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SANDOR SZABG (¥)

Factoring a certain type of 2-group by subsets (¥%)

1 - Introduction

Throughout this paper we will use multiplicative notation for abelian groups.
Let G be a finite abelian group. We denote the identity element of G by e.

IfB, Ay, ..., A, are subsets of G such that each b in B is uniquely expressible
in the form

b‘—“a,l.,.an alEAl,...,anEAn

and each product a,...a, belongs to B, that is, if the product A4, ... 4, is direct
and is equal to B, then we say that B is factored by subsets 4, ..., A,. The equa-
tion B=A,;...A, is also said to be a factorization of B.

We say that a subset A of a finite abelian group G is periodic if there is an ele-
ment a € G such that a # e and aA = A. The element a is called a period of A. The
periods of A together with the identity element form a subgroup H of G. More-
over there is a subset B of G such that A = BH is a factorization of A.

If the group G is a direct product of cyclic groups of orders ¢, ..., t, respec-
tively, then we express this fact shortly saying that G is of type (4, ..., t,).

A. D. Sands ([1], Theorem 7) proved that if a finite abelian group G is of type
(2%, 2) and G is a direct product of two of its subsets, then at least one of the fac-
tors must be periodic. As the main result of this paper we will show that Sands
theorem holds in the more general case when G is factored into any number of
subsets.

In his proof Sands used cyclotomic polynomials. Besides cyclotomic polynomi-
als we will rely on characters too. If 4 is a subset and y is a character of G, then
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we will use the notation y(A4) to denote the sum

2 xa).

aech

If G=A,...A, is a factorization of G, then y(G) = x(4;)...x(4,). When y is a
nonprineipal character of G, then y(G) =0 and hence x(4;) =0 for some ¢,
lsisn.

2 - The result

In the remaining part of the paper let G be a group of type (2}, 2). This means
that G = (a, b), where |a| =2% |b| =2. Each element g of G can be written in
the form g = a*b?, where 0 <a <2'—1 and 0 <8 < 1. Let A be a subset of G. If
there are no elements ¢ and a*b together in A we will say that A is a type 1 sub-
set of G. Otherwise we say that A is a type 2 subset of G. Also in what follows we
will use the characters y and y’ of G defined by

wa)=90 x(b)=-1 and ¥'(@y=90 x'b)=1
respectively, where o is a primitive 2*th root of unity. We need two lemmas.

Lemma 1. Let A be a subset of G. If x(A) =0, then there are subsets U, V
of G such that A = U(a,zl'_l) U W(b), where the union is disjoint and the products
Ua?™"y and V(b) are direct.

Proof. We can partition A in the form A = B U C, where B is a type 1 subset
of G and C is periodic with period b. Simply put a“ to Bif a®cA and a“b¢A or
put a®b to Bif a®¢ A and a“beA; and put ¢ and a®b to Cif a®cA and a®b
e A. Now there is a subset V of G such that C = V{b), where the product is direct.
Clearly B can be written in the form

B={a%, ..., a%, af1b, ..., aPb},
where 0 <a;, B;<2'—1 and a;# f;. Now

0 = x(4) = 2(B) + x(V) x((b)) = x(B)
since y({b)) =1+ x(b) =1—-1=0. Hence

0=x(B)=0% +...+0% — 0P — ... —oFs.
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Consider the polynomial
B@)=a%+... +a%—gfr— —phs

associated with y(B). The 2*th cyclotomic polynomial Fy:(z) =1+ % ' is irre-
ducible over the field of rational numbers. From this and from B(p) = 0 it follows
that Fy: () divides B(x) over the rationals, that is, there is a polynomial D(z) with
rational coefficients such that B(x) = Fyu(x) D(x). As deg B(x) <2*—1 and
deg Fy(x) =21 from

deg B(x) = deg Fy(x) + deg D(x)
it follows that deg D(x) <2*~!—1. So if % and — % are terms of B(x), then so
are x%*? " and —xfi*2"" Therefore % 'is a period of B. Hence there is a sub-

set U of G such that B = U(a21"1>, where the product is direct. This completes the
proof.

Corollary.‘ 1. Let A be a type 1 subset of G. If x(A) =0, then A is periodic
with period a?.

Proof. By Lemma 1 for each subset A of G there are subsets U, V of G such
that A = U(a? ") U V(b), where the union is disjoint and the products are direct.
But now A is a type 1 subset and so V=§. This completes the proof.

Lemma 2. Let A be a type 1 subset of G. If x'(A) =0, then there are sub-
sets U,V of G such that A = U(az"_l.) U Wa? ™" b), where the union is disjoint
and the products U(a® "y and V{a? 'b) are direct.

Proof. We can partition A in the form A = B U C, where C is periodic with
period a? "' b. Simply put a®to Bifa%e A and a®+% b A or put a“*2 " pto B
if a%¢ A and 0**% " beA; and put a® and a“*?¥ b to Cif a%c A and a**2 'p
e A. There is a subset V of G such that C = V(a,zl_1 b) and the product is direct. It
is clear that B can be written in the form

B={a", ..., a%, af1b, ..., aPb}
where 0 < a;, 8;<2"—1 and a; = f, Note that
0=x"(A) =y (B)+1' My (a?"'b) =y (B)
since x' (@ D) =1+ (@¥ )y (b)=1—1=0. Hence

0=yx'(B)=0%+...+0% + 0P+ ... +oF.
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Consider the polynomial
B(x) =x% + .. +a%+afi+  +xh

associated with y'(B). In a similar way as we have seen in the proof of Lemma 1
we can conclude that B is periodic with period a? ™", Hence there is a subset U of
G such that B = U{a? ). This completes the proof.

Corollary 2. Let A be a subset of G. If x(A) = x'(A) =0, then A is periodic
with period a? .

Proof. As y(A)=0 by Lemma 1 there are subsets U, V of G such that
A= U(az"_l) U V(b), where the union is disjoint and the products are direct.
Now

0=2"(A) =2 (g (e N+2' Ny (b)) =x' (V)

since ' ((a® "N =1+x(@¥ H=1-1=0and ' (b)) =1+x'(b)=1+1=2
We know that V is a type 1 subset of G. So by Corollary 1 V is periodic with per-
iod a? . Therefore A is periodic with period a? . This completes the
proof.

Now we are ready to prove the main result.

Theorem 1. IfG=A,...A, is a factorization of G, then at least one of the
factors Ay, ..., A, is periodic.

Proof. As a first step we show that at most one of the factors Ay, ..., 4,
can be a type 2 subset of G. Each A; can be partitioned in the form
A;=B;UVy(b), where B; is a type 1 subset of G and the product V(b) is
direct. Clearly 4; is a type 1 subset of G if and only if V; = §. Now assume the con-
trary that, say, A; and A, are type 2 subsets of G. So there are elements v; e V)
and v, € V. Multiplying the factorization G = A4,... 4, by g =v"'v;"! yields the
factorization

G=Gg= (v AWy 1 A) Az .. A,

Here bev,; '4; and bewv, ' A, contradict the definition of the factorization.
In the remaining part of the proof we distinguish two cases:

Case 1. Each A; is a type 1 subset of &
Case 2, A, is a type 2 and A,, ..., A, are type 1 subsets of G
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Turn to Case 1 first. As y is a nonprincipal character of G there is an i,
1 sisn such that y(4;) =0. By Corollary 1 4; is a periodic subset of G.

Turn to Case 2. As y is a nonprincipal character of G, there is an 7, 1 <7 <n,
such that y(4;) = 0. If 1 = 2, then by Corollary 1 A; is periodic. So we assume that
t=1, that is, y(4,) =0. By Lemma 1 there are subsets U;, V; of G such that
A= Ul(ag;'_]) U V1(b), where the union is disjoint and the products are direct. If
Uy=§ or V;=4§, then A, is periodic. So we assume that U, = § and V=0

As y' is a nonprincipal character of G, there is an i, 1 <i<wn, such that
x'(A;) =0. If i =2, say ¢ =2, then by Lemma 2 there are subsets Us, V; of G
such that Ay = Up{a® ") U Vy(a® 'b), where the union is disjoint and the pro-
ducts are direct.

If Uy =§ or V; =§, then A, is periodic. So we assume that U, = §f and V, = §.
Since U; = @ and U, # @, there are elements u; € U; and uy € U,. Multiplying the
factorization G =A;... A4, by g=u;"'us"' we obtain the factorization

G= Gg = (u1~1A1 )(’LLZ_IAQ)Ag .. 'An.'

Here a2 'eu; 4, and a? ' eu, ' 4, contradict the definition of the factoriza-
tion.
If i=1, then by Corollary 2 A, is periodic. This completes the proof.
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Sommario

Sia G il prodotto diretto di due gruppi ciclici di ordini 2* e 2, vispettivamente. A. D.
Sands ha dimostrato in [1] che, se G é prodotio diretto di due suoi sottinsiemi, almeno
uno di essi deve essere periodico. Si mostra che il risultato di Sands sussiste anche quan-
do G ¢ fattorizzato in pii di due sottoinsiem.






