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E. CASINI anda M. SALVATORI (*)

Complex interpolation and (%, §)-convexity (**)

1 - Introduction and notation

In this paper we investigate the relations between the complex method of in-
terpolation for infinite families of Banach spaces, introduced in [4], and the notion
of (n, d)-convexity, due to D. P. Giesy and R. C. James [6].

In particular, we prove that the intermediate spaces obtained by interpolation
from a family {X(6)}, 0 < 6 <2z, are (n, d)-convex provided that the boundary
spaces satisfy the same property when 6 ranges in a subset U of [0, 2.7) with po-
sitive measure.

Our result includes those in [2] and [3], about, respectively, the stability of
(n, d)-convexity for complex interpolation of pair of spaces, and the case n = 2,
i.e. uniform non-squareness. _

For n =2 and 6 > 0, a Banach space X is (n, )-convex if for any x,, ..., @, of
X such that [l;]| < 1 for every j, there exists a choice of signs ¢, ..., €, with
g;= *1 such that

1 2
ni=1

A Banach space X is said to be uniformly non-l} if it is (n, d)-convex for some
0 >0, and X is B-convex if it is uniformly non-I} for some n = 2. Uniformly non-i4
spaces are known as uniformly non-square. (For these definitions see [7] and
[6]).

The complex method of interpolation for infinite families of Banach spaces is a
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generalization of the well known method for pairs of spaces introduced by
Calderén, [1]. For sake of completeness we give a brief introduction to this inter-
polation method.

Let D be the open unit disk in the complex plane and denote by 8D its boun-
dary. We identify the points e®edD and e T =1{0, 27). For 2z e D, the Poisson

kernel at z is P,(6) = o (1-|2|® |z —e%| % and for any measurable subset U
7
of T we denote by |U|,= [ P,(6) d6 its harmonic measure.
U
The family of complex Banach spaces {X(8), 6T} is an interpolation fami-
ly if:
i. all the spaces are continuously embedded in a common Banach space %
ii. for every x e QX(G) the function § — ||z|lx is measurable with respect to

the Lebesgue measure d6 on T
iii. there exists a measurable function ¥ on T satisfying the inequality
f log* k(6) P,(#) df < +  for some (and hence any) zeD, and such that

T
llelle, < k() ||xllxs) for every « belonging to the set:

4 ={weNX(0): [log™ |l#llxe) P.(8) A8 < + 0 }.
T

Let 9" be the completion of the space of functions f: D—.£ of the form
flz) = Z x]gb i(2), where x;e £ and ¢;eN (D) (see [5]), with respect to the
norm H f]]w = Ess Supl] £(0)|lxe). (Here, f(8) is the non-tangential limit of f(z)
as z—e)

For z e D, the intermediate spaces X(z) are the images at z of the functions in
the class &, and the norm in X(z) is |lal, = Inf{||fll«: fe &, f(2) =x}.

In the proof of our result we shall make use of the following inequality (Propo-
sition 2.4 [4]). For every fe & and for every zeD

M I£@|l, < exp [logl£(6)|xe) P-(8) d6 .
T

2 - The main result

Theorem. Let {X(0), 6 T} be an interpolation family of complex Banach
spaces, such that X(0) is (n, 0 4)-convex when 6 belongs to a measurable subset
Uof T. If |U|, > 0 for some (hence any) ze D and if the function 6 — 6 4 is mea-
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surable, then for every zeD there exists 6,>0 such that X(z) is (n, d,)-con-
vew.

Proof. Letw, ..., 2, belong to the unit ball of X(z). For n > 0 fixed, we can
find fi, ..., foeF with ”f]'“m <1, and (1+7) f;(2) =
For every e=(ey, ..., €,), (¢;= 1) we define the sets

1 7
E.=E.({f;})={6eU: ”gjglgjﬁ(e)”)((e) <1-3d4}.

Since X(0) is (n, d4)-convex for every Ge U, it is léJEg = [U. This implies that

there exists € = (g, ..., ,) such that |Es |, = —g{—lf
By (1) and since we have ||— ejf(G)HX(@)<1 for every 0eT, it fol-
lows
1
E—n - 2 5% < exp [log Il— s]fw)llX(a)P (6) do
<exp f log II = %f(e)”}{(e)P (6) do

< expEflog(l —8,)P,(0)d0.

Moreover, Jensen’s inequality yields

]’EE 'z

exp [log(1-6,) P,(0) d0<[[(1~6,) P,(6)
E; E;

Eiz

]]E?Iz.

=[1~[3,P,(6)
By

€|z

Ul.
Recalling that |2n_|1 < |E: |, <|U]|,, we get

1UL:
f6,P,(6)do12 .

E

1yl

13
SExl.<[1-
1+7 nj=1”” {Ulz

To evaluate the last term we observe that each harmonic measure is absolute-
ly continuous with respect to the measure 1 given by A(M) = [8,P,(6) d6,
M
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McU. Hence
Ul.
Inf {ME): |E|, = ‘271.—31 }=a,>0.

This implies

Ul.

1 1 X a, .——=

— = 2 Erl.s1- =],
1+77”nj=1”“ |U|,

Since % is arbitrarily small the proof is complete if we take
a {Ul:
0,=1-[1—- =121,
|U]-

Remark. If we also assume that there exists a positive & such that 6=,

for every 6 e U, then it is easy to deduce that

(1]
[2]
(3]
(4]
(5]
(6]
[7

10
8,=1-[1=5,]2"" VeeD.
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Sommario

Si prova che gli spazi ottenuti mediante il metodo di interpolazione complessa per

famiglie di spazi di Banach sono (n, 8)-convessi se gode di questa proprietd un numero
«sufficiente» di spazi sul bordo.

* ko



