We want determine an estimate of the form
(2.6) Collw—w |l < el <Cellw—wl,

where C;, C,> 0 are constants independent of 4. To make this we consider the
decomposition

2.7 W=, D Wi,

where W} is the orthogonal space to V¥, in ¥;. By this decomposition we
have

up =P v, Uy T P i Up s

where Py, and P.y indicate the orthogonal projections on V¥, and Wj, respect-
ively. Note that the unicity of the solution leads to

Py, up = uy,.
Infact, set Py, uj; =z,, we have
a(zy, v,) = aluz, vy,) =f(v,), Y, e ,.
Denoted P uj with e, thus we obtain
e, =uj — Uy

After the demonstration of the following lemma, we will formulate an estimate of
the form (2.6).

Lemma 2.1. Let uze ¥ be solution of (2.2), with uj; = u;, + e,, where u,
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eV, and e, € \W,. Moreover, let e, be the orthogonal projection uz in W, where
Wi C Oy, 1s the orthogonal complement of ©,. Then

A 1
lewll® < Weull* s ——5 Nl

Proof. By the definitions given above we compute
W en 1= W oz — 2 1% = 1l 2+ €= 2 1% = [ Gl — ) + @, ]
= [l 2 — w I* + [l € I* + 2aGi, — wi, €.)

= o = 1%+ e 11 = 2 I 2 =2 Il
_ n 1 1,0 .
= [l = 1*+ M ll* =2 5 Mo = 1*+ S v Mlell®| = e *(—»*.
2 2

This proves the right-hand side inequality. The left-hand side one is obtained by
the definitions of ¥, and Wf. =

Theorem 2.2. Let ujeV; be the solution of (2.2). Decompose uj; as
uy=uy, +e, and uj=u,+e,, where u,eV,, e, W, UV, ¢ecW,. We
have

R 1
28) =Bl =l < Nall* < 1= =l
Proof. First we prove that
2.9) (L= e —wn 1< Mlenll®< o= I
Considering the left-hand side inequality we have
I = 1% = o= 0 + Gz = ) 1% = [ =z 12+ ] e 1+ e — iz, )

= Mo —wz I+ e I* < A%l v = o 1* + Il e -
and with regard to the right-hand side one
e lll* = @tz = wi, ui =) = alw =y, ug = w) < lu—w | el -

Lemma 2.1 implies the (2.8). =
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3 - The nonselfadjoint, indefinite case

Now we want to generalize the results above to the nonselfadjoint and indefi-
nite problem

{ find u e 9 such that
A, v) =fv), WYveV,

where A(-, -) is a bilinear form and f(-) is a linear functional. The energy norm
[l - |l is associated with a positive definite bilinear form a(-, -). Let ¥, and ¥; be
two finite-dimensional subspaces of © with ¥, c ;. Let us consider the approxi-
mate problems

3.1 { find wu, eV, such that
‘ A(uh) vh) =f(vh,)7 V?)h € P@h
and
find u; e ¥; such that
(32) {
A(ug, ) =f(vg), Ve 9.

We suppose that A(-,-) satisfies the continuity condition: Ju >0 such
that

33) A, o |<ullwll ol Yu,ve®

and the inf-sup condition: v such that

(3.4) infS sup A(u,v)=v>0
Hull=1 o<1

where S= 9, V,, V;. This ensures that all variational problems considered will
have unique solutions. We suppose that the solutions u; e u; converge to % and
that the saturation assumption (2.3) holds. Moreover let ¥, and W be defined as
above and assume the strengthened Cauchy-Schwarz inequality (2.5).

To obtain such an estimate as theorem 2.2 for the nonselfadjoint and indefinite
case let us decompose the solution in the following way

uy, = Py, uz + Prg uj,
(note that in this case u, is not equal to Py, u;) and set

(e P\qu%'
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We observe that the hypotheses made ensure that the theorem 2.1 holds
whenever uje V; is the solution of (3.2) with uj = u;, + €, where %, eV, and
e, € W, (let us remember that in this case Py, uj is not equal to «;). Then we must
prove an estimate of the type (2.9) of theorem 2.2.

Lemma 3.1. Let u, eV, and uj e V5 be solutions of the approximate prob-
lems (3.1) and (3.2), respectively, and suppose for w;, and uj the saturation as-
sumption (2.3). Then we have

(3.5) A =B e = Il < [l oz —wnlll < (LB [l = |-
Proof. Triangle inequality and saturation assumption lead easily to (3.5). In-
fact the left-hand side inequality is given by
Wl —nlll < e —wmlll + Ml ww =l < Bl =l + Il us =l
while
Wwm = wnlll < Iz =2 Il + o =2 Il < Bl = | + [ 20—
yields to the right-hand side one. =

Lemma 3.2. Let ©,, W and W, be defined as above with V=V, H W,
moreover we assume (2.3), (2.5), (3.3), (3.4). Then we have

4

o =B =l S e IS B = I

Proof. We know that
lenll = Ml wi = Po,u ll < Iz — ol -
and then, by right-hand side inequality (3.5),
Il en 1< il or = o 1% < 1+ Bl o — %

To obtain the left-hand side inequality we consider the approximate equa-
tions

Aluy, vp) =f(v), Y, €V,
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and
Alug, vp) =f(vp),  VopeVy,
which implies
(3.6) A(uy —uy, v,) =0, Y, e V,.
Moreover, by definition of e, we have
3.7 Aley, vi) = A(uz — Py, ug, v3), Yy, e Oy,

and taking v, =v; €V, and using (3.6), we obtain

(3.8) A(uy, — Py, uz, v,) = Aley, v,), Vv, € 9,.
Then observe that, if ve V), and we W,, with ||v+w]| =1, we have
L= Jlotwli*= o fl*+ [lw|* +2a, w)
= o llE+ e ll® =2y Mol flwll = @ =2 fw*.
Thus
(3.9) (RS ek

Now, applying (3.6), (3.7) and (3.9), we obtain

vilug—w || S sup  Alup—w, v+w)= sup Alu;—u,, w)
llo+wi =1 flv+w] =1

= sup {A(up — Py uz, w) + AP, uj — wy, w)}

flo+ewl =1

= sup {A(e,, w) + AP, uz; — uy, w)}

llo+wl =1

12 12

It remains to prove that there 3K >0 such that

<

e lll + Il 2en = P, wi I

o = Py |l < K|l el s
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but, by (3.8), we have

v|w, — Pyuz || < sup A(uy, — Py, uz, v,) = sup Ale,, v,) <ulle| -
vp eV, eV,
flonfl =1 flonfl =1

Thus

1—y2
(u+v)?

2 v _ 2
llenll”= — Il 2z — 2

and, using the left-hand side inequality of (3.5), in conclusion we obtain

4

Il e ll* = 1 =yHA=pFlu—wf* =

uiu+ vy

Theorem 3. Let u, eV, and uj e V; be solutions of the problems (3.1) and
(8.2), respectively; let e, be the component of uz in 8,. Moreover assume hy-
potheses (2.3), (2.5), (3.3), (3.4). Then we have

2 = o ]

i (1+py
1 —yHA =B lw—w |I*< lenll®s
e (B < s

Proof. It follows immediately from lemmas 2.1, 3.2. =

4 - The case of a modified variational form
We consider the variational problem

{ find u e ¥ such that
A(u, v) =fw), Yoe?,

where A(-, -) is a bilinear form and f(-) is a linear functional. We assume the hy-
potheses (3.3), (3.4) with v and u continuity and inf-sup constants, respectively, of
the form A. Let A, be a bilinear form depending on the discretization parameter
h >0, more precisely

Ah: O, X Vh—)R y
4.1) Ay, ) =AC, ) +O(R) al-, ),

where 0 is a non-decreasing function, a(-, -) is an inner product satisfying the
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strengthened Cauchy-Schwarz inequality (2.5), and the energy norm is associated
to the inner product. We suppose that A, satisfies the continuity hypothesis:
Vh >0 Ju, >0 such that

| A gy vi) | < o | Monll,  Yor, v e O,
and the inf-sup condition: VY2 >0, Jv, >0 such that

inf  sup A (uy, v,) Z vy,
UR € S v, ES
Ml ll =1 v, <1

where $=7,, V,. Now we consider the approximate problem for % >0

find u;, eV, such that
4.2) {

Ay(uy, vp) =f(vy,), Vv, eV,

From now on u; and wuj; (with h< h) will denote the solutions of two approxi-
mate problems as (4.2). We assume that u, and uj converge to « and that the
saturation assumption (2.3) holds.

Then, for the problem (4.2), we can formulate a result similar to the one al-
ready proved for the previous cases.

Theorem 4.1. The solution u;, € V), of the problem (4.2) satisfies the follow-
mg a posteriori error estimate

2

ViV ~
- (L =yHA =B lw—mI* < [l I*

4.3
@3 2uz (v +u+0(h))

2

S A

4

Proof. First we observe that also in this case the lemma 2.1 and 3.1 hold

(formulated for wje; solution of the problem (4.2) written for E, with

uy = Uy, + €;,). To prove the right-hand side inequality we use the lemmas 2.1 and

3.1. To demonstrate the left-hand side one, we apply (3.9) with v € ©, and w e W,
lv+w|| =1; we have

villug —w || <  sup  Ap(uz —uy, v+w)
llo+wll =1

= HI Sulﬁ {45 (uz — wy, v) + Ay (uy — uy, w)}
v+wl| =1
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= sup Aj(uy—wuy, v)+ sup  Aj(up —w,, w)
llo+wi| =1 o+ wl =1

= sup {Az(uj — Py, uz, v) + A5 (P, uy — wy, )}

flo+wl =1

+ sup  {Aj(uy — Py, up, w) + Aj(Py, up — uy, w) }

llv+wl =1

I Ui
<2 ——=— ||| +2 —=

Then we have to prove that: 3K >0 such that

2. = P, 2z |-

llwn = Pouzlll < K|l el -
Let us observe that from problem (4.2) we obtain
Ap(ug, v) = Ay, vy), Y0, €7,
Then we have

Vi ”l Uy, — PW up, ||| S " Slﬂ'lp lAh(uh - P"\‘)hu}_w vh)
Upl =

= Sup {Aﬁ(uﬁf vh) _AiL(PK‘?;Luﬁ’ /Uh)} = Sup {A(uﬁ7 /Uh) _A(P”\‘)h uﬁr vh)

llonll =1 lonll =1

+o(h) aluz, v,) — (k) al(Py, uz, v),)},
and being
max {0(h), 6(h)} = o(h),
we obtain

vl wn — Py, uz || Svi|enll +Ch) ||| Slmp 1(Jt(ug — Py, uj, vy,)
ol =

Sulllenll +yoth) | up = Py uglll = (u+ 7o) [l el

This leads to

1 2uy u =+ yo(h)
i — ] < - (1 "

2 Vh

) leal

1—y Vi



64 ALESSANDRA DE ROSSI [12]

which implies
ViV 1- Y 2

2ui; (v, +u+yo(h))

oz = 2l < Ml e ll-

To conclude the proof we apply to the lemmas 2.1 and 3.1. =

Now we extend the results already proved considering a bilinear form B;, de-
pending on %, more general than the one considered untill now. More precisely let
¥, o€ be appropriate Hilbert spaces with norms || || and |- |, respectively, such
that ©c I, and let

Bh: Wh X ‘UhﬁR

be a bilinear form, where ¥, and U, are finite-dimensional subspaces of ¥ and J,
respectively, with

dim U, = dim .
Let us consider the variational approximate problem for & >0

find u;, eV, such that

(4.4)
By (wy,, vy) =f(vy), Vv, e Uy,

where f(-) is a linear functional on IC.
Let b,(-, ©) be an inner product on IC and define h-norm the associated
norm

Let us suppose that, for the decomposition V; =V, P W,, the strengthened
Cauchy-Schwarz inequality holds: 3y, <1 independent of % such that

(4.5) [0 Qg wi) | < vl llwn iy Yo, € O, Yy, € 9,

Moreover we assume verified the saturation assumption: 35 < 1 independent of %
such that

(4.6) e —willns Bl w— 2wl

and we hypothese that the bilinear form B, satisfies the continuity condition in
W, X Up,: YR >0 Fu, >0 such that

(47) |Bh(uh,5 ’Uh) | sﬂh ”l Uy, |||h ”l vy, ”lha Vuh €, V?)h e Uy,
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and the inf-sup condition: Vi >0, Jv;, >0 such that

4.8) villunllns sup By(up, v,), VeV,
vy, € Uy,
o flln =1

Then we have

Theorem 4.2. For the solution u;, eV, of the problem (4.4) the a posteriori
error estimate

2 2
VLV - (1+p)
(4.9) (#) A=y A=B? lu—m, 7 < ll & i< o = I
2un(vy+uy) 1-y3
holds.
Proof. We have, by (4.5),
2 e 1 2
(4.10) el =l enlllz < 7 Il el
1-y3
By triangle inequality and saturation assumption
(4.11) =B Mlw = w7 < Wz — w17 < (14 BY* [l e = 15

The right-hand side estimate of (4.9) is obtained applying (4.10) and (4.11). To
have the left-hand side inequality the method is the same used in theorem 4.1. In
particular to prove that 3K >0 such that

Wl 2n = P2z [l < Kl €
we operate in the following way. We observe that
By (uz, vi) = B, (wy, vy), Vv, € Uy,
and thus

Vi ||| Up, — P\()huﬁ |||I'L S m Slﬁp lBh(uh - P'\th’lz’ /Uh,)
Ul =

=, Sup ABi iy v) = By (P, vty v)} < a2l = vl Po il
Vil =

but

max{ﬂ,—“ Vh} =HUhs
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and then we obtain
U Hh
Il wn = Po,uzllns — llwz— P,z ll=— Il e lln-
Vi Vi
In conclusion we use again the (4.10) and (4.11). =
5 - Examples: the stabilized convection-diffusion problem

We consider the numerical solution of the convection-diffusion equation

J —vAu+pVu=f in Q,
( u=0 in 3Q,

(5.1)

where £ is a polygonal region in R? v is a positive constant coefficient, named dif-

1
fusion coefficient, ﬁ = ﬁ(x) eR? is a velocity vector, such that — V- @ =0.
A weak formulation of (5.1) is: 2

find u e H} () such that
(5.2)

A(u,v) =(f,v), YveH§(2),
where H{(R) is the usual subspace of the Sobolev space H!(£) whose elements

satisfy the homogeneous Dirichlet boundary condition, and

Alu, v) = [Vu- (Vo + Bo) de,
Q

(f,v)zjfvdx.

Q

The standard Galerkin method is known to be not a satisfying method if the
exact solution is not regular. To remedy this situation we can make use of upwind
discretization methods; such methods modify the bilinear form A(:, -) through the
addition of stabilization terms. In the classical artificial diffusion method, the bi-
linear form considered is

Ah: U, X Vh—)R y

G3) Ay, v) = jwh{(v +0(h) Vo, + B} de, Y, v,€,
Q

where (k) is the artificial diffusion coefficient depending on the discretization
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parameter h, ), is a linear finite element space in 2 c R? associated with a trian-
gulation J;, of the domain Q.
Thus, the convection-diffusion problem stabilized with a diffusion term, is

find u;, eV, such that
(54) {

Auy, v) =f(vy),  Yv,e,

where A, is furnished by (5.3).
The bilinear form A, is continue and coercive ([19]). Moreover, set

alu, v) = (Vu, Vo)
with %, ve ¥ and
2 I* = aCu, w)

the strengthened Cauchy-Schwarz inequality holds for finite elements (see for
example [21]) and for unidimensional biorthogonal wavelets ([10]). We observe
that we can write A, in the form (4.1) where

Auy, v,) = J’{vVuthh/ +pBvpde,  VYu,, v,€,.
Q

Thus, if we prove the saturation assumption
(56.5) Ja <1 such that ||u—u;|| <al|w—w||

for u;, € V), uj € V;, solutions of the problem (5.1), with ¥, c V; linear finite element
spaces, then we can use for this problem the a posteriori error estimate (5.2)
proved in the theorem 4.1. In [9] the proof of the saturation assumption is given
for unidimensional linear finite elements.

Now we consider the SUPG method for the convection-diffusion problem. The
bilinear form B, in such a case is

BhZ O, X uh—>R y

By, (uy, vy) = 2 (—vAuy, v)r + (Dguy, vy),

Ted,

where 7 5 is an opportune positive coefficient, ¥, is a linear finite element space in
Qc R? associated with a triangulation J, of the domain 2, and

‘uh = {’l)h,ELZ(Q)/H?/Lh,E ’@hl V= Uy, TETTTDﬁuh |T} .
€
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Let

b,(u, v) = v(Vu, Vo) + EﬁrT(Dﬁu, Dgv)p

Ted,

be the inner product in 9¢. We know that (4.7) and (4.8) are verified. Moreover, by
theorem 3.2.5 in [4], also (4.5) holds. Thus, if the saturation assumption (4.6) is
verified, we can formulate the a posteriori error estimate (4.9) for the approxi-
mate solution of the convection-diffusion problem stabilized with the SUPG
method. The assumption (4.6) has been proved in [9] for unidimensional linear fi-
nite elements.
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Summary

This paper contains the proofs of some a posteriori error estimates based on hierar-

chical bases. The author analyzes the case of a selfadjoint and positive definite variation-
al form and afterwards the nonselfadjoint and indefinite one. Moreover the case of a
modified variational form is considered. Some examples are given for stabilized convec-
tion-diffusion equation. The estimates can be apply in the wavelet-based adaptive finite
element method.



