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GHEORGHE ATANASIU (*¥)

Almost Hermitian structures and connections on TM (¥%)

1 - Introduction

In the paper [6], E. Heil proves that if on a Finsler manifold F* = (M, F)
with the Finsler metric

1 &P
2 oy'oy’

g5(@, y) =

an integrable almost complex Finsler structure ﬁ (z, y), satisfies the condition
(1.1 g, y) flGe,y) f(x, ) =gy y)

then the Finsler metric is not anything else than a Riemann metric. At the same re-
sult we are led when fis an almost complex structure, that does not depend on the
element of support y (cf. with M. Fukui, a result quoted in [10]). In the real field,
such structures were studied for the first time by A. Moér [18]. We remark that in
Moér’s paper g; (%, ) are not derivatives of F# and the simplifications gained by
using the homogeneity relation are omitted (see H. Rund [22] too).

The study of Finsler manifolds endowed with an almost complex structure
fji (x), starting from the point of view of the almost Hermitian metrics is due to
G. B. Rizza (see [19], [20], [21]) by considering on the tangent bundle of a diffe-
rentiable manifold M the isomorphism

1.2) @k = dicos 6 + f} (x) sin @ 0<6<2m
with the property

(1.3) Grs (2, Y) 0l = 95 (2, ¥).
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A manifold admitting a Finsler metric and an almost complex structure sati-
sfying the condition (1.8) is called Rizza manifold and the structure is called the
Rizza structure (ef. Y. Ichjyo [7]-[10]).

This paper follows the Moér’s line concerning the study of almost Hermitian
structures and let the possibility of extension of Rizza’s geometric point of view.

This study has not been possible without drawing up the whole geometric
device concerning the Lagrange geometry, a fact carried out recently by R. Mi-
ron [15], [16].

R. Miron’s fundamental terms and concepts [14], [15], [16] and M. Matsumo-
to’s basic notions [13] are supposed known (see also [4]).

2 - Almost Hermitian d-structures on M
A pair of d-tensor fields (g; (=, y), f}(z, ¥)) on M, where 9i (x, ) is a d-ten-

sor fields of the type (0, 2) and f}(cc, y) is a d-tensor field of the type (1, 1),
satisfying conditions

@1) fift=—0of
'(2 2) 95, ¥) = g;; (2, ¥) rank”gij(m: ?/)” =n

| ¢ is a positive definite metric for any y =0
(23) grsf{£§ =gy

is said to be an almost Hermitian d-structure on M.

It results that % must be even (n = 2%'), g;; (¢, ¥) determines a generalized
metriec d-structure on M [16], and fji(:c, y) determines an almost complex d-
s’cructureO on M [2], [3], [12], [19], ....

Let N be a non-linear connection on M. Consider the d-tensor fields

@.4) Gt =gy(x, doi @ dae’  F=Ffi(x,y) 6;® das

where Si =0, — ]i’%(oc, Y) éj. G" is of the type (0, 2) and symmetric, fn is of the
type (1, 1). Both are of rank 2n’ and globally defined on TM.

. We denote with T and | the 4 and v—covarlant derivatives with respect to the
N-canonical metrical d-connection ¥ F(N) [15]:

m,

2.5) Fy, = P Q h ((5] O T 5kg]h 5hgjk) Cy, = %5 ih(éj ni + ékgjh - éhgjk)'
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Theorem 1.

i. There exists a d-conmection D on TM having the properties:

2.6) DiGh=0 DiGh=0 DLF=0 DiF=9.

ii. In the basis (Si, 35 ), D* and D? have the coefficients given by

ynll 1 S 1 i e
T = —g h(éjghk‘*‘ékg;h On i) — ‘z”frfj I
@0

i ih A 1 i rm
= ‘2‘!] (ajghk‘*’akgjh—ahgjk)“ Efrfj [ge

iii D, given by (2.7), depends only on N, g and f}.

The proof is immediate. We call D, given by (2.7), the Zif-canonical almost
Hermitian d-connection.

Be [lg7 (x, o)l = |lg; (, ¥)||~* and denote with 4, 4 and Q, Q the Obata’s ope-
rators of gy and f}

@8) M= S(6h0} = gyg™) M= 2(3hob + g5g™)

g
2

2.9) 113" (6§6}‘—f1~’“ﬁ) i= —(6195}L+fi’° 7).

Theorem 2. Any almost Hermitian d-comnection (N, F, C) on M satis-
fying (2.6) is given by

Nj =N; - Xj
. m. m. " 1 .; " rm ; ”
(2.10) o= Pl + O XE = S FEC e+ 7 LXD + A5 Q5 Y2
jik"_" - _frfg lk+ r sk

where X}, Y}, Zj, are the arbitrary d-tensor fields on M.

Proof. We look for almost Hermitian d-connections FI' = (N, F, C) of the
form (see[16])

@) Nj=N-X = Fi=Fi+CiX[+Bj  Cj=0Cji+Dj.
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We obtain for B and D the system of equations
AB=0 AD=0 @B=0 QD=0
2 2 2 2

which is compatible with the solution

}}c=(/11 Clé)fﬁ sk }}c=(/11612)§-’i % VX, Y, Z.
This result with (2.7) and (2.11) leads to (2.10).

Remark 1. Since g;(x,y) is a generalized metric we have that
M"™= (M, g;(x,y)) is a generalized Lagrange space [16]. Let E(x,y) be
the absolute energy of M", ie. E(x,y) = g;(x, yyiyl. It is said [15], that
M™ is a space with weakly regular metric if (M, E) is a Lagrange space, ie.

rank [|g# (z, y)| = n, where gj = %éiéjE’. If g;(x,y) of M™ (n=2n") has
the prgpertges (2.2) and (2.3) and M™ has a weakly regular metric, then we can
take N} = N} over all in this paragraph, where ([11], [15])

2.12) Ni=§G1 6= 10"l a.E)y" - HE].
Theorem 8. If M* is of local Minkowski type with weakly reqular me-

tric and has a d-tensor field f} (x, y) = fi(y) such that relations (2.1), (2.2) and
(2.3) are satisfied, then we have

1. The Zif—ccmonical connection (2.7) has the form
B _ bi 1 gk ; - 1 s
(2.13) =0 Cy = 99 (%5 9m + OGin — FnGjr) — ”2‘fsfj Ie
2. The torsion tensor fields of (2.13) are given by

C ., C. C .
=) i = i
2.14) 7 7 7

c

i Si = — L rigss? 5T
il ik = —'2—fs(fj v~ Sk j)-
3. The curvature tensor fields of (2.18) are given by

Cc . . c . . C. c c .
(2.15) Riy=0 Piuy=0 Sy= ( ]fll){ 0;Cj + C3,Cy},

where @ denotes the alternate summation.
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4. The Bianchi identities of (2.13) are

(2.16) sk){é*g;é;k + §i§- 7lnk - §§}k} =0

Ch Cr Ch m
. S {888k + S 1.} =0
{,J s Ji k)

@

where S is the cyclic swmmation.

The proof is elementary 1{ we take into account that in this case we have
95, ¥) = g5 (%) and hence Ni=0.

Evidently, the deflection tensor field of the d-connection (2.13), ie.
Ic)lj = y’ﬂls"};j - ]if; is zero.

Now, we denote with a;(x, ) the d-tensor field given by

2.17) a5 = f7 0

which determines an almost symplectic d-structure on M and let us consider
2.18) Al = —;—aij(x, y)dei A da .

A" is a d-tensor field of type (0, 2), anti-symmetric, of rank % = 2%' and globally
defined on TM.
If ¥ (2, 9)]| = llay (x, )]~ then the Obata’s operators of a;(x, y) are given by

(2.19) off = S0hot —aza) o = L(skot +azat).

Proposition 1. The following twelve commutativities hold

AQ=QA QP =dQ PA=AD (a,f=1,2).
aﬁ /),(1 a B B a a B B a

Theorem 4.

i. An almost Hermitian d-connection D has the property: DEA" =0,
D3A" =0, VX e X(M).

ii. The Obata’s operators (2.8), (2.9) and (2.19) are covariantly constant
with respect to D.
iii. The d-tensor fields éljh; R, QERY dﬁth”kl (and the analogous fields
. . 2 .
we obtain by replacing R}y with Py, Siw) and their h- and v-covariant deriva-
tives of every order vawish, for every almost Hermitian d-commection D.

Proof. i and ii are evident. For iii we apply the Riceci formulas to Gii» [}
and a;. Taking into account of ii we get the statement.
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Let us consider the transformation FIY (Z(\)/')—->F1_" (](\)fo) of almost Hermitian

d-connections, which preserve the non-linear connection N. Owing to Theorem 2
they are given by

(220) Nj=N} Fi,=Fj + (AQ Civ = Cji + (4 Q)jl
where jik, Z}, are arbitrarily given d-tensor fields. We have

Theorem 5. The set of all transformations (2.20) with mapping product
form an Abelian group G, which is isomorphic to the additive group of the

pairs of d-tensor fields (/11QY,/11 Q7).
1 1

We shall pay attention to the invariants of the group G,;,. By direct calcula-
tions we have ([14], [17])

Theorem 6. The following d-tensor fields ave invariants of the group G,
1 . .
R(f)p = 2%21612}52313%
1 1
(221) T(f ]Z'k tm Q] ; T')ts C(f ]Z'Ic = th C}Es

1 . 1 .
P(f i = mQ}?ﬁsPﬁs SO = Q £S5

2 . .
R(f)]lk = 1%%?]%8161?3

(2.22) , .
P(f)ﬂﬁ thQ Pﬁs C(f)jzk t7n Q]““Ct
3 S
2.23) | IOk TSR AR
R(f)y = Rj, — SLf7 & — fu (S Clt = fECH
Ty = @ ]3 k){ i T3 } Sir = . ]8 k){aim Sk}
(2.24) v, = A {am Py} Kge= A {amCi}
U k) G, )

*
Ry, = ( S {aszjk b W T+ Vi s Cim i + K -
i gk
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Theorem 7.

1 1
i. The d-tensor fields T(f), S(f) vanish if agzd only if there exists a semi-
symmetric almost Hermitian d-connection FI(N).

ii. The tmvariant Tl % (resp. Sz]k) vanish if and only if there exists an al-
most Hermitian d-connection FI (N) with T =0 (resp. Sk = 0).

iii. The induced almost symplectic d-structure a; does not depend on the
support element y, if and only if x; = 0.

Proof. The statement i results from

i i [ i i 7 "
jk—ajék-—akéj Sjk—rjék ‘L'kéj O',’L'E&V(M).

Because A Q (D Q if we put Qs’" s = aTpr in (2.20), where « is a real num-
ber, we have T = (1 + ga) a ka Taking a = — -§~, Z*‘Uk = (), implies

T}, = 0. The converse is evident. The statement about Svk is proved in the same
way and then we get ii. To prove iii pay attention to @il = Bk @y — Ky = 0.

3 - Almost Hermitian structures on tangent bundle

The existence of the non-linear connection N on TM (for example N=N

given by (2.12)), allows us to consider the d-tensor fields

@.1) G*=gy(z, ) 8y @y’

82 T =fiwnd®dy F=fite,y) @8y I =fi(x, y) & ® da’
33) A= Lay(o,9) by NSy

which are globally defined on TM, of rank 2%’ on TM and of the type (0,2), (1,1)
and (0, 2), respectively. Then

(3.4) G=G"+G" G=G"-@"
are Riemann structures on TM,

® ¥ *

(35) FI = ]*i' + FII =F — *Favk FIII F + F
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are almost complex structures on TM, and

36 A=A'+A4°, A=A"—4" and A=ayw, ydeiAdy
are almost symplectic structures on TM, each of rank 4n'.

Theorem 8. The pairs of d-tensor fields (G, FY) (G, FY), (G, F™),
(G, F™, (G, F™) are almost Hermitian structures on TM, with the induced al-
most symplectic structures A, A, A, A, and A, respectively.

Theorem 9.

3 3

i. If the invariants T(f),R(f) of the group G, vanish, then there exists a
linear commection D on TM with the properties: (DxY*)'=0, DxG =0,
DyG =0, DyFM =0, DyF'=0, DxyF' =0, VX, Y e X(TM).

[*]
ii. The connection D is given by the N-canonical almost Hermitian d-con-
nection D, @.7).

From Theorem 6 and (2.7) we easily get

Theorem 10. The almost Hermitian structures (G, F1), (G, F1), (G, F™),
(G, F'Y are almost Kdhler structwres, if and only if there exists an almost
Hermitian d-connection that, respectively, satisfies the conditions:

(G, FI) and (G; FH): T]zk = 0; Sjllc = 07 Kz‘jk + a’ka{in = 0) Vi = 0

(G, FH) and (G, FI)I T;k = 0, Sijk = 0, Ky — G/kaé‘n = O, Ve = 0

(G, F'): }*Bijk =0, v+ T3 =0
where, in the last case, the ay’s do nmot depend on the support element y.

Theorem 11.

i. The almost Kihler structures (G, F1) and (G, FY) are Kihler structu-
res, if and only if the invariants of the group G, fulfill the conditions

6m  TH=0 Rk(H=0 =0 P(H=0 Sf=0.
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ii. The almost Kihler structures (G, FI') and (G, F') are Kihler structu-
res, if and only if the invariants of the group G, fulfill the conditions

8 T(H=0 RBH=0 &H=0 brH=0 &=o

iii. The almost Kdhler structure (G, F™) is a Kéhler structure, if and
only if the invariants of the group G, fulfill the conditions

(39) =0 RH=o0.

Proof. The almost Kihler structure (G, F1) is a Kihler structure, if and
only if the Nijenhuis’s d-tensor field attached to F, i.e. N(F1)(X, Y), is zero. But
NFEYX,Y) = 0, VX, Ye X(TM) is equivalent to the equations

NEDYG;,60 =0 NEDNG;, 8)=0 NEFEYGE,8)=0

which are equivalent with (3.7). The proof of ii and iii follow the same
pattern.
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Sommario

Nel presente lavoro sono studiate le d-strutture quasi hermitione su una varietd dif-
ferenziabile M e le strutture quasi hermitiane sul fibrato tangente TM.



