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H. K. PATHAK (%)

Application of fixed point theorems
to abstract Volterra integrodifferential equations (**)

1 - Introduction

In this note we intend to find the common mild solution of abstract Volterra
integrodifferential equations of the type (see Theorem 1):

i s
w'(t) + Au(t) = f(t, w(t)) + [ g(t, s, u(s), f Ky (s, 7, u(t)) dr) ds
to to

1.1 .
+ fth(t, s, u(8), [ Ky (s, v, u(v))dv) ds t>t, =0, u(ty) = ug
to ty
i s __
u' () + Au(t) = f(¢, u(®)) +tf g(t, s, u(s),tf K, (s, 7, u(z))dr)ds
1.2) ° ’

t 0

+ [ Rlt, s, u(s), [ Ky (s, 7, u(z))dr)ds t>t20, ulty) =uy
12) ty

where —A is the infinitesimal generator of Cy-semigroup {7(¢)|t = 0} of bound-
ed linear operators on a Banach space B with norm ||-||, f, fe C(R. X B, B),
9,9, h, heCR, xR, XBXB,B), Ky, Ky, Ky, Kze C(R, X R, X B, B) and
R, =(0, »).

In the sequel, we extend Theorem 1 to the study of the common mild sol-
ution of (1.1) and of the infinite family of integrodifferential equations (see Theo-
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rem 2):

t $
w'(t) + Au(t) = f; (¢, u(t)) +tf g;(t, s, u(S),tf Ky;(s, 7, w(7))dz) ds
s . ’ '

+ [ R (2, 5, u(s), | Ky (s, =, u(z))dr)ds t>t,20  wulty) =u
to to

where f, g; Ky; and Ky (j=1,2, ...) play the roles of f, g, K, and K,
of (1.2).

It may be mentioned that equations of the type (1.1) arise naturally in study
of initial value problems on the infinite half line. Moreover, many problems aris-
ing in various branches of physics and in other areas of mathematical sciences
find themselves incorporated in the abstract formulation (1.1) (see, for instance,
[2], [6], [7]). Existence, uniqueness and other properties of the solution of sev-
eral forms of (1.1) using various assumptions and different methods have been
studied, among others, by Barbu[1], Fitzgibbon [3], Hussain [5], Martin Jr. [6],
Miller [7], Miller, Nohel and Wong [8], Sinestrari[11], Singh [12], Shuart [13],
Travis and Webb [14], Vainberg [15] and Webb [16].

In this note, we intend to study existence and uniqueness of the common so-
lution of the equations (1.1) and (1.2). To prove the existence of a common so-
lution of equations (1.1) and (1.2), we utilize a fixed point theorem of Yen [17]
for two contractive type operators (see Lemmal). On the other hand, the
uniqueness of the solution is established using a result of Pachpatte [9] (see
Lemma2). In the sequel, some results of Singh[12] and Hussain [5] are ob-
tained as a particular case of our results (see Corollaries 1, 2 and 3). The proof
of Theorem 2 is prefaced by a special case of fixed point theorem of Husain and
Sehgal [4] (see Lemma3) and Lemma 2.

2 - Prelininaries

Throughout in this note B stands for a Banach space with norm |- || and — A for
the infinitesimal generator of Cy-semigroup of operators { T'(t), t = 0} on B. A fa-
mily {T(¢): t € B, } of bounded operators from B into B is a Cy-semigroup if:

i. 7(0) = the identity operator and T(t +s)=T({)T(s) for all {,s<0
ii. 7() is strongly continuous in teR,

iii. ||T@)| < Me* for some M =0, real w and te R, ([8]).
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For the sake of brevity, we assume that

1
H(Ty tO’ f7 g’ h’) Kla KZ) = T(t - tO)u() + fT(t - S)f(s, ’ZL(S))dS
ty
4 ] T
+ [Tt —85)(Jg(s, 7, u(T)’thl(T; £, w(£)) &) dr) ds
to to 0

12 s ©
+ [T = 8)(J s, 7, u(v), [ Ko (x, & u())dE)de)ds.
to to to

A continuous u(t) is a mild solution of (1.1) if
uw®) =H(T, t, 1,9, h, K, Kp).
Moreover, a continuous u(f) is a common mild solution of (1.1) and of (1.2) if
H(T, b, f, 9, h K1, Kp) = u(t) = H(T, to, f, 7, b Ky, Kp).

We use the following assumptions in our first theorem. For all ¢, s in (f;, ©)
and x;,y; in B, 1=1, 2, let non-negative numbers L;, 1=1,2,3,4,5,6, 7
exist, such that

Al' ”Kl (t; S, ?/1) - K—l (t’ 8, yZ)” = Ll ”yl - ?/2”

A,. sup f”Kz ,s, y1) — Kz (t, s, yz)“ ds < L, ”.7/1 - ?/2”

£=1g ty
As. g, s, %, y1) — 92, 8, @, Yo)|| S Lally — @l + Lallys — w2l
A4 ”h(t, S, @1, Y1) — (t, s, L2, ?/2)” S Ly “901 = X ” + Lﬁ”?h ~ Y2 “

A;. | ft, 1) — F&, w2l < Lafley — -

In the proof of our main theorem, we require the lemmas stated below. The
following fixed point theorem is essentially given by Yen[17] (see also Husain
and Sehgal [4] Cor.2 and Rhoades[10] Th. 14).

Lemma 1. Let T; and T, be maps on a complete metric space X. If there
exist a positive integer m and a positive number k <1 such that, for all x, y
in X, d(T{x, T3y) < kd(z, y), then T, and Ty have a unique common fixed
point.
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The following lemma, due to Pachpatte [9], plays the key role in proving the
uniqueness of the common mild solution of (1.1) and (1.2) and the Lipschitz con-
tinuity of certain maps.

Lemma 2. Let x(t), a(t), b(t) and c(t) be real-valued non-negative continu-
ous functions defined on R., for which the inequality

14 4 s s 8 r
x(t)<szo+ [ als)x(s)ds+ [ als)(f b(r)x(r) dr)ds+ [ a(s)([ b(r)([ e(z) x(z)dz) dr) ds
0 0 0 0 0 0
holds for all t in R, , where xy is a non-negative constant. Then

t s 8 T
2(t) < @ (1 + fals) exp (Sa(r)dr){1 + [b(r) exp (J(b(z) + c(2))dz) dr} ds).
0 0 0 0

3 - Main results
We establish

Theorem 1. Suppose that A,-A; are satisfied. Then, for uy in B, the in-
itial value problems (1.1) and (1.2) have a unique common mild solution u(t) in
C{ty, t,1, B) for t = ty, where t, is arbitrarily fixed, with t; > ty,. Moreover, the
map ug— % from B into C({{y, t,], B) is Lipschitz continuous.

Proof. Let C = C([ty, t;), B). Define the norm ||:[|c in C as

el = mass. Jucol-

Then || || is a Banach space. Let F, F: C— C be such that
(31) (F’L&)(t) - H(T: tO; f; g’ h: Klr KZ) tO = t < ®

(3.2) Fu)t) =H(T, ty, f,9, h, K1, K) thst<o.

Evidently, a common solution of equations (1.1) and (1.2) is also a common
fixed point of the operators F' and F.

Let M be an upper bound of |[T(t — s)|| on [#y, ,]. Evidently, M = M if <0
and M = M exp (wt;) if o >0 (see iii).

Then from (3.1), (3.2) and A;-A;, we obtain

- i t__ s
(Fu)(t) — Fo)t)| < cof ML |u(s) —v(s)| ds + tof Mt J(Ls+ LgLy) |u(z) — v(z)|| d=ds
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+ f M f [Ls k(=) — v(2)|| + Ly f Ly Ju(®) — w(®)|| deldr ds < ML [lu — v”c(t — 1)
to

(t - t0)3
6

(t — t,)°
2

+M(L3 + L + Lg L) Jlu — ¢ + ML, Ly|lu — +|l¢

2
(2t) L4L1( tO)}+(L+LGL2)( —t)

= M(t — to)[{L7 + Ls e = vlle

- MG([{L7 + L3 + L4L1 } -+ (L5 + LﬁLz) _]”u - 'U”C
where « =1 — ;.
Repeating this process again, we have
— t_ —
[(F2u)t) — FRu)®)| < [ MLy |[(Fu)(s) ~ (Fu)(s)|ds
ty

t___ 8 . T -
+ fMtf[Lg [(Fu)(z) — (Fu)(=)| + L4th1 [(Fu)(z) — (Fo)©)| dgld=ds
to 0 0

t__ s -
+ fMtof(L5 + LgLy) ”(F’LL)(T) - (Fv)(r)” drds
to

M 3
—M— [L7f {2Lq(s—to) + (Lg+ L5 + L Lo)(s — to)* + Ly Ly i) }ds

3
t s . (z = to )
+(Lg+Ls+ LgLy) tfh{ {2L7(z—1tg) + (Lg+ L5+ LgLo)(v — t)* + L4y }drds
ts v ) (- 0)3
+LyLy f f [{2L7(E—to) + (Lg+ L+ LeLo)(E—£0)* + Ly Ly } dededs]|ju—vllc

o to to

i ' (£ — 1p)? (& —tp)!
- M? [Ly{Ly(t — )% + (Ly + Ls + Lst)T0 Lyl ——"}

t—t)? t—t)" t—t
( 30) +(L3+L5+L6L2)(‘—““Q“ L4L1( 00)}

+(Lg + Lg + Lg Lp){ L

£ — ty)" £~ tg)°
+L, L {Ly (—2)- + (Lg + Lg +L6L2)( ")

+ L, L1 }] Hu '”“c

360
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[3+3

i

& ME[Ly{L;+ (Lg+ Ly + LgLy) 2 + L, L < gﬁ}
7147 3 5 s42) 3 141 75 1Ln 55

+L4L1 {L'] + (L3 + L5 + Lng)} + L4 }] ”u - 'U”C

Li 565 360

2 3
= 2‘2- 2L+ L 5 +L4L1 260 +L7L3 3 + L L,L; & s +L3L4L1-g—6}

+(Ly % FLy 2+ Lily %  (Ls + LgLy)a + (L + LiL.Y ]||u — o

2 __
g2 [{L7 + L2 + LiLE 2

? +L7L3a+L7L4L1 3 +L3L4L1

360 6 }

2
+2(Lq + L3 2 4+, 0% )(L5 + LGLZ) + (L + Lg Ls)? “T] e — vllc

= S ML+ Ly & + Ly &) + (L + LoL) £ = olc.
Further, continuing this process (n — 2) times, it can be seen that
e = Fro)@l < (20 T Ly + Ly & +L4leé": b+ (Ls+ Lo L) 51"l —vlle.
Therefore 77w = Falle < kllw = vl
where k= (%)(aM)"[{Ln, + L3 ) + L & } + (Ls + LGLz) = ]"

since when we take the maximum with respect to ¢, « =% —1%; becomes
Z=1t —ty.

For sufficiently large n, we can make k¥ <1, and so all the hypotheses of
Lemma 1l are satisfied. Consequently, there exists a unique % in C such that
(Fu)(t) = ult) = (Fu)@).

Moreover, this unique common fixed point is a common mild solution of (1.1)
and (1.2).

In order to show that (1.1) and (1.2) have exactly one common mild solution,
we assume that v is another common mild solution of (1.1) and (1.2) with
w(to) = vy.
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Suppose L =max{L;|i=1,2,8,4,5,6,7}. Then

U t_
lut) — @)l = (Fu)(t) — (Fo)t)| < Miluo — vl JZf ML lu(s) — v(s))|| ds

t s___ T
+tf tﬂf ML [fju(z) — v(2)] +th lu(®) — v(&)||dz1drds

t s__ @
+ [ [ MLI|u(z) — o) + tf Llfu() — v(®)| ds]drds .

to to

Now Lemma 2 yields |Ju(t) — v(t)|| < M |Jug — v, || R(t) where:

t s__ s 3
2R(t)=[1+ [ ML exp (f ML d=){1 + fexp(f2[1 + L]d¢)dr}ds]
1) to to to

t s s
+[1+ [ ML exp(f ML dz){1 + [fexp[2(1 + L)dz}ds].
ty ty to

Hence e = vlle < M llug — v | R R =max{R(t), telty, t;]}.
By induction we can prove that

(MR)"
o = vl < 2 o = ool

which tends to zero as n—» . This yields the unicity of the common mild so-
lution, and the Lipschitz continuity of the map uy— u. This completes the
proof.

The following results easily follow from Theorem 1.

Corollary 1[12]. Suppose that A,, A;, As and k= h = 0 with K, = K, are
satisfied. Then, for uy in B, the imitial value problems (1.1) and (1.2) have a
unique common mild solution w in C({ty, t,1, B) fort = &y, such that ty <t <t,.
Moreover, the map uy— u from B into C((ty, t,], B) is Lipschitz continu-
ous.

Corollary 2[2]. Suppose that A, with K, = K;, A withg =g and L = L,,
As with f=f and h =1 =0 with K, = K, are satisfied. Then, for uye B, the
initial value problem (1.1) has a unique mild solution u € C((ty, t,1, B) for t = t,
such that ty <t <t,. Moreover, the map us— u from B into C({t,, t;1, B) s
Lipschitz continuous.
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Remark 1. Fitzgibbon[3] and Webb[16] have studied certain special
forms of (1.1) by using different assumptions and methods.

Our next theorem is prefaced by the following result, which is a special case
of the fixed point theorem of Husain and Sehgal [4] (Cor.2) and Rhoades [10]
(Th. 20).

Lemma 8. Let T and T;, 1 =1, 2,... be maps on a complete metric space
X. If there exist positive integers m; and positive numbers k; <1,1=1,2,...,
such that d(T™x, T™y) < k;d(x, y) for all x, y in X, then there exists a unique.
element u in X such that Tu =u = T;u.

We use the following assumptions in Theorem 2 (see also A;-Aj;).
For all ¢, s in [ty, ) and %, y, in B, ¢ = 1, 2, let non-negative numbers Ly,
1=1,2,8,4,5,6,7,7=1,2,3,..., exist, such that

B;. &, (¢, s, 41) — Ky (@, s, yo)ll < Lijllyr — 92 |

B,. sup [|Ka(t, s, y1) — Ky (t, s, y)llds < Lyillyy — |l

=10ty
Bs. llot, s, 21, y1) — 95 (¢, 8, @1, Yl S Lyl — @ + Lyillyr = w2
By bt s, 21, 1) — kiR, 8, %2, y2)|| < Lyl — ]| + Le; lys — w2
Bs. £, 1) _ﬁ(?’ )| € Loy — wo.

Theorem 2. Suppose that B,-B;s are satisfied for each j =1, 2,.... Then,
for uy in B, the initial value problems (1.1) and (1.3) have a unique common
miald solution w in C(t, t,1, B). Moreover, the map us—u from B into
C([ty, t1], B) is Lipschitz continuous.

Proof. Let C and F: C— C be defined as in the proof of Theorem 1 (see
(8.1)). Further, let F;: C—C, j=1,2,..., be such that

(3.3) (F]u)(t) = H(T, to, ];', gj? hj, K1j7 KZ]) to i< 0,

Then a common solution of (8.1) and (3.3) is a common fixed point of the opera-
tors F and F;, j =1, 2,.... It can be seen that for each je {1, 2,...}, we get

7 = Fpollo < u — ol

— = 2 %
where k; = %‘— (@M)"[{Ly; + Ly % + Ly Lyj %—} + (Ls; + Lg;Lg)) %]n .
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For sufficiently large n, we can make k; < 1. Consequently, Lemma 3 gua-
rantees the existence of a unique % in C such that Fu=u = F;u for any
i=12....

The rest of the proof is similar to that given in the proof of Theorem 1.

Remark 2. As Lemma3 is true for T and an uncountable family of maps.
Theorem 2 is true for (1.1) and an uncountable family of integrodifferential
equations of type (1.3).

It may be mentioned that the following result easily follows from Theorem 2.

Corollary 3[12]. Suppose that By, Bs, B; and h = ki =0 for K, = Ky; are
satisfied for each j =1, 2,.... Then, for uy in B, the initial value problems (1.1)
and (1.3) have a unique common mild solution u in C([ty, t,], B) for t = t, such
that ty < t < ty. Moreover, the map wy — u from B into C([ty, t,], B) is Lipschitz
continuous.
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Sommario

Proposito di questa nota ¢ di ottenere una comune «mild solution» per una coppia o
per una famiglia di equazioni integro-differenziali di Volterra astratie con data condi-
zione iniziale. L'esistenza di una soluzione comune & assicurate applicando alcuni teo-
remi di punto fisso.
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