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On free d.g. seminear-rings (**)

1 - Introduction

The idea of a seminear-ring was introduced in [5], as an algebraic system that
can be constructed from a set S with two binary operations addition + and multi-
plication - such that

i. (8, +) and (S, -) are semigroups

ii. one distributive law is satisfied, namely, a(b+c¢) =ab+ ac for all
a,b,ceS.

S as defined above is called a left seminear-ring (which we are considering in
the present work) and it is called a right seminear-ring if it satisfies i and

ii’. (a+b)c=ac+be, for all a, b, ceS.

A natural example of a left seminear-ring is the set M(S) of all mappings on a
semigroup (S, +) with the operations of pointwise addition and multiplication
given by composition of maps.

A seminear-ring (s.n.r. for short) S is called dzstmbutwely generated (d. g.) if
S contains a multiplicative subsemigroup (7', .) of distributive elements which ge-
nerates (S, +). It should be noticed that if a semigroup (S, +) is generated by
(T, .), then S is a seminear-ring. We notice that T need not be the semigroup of
all distributive elements, and such a d.g. seminear-ring (d.g.s.n.r.) is denoted by
(S, 7). A. Frohlich [1], [2] and J. D. P. Meldrum [3] have given some results con-
cerning free d.g. near-rings in a variety V.

In this paper we generalize some of these results to free d.g.s.n.rs. and we can
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prove the existence of free (S, T)-semigroups on a set X in a variety 9. In this di-
rection we construct and define the free d.g.s.n.r. in a variety ¥, then we proceed
towards our results.

Although our scheme relies on the work of A. Frohlich and J. D. P. Meldrum,
as d.g.s.n.rs. lack the group structure, we have to proceed along a slightly differ-
ent path dealing with semigroups in order to generalize the main results.

Before going through these results, we give some definitions and basic con-
cepts which will be used subsequently. It should be noted that some fundamental
ideas are defined in a way analogous to the case of d.g.n.rs. However, some con-
cepts are not because semigroups are involved rather than groups.

2. — Preliminaries
The following definitions and results are needed.

Definition 1. Let T be a multiplicative semigroup. A semigroup H is called
a T-semigroup if there exists a homomorphism 6: 7> End (H). We write it for
h(t9). If S is a seminear-ring, then a semigroup H is called an S-module if there is
a seminear-ring homomorphism 6: S— M(H).

Definition 2. Let S be a s.n.r. and let T be a multiplicative subsemigroup of
S. Let H and K be two S-modules. Then a homomorphism 6: H~> K is called a
T-homomorphism if (ht) 8= (h) 6t for all heH,teT.

The following three lemmas are the d.g.s.n.r. versions of results given, for the
d.g.nr. case, by J. D. P. Meldrum [4].

Lemma 1. Let (S, T) be a d.g.snr and let H and K be two S-modules.
Then a homomorphism 6: H— K is an S-homomorphism if and only if it is a
T-homomorphism.

Definition 3. Let (N, T) and (M, U) be two d.g.s.n.rs. A seminear-ring ho-
momorphism 6: N—>M such that T76c U is called a d.g. homomorphism.

Lemma 2. Let (N, T) and (M, U) be two d.g.s.n.rs. If 6 is ¢ map from N to
M which is both a semigroup homomorphism from (N, +) to (M, +) and o
semigroup homomorphism from (T, -) to (U, -), then it is a d.g.s.n.r. homomor-
phism from (N, T) to (M, U).
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Definition 4. Let ¥ be a variety of semigroups. If the additive semigroup
of the seminear-ring S lies in ¥, then we say that the seminear-ring S belongs
to V.

Lemma 3. Let w(xy, ..., x,) be a semigroup word in n variables x, ..., &,.
Then hw(sy, ..., 8,) =w(hsy, ..., hs,), whenever sy, ..., 8, lie in a seminear-ring
S and h lies in an S-module H.

Using Lemma 3 we can prove

Theorem 1. Let S be a s.nr. with a faithful representation on the S-mo-
dule H. If H belongs to variety <), then so does S.

Proof. Letw(xy, ..., x,) =u(x, ..., x,) be a law in the variety ¥ for which
He9. By Lemma 3, for sy, ..., s,e8 and heH, we have

hw(sy, ..., 8y)=w(hsy, ..., hs,)
hu(sy, ..., 8,)=u(hsy, ..., hs,) for all heH.

1)
Since the law w=1wu holds in He ¥ and hs; e H, it follows that
w(hsy, ..., hs,) = u(hsy, ..., hs,).
Substituting from (1) yields
hw(sy, ..., Sy) = hu(Sy, ..., 8,) for all he H

S0 w(sy, ..., $,) and u{sy, ..., s,) induce the same map on H. As H is faithful, we
conclude that w(sy, ..., s,,) = u(sy, ..., 8,), which means that the law w =  holds
in (S, +). But this is true for all the laws of ¥. Thus (S, +)e V.

Definition 5. Let (S, T) be a d.g.s.n.r. A representation 6 of S is a d.g. re-
preSentation if 8: S— M(H) satisfies T0c End (H), where H is the S-module as-
sociated with the representation 6.

We note that a d.g. representation of (S, T') on the S-module H is a d.g. homo-
morphism from (S, T) to (E(H), End (H)).
The above definition leads to

Definition 6. Let (S, T) be a d.g.s.n.r. A semigroup H is called an (S, T)-
semigroup if (S, T) has a d.g. representation on H.
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3. — Free d.g. seminear-rings

Let © be a variety of semigroups. Given a set X, F(X) denotes the free addi-
tive semigroup in ¥ on X. Let T be a multiplicative semigroup and define the
semigroup Frso(X, T) as the free semigroup in the variety ¢ on the set of sym-
bols: {z, {,: xeX,teT} =T,. Thus we may write

Frso(X, T) = Fo(T,).
For each teT, define a mapt* from T, into Frso(X, T) by
@ xt*=t, (my) t* = (mt), for all xeX, meT

which we extend to be an endomorphism of Frsy(X, T). Thus the elements of T
are mapped to End (Frso(X, T)), the semigroup of all endomorphisms of
Frso(X, T). Indeed this map, {—1t*, is a monomorphism of semigroups. Note
that we may replace t* by t itself where no confusion would result; then we can
write (2) as

@y xt=t, (my,) t = (mt), for all xeX, meT.

Now, assume that 7 is a semigroup of endomorphisms of Frs(X, 7', then T
generates a d.g.s.n.r. which we will denote (Frso(T"), T') and call the free d.g.s.n.r.
on T in 9. One of our main purposes is to clarify the reason for the name given to
(Frso(T), T) as defined above. Before doing so, we give a lemma, which is a con-
sequence of Theorem 1.

Lemma 4. The free d.g.snry. on T in V0 lies in V.

Now we can prove an important result concerning (Frso(T), T).

Theorem 2. Let (Frso(T), T) be the free d.g.sn.r. on T in the variety .
Then the following hold :

i. (Frso(T), +) is the free semigroup in © on the set T
ii. Every T-semigroup H in 9 is a (Frso(T), T)-semigroup

iii. Let (S, U) be a d.g.snr. in V generated by the multiplicative semi-
group U. Then every semigroup homomorhism 6: T—>U can be extended to a
d.g.sm.r. homomorphism from (Frso(T), T) to (S, U).
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Proof.

i. Evidently (Frso(7T), +) lies in 9, by Lemma 4. Let ¢+ ... +£, be an
element of (Frso(T), +), the subsemigroup of End (Frso(X, T)), where t,e T,
1 <i=n. By (2) we have

ety + .. b)) =t .. F .

Consider sg(t,; teT), the semigroup which is generated by the set {¢,; teT}.
For each xe X, define a map 8, where

0, (Frso(T), +)—sg(t,;teT) is given by
&)
(tl + ... +t7l) 9x=x(t1 + ... +tn) =t1x+ ‘e +t7wc .

The map 0, is well defined because, if we assume that ¢ =b in (Frso(7), +)
where a =1t + ...+, b=k + ...+t k,, t;, k;eT, 1 sisn, 1 <j<m, then

Wty + .+ 1) =aley + ... + k)
(t1+ +tn) 0x= (k1+ +km) ¢9x.

It follows that (a)6,= (b) @,. That is 6, is well defined.

Now we show that (Frso(T), +) =sg(t,;teT). Let a, be (Frso(T), +).
Then a=t%+...+t,, b=k +...+k,, where ¢;, k;eT, 1sisn, 1sjsm.
Thus

@+ D)0, = (b + o by £ heg oo+ Fey) B,
R S
e VL VU Sy T
=+ )0, + o+ ...+ k) 0,
= (@0,+®)8,.

Hence 6, is a homomorphism.
Now if (a) 8,=(b) 6, then

bat oot =kt oo+ Ko
t1+... +tn=k1+ ...+I‘Cm.

Thus a=0b and @, is a monomorphism.
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Finally if &, +...+t, is an element of sg(t,;teT), then as xt;=t;,
1 <i<n, we have

bigt ool =at+ ... Fat, =2 + ... +1,)

where ¢, + ... +t,e (Frso(T), +). So that (¢ + ... +1,) 0, =1, + ... + t,, which
proves that 6, is an epimorphism and we have shown that

(Frso(T), +) =sg(t,; teT).

The right hand side of the above isomorphism is the free semigroup on the set
{t,; te T} in which for each t, there corresponds an element ¢e 7. This implies
that (Frsy(T), +) is the free semigroup in ¥ on the set T.

ii. Let H be a T-semigroup in ¥ then there exists a homomorphism 8 of T
into End (H). As He 9, E(H) also lies in ¥ by Theorem 1. Since (Frso(7T), +) is
the free semigroup in Y on 7 and E(H) € ¥, we can extend 8 to a semigroup ho-
momorphism v such that y: (Frso(7), +)— (E(H), +). By Lemma 2, v is a d.g.
homomorphism which means that v is a d.g. representation of (Frso(T), T) on H
or equivalently H is a (Frso(7), T)-semigroup.

iii. ‘Since (Frso(T), +) is the free semigroup in ¥ on the set T and (S, +)
lies in 9, then 6 can be extended uniquely to a semigroup homomorphism
n: (Frso(T), +)—(S, +).

By Lemma 2,  is a d.g.s.n.r. homomorphism from (Frso(T), T) to (S, U).

Remark. It should be noticed that the structure of (Frs(T), T) is indepen-
dent of the set X.

Corollary 1. Let (S, T) be a d.g.snr. in . Then there is a d.g. epimor-
phism 6 : (Frs(T), TY— (S, T) extending the identity map on T.

In order to give the next result, we need to define the free (S, T)-semigroup in
a given variety .

Definition 7. Let (S, T) be a d.g.s.n.r. in a variety 9. An (S, T)-semigroup
H is a free (S, T)-semigroup in Vonaset Xif He 9, XcH and if Kis an (S; -
semigroup in ¥ then any map 6: X — K can be extended uniquely to an (S, T) ho-
momorphism from H to K.
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The following theorem tells us about the free (S, T)-semigroup that we have
already met.

Theorem 3. The free semigroup Frso(X, T) in o variety © on the set T,, is
the free (Frso(T), T)-semigroup in 9 on the set X.

Proof. Let H be a (Frso(T), T)-semigroup in ¥. Let @ be a map such that
6: X— H. Then we can extend € in a unique way to be a T-homomorphism from
Frso(X, T) to H as the following shows.

Since we already have x-t=t,, xeX, teT, it follows that

#)0=(xt)0=(x0)1t.

Hence 0 is extended (as a map) to 7.

Since Frso(X, T) = sg(T,) and Frso(X, T) is a free semigroup on the set T,
therefore 6 is indeed extended uniquely to be a homomorphism from Frso(X, T)
to H. Now it only remains to show that 8 is an (S, 7')-homomorphism. Let
ye (Frso(X), T), then y=ty, +...+t,, where teTU{l}, xeX,
1=<i<m, and 1, represents x;. For {eT, we have

(Yt) 0= ((brpy + ... T by ) 1) 0= byt + ... + 1, 1) 0
= (G )y, + .o+ (But)y,) 0= (G18),, 0 + ... + (£,0),, 0
=(,0) L1t + ...+ (x, Dt t= (0t + ...+ (x,0)E,) ¢
= (@) 0+ ...+ (2,0,) O)E=((}14) O+ ... + (£, ON £
= (b .0+ ty,) 0= (yO)T.
That is @ is a T-homomorphism and the result is proved.

Now we are able to prove the existence of the free (S, T)-semigroup in Von a
set X.

Theorem 4. The free (S, T)-semigroup in ©V on a set X always exists.

Proof. Let (S, T) be a d.g.s.n.r.; then by Corollary 1, there is a d.g. epimor-
phism 6 which extends the identity map on T such that

0: (Frso(T), T)— (S, T,

where (Frso(T), T) is the free d.g.snx. on T in V.
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Let o =Ker0. Consider Frsy(X, T) and let N be the least congruence in
Frso(X, T) containing Frso(X, T)o, where

Frso(X, T) o = {(ky1, kys): keFrsoX, T), (y1, ¥2) €0} .

Let H = Frsy(X, T)/N. We show that H is the free (S, T')-semigroup in ¥ on
a set X. Certainly H is an (Frsy(T), T)-semigroup. From above, the kernel of the
representation of (Frsy(7), T) contains g. Thus as (S, ') = (Frso(T), T)/o, we
can define H canonically as an (S, T)-semigroup. Let K be an (S, T)-semigroup.
Then it is a T-semigroup and, by Theorem 2 ii, it is an (Frsy(7), T)-semigroup.
Since X is an (S, T)-semigroup, the representation of (Frs(7T), T) on K contains
¢ in its kernel

Let ¢: X— K. Then by Theorem 3, ¢ can be extended to an (Frs(T), T)-ho-
momorphism ¢: Frso(X, T) =K. Let ke Frso(X, T), (y1, ¥2) €0, then k(y, ¥2)
equals (kyy, ky,) € ker ¢, since the representation of (Frs(7"), T) on K contains o
in its kernel. Thus N ¢ ker ¢, N being the least congruence in Frso(X, T) con-
taining Frs«(X, T')o. This means that ¢ can be factored as a product ¢’ where
¥ is the natural (Frso(7), T)-homomorphism such that v: Frs(X, T) —H. We
deduce that ¢’ is a T-homomorphism from the (S, 7')-semigroup H to K extend-
ing ¢. Since ¢’ agrees with ¢ on the T-generating set X of H, it is uniquely de-
fined, forcing H to be the free (S, T)-semigroup in ¥ on the set X.

Our next result shows that given a d.g.s.n.r. (S, 7) then it is not possible in
general to find a semigroup A such that (S, T) is embedded in (E(H), End (H))
with T embedded in End(H), in other words, not every d.g.s.n.r. has a faithful
d.g. representation, as the following theorem says:

Theorem 5. There exist d.g.snrs. in a variety © which do not have a
Sfaithful d.g. representation.

To prove this result we need to state a definition and a lemma regarding this
definition.

Definition 8. A semigroup (H, +) is said to be subcommutative if it
satisfies

a+b+c+d=a+c+b+d for all ¢, b,c,deH.

Lemma 5. Let (S, T) be a d.g.s.n.r. Suppose that T contains three elements
a, b, csuch that a +b=c If (S, T) has a foithful d.g. representation, then a and
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b are velatively subcommutative in the sense of the relation

a+b+a+b=a+a+b+b.

Proof. Let (S, T) be a d.g.s.n.r. having a faithful d.g. representation on a
semigroup H. Then for all ke H, we have

(h+h)c=hc+he, as ceT is mapped to an endomorphism of H
=h(c+ec)=hla+b+a+d).
On the other hand, we have

(h+h)c=(h+h)a+b)=((+h)a+(h+h)b
=ha+ ha+hb+hb, as a, beT are mapped to End (H)
=hla+a+b+Db).

Thus Ala+b+a+b)=h(a+a+b+b). Since H is a faithful S-module, we
conclude

a+b+a+b=a+a+b+b.

Now we are able to prove Theorem b.

Proof of Theorem 5. Let ¥ be a variety of semigroups which are not sub-
commutative. Let T'= {x, y, #, 0} be a semigroup with all products equal to zero.
Let (Frso(T), T) be the free d.g.s.n.r. on T in 9. Then all products in Frso(7') are
zero, and hence a semigroup congruence on (Frs(T), +) is a seminear-ring con-
gruence on (Frso(T), +, -). Let g be the least congruence on Frs(T) containing
(x + 1y, 2). Define (S, T) to be (Frso(T), T)/o, the canonical homomorphic image
of Frso(T) by o.

We show that S is the free semigroup in ¥ on two generators, namely « + ¢
and y + 0. Let @ be a free semigroup in ¥ on two generators ¢’ and y ', say. Con-
sider the map ¢: T'— {z’, y'} given by

@p=x'" Wo=y" @o=a"+y".

Then ¢ extends to be a homomorhism ¢* from (Frso(T), +) to (@, +) with
ker ¢* = {(x +y, #2)}. Hence ker ¢* = o, and ¢* can be factored through (S, +).
In other words there exists a homomorphism y from (S, +) onto (@, +) such
that (x+ )y =2" and (y + o) ¥ =y'. This shows that (S, +) is free in ¥ on
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{x+0,y+o}. Letting a=x+p, b=y + 0, we have
a+b=@+o)+y+po)=2+p0=c.

By Lemma 5, if (S, T) has a faithful d.g. representation, then a and b are rela-
tively subcommutative. But by the hypothesis, two free generators of a free semi-
group in ¥ can not be subcommutative. This implies that (S, T') can not have a
faithful d.g. representation.
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Sommario

In questo lavoro si considerano semiquasianelli (seminear-rings). Essi costituiscono
una generalizzazione dei quast anelli che sono semigruppi sia rispetto alla struttura ad-
ditiva che rispetto alla struttura moltiplicativa. Questo tipo di struttura. si presenta in
modo naturale considerando linsieme delle applicazioni di un semigruppo in sé con
laddizione definita puntualmente e la composizione. Gli endomorfismi forniscono esem-
pi di elementi distributivi e conducono all’idea di semiquasianelli distributivamente ge-
nerati (brevemente d.g.s.n.v.). In questo lavoro, che estende risultati sui quasi anelli di-
stributivamente generali, si studiono Uesistenza e la costruzione di d.g.s.m.v. liberi e di
d.g.sn.r. semigruppi liberi. Si mostra inoltre che non tutti i d.g.s.n.r. sono fedeli.
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