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Lattice points under a hyperbola (*¥)

1 - Introduction

Let 7, k be fixed integers greater than unity. A natural number % is r-free
when in the canonical decomposition % = p{*... pf"t we have a; < r — 1. A natu-
ral number % is k-full when in the canonical decomposition we have a;=k.

Let @, denote the set of all r-free integers and g¢,(n) denote the characteri-
stic function of the set @,, ie.

( )_1 if neq,
=0 i neq,
Then, we have > gn)n = (s Re s>1.
n=1 g(rs)

where ¢ denotes the Riemann zeta function.
Let G(k) denote the set of all k-full integers. We denote by f; () the charac-
teristic function of the set G(k) and we consider the series

Fu®)= 3 fitwn™.

For Re s> % we have

A $5(8)
Fi(s) = ,Ek HuS) 2ok + 2 9)
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where ¢,(s) =1 and ¢, (s) has a Dirichlet series with the abscisa of absolute
1 .
> 2.
2k + 3 ifk>2
In this paper we study the number of lattice points (%, v), # > 0, v > 0, un-
der the hyperbola uv = x, such that one of the coordinates is rfree and the

other is k-full. Here y, ,(n) denotes the arithmetical function, whose associated
Dirichlet series is

convergence

o Y _ Bk 1 ¢ () 3
(1.1 ngl &(s) H &us) ROREEDD) Re s=o>1.
If 2<7r<k then
1.2) Vo 1 (0) = ugn%(u)ﬁc(v).

When k <r<2k -1, then (1.1) becomes

& Y, k(n) 21 &(s)pr(s)
(1.3) 2 #I;Ik S o 1 e
u=r
Moreover
Pi(s) & g(n)
(1.4) 2k +2)s) ngl we - ()
is a Dirichlet series, absolutely convergent for Re s = ¢ > 5 kl—l- 5 and y, ,(n)

can be expressed by the Dirichlet convolution
(1.5) Yrp()= 2 d(a;n)g(ng)
nyng =n

where ¢ =(1,k,...,r—1,r+1,...,2k —1). The divisor function d(a, n),
a=(ay, ..., a;) counts the number of ways of expressing n as the product
n=n... nM.

Similar situations occur when r = 2k, We shall give estimates for the sum-
matory function of y, ,(n).

Theorem 1. Let r, k be natural numbers, 2 <r <k, then

2k ~r—2
Fi (D) x+ 0™ 6(x—2(r+1)(k D))

(1.6) gxyr,k(n) =

3 1
with d(x) = exp{—Alog5 x (log logx) 5} where A is a positive constant.
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Theorem 2. Let be a = (1, k, ..., 2k — 1). We suppose that

2k -1
(17) E d((l, n)"‘bl xw+ 2 b;zkwﬂ +Ak(x)
nEy n=k
2k -1 2k~ 1 v 1
where bip= [[k EW) b= I_Ik Gl
veEu

and A (x) <<z logPrx. Then we have:

LIfn,20 and r=2k+ 2 we get

2%~ 1 1
(1.8) 27%AM=M¢GMUMH-Zﬁ%ﬂhﬂ%mﬂ+dﬂw
nsy #:

1

) _ Px()
7 2k+ 2
C(;)C(“—# )

2 gri(n
being G, k( 2 i

2" loghr+ 1 i ne=02k+2)7?
and A, () K z"*loglra if 7> @k+2)7!
xzkl-!-fllogﬁkw 'Lf N, < (2k+2)-—1.

2. If r=2k, 2k + 1 we hove again (1.8) with

x"*loghe* 1y if pp=r""!
A, () << 2" loglra if gp>r7!
1 . —
x 7 logha if pp<rl

Theorem 3. Let be a=(1,k,...,r—1,7r+1,...,2k—1). We assume

2k -1 1
1.9 > dla; n) = bity @ + Ek by o ¥ + O logPhe)
" o
1
21 2k-1 L(2)T()
with b= — JIRIONN S TSy 2

SN <CS)



116 C. CALDERON and M. J. DE VELASCO [4]

Then, if 1,20, .20, k<r<2k—1 we have

2k ~1

2 Yre() = b G(Da + 2 bk Gk(—)w + 4 (x)

nEx u=k
HEY

where Gy (s) is defined by (1.4) and
2Tk loghkt 1y if pp=2k+2)"!
AL () K x"loghPix if nL>@k+2)7!

1 . , _
m2k+210gﬂl';m 'lf ﬂk<(2k+2) 1.

2 - Proof of Theorems

We know ([7], p. 278) that for the function f;(n) we have

2k—~1

@1 2 filn) = Z ¢, kx" + 4, ()
261 C(—V—)

where Cu ke = Wrﬁk( 1
Ve k&

for k=8, (when k=2, ¢2(ﬁ)=1).

We put 1, = inf{o,|4;(x) <z%}. The investigation on powerful numbers
(i.e. elements of G(k)) began in 1935 when P. Erdés and G. Szekeres [2] proved
by elementary methods that g, < (k + 1)~ for k = 2. This was improved in 1958

by P. Bateman and E. Grosswald [1], who proved that 03 S %, 03 < :1'-%
0r<(k+2)"1for k=2 and g; < max( L »yr=[V2klk=4.

kr+2)° lc+7‘+1

1 L +e 5B [
E. Kritzel [6], [7] proved that A3 (x)<<z 8 8(x), A4 (x)<Kx 98 ", A5(x) <K 622 " ,
6k +9 -1 8 7
=—2 "% 6<k<8,0,SUh+HE) YE<\THKE)<(1+-[5)k
% 8k% + 26k + 36 ek ) V'3 V3
for sufficiently large k. For a historical outline of the development of the problem

see E. Kritzel [7].
A. Ivié [3], [4] obtained sharp bounds for g3, 04, @5 and proved that
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01 < (2k)7, k > 2 when the Lindelsf hypothesis §(—;~ + it) «t¢ is assumed. The

result oy, < —é—k, 8 <k <10 is proved by Ivié in [5].
Now, we prove two lemmas which are related with »-free and k-full
integers.

Lemma 1. Let be k=2 and A,(x) defined in (2.1). If Ad,(x)<<x%,
0r < (2k — 1)71, then

g 2k -1 1
> f’”g) = zkif—%w” P4 Fi(s) + O ).
nET v =

fO'r g > Q.

Proof. By partial summation and (2.1) we obtain

fr(n) ST ey Lo AL » A, (t) -
2.2 = v - + dt + or—Ss .
@2) n%ac n’® o=k 1— V8 v vk 1 — 8 Cok SII g+l Oz )
Assuming that Res > 1 we have, as x — o
2t = A(t)
2.3) Fp(s)y=— vgk 1 38,08 Cot T Sl th .

We observe that the integral of (2.3) is an analytic function for Res = o > g,.
Then by analytic continuation, formula (2.3) holds also for Res = 0 > g;. From
(2.2), (2.3) we derive Lemma 1.

Lemma 2. Let be a >0, a=1 and r= 2. Then we have

q-(n) _ &(a) 1 gl-¢
nex B¢ L(ra) M 1-a

If a =1 and r =2, then

+ O(x% T6(x) .

> q,(n) vy +logw - g'(r)

1,
neg W - &(r) ;2 () + Ol o)

being y the Euler constant and &(x) is the function defined in Theorem 1.

Proof. (First part). By the definition of ¢,(n) we have

_ 5 &) H(m)
§= nEs:a: n B dmrzsx (dm™)* '

L
p

Letbez =27, and 0 < o = g(x) < 1 which will be chosen later. If dm” < %, then
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m > oz and d > ¢ " cannot occur at the same time, so we divide the sum S
writing

u(m) u(m) u(m)
S= + - =8 +8; — S,
dmZSg; mrde dm"zs x mrde mgzg mrde ! 2 3
m <oz d<o”" dso~"

We study each S; separai_:ely.

m 1~a m) ( )
- B T N P 20)
m<zo M dsm“fd 1_am529 m o
1 gl-e &a) 1—a O(02) 5(oz) .
= + +0@' " ———)+0 + 0z~ %pz).
gy l—a  Lra) (@ (Qz)r—l) ((zg)m~1) (x"“oz)
For S, we have
S, = ia 2 , ,“("':7;)
dSQ"'d m<(E)T m
d
_ 1 1 6(o2) 1
= Lra) g<o-r d° + 0(-:1;(“1_1)"—1 dsEg“" da—(m—l)'r‘l)

x x\x
As 1 i = pz, then 6((5)’")S d(pz) and

1 5(92) o " 1
+0 ).

= Fey S eI )

In the same form we deduce for the sum S; the asymptotic formula

_ 1 1 6(02)
8o = Era) ¢S5 d° O(( a1

Then

&(a) 4L pl-e

= 1-a 1-7r
§ tra)  &r)1-a + 0"~ *0(ez)(e2) ™ ")

+O(5(92)(9z)1 ) + O(x ~*0z) + O(oc T %8(gz)0* ).
We take ¢ = o(x) = (6(z Zr ))T then
exp{ -~ 10g5 a(log log@) v }<o@)sexp{—-—¢ IOg% x(log log x)'% }
r 5 2r5
and as o = m—é then 0% = xﬁ and 6(gz) < 6(90%) = o", hence we deduce that
the O-terms are like 7~ “d(x) and the first part of Lemma 2 is proved.
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To prove the second part, if a =1 and r =2, then we divide the sum

S=2 # as before, but in this case we have

nEr

(m)
S, = 2 £ - l
m<oz M ¢ % d
mT

Since we know that >, d~'=logx +y + O(—), the second part of Lemma 2 is
proved. ss
Moreover, if a =0, r =2, then (A. Ivic [4], p. 394)

gxqr(n) Z‘TS*O(” 8(x).

Proof of Theorem 1. Let

S= 2 g fitm)= 2 q,(n) 2 film)=8 +38;,

mn <z nEx m<'ﬁ'

where for any Y < 2, by Lemmas 1 and 2

= 2500 3 gm= 3 o) (5 s NES D

m

_ Se(m)
B é(’)") ms<Y 2

)

+ 0@ (L)
Y o

m<Y
=Fk(1)x r ST v
&) &) VS 1—w

Now we study the sum

So=_ 2 film) Z gr(n) = Z RCYIED  Julm).

Y<msz
7L<— 1<_.. <m< =
P LS T Y<ms

1 B 1,
Yo "+ O(xY® 1)4—0(0(,“(5(-—1;)).

2% -1 1
We know that > film) = Zk Cr®? + O(x%).
21 1
Then Z Cvk{x 2 %-(n) -Y q'r(n)}
n<? nv ns-?
+0w? 3 q’("))+0<Y9k S g(0).

n<

Z.
Y

~<l%
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By Lemma 2 we obtain

21
()Y gdy

q,(n) 1 'Y ) x1-1
- + +0(E)T V(L))
e 1 K 1 T Y Y
A O R
and &) _ o Zy-en.
nez Me
Y
Then
2k -1 2% -1 1 C(“) 2k~ 1 1
x Cok -1 % 51
Yv + v v
= 2 -1 AL ary AT
v
2k -1 11
+O(w 5(—) 2 e Y?  T)+O0(YeT1),
Therefore
F(1) 231 1 C(—l—)
S=8+8;= x + Cole @7 +0@Y* D+ 0@” 6(”))
&(r) v=k gLy
v
P T — r 2k —1
Now, we take Y = ¢ with « p 2k_z,’chen
Fk(l) 2k—r—2

S= x+ O(x S 2r+1k-1) ),

&(r)

Proof of Theorem 2. Let be r = 2k + 2. We see that the funetion y, (%)
can be written as Dirichlet convolution

24) Yeop() = 2 d(a; 1) g, (n2)
NN =N
being @ = (1, k, ..., 2k — 1) and g, ,(n) the arithmetic function such that

LA Ga® ()
GT"‘(S)"gl n® C(rs)E((2k + 2) s)

in Res > max {(2k +2)~!, r~'} = (2k + 2)"L.
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From (24) and (1.7) we have

2k~ 1 1
2 ynim= 3 gnemi{ba(ep)+ 3 bu(GE)F + ARG}
Gr, 1 (m) 21 1 . (m)
=bw 5 T+ 3 bk 3 T+ S g m)df (L),
mEx n=k m<Ex m/, 1n<'c

For the partial sum of g, ,(n) we have > Or i (n) Kz 2k+2 ; then we deduce

nNEL

b 1 (1) I
> g k( “Grk(~)+0(w(2" 27 -umh,
nEY n‘u
r, 1 (1)
Moreover Z Or, (M) AF (——)<<m’7'~logﬂkx Z g :nl;ik
) O(logx) if n,=2k+2)"1
As we know that s EEE o if 7, > (2K +2)7!

O@@+D7 =y if 5, < (2k +2)?

80, we obtain

2k~1 1
3 vae) =by G+ 3 b,,,ker,ml-)w + A,
n€x n=k

a7 loghst g if ,=@2k+2)!
where A (x) << x"loghra if 9, > 2k +2)7!
-
w22 loghe  if n, < (2k+2)7L.

L
p

When =2k, 2k + 1, we have Res=0> % and then D, 9r k(M) L2

nse

Therefore, as in the preceding case, Theorem 2 is proved.

Proof of Theorem 3. From (1.5) and (1.8) we can deduce

2k -1 i g (m)
4 k
> Yrp(n) = > i XK >
nEy n=k m<x
u=lu=r

+ 2 Qk(m)A*(—)
ml‘ mEx
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where A} (x) = O(x" logPix). As before

11
D g"(? = Gk(%) + O0(xp2k+z )

msr m '[7
. , (m)
and S g m) A} () < ariloghie 2 %———
me<ax m m<a ik
from here Theorem 38 is deduced.
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Sommario

Oggetto di questo lavoro & ottenere una valutazione del numero dei punti di coord:-
nate intere positive sotto un’iperbole, tale che una delle coordinate sia r-libera e laltra
sia k-piena.
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